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Dynamic behavior of vortices in the classical two-dimensional anisotropic Heisenberg model
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We use Monte Carlo and spin-dynamics simulation to study the vortex dynamics in the two-dimensional
anisotropic Heisenberg model. We calculated the lifetime of vortex-antivortex pairs, the time needed for a
vortex to make a jump for one lattice spacing, the vortex density, the distance between pairs as a function of
temperature, and the energy of the vortex core. Our results support the idea that a vortex does not move
through the lattice for long distances and a creation-annihilation process is a more adequate picture to describe
its ‘‘dynamics.’’ @S0163-1829~98!01514-8#
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I. INTRODUCTION

The two-dimensional easy-plane anisotropic Heisenb
model ~2D-XY model! provides a prototype for system
which exhibit topological excitations, such as superflu
films, Josephson-junction arrays, lipid layers, and others1–9

This model should not be confused with the plane rota
Although they are in the same universality class, the spin
the plane rotator model have only two components. T
plane rotator model does not exhibit any true long-range
der. This lack of long-range order follows from the Mermi
Wagner theorem,10,11 which asserts that a broken continuo
symmetry prevents long-range order for continuous s
models in two dimensions. The plane rotator model howe
does undergo a phase transition at a finite temperatureTKT
from a high-temperature phase where the correlation fu
tion exhibits an exponential decay to a low-temperat
phase with quasi-long-range order where the correla
function has a power-law decay.12–14This phase transition is
believed to be driven by a vortex-antivortex unbindi
mechanism. A vortex~antivortex! is a topological excitation
in which spins on a closed path around the excitation c
precess by 2p (22p) in the same direction. Examples o
unbound vortices and antivortices are shown in Figs. 1~a!
and 1~b!, respectively, for the plane rotator. An unboun
vortex is a global excitation, while vortex-antivortex pai
are local~see Fig. 2!. For theXY model the situation should
be a bit more complicated due to the extra degree of freed
introduced by theSz component. Some recent works15–17

suggest that theXY model has a phase transition of th
Kosterlitz-Thouless type just like the plane rotator mod
We can expect the development of an out-of-plane struc
as the temperature increases. In Fig. 3 we show two pos
vortex spin configurations at a low but finite temperatu
Figure 3~a! shows a coherent~ferromagnetic! arrangement,
while Fig. 3~b! shows a random one. BelowTKT vortices and
antivortices form a condensate of pairs superimposed o
background of spin-wave excitations. AtTKT pairs shielded
by the background start to unbind. The Kosterlitz-Thoule
temperature was independently calculated by Cuccoliet al.15

and Evertz and Landau16 to beTKT'0.700 for theXY model
570163-1829/98/57~18!/11510~7!/$15.00
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on a square lattice. Although the static critical properties
the 2D-XY model are well understood~via plane rotator! the
same is not true about its dynamical behavior. The dyna
cal structure factorS(q,v) is of fundamental importance in
the understanding of the spin dynamics. Some early theo
ical works18–20studied the 2D-XY model at the region of low
temperature (T,TKT) finding only spin-wave peaks in th

FIG. 1. Schematic view of a vortex~a! and antivortex~b! for
spins of equal length.
11 510 © 1998 The American Physical Society
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in-plane correlation function@Sxx(q,v)#. More recently Me-
nezeset al.,21 using a harmonic approximation, reported
logarithmic central peak. Pereira and Costa,22 using a vortex
pair gas approach, found a Lorentzian central peak. In
high-temperature region (T.TKT), Huber23 discussed how a
vortex gas approximation could contribute to a central p
in the Fourier transform of the spin-correlation functions
the hydrodynamic regime. Mertenset al.24 calculated the dy-
namical correlation functions aboveTKT using a diluted ideal
gas approach which was successful in treating o
dimensional soliton dynamics in magnetic spin chains.25 The
main ingredient in such an approach is the assumption th
vortex can wander through the lattice obeying a Maxwell
velocity distribution. A vortex passing between the positio
r 50 andr 5r 0 flips the spins within that interval, diminish
ing the correlations. They found a Lorentzian central pe
for the in-plane dynamical structure factor@Sxx(q,v)# and a
Gaussian peak for the out-of-plane@Szz(q,v)# one which
should be present for all values of the anisotropyl. They
also performed some spin-dynamics calculations. Howe
the statistics were not sufficient to give any quantitative
sult. Costaet al.,26 in an exploratory work, discussed th

FIG. 2. Schematic view of a vortex-antivortex pair for spins
equal length.

