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Auto-oscillation thresholds at the main resonance in ferrimagnetic films
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The propagation of large-amplitude forward-volume magnetostatic waves~MSW’s! is studied in Y3Fe5O12

and@BiLu#3Fe5O12 thin films. The onset of auto-oscillations beyond the second Suhl instability influences the
transmission characteristics of a MSW delay line. Global variations in transmitted power over a frequency-
power input parameter space are monitored using density plots. There is a shift in the MSW passband with
increasing input power that is explained by a decrease in demagnetizing field with an increase in dynamic
magnetization. As the input power increases beyond a threshold value, we observe an increase in signal
amplitude, heralding the onset of auto-oscillations. Fingers of auto-oscillation spanning an input range of 200
MHz and 10 dB are formed. The locations of these fingers are correlated with the locations of spin-wave
resonance notches in the MSW passband. The auto-oscillation thresholds in the vicinity of a spin-wave reso-
nance notch are 4–8 dB lower than elsewhere in the passband. A heuristic model based on a reduced group
velocity near a notch can explain the lower threshold values.@S0163-1829~98!02018-9#
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I. INTRODUCTION

The study of parametrically excited spin waves has
come the subject of active research over the last
years.1–4 Ferrimagnetic materials, particularly garnets, ha
been extensively used to probe the dynamic properties o
spin-wave manifold. The spin-wave system allows us to c
culate Lyapunov exponents and fractal dimensions and
observe multiple routes to chaos.5,6 Hopf bifurcations,7 pe-
riod doubling,8 formation and destruction of overlapping a
tractor basins,9 intermittency,10 mode locking, and synchro
nization of chaos11,12 are some of the demonstrate
behavioral patterns in a spin-wave system.

A forward-volume magnetostatic wave~MSW! delay line
is a commonly used experimental device. The normali
transmission characteristics (S12) of the delay line are usu
ally described as a passband in the frequency domain m
sured at low values of input power. However, the high-pow
characteristics are significantly different. This article illu
trates the use of a density or contour plot ofS12 as an inves-
tigative tool. Such a plot gives a researcher the ability
pinpoint regions where chaotic phenomena are most pr
lent in a two-dimensional input parameter space consis
of frequency and power. Considering the vastness of the
rameter space, approximately 400 MHz320 dB, this in itself
proves valuable. At high-power levels, we witness the c
lective oscillation of the spin-wave system at a frequency
104–106 Hz. This phenomenon is commonly referred to
auto-oscillations. Interestingly enough, a density plot a
allows us to draw general conclusions about the onset
the formation of fingers of auto-oscillation. This phenom
enon was previously studied in a nondegenerate spin-w
manifold on circular films.13,14 We investigate the case o
propagating forward-volume MSW’s, where the degener
between thickness modes is lifted with the inclusion o
spin-wave exchange interaction energy.15,16 The inclusion of
570163-1829/98/57~18!/11483~9!/$15.00
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an exchange term leads to the formation of spin-wave re
nance notches or dipole gaps. For spin waves pinned to
surface of the film, the spacing between dipole gaps de
mines the mode numbers associated with the interacting
waves.17 The lowest-order thickness mode is the predom
nantly excited mode and a dipole gap is a characteristic o
interaction between the lowest mode and a higher-or
mode. Using a density plot, we correlate the existence
dipole gaps with the formation of fingers of auto-oscillatio

The group velocity for spin waves within a dipole gap
smaller than that of the lowest-order mode.18 A lower group
velocity also implies a longer propagation time betwe
transducers and thus less transmitted power. The dipole
break up a density plot ofS12 into alternating peaks and
valleys. With the inclusion of higher-order demagnetizi
effects in the MSW dispersion relation, the location of t
MSW passband becomes dependent on the spin-wave am
tudes. An increase in input microwave power causes a s
in the passband to a higher frequency. A density plot ea
captures this phenomenon, and the valleys formed by
dipole gaps appear shifted towards higher frequencies
higher-power levels.

