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Linear birefringence behavior of A2BX4-type ferroic crystals
in the normal-incommensurate phase transition
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Critical behavior of linear birefringence was studied in the normal-incommensurate phase transition of
variousA2BX4-type crystals. We considered the fluctuation effect in the scaling analysis so that we could
obtain a precise value of the critical exponentb from linear birefringence measurements. The numerical values
of 2b obtained from our experiment were 0.72;0.75 (60.02). These results are in agreement with the
previous theoretical prediction which suggests that the normal-incommensurate phase transition ofA2BX4-type
crystals belongs to the universality class of the three-dimensional~3D! XY model. Beyond the critical region,
we observed crossover from 3DXY-like behavior into classical Landau-like behavior, 2b51, in Rb2ZnCl4 and
K2ZnCl4. @S0163-1829~98!03318-9#
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I. INTRODUCTION

Physical properties ofA2BX4-type crystals have bee
widely studied by various experimental method because
the interesting characteristics of their incommensur
phase.1 (A5Rb, K, NH4, N~CH3) 4; B5Zn, Mn, Cu, Co;
and X5Cl, Br.! The A2BX4-type crystals have the sam
phase transition sequence as the normal~N!-incommensurate
~IC!-commensurate ~C! phase with descendin
temperature.1,2 In the N phase, theA2BX4-type crystals have
b-K2SO4-type Pmcn structure.3,4 In the IC phase, modu
lated polarization turns up with a period irrational to t
period of crystal lattice. Some characteristics of the IC ph
of the A2BX4-type crystals are given in Table I. In the
phase, someA2BX4-type crystals have ferroelectricity or fe
roelasticity.

The N-IC phase transition was theoretically studied
Cowley and Bruce, who predicted that the N-IC phase tr
sition belongs to the universality class of the thre
dimensional~3D! XY model.5 Their theoretical study was
followed by many experimental investigations, some
which agree with the expectation of the 3DXY model.6–10

However, there also exist other experimental results wh
570163-1829/98/57~18!/11173~5!/$15.00
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agree with the 3D Ising model rather than with the 3DXY
model.11–13 Up to now, it is not yet conclusive experimen
tally whether or not the N-IC phase transition ofA2BX4-type
crystals belongs to the universality class of the 3DXY
model.13

For the investigation of critical phenomena, linear bir
fringence~LB! is a very useful tool because it has a dire
relation to the order parameter of the N-IC pha
transition.14–18 Therefore, the critical exponentb for the or-
der parameter can be obtained from LB measurement
scaling analysis. In our previous studies, we have repo
that the LB behavior of someA2BX4-type crystals were 3D-
XY-like near the N-IC phase transition temperature (Ti).

19–21

In this paper, we report the LB behavior near the N-
phase transition of variousA2BX4-type crystals. The critical
LB behavior has been investigated systematically by con
ering the fluctuation effect and crossover behavior.

II. EXPERIMENTAL PROCEDURE

In this report, we have measured the LB behavior
Rb2ZnCl4 ~RZC!, K 2ZnCl4 ~KZC!, ~NH 4) 2ZnCl4 ~AZC!,
@N~CH3) 4# 2ZnCl4 ~TMAZC!, @N~CH3) 4# 2CuCl4
e
ppears. All
perature
TABLE I. Characteristics of the IC phase ofA2BX4-type crystals studied in this paper.Ti and Tc are the N-IC and the IC-C phas
transition temperature, respectively. The ferro-axis means the axis along which spontaneous polarization or spontaneous strain a
of the LB behaviors in this study were measured along these ferro-axes. The crystals have ferroelectricity or ferroelasticity in the tem
region given in the parentheses.

modulation wave vector Ti Tc ferro-axis

Rb2ZnCl4 q5(1/32d)c* 302 K 195 K a axis ferroelectricity(<195 K!

K 2ZnCl4 q5(1/32d)c* 553 K 403 K a axis ferroelectricity(<403 K!

~NH4)2ZnCl4 q5(1/41d)c* 406 K 364 K a axis ferroelectricity(<268 K!

@N(CH3)4#2ZnCl4 q5(2/56d)a* 297 K 280 K b axis ferroelectricity(<280 K!

@N(CH3)4#2CuCl4 q5(1/32d)a* 296 K 293 K b axis ferroelasticity (<293 K!

@N(CH3)4#2MnCl4 q5(1/22d)a* 293 K 292 K b axis ferroelasticity (<292 K!
11 173 © 1998 The American Physical Society
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~TMACC!, and@N~CH3) 4# 2MnCl 4 ~TMAMC !. Single crys-
tals of A2BX4-type materials were grown at 310 K by th
slow evaporation method from an aqueous solution of a
ichiometric mixture of 2ACl and BCl2 with 10% excess of
BCl2. We obtained transparent and colorless single crys
~TMACC and TMAMC have exceptionally light brown an
red colors, respectively.!

