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In magnetic rings of transition-metal ions, electron-spin correlations are found to exhibit rather unusual
dynamical features, as a result of a subtle interplay between finite-size effects and magnetic interactions
distinctly smaller than the dominant Heisenberg exchange Hamiltonian. These findings, mostly obtained by a
mode-coupling approach, are shown to have important consequences on the nucl@amespin relaxation
ratesT; * as measured in two specific rings, comprising six Cu or six Fe (i@spectively, ferromagnetic and
antiferromagnetic In both systems the magnetic-field and temperature dependence of the theoretical results is
found to compare rather well with the experimental findirf@9163-18208)04002-9

I. INTRODUCTION present paper is to establish a sound theoretical interpretation
of the dat&® for both Fe6 and Cu6 at intermediate and high
In recent years, much attention has been devoted to meemperatures. To be satisfactory, such a theory should ex-
soscopic clusters of transition-metal ions and to their impli-plain a number of experimental findings, such as the ob-
cations in fundamental physiésin this respect, magnetic served dependence of the relaxation r'ﬁfé on the mag-
rings are particularly interesting because of their “bridge” netic field at room temperature, and the different temperature
character between low-dimensional bulk magneti@®g.,  dependence of; * in the two compounds as detected in the
magnetic chainsand zero-dimensional microscopic magne-range 100—300 K.
tism. On the experimental side, the rather unusual spin dy- The required theoretical framework comprises two basic
namics of these rings can be detected indirectly by takingteps. The first step, to establish the connection between the
advantage of the hyperfine interaction between the electroni;easured nuclear relaxation rate and the electron-spin time-
spins of the ions and the nuclear spitypically, *H) present  dependent correlations, makes use of well-known perturba-
in the compound. As a result, a measurement of the protofive results; and is in principle straightforward. The second
spin-lattice-relaxation rat€; * by standard NMR techniques step, namely the spin dynamics of the magnetic ions, is much
is expected to yield important pieces of information on themore demanding. We shall adopt a mode-coupling
peculiar magnetic features of the rings. approach, 1° a self-consistent semiclassical method which
In this work we address two quite different systems: in one-dimensional magnetic chains was shown to be reliable
at all but the lowest temperatur&sEven for our systems,
(i) an antiferromagnetic ring of six iron ions with a non- the dynamical events occurring at low temperatufes ex-

magnetic G=0) ground state: ample, atT<100 K) cannot be accounted for owing to the
[NaFg(OCHz)15(Ci7H1504)6] " - ClO, (hereafter re- increasing role of quantum effects. However, this inherent
ferred to as Fe§ and limitation does not prevent the consideration of a number of
(i) a ferromagnetic ring of six copper ions with a mag- peculiar effects, the most striking of which being related to
netic (S,,:=3) ground state: the relatively small number of magnetic ions in the ring (
[(PhSiG)sCus(0O,SiPhs]- 6EtOH (hereafter referred =6). In particular, irrespective of their range, the two-spin
to as Cu6. time correlation functiongCF’s) are found to approach, as

t—oo, a finite asymptotic value which depends only Nn
For Fe6, a qualitative account of the temperature deperand onT.
dence oﬂ'l’1 has been reported elsewhtan the basis of a The ultimate consequences of the ab@lateauon the
very simplified scheme of the energy levels as deduced bguclear-spin relaxation are found to be important, although
exact calculations. The agreement was satisfactory in theot so dramatic as one would have anticipated. Indeed, to
low-temperature region, where it is essential to take into acmake a real contact with the magnetic rings probed in the
count the quantum character of the system. The goal of thexperiments, we should allow for the additional presence of
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several “cutoff” mechanisms such as nonsecular intraring
dipolar terms, inter-ring dipolar or exchange interactions, an-
isotropic terms in the spin Hamiltonian, eté-'* Although
the magnitude of these extra contributions is considerably
smaller than that of the dominant exchange interaction, they
have the effect of restoring the ergodicity of the CF’s and to
produce their final decay to zero. In practice, the effect of the
additional interactions can be accounted for by assuming a
long-time decay of the CF’s with a rate proportional to their
intensity, which can be readily estimat®dAt the very end,
we find that the predicted relaxation rates in the two com-
pounds agree rather well with the corresponding experimen-
tal findings, including the two particular sets of data men-
tioned above.