FIG. 3. Schematic view of vortices showing possible configu
tions for the out-of-plane spin component around a plaquette in
XY model. ~a! Ordered and~b! random arrangement. The symb
size is proportional to the modulus of theSz component. Diamonds
(3) are forSz positive ~negative!.
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origin of the central peak in the 2D-XY model using Monte
Carlo and spin dynamics. In their work they calculated t
vortex density-density correlation function

C~R,t ![
^Dr~0,0!Dr~R,t !&

^@Dr~0,0!#2&
, ~1!

whereDr(R,t)5^r(R,t)&2r(R,t) andr(R,t) is the vortex
density at positionR at time t. They found thatC(R,t) is
nonzero only forR50 andC(0,t) has an exponential behav
ior

C~0,t !;expS 2
tu

t D , ~2!

with u50.4 and t;exp(2aT̄), where T̄ is defined by
T̄5TKT /(T2TKT). Those results suggest that vortices ca
not move through the lattice for more than a few lattice sp
ings. What they observed is that motion in general is f
lowed by a creation-annihilation process. The behavior of
vortex creation-annihilation ratet suggests that belowTKT
vortices and antivortices become a static condensate of p
In an independent work, Dimitrov and Wysin27 using an ap-
proach similar to that of Costaet al.26 confirmed the
creation-annihilation picture.

More recently Evertz and Landau,16 in a very extensive
work, calculated the in-plane and out-of-plane correlat
functionsSxx(qW ,v) andSzz(qW ,v), respectively. ForT,TKT
they observed spin-wave peaks in both in-plane and out
plane correlation functions. In addition they observed a c
tral peak in the in-plane function even for temperatures w
below TKT . For T.TKT they found a strong central peak i
Sxx(qW ,v) and only damped spin waves inSzz(qW ,v). This
result is in clear disagreement with the vortex gas pict
where a central peak should be observed inSzz(qW ,v) for any
value of the anisotropy in the high-temperature phase. C
and Costa28 reported results of Monte Carlo and spin dyna
ics ~MCSD! for the anisotropic Heisenberg model for seve
values of the anisotropyl. They found that there is a critica
value of the anisotropylc characterized by the appearance
a central peak inSzz(qW ,v) for l.lc andT.TKT . Belowlc
only spin-wave peaks are seen. From the experimental p
of view Wiesleret al.5 reported measurements in the CoC2
intercalated compound which is a good realization of the 2
XYmodel. They found an indication of a Kosterlitz-Thoule
transition and tested the ideal diluted gas picture. Their
sults for the in-plane central peak intensity were not conc
sive, but they measured a central peak width which was
consistent with the theoretical predictions of Mertenset al.24

More recently Song29 made NMR measurements on a type
superconductor (YBa2Cu3O72d) around the vortex lattice
melting temperature. The NMR experiment can direc
measure the local spin field distributions, therefore giving
direct measurement of the vortex fluctuations. His resu
were consistent with local vortex motion only. The purpo
of the present work is to report some MCSD simulations
the vortex density fluctuation, pair vortex-antivortex distan
distribution, lifetime of pairs and the time needed for a vo
tex to move one lattice spacing. We also calculate the o
of-plane spin component and the energy density at the vo
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11 512 57J. E. R. COSTA, B. V. COSTA, AND D. P. LANDAU
core. We hope that our results can lead to a better un
standing of the vortex contribution to the 2D-XY model dy-
namical behavior.

