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Nuclear-spin relaxation in magnetic rings
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In magnetic rings of transition-metal ions, electron-spin correlations are found to exhibit rather unusual
dynamical features, as a result of a subtle interplay between finite-size effects and magnetic interactions
distinctly smaller than the dominant Heisenberg exchange Hamiltonian. These findings, mostly obtained by a
mode-coupling approach, are shown to have important consequences on the nuclear-spin~proton! relaxation
ratesT1

21 as measured in two specific rings, comprising six Cu or six Fe ions~respectively, ferromagnetic and
antiferromagnetic!. In both systems the magnetic-field and temperature dependence of the theoretical results is
found to compare rather well with the experimental findings.@S0163-1829~98!04002-8#
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I. INTRODUCTION

In recent years, much attention has been devoted to
soscopic clusters of transition-metal ions and to their im
cations in fundamental physics.1 In this respect, magnetic
rings are particularly interesting because of their ‘‘bridg
character between low-dimensional bulk magnetism~e.g.,
magnetic chains! and zero-dimensional microscopic magn
tism. On the experimental side, the rather unusual spin
namics of these rings can be detected indirectly by tak
advantage of the hyperfine interaction between the electr
spins of the ions and the nuclear spins~typically, 1H) present
in the compound. As a result, a measurement of the pro
spin-lattice-relaxation rateT1

21 by standard NMR technique
is expected to yield important pieces of information on t
peculiar magnetic features of the rings.

In this work we address two quite different systems:

~i! an antiferromagnetic ring of six iron ions with a no
magnetic (Stot50) ground state:
@NaFe6(OCH3)12(C17H15O4)6#1

•ClO4
2 ~hereafter re-

ferred to as Fe6!,2 and
~ii ! a ferromagnetic ring of six copper ions with a ma

netic (Stot53) ground state:
@(PhSiO2)6Cu6(O2SiPh6#•6EtOH ~hereafter referred
to as Cu6!.3

For Fe6, a qualitative account of the temperature dep
dence ofT1

21 has been reported elsewhere4 on the basis of a
very simplified scheme of the energy levels as deduced
exact calculations. The agreement was satisfactory in
low-temperature region, where it is essential to take into
count the quantum character of the system. The goal of
570163-1829/98/57~2!/1115~9!/$15.00
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present paper is to establish a sound theoretical interpreta
of the data4,5 for both Fe6 and Cu6 at intermediate and hi
temperatures. To be satisfactory, such a theory should
plain a number of experimental findings, such as the
served dependence of the relaxation rateT1

21 on the mag-
netic field at room temperature, and the different tempera
dependence ofT1

21 in the two compounds as detected in t
range 100–300 K.

The required theoretical framework comprises two ba
steps. The first step, to establish the connection between
measured nuclear relaxation rate and the electron-spin t
dependent correlations, makes use of well-known pertur
tive results,6 and is in principle straightforward. The secon
step, namely the spin dynamics of the magnetic ions, is m
more demanding. We shall adopt a mode-coupl
approach,7–10 a self-consistent semiclassical method whi
in one-dimensional magnetic chains was shown to be relia
at all but the lowest temperatures.11 Even for our systems
the dynamical events occurring at low temperatures~for ex-
ample, atT,100 K) cannot be accounted for owing to th
increasing role of quantum effects. However, this inher
limitation does not prevent the consideration of a number
peculiar effects, the most striking of which being related
the relatively small number of magnetic ions in the ring (N
56). In particular, irrespective of their range, the two-sp
time correlation functions~CF’s! are found to approach, a
t→`, a finite asymptotic value which depends only onN
and onT.

The ultimate consequences of the aboveplateau on the
nuclear-spin relaxation are found to be important, althou
not so dramatic as one would have anticipated. Indeed
make a real contact with the magnetic rings probed in
experiments, we should allow for the additional presence
1115 © 1998 The American Physical Society
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1116 57A. LASCIALFARI et al.
several ‘‘cutoff’’ mechanisms such as nonsecular intrar
dipolar terms, inter-ring dipolar or exchange interactions,
isotropic terms in the spin Hamiltonian, etc.,12–14 Although
the magnitude of these extra contributions is considera
smaller than that of the dominant exchange interaction, t
have the effect of restoring the ergodicity of the CF’s and
produce their final decay to zero. In practice, the effect of
additional interactions can be accounted for by assumin
long-time decay of the CF’s with a rate proportional to th
intensity, which can be readily estimated.15 At the very end,
we find that the predicted relaxation rates in the two co
pounds agree rather well with the corresponding experim
tal findings, including the two particular sets of data me
tioned above.