Density plots ofS12 using MSW delay line also reveal th
peculiar formation of fingers of low transmission.19 This
phenomenon shall be explored in greater detail using th
ferrimagnetic thin film samples having different material a
geometrical properties. The threshold input power associa
with the formation of these fingers approximately coincid
with a predicted value for the auto-oscillation threshold in
infinite medium. The standard procedure of exciting sp
waves using well-characterized resonators is not employ
While resonators are easier to characterize, delay lines u
propagating modes in thin films are also of great practi
interest. Due caution is necessary when comparing exp
mental observations on a thin film delay line with theoretic
predictions for spin waves in an infinite medium. Samp
11 483 © 1998 The American Physical Society
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11 484 57A. PRABHAKAR AND D. D. STANCIL
calculations that facilitate such a comparison are prese
with a clear demarkation of the various approximations
each step.

A finger of auto-oscillation can be interpreted as a sm
range of input frequencies over which the threshold pow
required to observe auto-oscillations is lower than elsewh
in the passband. Assuming a uniform coupling of power i
spin-wave modes at all frequencies, a lower group velo
for a wave causes the magnetic energy density in the film
be larger within a dipole gap. Consequently, we expec
lower auto-oscillation threshold in the vicinity of a gap. Th
existence of multiple regions of lower group velocity com
bined with a shift in the passband leads to the formation
fingers of auto-oscillation. The decrease in threshold po
values for observing auto-oscillations is estimated based
heuristic model of a higher energy density inside a dip
gap. The estimates compare favorably with our experime
observations.

II. EXPERIMENTAL RESULTS

A schematic of the experimental device is shown in F
1. The properties and physical dimensions of the yttrium-i
garnet~YIG! and bismuth-lutetium-iron garnet~BLIG! films
that were used in our experiments are listed in Table I.
external fieldHdc was applied perpendicular to the plane
the film and forward-volume MSW’s were excited by a m
crostrip transducer in contact with the film surface. A seco
transducer acted as a receiver. A large separation betw
transducers, of 1 cm, was initially used to minimize the
fects of stray electromagnetic fields on the transmission c

FIG. 1. Schematic of a MSW delay line. Typical dimensions
the device are shown, although some experiments were run u
films with arbitrary shapes and with a wider separation betw
transducers. The transducers are 50mm wide, and the film is
pressed into physical contact with them.

TABLE I. Physical dimensions and ferromagnetic resonan
~FMR! linewidth of the films used. The rectangular films had p
ished edges.

DHFMR

Film Shape Dimensions ~at 9.1 GHz!

YIG1 Quadrant 1.0 in~radius!35.9 mm 0.6 Oe
YIG2 Rectangle 1035mm237.4 mm 0.87 Oe
BLIG Rectangle 1535mm236.3 mm 3.0 Oe
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acteristics. However, the larger propagation length for
MSW’s caused a strong attenuation of the signal. Since n
linear excitations decay rapidly with propagation distan
the separation between transducers was reduced to eithe
4 mm for a high-power experiment. The use of rectangu
films whose width was comparable to the spacing betw
transducers raises the possibility of multipath interferen
This issue shall be addressed in Sec. II B. Low-power exp
ments were conducted using a network analyzer. Howe
the instrument had a large insertion loss of approximately
dB. Hence, for high-power experiments, the network a
lyzer was replaced by a diode detector whose output was
to a digital oscilloscope. Results from both the low- a
high-power experiments are presented below.

A. MSW passband

Figure 2 is a typical low-power forward-volume MSW
passband, using transducers that were 1 cm apart and e
nal field Hdc5270 kA/m. The rapid oscillations at the low
and high ends of the passband are an indication of s
electromagnetic fields. The irregular shape of the sample
rough edges, and the large separation between transdu
reduced the effects of multipath interference and stray e
tromagnetic coupling between the transducers. The edg
the passband was determined by the strength of the inte
magnetic field. We use the data in Fig. 2 to estimate
anisotropy fieldHk while assuming a typical value for th
saturation magnetization,Ms5140 kA/m. Identifying the
edge of the passband asvH52p ~4.35 GHz!, we find the
anisotropy field to be

Hk'
vH

ugum0
2Hdc1Ms526.4 kA/m, ~1!

whereg522p~28 GHz/T! is the gyromagnetic ratio andm0
is the permeability of free space. Thus anisotropic effe
account for less than 5% of a change in the internal magn
field.