II. MODEL

The 2D-XY model is described by the Hamiltonian

H52J(
^ i , j &

~Si
xSj

x1Si
ySj

y!, ~3!

whereSW i is a classical three-component spin variable defin
on the sitei of a square lattice,uSW i u51 andJ.0 is a cou-
pling constant.~This model should not be confused with th
planar rotator in which the spin variable has only two d
grees of freedom which has no true dynamics.! A vortex
gives a logarithmic contribution to the Hamiltonian as o
tained by Kosterlitz and Thouless13 for the planar rotator. In
the XY model case a correction to the vortex energy due
the extra degree of freedom should be expected. AtT50 the
minimum energy configuration is obtained as a ferrom
netic arrangement of the spins (J.0). As long as the tem-
perature increases vortices are created in the system.
very low T the most stable vortex has no out-of-pla
component.28,30 However, the development of an out-o
plane component as temperature increases should not be
prising. Of course a development of such a compon
should be reflected in the vortex energy, as well as in
dynamical behavior. We observe that for small out-of-pla
fluctuations compared with the in-plane one the appropr
canonical variables are polar angles,f, associated with the
in-plane components of the spins and the conjugate mom
Sz. From Hamilton’s equation we can writeḟ'4JSz.18,31

This relation shows that in order to move a vortex has
develop aSz component. One can always define a stocha
model which has kinetics and which can be studied
Monte Carlo, but this would be a very different situatio
Inelastic neutron-scattering experiments onXY-like
systems5,32 show deterministic propagating modes thus in
cating the Hamiltonian dynamics is more physical.

III. SIMULATION

In order to better understand the vortex dynamics we p
formed a very careful Monte Carlo spin dynamics~MCSD!
simulation of the 2D-XY model. We calculated the vorte
density as a function of time and temperature, the vortex
density as a function of the distance between vortex
antivortex, the time needed for a pair to annihilate and
time needed for a vortex~antivortex! to move one lattice
spacing. Following the discussion in the preceding paragr
we calculate the vortex contribution to the energy and
out-of-plane spin fluctuations inside the vortex core. Here
have a difficulty to define the vortex core. Any definition w
bead hoc. In order to give a reasonable definition we follo
Ref. 33. Forl.lc , the out-of-plane vortex spin asymptot
behavior is known from a continum approach

Sz~r !;~r v /r !1/2e2r /r v,

where
r-
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is the vortex core radius andr is the distance from the vorte
center. At criticall (lc.0.7035)~Ref. 34! r v.1. Since we
are interested in the limitl50 it is reasonable to define th
vortex core as the plaquette which contains the vortex. T
vortex position is obtained by calculating the sum of t
difference between adjacent polar angles around a plaqu
If the sum is 2p (22p) we have a vortex~antivortex!. Our
simulations were carried out on a 1003100 lattice with pe-
riodic boundary conditions at temperatures fromT50.3 up
to 0.9 (T is measured in units ofJ/kB).

The dynamic of the spins for the 2D-XYmodel is de-
scribed by

d

dt
SW i5SW i3VW i , ~4!

where

VW i5J(
nn

~Sxêx1Syêy!. ~5!

Here the sum is over nearest-neighbors sites ofi and êx and
êy stand for the unit vectors in thex,y directions, respec-

FIG. 4. Vortex density as a function of temperature.