The paper is organized as follows. In Sec. II, after a br
account of the systems under investigation, we report
basic experimentals about the nuclear-spin relaxation m
surements. Section III deals with the mode-coupling res
for the two-spin time correlation functions at different tem
peratures for both Fe6 and Cu6. In Sec. IV we recall
basic results of relaxation theory, discuss how the peculi
ties of the spin dynamics affect the relaxation rate, and
nally compare the predictions with the experimental da
Some concluding remarks are made in Sec. V. Finally,
Appendix is devoted to a brief review of the mode-coupli
framework as applied to magnetic rings.

II. EXPERIMENT

A detailed account of the structure of Fe6 has alrea
been reported.2 Here we briefly summarize the basic resu
important for our purposes. The six iron~III ! ions are ar-
ranged in a nearly coplanar way at the vertices of an alm
regular hexagon with an alkali metal ion in the center. Th
magnetic properties are dominantly ruled by a near
neighbor antiferromagnetic exchange Hamiltonian

H52J(
i 51

6

Si•Si 11 , ~1!

where S75S1 and Si55/2. The exchange integralJ/kB is
estimated to be228.6 K.2 The ground state is a nonmag
netic singlet with total spinStot50 and the energies of th
lowest-lying exchange multiplets obey a Lande´’s interval
rule.

Also the structure of Cu6 has been reported.3 In this com-
pound, the six copper~II ! ions exhibit a distorted tetragona
pyramidal coordination and the symmetry of the metal ar
approximates the 6/mmmone. As a result of the geometry a
the bridging siloxanolate oxygens, the Cu ions are ferrom
netically coupled with a Hamiltonian~1! where J/kB
560.4 K andSi51/2. At low temperatures, the presence
spin-spin contributions causes a zero-field splitting of
groundStot53 spin state.3

The 1H pulsed NMR experiments were performed by u
ing a Stelar Spinmaster Broadband pulse Fourier transf
spectrometer with an electromagnet able to work from1H
NMR frequenciesnn57 MHz to nn560 MHz. The tem-
perature was varied between 4 and 295 K using an Ox
CF1200S flux cryostat. The spin-lattice relaxation timeT1
and the NMR spectra were obtained by using standard p
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sequences.16 Further details on the experimental settings a
the line shapes can be found in Ref. 4~Fe6! and Ref. 5
~Cu6!.

In both Fe6 and Cu6, as a result of the multitude of no
equivalent protons~21 for Fe6 and 32 for Cu6!, the recovery
of the nuclear magnetization is found to deviate from a st
exponential behavior~see Fig. 1!. The data can, however, b
simply analyzed in terms of an averageT1 obtained from the
tangent at the origin of the recovery plot of the nuclear m
netization. Proceeding in such a way, one finds the exp
mental data for the relaxation rateT1

21 reported in Figs. 2
and 3 for Fe6 and Cu6 at different temperatures. After
initial nearly exponential increase of the relaxation rate
very low T, both compounds exhibit a maximum at a tem
perature independent of the magnetic field. The subseq

FIG. 1. Recovery curves of the nuclear magnetizationMz(t)
experimentally measured by the NMR technique at room temp
ture in the Fe6 and Cu6 clusters, respectively. The data~open
circles! were taken atnn514.1 MHz. The dashed lines are guide
to the eye.

FIG. 2. Temperature dependence of the spin-lattice relaxa
rateT1

21 measured in the Fe6 cluster at selected values of the m
netic field, or NMR frequencynn5gnH0 ~symbols!. The lines are
guides to the eye.
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57 1117NUCLEAR-SPIN RELAXATION IN MAGNETIC RINGS
behavior ofT1
21 in the range 100–300 K~the one explicitly

addressed in this work! is different in the two compounds
being almost constant in Cu6 and linearly increasing withT
in the Fe6 case. Finally, the field dependence of the re
ation rate at room temperature is reported in Fig. 4: in b
systems,T1

21 is found to decrease smoothly at increasi
fields.