The paper is organized as follows. In Sec. Il, after a brief
account of the systems under investigation, we report the
basic experimentals about the nuclear-spin relaxation mea-
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surements. Section Il deals with the mode-coupling results Y(ms)

for the two-spin time correlation functions at different tem- FIG. 1. Recovery curves of the nuclear magnetizafiéi(t)

peratures for both Fe§ and Cu6. I.n Sec. IV we recall ,the,‘experimentally measured by the NMR technique at room tempera-
basic results of relaxation theory, discuss how the peculiarig, e in the Fe6 and Cug clusters respectively. The dafen

ties of the spin dynamics affect the relaxation rate, and fircieg were taken at,=14.1 MHz. The dashed lines are guides
nally compare the predictions with the experimental data the eye.

Some concluding remarks are made in Sec. V. Finally, the

Appendix is devoted to a brief review of the mode-coupling

. S sequence¥ Further details on the experimental settings and
framework as applied to magnetic rings.

the line shapes can be found in Ref.(Be® and Ref. 5
(Cub).
In both Fe6 and Cu6, as a result of the multitude of non-
A detailed account of the structure of Fe6 has aIread;??uﬁv""lentI proton£21 fpr F.EG anfd 32 dfor g%the ;ecovery .
been reported.Here we briefly summarize the basic results the nuclear magnetization is found to deviate from a strict
important for our purposes. The six irdfll) ions are ar- gxponenhal behgwo(rsee Fig. 1. The data can, however, be
ranged in a nearly coplanar way at the vertices of an almo §|mply analyzed in terms of an averaigobtained from the

regular hexagon with an alkali metal ion in the center. Their angent at the origin of the recovery plot of the nuclear mag-

magnetic properties are dominantly ruled by a nearest Stization. Proceeding in such a way, one finds the experi-

. 71 . .
neighbor antiferromagnetic exchange Hamiltonian mental data for the relaxatlon ralig * reported in Figs. 2
g ¢ g and 3 for Fe6 and Cu6 at different temperatures. After an

initial nearly exponential increase of the relaxation rate at
very low T, both compounds exhibit a maximum at a tem-
perature independent of the magnetic field. The subsequent

Il. EXPERIMENT

6
H=-32, 8§81, (D)
where S;=S, and §;=5/2. The exchange integrdlkg is
estimated to be-28.6 K2 The ground state is a nonmag-
netic singlet with total spir5,,;=0 and the energies of the
lowest-lying exchange multiplets obey a Larslénterval
rule.

Also the structure of Cu6 has been reportéd.this com-
pound, the six coppelll) ions exhibit a distorted tetragonal
pyramidal coordination and the symmetry of the metal array £
approximates the Bimmone. As a result of the geometry at
the bridging siloxanolate oxygens, the Cu ions are ferromag-
netically coupled with a Hamiltonian(1l) where J/kg
=60.4 K andS,=1/2. At low temperatures, the presence of
spin-spin contributions causes a zero-field splitting of the
groundS,,=3 spin staté.

The H pulsed NMR experiments were performed by us- 0
ing a Stelar Spinmaster Broadband pulse Fourier transform
spectrometer with an electromagnet able to work frorh
NMR frequenciesy,=7 MHz to v,=60 MHz. The tem- FIG. 2. Temperature dependence of the spin-lattice relaxation
perature was varied between 4 and 295 K using an Oxforgate T; * measured in the Fe6 cluster at selected values of the mag-
CF1200s flux cryostat. The spin-lattice relaxation timg netic field, or NMR frequency,= y,Ho (symbol3. The lines are
and the NMR spectra were obtained by using standard pulsguides to the eye.
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FIG. 3. The same as in Fig. 2, but for the Cu6 cluster. 10 .
behavior ole‘l in the range 100-300 Kthe one explicitly (b) 0.00 0.10 - 0.20
addressed in this woykis different in the two compounds, (107s)
being almost constant in Cu6 and linearly increasing With 1.0
in the Fe6 case. Finally, the field dependence of the relax- A Fe6
ation rate at room temperature is reported in Fig. 4: in both S 0.5
systems,TIl is found to decrease smoothly at increasing £ 0.0 =
fields. 2V
705 T=300 K
I1l. MODE-COUPLING RESULTS
FOR THE SPIN-CORRELATION FUNCTIONS -1.0
(c) o0.00 0.10 0.20