The presence of notches in Fig. 2, marked by the arro
indicates a coupling to exchange-dominated spin-w

ng
n

e

FIG. 2. MSW passband for sample YIG1 in the presence o
270 kA/m ~3.40 kOe! external magnetic field. The passband w
measured using a network analyzer while sweeping the input
quency in steps of 1 MHz. The arrows mark the approximate lo
tions of notches identified as dipole gaps.
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57 11 485AUTO-OSCILLATION THRESHOLDS AT THE MAIN . . .
resonances.17 A smooth passband, without any notches, i
characteristic of a lowest-order excitation. Neglecting anis
ropy while retaining exchange and dipolar interactions gi
the dispersion relation20

v25~vH1vMlexk
2!@vH1vM~lexk

21sin2u!#, ~2!

wherek is the MSW wave number,vM52gm0Ms , andu
is the propagation angle with respect toHdc. The value of
the exchange constantlex can be determined from micro
wave frequency measurements.21 Experimentally, it was ob-
served that the spin waves behaved as if they were pinne
the surfaces of the film. Reflections at the top and bott
surfaces caused a spin-wave resonance notch when the
thickness equaled an integral number of half waveleng
Assumingu→0, since the tangential wave numberkt!k,
the resonant frequencies are obtained from Eq.~2! as

vn5vH1vMlexS pn

d D 2

, n51,2,3, . . . . ~3!

The subscriptn is chosen to represent the number of zeros
the magnetostatic potential for a mode through the thickn
of the film. The mode number associated with each ga
determined by assuming uniform pinning of spin waves
both surfaces of the film and then measuring the increas
frequency separation between gaps asn increases. The rela
tive coupling strength of the external magnetic field to t
even and odd modes must be accounted for to ensure pr
mode enumeration. The external field varies slowly on
scale of the film thickness, and the strongest excited mod
the n50 mode whose magnetostatic potential is descri
by

c~rW !5c0e2 jkW t•rWcosS pz

d D , 2d/2.z.d/2, ~4!

c05A 2P

vm0
, ~5!

whereP is the power per unit width coupled into the wav
This mode is usually orthogonal to modes with higher-or
thickness variations. However, in the presence of surf
pinning, coupling to other modes can occur when the f
quencies are degenerate. The coupling is stronger for m
having the same even symmetry inc. Hence it is reasonable
to conclude that the notches in Fig. 2 correspond to e
mode numbers. Evidence of a weaker coupling to o
numbered spin-wave resonant modes can be seen bet
the deep notches in Fig. 2. The spin-wave spectrum w
mixed exchange boundary conditions was studied by Kal
kos and Slavin using perturbation theory.18 Some of their
results are utilized in Sec. III to estimate the MSW gro
velocity in the vicinity of a dipole gap.

Having established that the dipole gaps seen in Fig. 2
primarily due to a spin-wave resonance phenomenon ass
ated with even modes, Eq.~3! is rewritten as
a
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D f 5
1

2p
~vn122vn!

5
2pvMlex

d2
~n11!, n50,2,4, . . . . ~6!

Thus a plot ofD f versusn should be linear with a definite
relation between the slope and the intercept. Likewise,D f
versus (n2n0) is linear, wheren0 is the mode number of the
first observable gap. If this data fits a line having the fo
y5am1b, m50,1,2, . . . , then the mode number assoc
ated with the first gap is uniquely determined by making
identifications

2m5n2n0 , ~7!

n05
b

a
21, ~8!

with n0 being defined as an even integer. Given the thickn
of the film and the saturation magnetization, it is also p
sible to determine the exchange constant as

lex5
a

2S d2

2pvM
D . ~9!

Figure 3 is a plot ofD f versusm. Using a least squares fi
we determined that the dipole gap at 4.421 GHz has a m
numbern0518. With d55.9 mm andMs5140 kA/m, lex
52.5310216 m2. This value is in good agreement with
typical value oflex;3310216 m2 for YIG.21

On a practical note, the spin-wave resonance absorp
lines are undesirable for many device applications. Howe
their presence can be minimized by properly orienting
film in the external magnetic field.22,23

B. Fingers of auto-oscillation

Figure 4 shows a density plot ofS12 using transducers tha
were 4 mm apart and the sample, YIG1, whose passband
shown in Fig. 2. The dipole gaps appear as dark bands

FIG. 3. Increasing frequency separation between the dipole g
seen in Fig. 2. The solid line is a least squares fit given
D f (MHz)52.83m126.8 with x253.2. The mode number tha
identifies a gap is merely 2m1n0 where n052(26.8/2.83)21
'18.
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11 486 57A. PRABHAKAR AND D. D. STANCIL
FIG. 4. ~Color! Density plot ofS12 over input parameter spac
using sample YIG1.