The crystals were cut perpendicularly to the ferroelec
~or ferroelastic! axes using a wet string and polished ca
fully. The ferroelectric~or ferroelastic! axes for each crysta
are given in Table I.

The temperature dependence of LB was measured
632.8 nm wavelength of a He-Ne laser by the Senarm
method with an accuracy of at least 1027. The LB behavior
was measured in the heating run. The temperature hea
rate was 0.04 K/min nearTi , and about 0.4 K/min in the
temperature region far fromTi . Only for KZC, the tempera-
ture heating rate was 0.4 K/min in all of the temperatu
range.

III. CRITICAL BEHAVIOR OF BIREFRINGENCE

The N-IC phase transition of dielectric materials w
studied theoretically by Cowley and Bruce.5 They proposed
the Landau-Ginzburg-Wilson~LGW! Hamiltonian of the
N-IC phase transition using the renormalization techniq
A2BX4-type crystals belong to the case where the star of
soft mode consists of only two wave vectorsqs and 2qs .
Whenqs is incommensurate, the obtained LGW Hamiltoni
was of the effective Hamiltonian of the 3DXY model.5 ~The
XY model means the isotropicn52 Heisenberg ferromag
net.!

The critical behavior of specific heat (Cp), order param-
eter (Q), and dielectric susceptibility (e) can be expressed a

Cp;utua, Q;utub, e;utug, ~1!

with the reduced temperaturet[@(T2Ti)/Ti # and the criti-
cal exponentsa, b, andg. The critical exponentb of the 3D
XY model was predicted by Majkrzaket al. as 2b50.70
60.04.9 If we accept their prediction, the order parame
behavior ofA2BX4-type crystals can be expected to beQ2

;utu2b;utu0.7060.04 in the critical region of the N-IC phas
transition.

In the N-IC phase transition ofA2BX4-type crystals, the
order parameterQ is the amplitude of the modulated pola
ization. The incommensurate modulation nearTi can be de-
scribed by the plane wave approximation1,17

Pk~x!52Q cosqx. ~2!

In Eq. ~2!, Pk is the spontaneous polarization along thek
axis andq is the modulation wave vector. The square of t
order parameterQ2 can be easily obtained from the spat
average of the modulated polarization^Pk(x)2& by

^Pk~x!2&5Q2. ~3!

A relation between the incommensurately modulated
larization and LB,Dni j [ni2nj , is given by14,17

Dni j 5
1

2
~nj

3gjk2ni
3gik!^Pk~x!2&1Dni j 0 , ~4!
o-
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wherei , j ,k are crystal axes,ni the refractive index along the
i axis, gjk and gik the electro-optic coefficients, andDni j 0
the photoelastic and thermoelastic contributions.

From Eqs.~1!–~4!, we can expect15

Dn[uDni j 2Dni j 0u;^Pk~x!2&;Q2;utu2b. ~5!

Thus, the critical exponentb can be determined from the LB
measurement.

IV. RESULTS AND DISCUSSION

The results of LB measurement given in Fig. 1 shows
obvious kink atTi which is indicated by an arrow. Thes
results agree well with the previous LB studies
A2BX4-type crystals.22–27

For the investigation of the critical behavior ofDn and
Q2, it is important to determine correctly the base lineDni j 0
of Eq. ~4!. BecausePk(x)50 in the N phase, a base lin
Dni j 0 is expected to be obtained from linear fitting of L
behavior in the N phase~solid line in Fig. 1!. It is assumed
that the base lineDni j 0 can be extrapolated into the IC
phase.

In addition, the fluctuation effect on the LB behavior
expected to be observed in the N phase. Accounting for
time-averaged static order parameter^Q& t , we can setQ
5^Q& t 1 dQ, wheredQ represents fluctuation amplitude

FIG. 1. The temperature dependence ofDni j ~open circle! near
Ti for ~a! RZC, ~b! KZC, ~c! AZC, ~d! TMAZC, ~e! TMACC, and
~f! TMAMC. Ti is indicated by an arrow. The solid line represen
the base line which corresponds toDni j 0.
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As mentioned in Eq.~4!, LB is proportional to the time-
averaged square of the order parameter^Q2& t ,28

Dn;^Q& t
21^dQ2& t . ~6!

FIG. 2. The temperature dependence ofDn[Dni j 2Dni j 0 ~open
circle! for ~a! RZC, ~b! TMAZC, and ~c! TMACC. The solid line
represents the temperature dependence of the static order para
^Q& t

2 .
The term^Q& t must be zero in the N phase, and the effect
the order parameter fluctuationDn;^dQ2& t is also expected
to be observed in the LB behavior of the N phase.