Mode-coupling approaches are widely used for the dy- t (10"'s)

namics of several condensed systems. Their self-consistent _ i _ _

character makes them particularly attractive in magnetism, F'G- 5. Time-dependent two-spin-correlation function, as calcu-
and in fact there are several applications of these techniquad€d In the framework of mode-coupling theory for antiferromag-

- L . - . netic Fe6 (= —28.6 K) at three selected temperatures: 100, 200,
ﬁ;égﬁbgygli‘;‘g?g n{gzotl'?qheedﬁgr?]g?iir;;tl 3vpcl)lr1k igcgll\?élgnii "Mand 300 K. Full, short-dashed, long-dashed, and dotted lines denote

these calculations is usually rather heavy, but a considerab
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FIG. 4. Field dependence of the spin-lattice relaxation rate at
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fieuto, first, second, and third neighbor correlations, respectively. The
calculated asymptotic values fag(T) are, respectively(a) 0.039

at T=100 K; (b) 0.075 at 200 K;(c) 0.096 at 300 K.

simplification occurs at temperatures such tiiat|J|S(S
+1). In this range, whichever its dimensionality, the system
is in a “disordered” phase and, owing to the isotropy of the
spin CF’s, one has to solve a single integrodifferential equa-
tion for both ferro- and antiferromagnets. In the cases of our
interest, we assume to deal with such a “high-temperature”
regime; details about the approach and the numerical proce-
dure are reported in the Appendix.

To begin with, we assume that both systems under inves-
tigation are dominantly ruled by the Hamiltonidh). The
results obtained for the two-spin time correlation functions
are conveniently expressed in the following “normalized”
form:

(S'(0)S7, (1))

3S(S+1)

(0i(0)oisn(t))= 2

where ¢=X,y,z owing to spatial isotropy ana#=0,: - -,
N—1 denotes the spatial range of the CF.
The calculated correlation functions are reported in Figs.

room temperature for the Fe6 and Cu6 clusters, respectively. Synd and 6 (referring to Fe6 and Cu6, respectivelgt three

bols: experimental data. Full lines: theoretical results.

selected temperaturg400, 200, and 300 K In both sys-
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1.0 (0i(0)ai+n(0))= 6,0 for both the ferro- and antiferromag-
A Cuéb netic case. Thus, at temperatuies|J|S(S+ 1) one finds
(=)
£ T=100 K L N7t 1 N7t 1
3™\ im & 3 (01(0)oia(0) =5 2 (01(0)14n(0))=
~ VAN, t— oo n=0 n=0
§ oV
0.0 == ) =kn(T—0). (4)
(2) 0.00 0.10 » 0.20 The result(4) agrees with the one obtained in the theory of
t(10Ms) di 1(8 . )
iscrete random walk, as expected, since the latter ap
1.0 proach becomes appropriate at very high temperatures.
A Cué The attainment of a finite asymptotic value for finite rings
=y should be contrasted with the corresponding long-time re-
- T=200 K sults obtained in an infinite magnetic chain. In the latter sys-
g 0.5 tem, the CF’s were found to exhibit a “tail” associated with
5 RN the spin-diffusion constarip. In particular, mode-coupling
v LT - approaches predittan asymptotic behavior of the form
0.0 === ' (01(0)0i 4 n(t—)) = (LAmDt)e "A™)  which was in
(b) 0.00 0.10 L. o2 fact revealed by NMR measurements in the quasi-one-
t(10™s) dimensional antiferromagnet TMMC at room temperafdre.
1.0 It is crucial to note that the temperature dependence of the
A asymptotic valueky(T) is ruled by the sign ofl. Namely,
=y Cué whereas in the ferromagnetic ritkg(T) is found to decrease
£ smoothly with increasing temperatures, in the antiferromag-
g 0571 T=300 K netic caseky(T) exhibits a marked and approximately linear
e 2N increase withr.
v / PRtas N This different behavior can be understood by noting that
0.0 == : at finite temperatures the CEs(0)a;.,(0)) are positive
(© 0.00 0.10 0.20 whatever the “spatial” rangen for the ferromagnet, while
t(10™s) they alternate in sign as<(1)" for the antiferromagnet. Con-