FIG. 5. ~Color! Top: magnified view ofS12 from Fig. 4, with red
regions corresponding to strong transmission. Bottom: density
of peak-to-peak voltage from a time series measurement at a
input power and input frequency, with red regions correspondin
strong nonlinear excitations.
show the characteristic increasing separation with hig
mode numbers. Measurements of the reflected power i
cated that the waviness in the pattern visible at high powe
related to the length of the connecting coaxial cables. T
appearance of the pattern helps us make a comparison
tween different density plots, and it shall be used to o
advantage.

We now select a small region of our input parame
space. At the top of Fig. 5 is a magnified view of the dens
plot over the selected region. Interestingly enough, the s
wave resonances corresponding to odd mode numb
which were suppressed at low-input-power levels, were a
strongly excited. The dipole gaps corresponding to the o
modes, visible as small dips between the even gaps in Fig
became as strong as their even counterparts and cause
passband to break up into alternate regions of strong
weak transmission. In the density plot, at;12 dBm, the odd
dipole gaps appear as faint streaks between the darker b
that correspond to the even gaps. An increase in powe
;18 dBm causes what appears to be a further splitting of
passband into equally wide regions of strong and weak tra
mission. We believe that this apparent splitting at 18 dBm
an artifact of the interference between the spin-wave sig
and the low-level electromagnetic feedthrough. Beyond
auto-oscillation threshold, the output of the diode detec
began to oscillate with a frequency of 104–106 Hz. Regions
of strong auto-oscillations were located by measuring
peak-to-peak voltageVp.p. of the output signal. While density
plots of S12 were obtained by sweeping the input frequen
at a fixed input power,Vp.p. was measured by sampling th
output signal for 50ms while the input parameters were ke
constant. For the purpose of these measurements, the
rion used to establish the existence of auto-oscillations
when Vp.p. exceeded 4 mV. At the bottom of Fig. 5 is
density plot ofVp.p. over the selected region of our inpu
parameter space. As is clearly evident, there appears to
close correspondence between regions of lowS12 and re-
gions of highVp.p.. At an input power of about 19 dBm, w
note strong auto-oscillations at all frequencies. A careful
amination reveals that the auto-oscillation threshold in

ot
ed
o

FIG. 6. ~Color! Density plot ofS12 for sample YIG2. Note the
formation of fingerlike regions of low transmission~dark regions
extending down from above! around 15 dBm.
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57 11 487AUTO-OSCILLATION THRESHOLDS AT THE MAIN . . .
vicinity of a dipole gap is 4–8 dB lower than that outside t
gap. A quantitative comparison between experimental res
and theoretical predictions for a lower threshold inside a
is undertaken in Sec. III C.

Experiments were also conducted on the two rectang
samples listed in Table I. Multipath interference resulti
from reflections off the edge of these samples made it d
cult to uniquely identify the dipole gaps in the passband. T
density plots did successfully capture the saturation inS12
and the formation of fingers of low transmission. Figure 6
a density plot ofS12, taken on sample YIG2, using 1-cm
long bidirectional transducers spaced 3 mm apart. Figure
a three-level contour plot of the same data. A coarse con
plot emphasizes some global features while reducing the
cal variations that complicate the interpretation of a ten-le
density plot. Figure 7 highlights the formation of fingerlik
regions around 15 dBm~white regions extending down from
above!. The bottom of the passband shifted by approximat
10 MHz as the input microwave power was increased by
dB. This shift is reminiscent of previously established resu
on a shift in the passband at high-power levels.24–26A reduc-
tion in the demagnetizing field inside the film due to
increase in the cone angle of the precessing magnetiza
causes a shift that is given by25

Dv5
24gP

vMsd
2 . ~10!