III. MODE-COUPLING RESULTS
FOR THE SPIN-CORRELATION FUNCTIONS

Mode-coupling approaches are widely used for the
namics of several condensed systems. Their self-consis
character makes them particularly attractive in magneti
and in fact there are several applications of these techniq
for the evaluation of time-dependent spin correlations
Heisenberg systems.7–10 The numerical work involved in
these calculations is usually rather heavy, but a consider

FIG. 3. The same as in Fig. 2, but for the Cu6 cluster.

FIG. 4. Field dependence of the spin-lattice relaxation rate
room temperature for the Fe6 and Cu6 clusters, respectively. S
bols: experimental data. Full lines: theoretical results.
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simplification occurs at temperatures such thatT.uJuS(S
11). In this range, whichever its dimensionality, the syste
is in a ‘‘disordered’’ phase and, owing to the isotropy of th
spin CF’s, one has to solve a single integrodifferential eq
tion for both ferro- and antiferromagnets. In the cases of
interest, we assume to deal with such a ‘‘high-temperatu
regime; details about the approach and the numerical pr
dure are reported in the Appendix.

To begin with, we assume that both systems under inv
tigation are dominantly ruled by the Hamiltonian~1!. The
results obtained for the two-spin time correlation functio
are conveniently expressed in the following ‘‘normalized
form:

^s i~0!s i 1n~ t !&5
^Si

a~0!Si 1n
a ~ t !&

1

3
S~S11!

, ~2!

where a5x,y,z owing to spatial isotropy andn50,•••,
N21 denotes the spatial range of the CF.

The calculated correlation functions are reported in Fi
5 and 6 ~referring to Fe6 and Cu6, respectively! at three
selected temperatures~100, 200, and 300 K!. In both sys-

t
m-

FIG. 5. Time-dependent two-spin-correlation function, as cal
lated in the framework of mode-coupling theory for antiferroma
netic Fe6 (J5228.6 K) at three selected temperatures: 100, 2
and 300 K. Full, short-dashed, long-dashed, and dotted lines de
auto, first, second, and third neighbor correlations, respectively.
calculated asymptotic values forkN(T) are, respectively,~a! 0.039
at T5100 K; ~b! 0.075 at 200 K;~c! 0.096 at 300 K.
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1118 57A. LASCIALFARI et al.
tems, after a fast initial decay, the CF’s are seen to appro
a finite asymptotic valuekN(T)

lim
t→`

^s i~0!s i 1n~ t !&5kN~T!, ;n ~3!

independent of the ‘‘spatial range’’ indexn, but dependent
on the numberN of spins in the ring and on the temperatu
T.

The rapid initial decrease of the autocorrelation funct
^s i(0)s i(t)& reflects a microscopic spin dynamics direc
associated with the exchange constantuJu. If this decay were
the full story, the time dependence of the CF’s would

characterized6,17 by a rate vexch.A4
3 S(S11)uJu/\, i.e.,

.1331012s21 for Fe6, and.831012s21 for Cu6.
However, from Figs. 5 and 6 it is apparent that for tim

long enough thatvexcht@1, the CF’s approach a nonzer
asymptotic limit. It is readily seen that this peculiar behav
is a consequence of the finite value ofN, the number of
magnetic ions. Indeed, in the absence of any external d
pative mechanism, after a sufficiently long time the init
(t50) correlations tend to be equally distributed among
different spins of the ring. As a result, fort→`, the CF’s
exhibit the same asymptotic behavior irrespective of th
~finite! rangen. The common limiting value is easily foun
in the T→` case, where all cross correlations vanish a

FIG. 6. The same as in Fig. 5, but for ferromagnetic Cu6J
560.4 K). The calculated asymptotic values forkN(T) are respec-
tively: ~a! 0.225 atT5100 K; ~b! 0.194 at 200 K;~c! 0.184 at 300
K.
ch
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e
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^s i(0)s i 1n(0)&5dn,0 for both the ferro- and antiferromag
netic case. Thus, at temperaturesT@uJuS(S11) one finds

lim
t→`

1

N (
n50

N21

^s i~0!s i 1n~ t !&5
1

N (
n50

N21

^s i~0!s i 1n~0!&5
1

N

5kN~T→`!. ~4!

The result~4! agrees with the one obtained in the theory
discrete random walk,18 as expected, since the latter a
proach becomes appropriate at very high temperatures.