FIG. 6. The same as in Fig. 5, but for ferromagnetic Cu6 ( sequently, the asymptotic valu_q\,(T) IS expec'.[ed to be
~60.4 K). The calculated asymptotic values kay(T) are respec- larger or smaller than I¥ depending if we deal with a ferro-

tively: (a) 0.225 atT=100 K; (b) 0.194 at 200 K{c) 0.184 at 300 OF @n antiferromagnetic ring. For high temperaturds,
K. >|J|S(S+1), the CF's must approach the common

asymptotic valudy(T—0o0)=1/N irrespective of the sign of
tems, after a fast initial decay, the CF’s are seen to approadh€e exchange interaction.

a finite asymptotic valuéy(T) In the following section we will show that this opposite
behavior implies a quite different temperature dependence of
lim{ai(0) i n(t))=kn(T), ¥n 3) Tl_1 in Fe6 and Cu6, as indeed observed experimentally.
t—oo
independent of the “spatial range” index, but dependent IV. THEORY OF NUCLEAR-SPIN RELAXATION

on the numbeN of spins in the ring and on the temperature | ot ys briefly summarize the basic steps by which one

T . . ___arrives at an expression of the relaxation f&f¢ in terms of
The rapid initial decrease of the autocorrelation functiony,q electron-spin CF'’s. In both compounds under investiga-
(01(0)0y(1)) reflects a microscopic spin dynamics directly 4o (Feg, Cug NMR probes the protons present in the rings,

associated with the exchange constditIf this decay were o314 cterized by a nuclear spir 1/2. In the presence of a

the full story, the time dependence of the CF's would begaiic magnetic fieltH,, the combined system of nuclear and

characterize¥f'’ by a rate we=\3S(S+1)|J|/%, i.e., electron spins is ruled by an “unperturbed” Hamiltonian

=13x10'%"! for Fe6, and=8% 10'%s™* for Cus. Ho="Hn+He, Where
However, from Figs. 5 and 6 it is apparent that for times
long enough thaiw.,.i>1, the CF’'s approach a nonzero Hny=—fyal-Ho, (53

asymptotic limit. It is readily seen that this peculiar behavior

is a consequence of the finite value Nf the number of

magnetic ions. Indeed, in the absence of any external dissi- He= _JE, S-Sy~ hyeHo- Z S- (5b)
pative mechanism, after a sufficiently long time the initial <

(t=0) correlations tend to be equally distributed among then Eq. (5), vy, and y, denote the proton and the electron
different spins of the ring. As a result, for~«, the CF’'s  gyromagnetic ratios, respectively. The approach of the
exhibit the same asymptotic behavior irrespective of theinuclear system to thermal equilibrium is dominantly ruled by
(finite) rangen. The common limiting value is easily found their interaction with the electronic spiSs. In our case, the

in the T—o case, where all cross correlations vanish anchyperfine interactiort{’ has a dipolar origin:
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, 1 (1-r)(S1)) t_he elctronic spins evolve in tir_ne Witk an_dHe, respec-
H' = yeynhi?2 [ ( 'Sj)—3—r2— , (6) tively. As a result of the evolution df;, the interactiorf’
L j acquires a time dependence which modifies the local mag-
netic field at the proton site, and is ultimately able to cause
wherer; denotes the separation between the proton and thgansitions between the nuclear-spin states. A perturbative
jth electronic spin. To see the effect &f , it is convenient calculation at leading order i’ yields the following resuft
to adopt an “interaction picture” in which the nuclear and for the transition probability at time