The shift is emphasized by the dotted curve on the l
which was calculated using Eq.~10! after alignment with the
passband edge at low-power levels. Such effects were
observed on the@BiLu#3Fe5O12 sample.26 Note how Figs. 4
and 5 reveal a similar shift in the density plots ofS12 and

FIG. 7. Three-level contour plot ofS12 using sample YIG2. The
curved dark spots are the calculated locations for the edge o
passband. The vertical dark spots at 5.3 GHz are the locat
where samples of the output microwave frequency spectrum w
obtained. These spectra are shown in Fig. 8 and qualitatively d
onstrate the correlation between a fingerlike region of weak tra
mission and the onset of auto-oscillations.
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Vp.p., thus establishing that the auto-oscillation thresho
are subject to the same demagnetizing effects as the tr
mission characteristics.

Auto-oscillations appeared in the output frequency sp
trum as secondary peaks around the primary resonance
quency. As before, the fingerlike regions of low transmiss
were closely associated with regions in input parame
space where the output signal oscillated. For example,
dark spots in Fig. 7 at 5.3 GHz are the locations in param
space where the output frequency spectrum was monito
As shown in Fig. 8, the onset of auto-oscillations occurs a
finger of low transmitted power is crossed. The broad wh
regions reveal very complex routes to chaos, while th
edges approximately mark the thresholds for the au
oscillations.

III. THEORETICAL DISCUSSION

The density and contour plots ofS12 capture not only a
shift in the passband, a low-order nonlinear effect, but a
help us locate the onset of auto-oscillations, a phenome
that has its origins in a nonlinear four-magnon interactio3

A shift in the passband lends itself to a quantitative comp
son with a theory based on an increasing precession angl
the magnetization.27 However, the formation of fingers o
auto-oscillation makes a comparison between theory and
perimental observations for the auto-oscillation thresho
difficult. We explore the possibility that a finger of auto
oscillation is formed by a lower auto-oscillation threshold f
spin waves with a lower group velocity. This phenomenon
easy to characterize in the vicinity of a dipole gap.

A. Transmission line model

A transmission line model for a MSW delay line she
some light on the energy transferred into spin-wave mode
the vicinity of a dipole gap. Neglecting reactive impedan
components, the fraction of power coupled into spin-wa
modes is written as20

PSW

Pin
5

4RrRg

~Rr1Rg!2 , ~11!

wherePin is the power fed into the device,Rg550 V is the
characteristic impedance of the transmission line, andRr is
the radiation resistance of the excited spin waves.Rr is esti-

he
ns
re
-

s-

FIG. 8. Microwave frequency spectrum measured on
HP8529D spectrum analyzer. The input frequency was 5.3 G
while the input power was stepped between 14.75 and 19.25 d
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11 488 57A. PRABHAKAR AND D. D. STANCIL
mated for the case of spin waves pinned on both surface
the film using the method espoused by Dmitriev a
Kalinikos.28 Their calculations indicate that the radiation r
sistance in the vicinity of a dipole gap changes by a facto
order unity. We reevaluate their expressions for our dev
geometry and focus on the power coupled into spin-w
modes within an even-numbered dipole gap. For a ferrom
netic film, the linear radiative resistance is given by

R~v!5
m0vM

4 (
n

VnYn
2

vgn
u j k~ktn!u2, ~12!

with a summation over all excited modes andktn represent-
ing the tangential wave number associated with thenth mode
at frequencyv. Assumingktnd!1 and a negligible separa
tion between transducer and film,

kn21
2 5kzn

2 1ktn
2 5S np

d D 2

1ktn
2 , ~13!

Vn5vH1vMlexkn
2 , ~14!