The attainment of a finite asymptotic value for finite rin
should be contrasted with the corresponding long-time
sults obtained in an infinite magnetic chain. In the latter s
tem, the CF’s were found to exhibit a ‘‘tail’’ associated wit
the spin-diffusion constantD. In particular, mode-coupling
approaches predict9 an asymptotic behavior of the form

^s i(0)s i 1n(t→`)&5(1/A4pDt)e2(n2/4Dt), which was in
fact revealed by NMR measurements in the quasi-o
dimensional antiferromagnet TMMC at room temperature19

It is crucial to note that the temperature dependence of
asymptotic valuekN(T) is ruled by the sign ofJ. Namely,
whereas in the ferromagnetic ringkN(T) is found to decrease
smoothly with increasing temperatures, in the antiferrom
netic casekN(T) exhibits a marked and approximately line
increase withT.

This different behavior can be understood by noting t
at finite temperatures the CFs^s i(0)s i 1n(0)& are positive
whatever the ‘‘spatial’’ rangen for the ferromagnet, while
they alternate in sign as (21)n for the antiferromagnet. Con
sequently, the asymptotic valuekN(T) is expected to be
larger or smaller than 1/N depending if we deal with a ferro
or an antiferromagnetic ring. For high temperatures,T
@uJuS(S11), the CF’s must approach the commo
asymptotic valuekN(T→`)51/N irrespective of the sign of
the exchange interaction.

In the following section we will show that this opposit
behavior implies a quite different temperature dependenc
T1

21 in Fe6 and Cu6, as indeed observed experimentally

IV. THEORY OF NUCLEAR-SPIN RELAXATION

Let us briefly summarize the basic steps by which o
arrives at an expression of the relaxation rateT1

21 in terms of
the electron-spin CF’s. In both compounds under investi
tion ~Fe6, Cu6! NMR probes the protons present in the ring
characterized by a nuclear spinI 51/2. In the presence of a
static magnetic fieldH0, the combined system of nuclear an
electron spins is ruled by an ‘‘unperturbed’’ Hamiltonia
H05Hn1He , where

Hn52\gnI•H0 , ~5a!

He52J(
l , l 8

Sl•Sl 82\geH0•(
l

Sl . ~5b!

In Eq. ~5!, gn and ge denote the proton and the electro
gyromagnetic ratios, respectively. The approach of
nuclear system to thermal equilibrium is dominantly ruled
their interaction with the electronic spinsSj . In our case, the
hyperfine interactionH8 has a dipolar origin:
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H85gegn\2(
j

1

r j
3F ~ I•Sj !23

~ I•r j !~Sj•r j !

r j
2 G , ~6!

wherer j denotes the separation between the proton and
j th electronic spin. To see the effect ofH8, it is convenient
to adopt an ‘‘interaction picture’’ in which the nuclear an
m
te

e

n
.

n
e

a
a
n
In
he
th
e

tia
g

ex
a
u
of
lti
s
in
o
a
o

te

h
.
th

ol
he

the elctronic spins evolve in time withHn andHe , respec-
tively. As a result of the evolution ofSj , the interactionH8
acquires a time dependence which modifies the local m
netic field at the proton site, and is ultimately able to cau
transitions between the nuclear-spin states. A perturba
calculation at leading order inH8 yields the following result6

for the transition probability at timet:
W1~ t !5
1

6
~gegn\!2S~S11!(

j j 8

1

~r j r j8!3H a j j 8E
2t

t

dt8cos~vnt8!^s j
z~0!s j 8

z
~ t8!&

1
1

4
b j j 8E

2t

t

dt8cos~vet8!@^s j
1~0!s j 8

2
~ t8!&1^s j

2~0!s j 8
1

~ t8!&#J . ~7!
e6

f

e

nt

st

ay

re

re
Equation~7! shows that the effects of the perturbation co
prise both radial and angular contributions, with the lat
depending on combinationsa j j 8, b j j 8 of direction cosines.6

In a typical NMR experiment, forH0510 kG, the nuclear
and electronic frequencies arevn[gnH0.108 s21 andve

[geH0.1011 s21, respectively. On the other hand, th
timest at which one looks at the effects ofH8 is of the order
of some 1024 s, i.e., a time scale where usually the electro
spin correlation functions have already decayed to zero
such a case, one can safely lett→` in Eq. ~7! and the
transition probabilityW1(t) becomes a genuine relaxatio
rate T1

21 proportional to the time Fourier transform of th
electron-spin correlation functions.