t
Wi (1) = (yeynh>28<s+1>2 e |a“, f dt'cogwnt(af(0)o, (1))
l j -

1 t
#3850 | dtcosod (o} (010t} + (o} ()0 ()]} ™

Equation(7) shows that the effects of the perturbation com-first, second, and third neighbors respectifelit is possible
prise both radial and angular contributions, with the latterto estimate the “cutoff frequency’w. such that the CF'’s
depending on combinations;;,, B;; of direction cosine8.  exhibit a substantial decay from thateauvalue at times
In a typical NMR experiment, foH,=10 kG, the nuclear t>1l/w.. Forthe dipolar intraring mechanism relevant in Fe6
and electronic frequencies awg,=7y,H,=10° s * andw,  We find that
=y.Ho=10'" s71, respectively. On the other hand, the
timest at which one looks at the effects #f is of the order
of some 10* s, i.e., a time scale where usually the electron- =1 (7eS)?
spin correlation functions have already decayed to zero. In
such a case, one can safely teto in Eq. (7) and the On the other hand, in Cu6 there is evidehéar an aniso-
transition probabilityW; (t) becomes a genuine relaxation tropic (exchange+ dipolan contribution to the interaction
rate T; 1 proportional to the time Fourier transform of the between nearest-neighbor spins:
electron-spin correlation functions.

In the case of finite rings, however, the presence of an 6
asymptoticplateaumakes the dynamics of the CF’s appear Hanis= >, S Digiv1) St 9
quite unusuat**® and the above statements of the conven- =1
tional theory of relaxation need a critical examination. In The elements of the tensor in E(@.) are estimated to be of
fact, if the real evolution of the CF’s at long times were thethe order ofD,/kg=1.44 K?° so that in the case of Cu6
one illustrated in Figs. 5 and 6, one may even question thehe “cutoff frequency” w. can be roughly estimated to be
existence of a “relaxation time,” and the recovery of the (with S=1/2):
nuclear magnetization would exhibit a highly nonexponential
behavior. In practice, however, the model of magnetic rings Dy,
adopted in Sec. Ill is somewhat idealized. Even if the ex- ~_t = 1 g1
charﬁ)ge interaction, Ed1), is by far the dominant one, in a “h SSHD=141x10% s -
real ring one always deals with minor additional contribu-.
tions which at sufficiently long times have the effect of
modifying the ideal finite-size asymptotic behavior, and ulti-
mately of causing the CF’s to vanish. This “cutoff” effect is
provided, in principle, by any magnetic interaction which, in
contrast withH,, does not conserve the total spin compo-
nents. In practice, such “minor” contributions stem from a

variety of mechanisms, including intraring dipolar and aniso-
tropic exchange interactions, single-ion anlsotroples mterCUtOﬁ mechanisms, the CPs exhibit an exponential decay

ring dipolar or exchange interactions, ef¢.** such that (a(0)o7(t))=ky(T)e"“<". At times much
In view of all this, it is important to ascertain which longer thant.=1/w, all the CF's have vanished, and we are
mechanism is relevant in the systems under investigation. 1jstified in Iettlngteoo in Eqg. (7), and in identifying the
the case of Fe6, the compact hexagonal clustering of th#ansition probabilityw;(t— ) with a relaxation rate’; *.
magnetic ions in the ring enhances the importance of dipolar Moreover, we may safely make additional—more
intraring interactions. On the basis of the Fe-Fe distakaes trivial—simplifications by noting that in Ed7) the isotropic
298 K,a;=3.215 A, a,=5.563 A anda;=6.425 A for character of the spin CF’s implies thaitrf(O)aﬁ(t))

=1.54x10%"1.  (8)

=t 3t 3
a; a 3

i.e., of the same order as in Fe6.