Yn'
1

Ad

kzn

ktn
2 1kzn

2
. ~15!

vgn is the group velocity of thenth mode andj k(ktn) de-
scribes the surface current distribution in the microst
transducer.j k(ktn) can be approximated by the zeroth-ord
Bessel functionJ0(ktnw/2), wherew is the width of the film.
In this approximation, the dominant contributions to the s
in Eq. ~12! come from modes that have lower values ofktn .
Consider exciting modes at the center of thenth dipole gap
such thatv'Vn andktn5kt0. Thickness modes with mod
numbersm,n will have wave numbersktm@ktn and will
thus be weakly excited, while higher-order modes withm
.n will not be excited. Consequently, the radiation res
tance for thenth mode interacting with the lowest-orde
mode (n50) becomes a sum of just two terms. Defining t
resistance of the lowest-order mode asR0, the resistance in
the vicinity of thenth dipole gap is given by

R'R0F11
Vn

V0
S Yn

Y0
D 2 vg0

vgn
G5R0~11en!. ~16!

Under the approximationsktn!kzn andVn'VH ,

en5
1

n2S vg0

vgn
D . ~17!

For the case of a transducer that is well matched to
lowest-order mode,Rg5R0. Neglecting the small change i
kt as we move just outside the gap, the ratio of the pow
coupled into spin-wave modes inside a gap (PSW8 ) to that
coupled just outside the gap (PSW) is calculated as

PSW8

PSW
5S Pin8

Pin
D4~11en!

~21en!2 . ~18!

The ratio of the group velocities is estimated using
equation20
of

f
e
e
g-

r

-

e

r

e

1

vgn
5

4v

vHvMdF12
npx

8 G , ~19!

wherex is defined as

x5
vMvH

vH
2 2v2 . ~20!

As the pumping frequencyv→vn , Eqs.~3!, ~17!, ~19!, and
~20! are combined to yield

en'
2px

8n
5

d2

16lexpn3
. ~21!

Based on the previously described experiments on sam
YIG1, for n520, en'0.4 and the fraction of power couple
into the spin-wave system is largely constant over the en
passband. In our experiments, moving into the dipole g
caused a decrease in the power coupled into the devic
less than 10%, qualitatively supporting the above theoret
calculation.

B. Auto-oscillation thresholds

Consider the spin-wave instability of forward-volum
waves when the pumping field is perpendicular to the st
external magnetic field, often called the second Suhl ins
bility. Suhl recognized that the spin-wave amplitude at t
main resonance begins to increase exponentially once
amplitude of the uniform mode,ua0u, satisfies the condition29

jk
2ua0u4.~v2vk!

21hk
2 , ~22!

hk being the damping constant. For small values ofk, jk
;vM andvk→vH . As before,vH defines the edge of the
passband. Suhl predicted a saturation of the main reson
beyond the critical value, with the excess energy be
coupled into other spin waves via a nonlinear mechanism29

The damping constantsh0(vH) and hk(vk) are related to
the FMR linewidth (DH measured at a frequencyv8) as30

h05
ugum0vH

2 S DH

v8 D , ~23!

hk5
h0

vH
FvH

2 1vk
2

2vk
G . ~24!

The linear solution fora0 in the presence of a pumping fiel
h is

a05
ugum0h

~vH2v!1 ih0
. ~25!

For a pumping frequencyv5vH , the critical value of the
pumping field at the second Suhl instability~SI! is estimated
to be

hSI'
h0

ugum0
Ahk

vM
. ~26!
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These are the results associated with a stationary solutio
the nonlinear Hamiltonian equations of motion.3 The nonsta-
tionary process leading to auto-oscillations has a thresh
field value of7

hAO'4hSL . ~27!

To calculate the magnetic field associated with the lowe
order MSW’s, we return to the description of the magne
static potential given in Eq.~4!. The magnetic field is defined
as2¹c, and asv→vH , its amplitude at the center of th
film is given by

lim
z→0

uhu5u2¹cu5uktc0u'U22

xd
c0U. ~28!

Using Eqs.~5! and ~28!, the input power required to reac
the critical fieldhAO for our thin film geometry is found to be

PAO@mW/mm#5
1

8
vm0hAO

2 d2uxu2. ~29!

At the edge of the passband,kt→0 anduxu→`, resulting in
a divergence of the critical power. The singularity at the ed
of the passband is a consequence of our earlier definition
x, in Eq. ~20!, where we neglected the lossy characterist
of the film. Introducing a loss parameter,

x5
~vH2 ihk!vM

~vH2 ihk!
22vk

2 . ~30!

This form forx is analytic at the lower edge of the passban
Typically, n0!vH , and asvk→vH ,

uxu'
vM

2h0
. ~31!