FIG. 5. Vortex density as a function of time for three differe
temperatures. From bottom to top are seen curves forT50.6, 0.8,
and 0.9.
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FIG. 6. Number of the vortex-antivortex pairs as a function of the distance between them. Temperatures are indicated as in
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tively. Equation~4! is correct in the limit of largeuSW u.35 This
equation is derived from Eq.~3! and preserves the total en
ergy. We reinforce that the plane rotator model does
possess Hamiltonian equations of motion; there is only
laxational dynamics. To obtain the dynamical behavior
first equilibrate the system at a desired temperature, then
integrate numerically the Hamiltonian equations of motio
Equilibrium configurations were generated by using a hyb
Monte Carlo method,16,36which combines the Metropolis al
gorithm with Wolff updates.~After each Wolff update six
Metropolis sweeps were performed.! This procedure is es
sential, since the critical slowing down becomes severe
the Kosterlitz-Thouless temperature is approached.~The dy-
namical critical exponentz51.00 for all T,TKT .16! Two
hundred initial configurations were generated from indep
dent runs in which the first 10 000 hybrid sweeps were d
t
-

e
e

.
d

as

-
-

carded for equilibration. Starting with each thermalized co
figuration we integrated the equations of motion genera
by the Hamiltonian~3! by using a vectorized fourth-orde
Adams-Moulton method37 with time steps ofdt50.04J21

which ensures a deviation in energy of less than 0.1% a
2000 time steps. The results we present here were obta
every ten time steps and then averaging over all differ
initial configurations.

Results

In Fig. 4 we plot the average vortex density as a funct
of temperature. The density increases almost exponent
and shows no indication ofTKT . In Fig. 5 we show the
vortex density as a function of time for temperatur
T50.6, 0.8, and 0.9. It clearly has large fluctuations even
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11 514 57J. E. R. COSTA, B. V. COSTA, AND D. P. LANDAU
temperatures well belowTKT . Our next step was to calculat
the position of every vortex and antivortex in the system. W
measured the distances from each vortex to the antivo
selecting the smaller one for each, storing the result i
table. The same procedure is applied for each antivortex
comparing both tables we define a pair as the couple wh
are at the smaller distance. Our results are shown in F
6~a!–6~e!, where we plot the pair density as a function
distance. From those figures it is clear that the pair size
no discontinuous behavior upon passing throughTKT , but it
grows continuously with temperature. AtT50.50 only pairs
at a distance of one lattice spacing are seen, betweenT50.50
and T50.60 the separation starts to grow and atT50.80
well separated pairs can be seen. AtT50.90 the vortex den-
sity is almost saturated and the distribution looks the sam
at the previous temperature, except by a scale factor.
next step was to calculate the time for a vortex~antivortex!
to move a distance of one lattice constant. For that, we
lowed each vortex and antivortex for a long time. At t
beginning we created a table with the vortex and antivor
position and for each a corresponding time table. Onc
vortex~antivortex! moves we refreshed the time table as w
as the position table; then by inspecting both tables we
cided if the motion was larger than one lattice spacing. If n
we stored the time spent for this motion to take place.
never observed any motion for more than one lattice spa

FIG. 7. Histogram showing the time spent for a vortex~antivor-
tex! to move for one lattice spacing. The bin size isDt50.4J21.

FIG. 8. Lifetime of a vortex-antivortex pair showed as a his
gram. The bin size is the same as in Fig. 7.
e
ex
a
y
h
s.

as

as
ur

l-

x
a
l
e-
t,
e
g

in our simulation. Next we calculated the time needed fo
pair vortex-antivortex to annihilate. The procedure is ba
cally the same one we used above. The results are prese
in Figs. 7 and 8 as histograms using a bin size
Dt50.4J21. In both cases we found a very well-define
peak aroundt52J21 for all temperatures. An importan
change occurs when passing throughTKT . Below T50.70
the number of annihilated vortices (Nc2a) is larger than that
of moving vortices (Nm). At T50.80 they are almost the
same, and atT50.90 Nc2a,Nm . Figure 9 shows the
maximaNc2a

max andNm
max. The position of the peak does no

change with temperature; however, it is clear that long
lived processes become important. For some configurat
we visually followed the annihilation process of an isolat
vortex, understood here as a vortex whose distance from
partner is the largest possible for that particular temperat
The vortex does not move to meet an antivortex; instea
new pair is created in its vicinity and the first vortex ca
annihilate with the new antivortex. There are some report
the literature about the movement of vortices in theXY
model38,39which deserve some comment. In those works
approach used to see the vortex motion was to put a vor
antivortex pair far apart in the lattice. A dissipative term w
added to the equations of motion in order to maintain