In the case of finite rings, however, the presence of
asymptoticplateaumakes the dynamics of the CF’s appe
quite unusual,14,18 and the above statements of the conve
tional theory of relaxation need a critical examination.
fact, if the real evolution of the CF’s at long times were t
one illustrated in Figs. 5 and 6, one may even question
existence of a ‘‘relaxation time,’’ and the recovery of th
nuclear magnetization would exhibit a highly nonexponen
behavior. In practice, however, the model of magnetic rin
adopted in Sec. III is somewhat idealized. Even if the
change interaction, Eq.~1!, is by far the dominant one, in
real ring one always deals with minor additional contrib
tions which at sufficiently long times have the effect
modifying the ideal finite-size asymptotic behavior, and u
mately of causing the CF’s to vanish. This ‘‘cutoff’’ effect i
provided, in principle, by any magnetic interaction which,
contrast withHe , does not conserve the total spin comp
nents. In practice, such ‘‘minor’’ contributions stem from
variety of mechanisms, including intraring dipolar and anis
tropic exchange interactions, single-ion anisotropies, in
ring dipolar or exchange interactions, etc.,12–14

In view of all this, it is important to ascertain whic
mechanism is relevant in the systems under investigation
the case of Fe6, the compact hexagonal clustering of
magnetic ions in the ring enhances the importance of dip
intraring interactions. On the basis of the Fe-Fe distances~at
298 K, a153.215 Å, a255.563 Å anda356.425 Å for
-
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first, second, and third neighbors respectively2!, it is possible
to estimate the ‘‘cutoff frequency’’vc such that the CF’s
exhibit a substantial decay from theplateauvalue at times
t@1/vc . For the dipolar intraring mechanism relevant in F
we find that

vc.\~geS!2F 2

a1
3 1

2

a2
3 1

1

a3
3G51.5431011s21. ~8!

On the other hand, in Cu6 there is evidence3 for an aniso-
tropic ~exchange1 dipolar! contribution to the interaction
between nearest-neighbor spins:

Hanis5(
i 51

6

Si•Di ~ i 11!•Si 11 . ~9!

The elements of the tensor in Eq.~9! are estimated to be o
the order ofD12/kB.1.44 K,20 so that in the case of Cu6
the ‘‘cutoff frequency’’ vc can be roughly estimated to b
~with S51/2):

vc.
D12

\
S~S11!51.4131011 s21 ~10!

i.e., of the same order as in Fe6.
Thus, according to the different regimes it is convenie

to split the integration limits in Eq.~7! into two intervals:
~i! a microscopic domain in which the CF’s undergo a fa

decay ruled byvexch, until at a time t1 of the order of
10vexch

21 they attain the asymptotic valuekN(T), and
~ii ! a long-time domain (t>t1) in which owing to the above
cutoff mechanisms, the CF’s exhibit an exponential dec
such that ^s j

a(0)s j 8
a (t)&.kN(T)e2vct. At times much

longer thantc51/vc all the CF’s have vanished, and we a
justified in letting t→` in Eq. ~7!, and in identifying the
transition probabilityW1(t→`) with a relaxation rateT1

21.
Moreover, we may safely make additional—mo

trivial—simplifications by noting that in Eq.~7! the isotropic
character of the spin CF’s implies that^s j

6(0)s j 8
7(t)&
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1120 57A. LASCIALFARI et al.
52^sj
z(0)sj8

z (t)&[2^sj(0)sj8(t)&. In addition, since the time
range~up to t. somevc

21) where the CF’s are nonzero is
such thatvnt!1, we may safely set cos(vnt).1 in the first
term in curly brackets in Eq.~7!. Finally, consistently with
the treatment of experimental data, the considerable numb
of nonequivalent protons involved in a ring~21 in Fe6 and
32 in Cu6! justifies an averaging over the relevant separa
tions between the nuclear and electron spins, as well as ov
the angular variables. Then, the magnitude of the relaxatio
rate is determined by a prefactorC.(1/6)(gegn\)2S(S
11)^ f &/^r &6. The quantityf is a function of the direction
cosines enteringH8; since it is of order unity and its direc-
tional change is not expected6 to exceed a factor of 2, we set
^ f &51. As for the proton-Fe and proton-Cu distances, the
distribution is shown in Fig. 7. The calculation was done on
the basis of the known cluster geometry,2,3 and was limited
to r ,10 Å. It is apparent that the mean proton-Cu distanc
is greater than the proton-Fe one. This fact, along with th
smaller value ofS in Cu6 with respect to Fe6, is responsible
for the smaller value ofT1

21 observed in the former com-
pound. To obtain the curves in Fig. 4, we set^r &53.2 Å for
Fe6, and^r &53.4 Å for Cu6. In fact, owing to the sixth
power of ^r & in the denominator ofC, only small distances
are expected to contribute significantly in the distribution o
Fig. 7.