Combining Eqs.~26!, ~27!, ~29!, and~31!, the expression
for the critical power in the limitk→0 is written as

PAO5
vHvMh0d2

2ugu2m0
. ~32!

Assuming well-matched transducers, i.e.,Rg'Rr5R0 in Eq.
~11!, Pin'PAO defines the threshold input power required
observe auto-oscillations.

Words of caution are necessary at this juncture. In
spirit of the calculation, the effects of a ground plane on
excitation of MSW’s have been neglected. Outside the fi
the magnetostatic potentialc;e2ktz. For a spacings be-
tween the film and ground plane, the effects of the grou
plane become important when (ks),1. Neglecting the ef-
fects of the ground plane is merely a good starting appro
mation.

Density plots ofS12 were also obtained for the other tw
samples.8,26 Using Eq.~32!, the input power required to ob
serve auto-oscillations is estimated for each of the samp
The calculation accounts for the fact that the device cons
of a bidirectional transducer, but assumes that the refle
power from the device is negligible. The calculated critic
power for the three films used, in thevk→vH limit, is given
in Table II. The experimental value is determined as
to
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approximate power level at which a saturation inS12 was
observed in a density plot.

C. Formation of fingers

A finger of auto-oscillation is merely a small set of pum
ing frequencies at which auto-oscillations occur at a low
threshold than at neighboring frequencies. Without a co
plete characterization of all the interacting spin waves
quantitative calculation of the thresholds is quitead hoc.
However, the following dimensional analysis reveals that
auto-oscillation threshold will be lower at frequencies with
a dipole gap. The average power per unit widthP can be
expressed in terms of the average energy density^E&, the
thickness of the film, and the group velocity as

P5^E&vgd, ~33!

where ^E&}uhu2. Consider the frequenciesv8 and v such
that uv2v8u!v and hk'hk8, with the primed variables
representing quantities within a dipole gap and the unprim
ones just outside the gap. With the understanding that^E&
must thus have the same value at the auto-oscillation thr
old both inside and outside a gap, Eqs.~18! and ~33! are
combined and rewritten as

Pin

Pin8
5

vg

vg8

4~11en!

~21en!2 , ~34!

wheren is the mode number associated with the dipole g
under consideration anden is related to the ratio of the
asymptotic values of the group velocity as defined in E
~17!. However, the ratiovg /vg8Þn2en and must be deter
mined after accounting for a change in the dispersion rela
in the vicinity of a dipole gap.

Following the analysis by Kalinikos and Slavin, the spl
ting of the MSW dispersion relation is quantified using
perturbation series.18 ~Note that owing to a different number
ing scheme, symmetric modes with totally pinned surfa
spins have even numbers in our calculations, but have
numbers in the theory of Kalinikos and Slavin.! The secular
equation that describes an interaction between even m
takes the form

~vn
22vnn8

2
!~vn8

2
2vnn8

2
!5vM

2 VnVn8Fnn8
2 , ~35!

where

vn
25Vn~Vn1vMFnn!, ~36!

TABLE II. Experimental and theoretical values for the critic
power corresponding to the threshold for auto-oscillations. The
oretical value was calculated using Eq.~32!, while the experimental
values were obtained by studying density plots ofS12.

vH /(2p) h0(3106) Ptheory Pexpt

Film ~GHz! ~rad/s! ~dBm! ~dBm!

YIG1 4.4 2.5 12.8 13-19
YIG2 5.1 4.3 17.7 14-18
BLIG 7.3 21.2 24.9 24-28
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Fnn85
kt

2

kn8
2 dnn81

kt
2kznkzn8

kn
2kn8

2 F 2

ktd
~11e2ktd!G . ~37!

kzn andVn are as defined in Eqs.~13! and~14!, respectively,
and dnn8 is a Kronecker delta function. Note that Eq.~36!
reduces to Eq.~3! when vMFnn!Vn . The dispersion rela-
tion for the casen50, n8520 is shown in Fig. 9. The width
of the dipole gapdv is determined by the splitting betwee
the two branches of the dispersion relationvnn8 andvn8n as
shown in the figure.