In Fig. 2, the existence of the LB tail can be easily o
served just aboveTi in the N phase. The relation between th
LB tail and the fluctuation was discussed by Courtens a
Kleemann, Scha¨fer, and Nouet who explained it in terms o
anisotropic fluctuation.29,30 The LB tail of A2BX4-type crys-
tals can be similarly explained by the fluctuation effect. M
croscopic origin of the anisotropic fluctuation inA2BX4-type
crystals can be deduced from previous x-ray diffraction a
neutron scattering experiments, the results of which indic
that the fluctuation consists of atomic displacements of
BX4 tetrahedra.1

The LB tail must be correctly taken into account to det
mine the base lineDni j 0. Because the LB tail is not a part o
Dni j 0 but caused by the fluctuation effect, for obtaining
correctDni j 0, it was excluded from the linear fitting of th
LB behavior in the N phase. In many previous LB studies
A2BX4-type crystals, the existence of the LB tail is ove
looked in the linear fitting forDni j 0.21 It is thought to be the
reason why our LB studies are different than the previo
ones.

An initial value of Ti was determined at which we ca
find the kink by a direct inspection of the LB behavior. The
with a small variation of the initial value ofTi , we were able
to get a preciseTi where the best linear fitting of a
log10Dn-log10t plot was obtained. TheTi ’s determined in this
way are given in Table II, and were treated as a fixed para
eter afterwards.

Figure 3 shows the results of the scaling analysis, i.e.,
log10Dn-log10t plot of LB behavior. The exponent 2b was
obtained from the inclination of the log-log plot in a prop
temperature region. The obtained value of 2b is also pre-
sented for each crystal in Table II. The 2b ’s estimated from
LB measurement are distributed in the range 2b50.72–0.75
(60.02). Within experimental error, these results are in go
agreement with the theoretical prediction of the 3DXY
model, 2b50.7060.04, and with some previous LB
studies.18,31 As mentioned in Sec. I, it has not yet been r
solved whether the N-IC phase transition isXY-like or
Ising-like.13 It can be thought that our LB study strong
supports the 3DXY model. For the exponenta andg, simi-
lar results supporting the 3DXY model were also obtained
by recent specific heat and nuclear magnetic resona
~NMR! studies.6,10

eter
TABLE II. The numerical values of the critical exponent 2b obtained from this LB study.Ti was
determined from the scaling analysis as described in the text. The log10tcr is the temperature where the 2b
line and the 2b* line meet in Fig. 3.

b Ti b* log10tcr

Rb2ZnCl4 2b50.7260.02 300.7 K 2b* 50.9960.02 20.71
K 2ZnCl4 2b50.7560.02 553.1 K 2b* 51.0260.02 20.92
~NH4) 2ZnCl4 2b50.7360.02 403.6 K 2b* 50.8960.02 22.34
@N(CH3)4#2ZnCl4 2b50.7360.02 296.1 K 2b* 50.8860.02 22.13
@N(CH3)4#2CuCl4 2b50.7560.02 298.1 K
@N(CH3)4#2MnCl4 2b50.7260.02 290.3 K
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There have been some reports that the exponent obta
from the LB behavior is not 2b but another exponent. Re´gis
et al. reported that LB behaved asDn;utu0.8760.02 for
TMAZC.32 In order to explain the result, they introducedC2
symmetry breaking in the N-IC phase transition
A2BX4-type crystals. The LB would not behave asDn

;utu2b;utu0.70, but asDn;utu b̃;utu0.845 under the assump
tion of symmetry breaking.15 However, their result is incon
sistent with our results. In addition, theC2 symmetry break-
ing was not observed in x-ray diffraction studies in the N-
phase transition.A2BX4-type crystals havePmcn structure
in the N phase, and still preserve thePmcnss1̄ or Pmcn1s1̄
structure in the IC phase.3,4

On the basis of a critical review of existing LB theo
(Dn;utu2b), Ivanov et al. asserted that the existing LB
theory was wrong and LB had to behave asDn;utu12a.33 If
we accept their assertion, our resultsDn;utu0.72;0.75 must
result ina50.25–0.28 (60.02), which does not agree wit
any a of specific heat studies onA2BX4-type crystals.6,11

Because of the inconsistency between these previous
experiments, Levanyuk even suggested that 2b of
A2BX4-type crystals can vary in the range1

2 ,2b,1 in the
vicinity of the tricritical point.1 But, the 2b ’s obtained from
this LB study are the same for variousA2BX4-type crystals
within experimental error.~This means that 2b does not de-
pend on eachA2BX4-type crystals but has a regular value!