FIG. 7. Calculated distribution of the H-Fe and H-Cu distance
for crystallographically independent protons in the crystal lattice o
Fe6 and Cu6. Only distances shorter than 10 Å are shown.
er
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e
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As a result, Eq.~7! can eventually be rewritten as

T1
21.C(

j j 8
E

0

`

dt8@11cos~vet8!#^s j~0!s j 8~ t8!&

5CH(
j j 8

E
0

t1
dt8@11cos~vet8!#^s j~0!s j 8~ t8!&

1NE
t1

`

dt8@11cos~vet8!#kN~T!e2vct8J ~11!

It is worthwhile to recall that in the second term in brace
the factorN stems from the common decay rate of any CF
the finite ring for timest8@vexch

21 . In the last step of Eq.~11!,
the numerical value—hereafter referred to asg(t1)—of the
first integral is of the order oft1 @in this time range,
cos(vet8).1#. Hence, the dependence ofT1

21 on the elec-
tronic Larmor frequency~namely, on the external magnet
field! is essentially due to the second term in brackets, i.e
the one which depends both on theplateauvaluekN(T) and
on the cutoff mechanisms ruled by the frequencyvc[1/tc .
Performing a trivial integration, we finally obtain that

T1
215CH g~ t1!1NkN~T!tce

2vct1F11
1

11~vetc!
2G

3@cos~vet1!2~vetc!sin~vet1!#J . ~12!

The relaxation rate as predicted by Eq.~12! is reported in
Fig. 4 for Fe6 and Cu6. It is apparent that the magnitude
the dependence on the magnetic field entering bothvn and
ve is fairly well reproduced in the two compounds.

A further check of the theoretical approach is obtained
looking at the temperature dependence ofT1

21 predicted by
Eq. ~12! at constant field, and comparing with the expe
mental trend reported in Figs. 2 and 3 for the two co
pounds. Such a comparison is possible at all but the low
temperatures, where both the shortcomings inherent
mode-coupling approximations and the discreteness of
spin multiplets become apparent. In contrast, in the interm
diate and highT regime, the different temperature behavi
observed in ferro- and antiferromagnetic rings can be rea
understood in terms of Eq.~12!. To begin with, at lowerT
the microscopic timet1 which accounts for the initial deca
of the CF’s increases, but in Eq.~12! this has only a margina
effect on the contribution involvingg(t1), which remains
quite small anyway. In both systems, the leading contri
tion to the relaxation rate stems instead from the last inte
in Eq. ~11!, namely from the second term in braces in E
~12!. In the latter, the dominant temperature dependenc
provided by the ‘‘asymptotic’’ valuekN(T), which in the
range 100–300 K is almost constant in Cu6 and show
nearly linear increase withT in Fe6. Consequently the sam
trend is found even in the calculated relaxation rates of
two compounds, shown in Fig. 8, in fair agreement with t
experimental data of Figs. 2 and 3.
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V. CONCLUDING REMARKS

The main purpose of this work is a study of the rath
unusual dynamics exhibited by two different finite-size ma
netic ‘‘rings,’’ implemented with a comparison between t
theoretical results and a number of experimental findi
which probe this dynamics. The basic results of our inve
gation, which for the time being is restricted to intermedia
and high temperatures, can be summarized as follo
Firstly, owing to the limited number of magnetic ions prese
in both systems, the spin time correlation functions, afte
rapid initial decay, approach—irrespective of their spa
range—a finite temperature-dependent asymptotic va
Secondly, in the two investigated systems minor mechani
~namely, considerably less important than the dominant
change interaction! act apparently to restore a ‘‘conven
tional’’ long-time decay to zero of the spin correlations, a
must duly be taken into account when comparing with
actual behavior of real magnetic rings. Even so, the pecu
behavior of the idealized model has still some important c
sequences. This is the case for the NMR relaxation rate
the ring protons, which effectively act as probes of t
electron-spin dynamics. In this respect, we have shown
several features present in the experimental data~magnetic
field and temperature dependence of the relaxation rate
both systems! can readily be accounted for only by a prop
consideration of the unusual aspects of the underlying s
dynamics.