The group velocity of a spin wave decreases in the vic
ity of a dipole gap.vg is calculated numerically from the
curves in Fig. 9 and is shown in Fig. 10. The width of t
gap is marked by a pair of arrows, corresponding to sim
arrows in Fig. 9. Although it appears that the group veloc
decreases to its asymptotic value as given by the slop
vn520, the effects of such a low value are not observed
our experiments. Asvg decreases, the propagation loss
the spin waves between transducers increases. Assuming
the amplitude of the auto-oscillations decays at the same
as that of the spin waves, a threshold value forVp.p. sets a
minimum detectable value forvg . Let the decay in the am
plitude of auto-oscillations between transducers spaced a
tanceL apart be described by

f}e2hkL/vg. ~38!

In the experiment described in Sec. II B, with a transdu
spacing of 4 mm,Vp.p. varied from the threshold value of
mV to a maximum of 20 mV. As was seen in Fig. 5, th
lowest auto-oscillation thresholds were observed inside
gap. Attributing the different auto-oscillation amplitudes
attenuation resulting from variation in group velocity, a co
parison of the decay in auto-oscillations at locations ins
and outside a gap yields

Vp.p.8

Vp.p.
5

f8

f
5expF2hkLS 1

vg8
2

1

vg
D G' 1

5
. ~39!

For the sample YIG1,hk'h052.4 ms21 and, as seen from
Fig. 10,vg'32 km/s. Hence,

FIG. 9. MSW dispersion relation showing the interaction b
tween then50 andn8520 thickness modes as a function of ta
gential wave numberkt , calculated usingn51 andn8521 in Eqs.
~35! and ~36!.
-

r
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n
r
hat
te

is-
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e

-
e

S vg

vg8
D

max

'6.1. ~40!

A minimum value forvg /vg8 can be determined directly from
Fig. 10. At a frequency at the edge of the gap, marked by
arrow,vg is smaller by a factor of about 2.2 compared to
maximum value. The range of values, 2.2,vg /vg8,6.1, de-
termines the approximate range for the auto-oscillat
threshold. When translated into power levels using Eq.~34!,
the auto-oscillation threshold observed within a dipole g
should be 3–8 dB lower than the threshold value outside
gap. As seen in Fig. 5, this range of values compares fa
ably with the experimentally observed decrease in thresh
associated with the fingers. A lower threshold combined w
the shift in the passband causes the formation of a finge
auto-oscillation.

IV. CONCLUSIONS

Large-amplitude spin waves often undergo nonlinear
teractions. As a result of these interactions, the output fro
forward-volume MSW delay line develops an amplitu
modulation with multiple frequency components. This ph
nomenon is commonly referred to as auto-oscillation and
accompanied by a drop in the dc value of the output sign
The S12 transmission characteristics of a delay line we
studied using three different samples over a two-dimensio
input parameter space comprising of input power and
quency. Density and contour plots were useful tools in t
venture. A shift in the MSW passband at high input powe
was easily captured by the plots. This shift has been att
uted to a decrease in the demagnetizing field as the dyna
magnetization was increased. The shift was of the same o
as that predicted by other researchers.24,25 Furthermore, a
comparison of a density plot ofS12 with a similar plot for the
amplitude of auto-oscillations revealed a close correlat
between the formation of fingers of low transmission and
formation of fingers of auto-oscillation.

The threshold power levels required to observe au
oscillations in thin films, when extrapolated to thek→0
limit, seemed to agree with the theoretical predictions

FIG. 10. Group velocity in the vicinity of a dipole gap. The da
were obtained by numerically differentiatingvnn8 andvn8n in Fig.
9.
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auto-oscillations in an infinite medium.7 Previous models
have explained the formation of fingers of auto-oscillati
for the case of standing-wave modes.13 In the case of pinned-
surface spin waves propagating between two transducers
simultaneous excitation of two thickness modes causes a
duction in the group velocity of the waves and the formati
of a dipole gap. Consequently, there is a decrease in
power levels required to maintain a critical energy dens
inside the film. A heuristic model that used this argume
described the formation of a finger of auto-oscillation. T
predicted decrease in auto-oscillation threshold power lev
n

the
re-
n
the
ty
nt
e
els

in the vicinity of a dipole gap was comparable to that o
served experimentally.
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