Thus, according to the different regimes it is convenient
to split the integration limits in Eq(7) into two intervals:

(i) a microscopic domain in which the CF's undergo a fast
decay ruled bywe,e,, until at a timet; of the order of
10wexch they attain the asymptotic valuéy(T), and
(ii) a long-time domaint&t;) in which owing to the above
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6 As a result, Eq(7) can eventually be rewritten as

TIlzCE f:dt’[Hcos(wet’)]<aj(0)a,-r(t’)>
i’

ty
zc[z f dt'[1+cof wet") [{aj(0) o/ (1))
jjr 70

Counts

+N | dt’[1+cog wet)ky(T)e™ et (11)

ty

It is worthwhile to recall that in the second term in braces,
the factorN stems from the common decay rate of any CF in
the finite ring for timeg’ > w_&.. In the last step of Eq12),
30 the numerical value—hereafter referred tog{s,)—of the

] first integral is of the order oft; [in this time range,
cosfwgt')=1]. Hence, the dependence & * on the elec-
tronic Larmor frequencynamely, on the external magnetic
field) is essentially due to the second term in brackets, i.e., to
the one which depends both on thlateauvalueky(T) and
on the cutoff mechanisms ruled by the frequemgy=1/..
Performing a trivial integration, we finally obtain that

1
1+ 1+<wetc)4

0 1 4 5 6
H-Fe (Angstrom)

25 ]
20

15 4

Counts

10

T =C{g(t)+Nky(T)tee “ct

0 1 4 5 6 X[Cos(wetl)—(wetC)Sin(wetl)]}. (12

H-Cu (Angstrom)

FIG. 7. Calculated distribution of the H-Fe and H-Cu distances Th | . dicted b )i di
for crystallographically independent protons in the crystal lattice of _, e relaxation rate as predicted by Efj2) is reported in

Fe6 and Cu6. Only distances shorter than 10 A are shown. Fig. 4 for Fe6 and Cu6. It is apparent that the magnitude and
the dependence on the magnetic field entering lgtland

=2(o*jz(0)ajz,(t))52(aj(0)ajy(t)). In addition, since the time w is fairly well reproduced in the two compounds.
range(up tot= somewgl) where the CF's are nonzero is A further check of the theoretical approach is obtained by
such thatw,t<1, we may safely set casft)=1 in the first looking at the temperature dependencel¢f predicted by
term in curly brackets in Eq.7). Finally, consistently with Eq. (12) at constant field, and comparing with the experi-
the treatment of experimental data, the considerable numbenental trend reported in Figs. 2 and 3 for the two com-
of nonequivalent protons involved in a rif@1 in Fe6 and pounds. Such a comparison is possible at all but the lowest
32 in Cug justifies an averaging over the relevant separatemperatures, where both the shortcomings inherent to
tions between the nuclear and electron spins, as well as ovefiode-coupling approximations and the discreteness of the
the angular variables. Then, the magnitude of the relaxatiogpin multiplets become apparent. In contrast, in the interme-
rate is determined by a prefact@=(1/6)(y.y,7)°S(S diate and highT regime, the different temperature behavior
+1)(f)/(r)®. The quantityf is a function of the direction observed in ferro- and antiferromagnetic rings can be readily
cosines enteringt’; since it is of order unity and its direc- understood in terms of Eq12). To begin with, at lowefT
tional change is not expectetb exceed a factor of 2, we set the microscopic timeé; which accounts for the initial decay
(f)=1. As for the proton-Fe and proton-Cu distances, theilof the CF’s increases, but in E(L.2) this has only a marginal
distribution is shown in Fig. 7. The calculation was done oneffect on the contribution involvingy(t;), which remains
the basis of the known cluster geometryand was limited  quite small anyway. In both systems, the leading contribu-
tor<10 A. Itis apparent that the mean proton-Cu distanceion to the relaxation rate stems instead from the last integral
is greater than the proton-Fe one. This fact, along with thén Eq. (11), namely from the second term in braces in Eq.
smaller value ofs in Cu6 with respect to Fe6, is responsible (12). In the latter, the dominant temperature dependence is
for the smaller value off; * observed in the former com- provided by the “asymptotic” valueky(T), which in the
pound. To obtain the curves in Fig. 4, we éet=3.2 A for  range 100-300 K is almost constant in Cu6 and shows a
Fe6, and(r)=3.4 A for Cu6. In fact, owing to the sixth nearly linear increase witfi in Fe6. Consequently the same
power of(r) in the denominator o€, only small distances trend is found even in the calculated relaxation rates of the
are expected to contribute significantly in the distribution oftwo compounds, shown in Fig. 8, in fair agreement with the
Fig. 7. experimental data of Figs. 2 and 3.
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5 nected with the knowledge of the static wave-vector-
4 JEPr dependent susceptibilities of the finite system. In the pres-
® 3 e ence of long-range magnetic dipole-dipole interactions, the
E 2 o transfer-matrix method is not very convenient, and one could
Ny i rather consider the possibility to perform an exact diagonal-
1 Fe6 ization of the Hamiltonian in order to obtain temperature-
Y and time-dependent correlations. This could be done for
100 200 300 400 500 Cus6, since there are only & 1)N=2° states available to
T(K) the copper spins, but for chains with higher valuedNodnd
S, the task would be formidable.
1.00 In this context, the phenomenological inclusion of the
0.80 CF’s long-time decay in our theory is essentially motivated
a by the exigence to treat a wide variety of magnetic rings
0.60 o d : . .
E e e without heavy numerical calculations, yet making the under-
i 0.40 lying physics clear enough.
0.20 Cué
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V. CONCLUDING REMARKS