It is worthwhile noticing that the dipolar interactions r
sponsible for the long-time decay of the correlation functio
could, in principle, be included in the mode-couplin
equations.21 In such a way, these interactions would
treated on the same footing as the dominant exchange
tributions, and there would be no need of introducing a p
nomenological relaxation rate such asvc . Although un-
doubtedly more appealing, this more rigorous proced
meets, however, several technical difficulties, mostly c

FIG. 8. Temperature dependence of the spin-lattice-relaxa
rate at fixed field (H0510 kG! for Fe6 and Cu6, respectively. Ope
circles: result of numerical calculation. The dashed line is a guid
the eye.
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nected with the knowledge of the static wave-vect
dependent susceptibilities of the finite system. In the pr
ence of long-range magnetic dipole-dipole interactions,
transfer-matrix method is not very convenient, and one co
rather consider the possibility to perform an exact diagon
ization of the Hamiltonian in order to obtain temperatur
and time-dependent correlations. This could be done
Cu6, since there are only (2S11)N526 states available to
the copper spins, but for chains with higher values ofN and
S, the task would be formidable.

In this context, the phenomenological inclusion of t
CF’s long-time decay in our theory is essentially motivat
by the exigence to treat a wide variety of magnetic rin
without heavy numerical calculations, yet making the und
lying physics clear enough.
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APPENDIX: MODE-COUPLING APPROACH TO TWO-
SPIN TIME CORRELATION FUNCTIONS

As is well known, the microscopic dynamics of a ma
netic system is usually described in terms of spin tim
dependent correlation functions. In the case considered h
one deals with two-spin CF’s of the form̂Si

a(0)Sj
a(t)&,

where the suffixesi and j denote two magnetic sites, an
a5x,y,z. In the particular case of our interest~a magnetic
ring wherei , j range from 1 toN), the above CF’s can be
written as ^Si

a(0)Si 1n
a (t)&, where n50,1, . . . ,N21, and

with the cyclic conditionSi 1N
a 5Si

a .
As is well known, mode-coupling techniques have be

found a convenient approximate method to evaluate tim
dependent correlation functions in several areas
condensed-matter physics. Originally developed to acco
for critical slowing down, this ‘‘self-consistent’’ framework
has subsequently been applied to many other phenomen
which long-lasting events play an essential role. In the ti
domain, the typical outcome of a mode-coupling formulati
is a set of nonlinear integrodifferential equations for the C
of interest. When applied to magnetic problems, whiche
the dimensionality of the system, mode-coupling approac
can, in principle, be used in both the ordered and disorde
phases,7–10 even if the possible presence of magnetic lon
range order implies a much more laborious numerical w
~three or six coupled integrodifferential equations, depend
whether we deal with a ferro- or with an antiferromagnet!. In
contrast, in the disordered phase, the inherent isotropy of
spin CF’s has the effect of leaving us with a single integ
differential equation both in the ferro- and in antiferroma
netic case. In one-dimensional magnets, mode-coupling t
niques have been shown to be accurate at all but the low
temperatures.11 When applied to disordered magnetic sy
tems, beside accounting for any long-time ‘‘tails,’’ mod

n
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1122 57A. LASCIALFARI et al.
coupling approaches have the further advantage that
happen to provide an approximate description even of
fast initial decay of the CF’s, namely of the microscop
events directly associated to the exchange interaction.

The basic steps of the mode-coupling approach, as
plied to the case of our interest, can be summarized as
lows. Owing to isotropy, we may omit any reference to t
Cartesian indexa and introduce space Fourier transforms
the spin operators defined as

Sq~ t !5
1

N(
n51

N

Sn~ t !eiqan, ~A1!

with qa52pm/N (m50,1,•••,N21) owing to the peri-
odic boundary conditions (SN115S1) imposed by the geom
etry of the ring. Rather than dealing with the two-spin co
relation function̂ S2q(0)Sq(t)&, it is convenient to conside
the corresponding canonical Kubo’s relaxation functio22

(b51/kBT):

„S2q~0!,Sq~ t !…5E
0

b

dl^elHS2q~0!e2lHSq~ t !& ~A2!

along with its normalized version

Fq~ t !5
„S2q~0!,Sq~ t !…

„S2q~0!,Sq~0!…
, ~A3!

where „S2q(0),Sq(0)…5xq is the wave-vector-dependen
static susceptibility. The frequency spectrumS(q,v) of
^S2q(0)Sq(t)& and the one ofFq(t) are connected by the
relation

S~q,v!5
\v

12e2b\v xqFq~v!. ~A4!