It is inferred that the origins of the inconsistency were d

FIG. 3. The result of scaling analysis~open circle! of LB behav-
ior for ~a! RZC, ~b! KZC, ~c! AZC, ~d! TMAZC, ~e! TMACC, and
~f! TMAMC. The solid line represents the slope of the exponent 2b.
ed

B

e

to overlooking the LB tail and taking an inappropriate ba
line. The exponent obtained from the LB study is 2b as
described in Eq.~5!.

In Figs. 3~a! and 3~b!, log10Dn follows the 2b
50.72;0.75 line in a wide temperature region log10t<21.
This means that the critical region of RZC and KZC is on t
order of tens of a degree, and very wide compared
KH2PO4 and Ising-type ferroelectric materials.34 The tem-
perature region where the classical Landau theory is v
can be determined by the Ginzburg criterion34,35

kB

16peDC
j~0!23!utu1/2. ~7!

In Eq. ~7!, kB is the Boltzmann constant,DC the jump in
heat capacity per unit volume atTi , andj(0) the zero tem-
perature correlation length. In the view point of the Ginzbu
criterion, the range of the critical region is mainly depende
on j(0)23 of Eq. ~7!.35 The wide critical region of RZC and
KZC indicates thatj(0) is very short compared to Ising-typ
ferroelectric materials. It is inferred that the characteristics
the N-IC phase transition ofA2BX4-type crystals are domi-
nated by short-range interactions.

Generally speaking, the factor (nj
3gjk2ni

3gik) of Eq. ~4!
is also dependent on temperature. However, for RZC
KZC, the log10Dn agrees very well with the 2b line in the
wide temperature range, so that the factor (nj

3gjk2ni
3gik)

must have negligible temperature dependence in the loga
mic scale.

Because Cowley and Bruce’s theoretical description
based on the renormalization technique, it is valid only in
critical region nearTi . The exponent ofQ beyond the criti-
cal regionb* is expected to be 2b* 51 as described by
Landau theory~mean field theory!.34 In Figs. 3~a! and 3~b!, it
is observed thatDn deviates from the 2b50.72–0.75 line,
and asymptotically approaches the 2b* 50.99–1.02 line.
This is consistent with the expectation of the crossover
havior from the 3DXY model into Landau theory. A simila
behavior ofQ was observed for SrTiO3 and LaAlO3.36

Near the IC-C phase transition temperature (Tc), the
plane wave approximation of Eq.~2! is not valid and high
order hamonics and discommensurations appear, so thaDn
is not proportional toQ2 any more.1,2,17 In Figs. 3~c! and
3~d!, the LB behavior of AZC and TMAZC follows the 2b
50.73 line only in the region log10t<22, and approaches
the 2b* 50.88–0.89 line in the region log10t>22. As pre-
sented in Table I, the IC phase region of AZC and TMAZ
is so narrow thatTc is close toTi . Thus, the LB behavior
cannot follow the 2b50.73 line becauseDn is not propor-
tional toQ2 in the region log10t>22. The ambient exponen
2b* 50.88–0.89 is thought to be not a crossover behavio
the order parameter but an effect of the high order harmo
and discommensuration nearTc .

A new phase transition of AZC was recently reported ju
below Ti under uniaxial stress.37 This could be an explana
tion for the narrow critical region of AZC. The ambient ex
ponent of TMAZC, 2b* 50.88, is close to 2b50.87, ob-
tained by Re´gis et al., and it might be an origin of their
wrong results.32

For TMACC and TMAMC, the IC phase region is ver
narrow, and any crossover behavior was not observed as
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in Figs. 3~e! and 3~f!. The IC phase region is only 5 K and
even 0.6 K wide for TMACC and TMAMC, respectively. A
more detailed description of the crossover phenomena is
sented in Table II.

Whether theb* of each crystal is a Landau-like one~such
as RZC and KZC! or the ambient one~such as AZC and
TMAZC! is thought to be dependent on the temperat
range of the IC phase. The temperature range of the IC p
is mainly governed by the anisotropy of the thermodynam
potential of each crystal. In general, the stronger the ani
ropy, the narrower the region of the IC phase.2

V. SUMMARY

The critical behavior of LB was studied near the N-
phase transition of variousA2BX4-type crystals. The exis
tence of the LB tail aboveTi was observed and is explaine
s

ls

llo

p

i,
e-

e
se
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t-

by the fluctuation effect. The values of 2b obtained from LB
are distributed in the range 0.72–0.75 (6 0.02!. The 2b
obtained in this study could be evidence supporting the p
diction that the N-IC phase transition ofA2BX4-type crystals
belongs to the universality class of the 3DXY model. Our
results also imply that LB behaves asDn;utu2b, rather than
Dn;utu b̃ or Dn;utu12a. The asymptotic approach to 2b*
51 was observed beyond the critical region for RZC a
KZC. It is thought to be the crossover fromXY-like behavior
into Landau-like behavior.
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