-

FIG. 9. Maximum of the curves for moving and annihilate
vortex, obtained from Figs. 7 and 8, as a function of temperatu

FIG. 10. Average of the modulus of theSz component at the
vortex core as a function of temperature. Squares and circles ar
vortices which will disappears or move inside a time interval
dt50.04J21, the crosses are for all vortices and triangles are for
entire lattice.
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vortex shape and then they were integrated. Clearly suc
system is not in thermodynamical equilibrium and the e
pected behavior could only be the movement of the vor
against the antivortex under the action of the logarithm
attractive potential such that they finally annihilate ea
other. From the above results it seems that the dynam
behavior of vortices in theXY model comes mainly from the
creation-annihilation process and local vortex motion wh
occur at all temperatures. If vortices play any role in t
observed central peak for theXY model it should be seen a
all temperatures. In fact such a central peak was reporte
Evertz and Landau.16 Finally we calculated the energy den
sity and the out-of-plane fluctuation at the vortex core.@We
define the vortex core as the plaquette which contains
vortex ~antivortex!.# From our simulations we observed on
random core vortices structures as shown in Fig. 3~b!. So, for
each vortex we calculated the module of thez components
(Score

z ) of the spins around the plaquette. We also obtain
the contribution to the energy (Ecore) due to that plaquette
using the bonds and spins on the plaquette and none of
other neighbors. They were calculated at each time s
dt50.04J21 in three different situations. We averaged ov
vortices which will disappear or move att1dt and over all
kinds of vortices. The curves for annihilated and movi
vortices are similar, since to be annihilated the vortex ha
move one lattice spacing. Results of this calculations
seen in Figs. 10 and 11 as squares, circles, and crosse
spectively. We also showSz and the energy by considerin
the entire system~all spins!, as triangles. We see that a
out-of-plane component is developed coherently well be

FIG. 11. Energy due to the vortex core as a function of tempe
ture. Symbols are the same as in Fig. 10.
ev
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TKT . The lowest temperature we could reach wasT50.30,
below which the time required to equilibrate the system
too large and the vortex density too small to give a reas
able statistics in a reasonable cpu expenditure. Thus, we
not know if Score

z goes to zero at a finite temperature or if th
regimen is reached only atT50. On the high-temperature
side, Score

z seems to saturate quickly, almost reaching
asymptotic value ofScore

z '1/3. The out-of-plane componen
for spins in the case of annihilated and moving vortices
much larger than for all vortices. It clearly indicates that f
both processes to take place, theSz component is important
in agreement with our earlier discussion, and stable vorti
have a smallerSz component. In Fig. 11 we show the co
energy behavior of a single vortex. All three curves presen
minimum close toT50.40. The origin of these minima
seems to lie in the fact that at low, but finiteT the spins have
enough energy to break the perfect vortex-antivortex
rangement~see Fig. 2! and each vortex~antivortex! core
gives a small net ferromagnetic contribution to the ener
At very low T, Ecore should be zero since the planar vorte
configuration has zero energy, i.e., adjacent spins around
plaquette are orthogonal. ForT.TKT the energy goes to zer
again but now with a well developed out-of-plane comp
nent.

IV. DISCUSSION

We have performed a detailed study, from the mic
scopic point of view, of the vortex dynamics in the 2D-XY
model by using a Monte Carlo and spin-dynamics approa
Our study covered both temperature regionT,TKT as well
asT.TKT . The results show that the vortices~antivortices!
in this system cannot move freely through the lattice as s
gested in early studies and they have only local motion.
also found a quite huge creation-annihilation process wh
competes in importance with the local vortex motion. If t
vortices are really the important excitation responsible
the central peak found in the in-plane dynamical correlat
function, then these processes should play the role an
central peak should be seen in the whole range of temp
ture T.0.
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