It is easy to show that bothFq(t) andFq(v) are even func-
tions of their arguments. As shown by Mori,23 in the isotro-
pic phaseFq(t) satisfies the following memory equation:

dFq~ t !

dt
52E

0

t

dt8Kq~ t2t8!Fq~ t8!. ~A5!

Here the memory functionKq(t)5„f 2q(0),f q(t)…xq
21 is de-

fined in terms of a generalized ‘‘fluctuating force’’f q(t)
5e(12P)Lt(12P) iLSq(0), whereL5 i @H,•••# is the Liou-
ville operator of the system, and the projection operatoP
projects an arbitrary dynamical variableA(t)5eiLtA(0) over
Sq(0) according to

PA~ t !5„S2q~0!,A~ t !…xq
21Sq~0!. ~A6!

Although exact, Eq.~A5! is of limited use, unless some ap
proximate expression is given for the memory functio
Mode-coupling approaches do accomplish this task by me
of a number of ‘‘reasonable arguments’’ which can be jus
fied a posteriori. In practice, the mode-coupling approxim
tion for Kq(t) is obtained by the following recipes:~i! evalu-
ate the quantityiLSq(0)5Ṡq(0) appearing inf q(t); ~ii !
decouple the resulting four-spin term inKq(t) into products
of two-spin contributions, at the same time ignoring the
fects of the projection operatorP. In this way one finally
ey
e

p-
l-

f

-

.
ns
-

-

arrives at the following integrodifferential equation for th
normalized relaxation function8

dFq~ t !

dt
52

2

bxq
(
q8

~Jq82Jq2q8!Jq8xq8xq2q8

3E
0

t

dt8Fq8~ t2t8!Fq2q8~ t2t8!Fq~ t8! ~A7!

with the initial condition Fq(0)51 and where Jq
5( j Ji j e

iq•(r i2r j ). In the derivation of Eq.~A7!, use has been
made of the classical approximation of Eq.~A2!, namely
„S2q(0),Sq(t)….b^S2q(0)Sq(t)&. In our case of a one-
dimensional system with a finite numberN of spins and pe-
riodic boundary conditions, one has

Jq52Jcos~qa!, ~A8a!

xq.b^S2q~0!Sq~0!&

5~2b/N! (
n51

N21

@12~n/N!#cos~qan!^SiSi 1n&1~b/N!

3^Sisi . ~A8b!

In the classical limit, the static correlation functions^SiSi 1n&
can be evaluated exactly by a transfer-matrix technique24

^Si
zSi 1n

z &5
1

ZN
(
l ,m

l lm
n (

l 8,m8
l l 8m8

N2n
@dlm,l 8m8#

2 ~A9!

whereZN5( l ,ml lm
N is the partition function and

dlm,l 8m85dm,m8E
21

1

dxxc lm* ~x!c l 8m8~x!. ~A10!

Here,l lm andc lm(x) denote the eigenvalues and eigenve
tors of the transfer integral equation24

2pE
21

1

dx8ebJxx8I m@bJS~S11!A~12x2!~12x82!#c lm~x8!

5l lmc lm~x!, ~A11!

whereI m(z) is the modified Bessel function of orderm. An
approximate analytic expression for calculating the sta
correlation functions of classical Heisenberg rings was
cently suggested25,26 by Luscombeet al.

Inserting Eqs.~A8b!, ~A9!, and ~A10! into the basic
mode-coupling result Eq.~A7!, it is finally possible to de-
duce the quantitiesFq(t), namely all the required time cor
relation functions. This has been done at selected value
temperature in the rangeT.uJuS(S11). More precisely,
starting from the initial conditionFq(t50)51, we have
solved Eq.~A7! by a standard step-by-step integration pr
cedure. In terms of the dimensionless timet5t/t0, where
t05\/@ uJuS(S11)#1/2 is the ‘‘natural’’ time unit for the
problem, numerical convenience and stability tests show
that the choiceDt50.01 was satisfactory in all respects.
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