The main purpose of this work is a study of the rather APPENDIX: MODE-COUPLING APPROACH TO TWO-
unusual dynamics exhibited by two different finite-size mag- SPIN TIME CORRELATION FUNCTIONS
netic “rings,” implemented with a comparison between the ) ] ) )
theoretical results and a number of experimental findings AS IS well known, the microscopic dynamics of a mag-
which probe this dynamics. The basic results of our investi€tic system is usually described in terms of spin time-
gation, which for the time being is restricted to intermediatedependent cc_)rrelatlon fgnctlons. In the case considered here,
and high temperatures, can be summarized as follow®ne deals with two-spin CF's of the foriS(0)Sf(t)),
Firstly, owing to the limited number of magnetic ions presentwhere the suffixes and j denote two magnetic sites, and
in both systems, the spin time correlation functions, after a¥=X,y,z. In the particular case of our intere@ magnetic
rapid initial decay, approach—irrespective of their spatialling wherei,j range from 1 toN), the above CF's can be
range—a finite temperature-dependent asymptotic valuayritten as (Sj(0)S? ,(t)), wheren=0,1,...N—-1, and
Secondly, in the two investigated systems minor mechanismgith the cyclic conditionS?, \=S/".
(namely, considerably less important than the dominant ex- As is well known, mode-coupling techniques have been
change interactionact apparently to restore a “conven- found a convenient approximate method to evaluate time-
tional” long-time decay to zero of the spin correlations, anddependent correlation functions in several areas of
must duly be taken into account when comparing with thecondensed-matter physics. Originally developed to account
actual behavior of real magnetic rings. Even so, the peculiafor critical slowing down, this “self-consistent” framework
behavior of the idealized model has still some important conhas subsequently been applied to many other phenomena in
sequences. This is the case for the NMR relaxation rate ofvhich long-lasting events play an essential role. In the time
the ring protons, which effectively act as probes of thedomain, the typical outcome of a mode-coupling formulation
electron-spin dynamics. In this respect, we have shown thas a set of nonlinear integrodifferential equations for the CF’s
several features present in the experimental detagnetic  of interest. When applied to magnetic problems, whichever
field and temperature dependence of the relaxation rates the dimensionality of the system, mode-coupling approaches
both systemscan readily be accounted for only by a proper can, in principle, be used in both the ordered and disordered
consideration of the unusual aspects of the underlying spiphases;° even if the possible presence of magnetic long-
dynamics. range order implies a much more laborious numerical work

It is worthwhile noticing that the dipolar interactions re- (three or six coupled integrodifferential equations, depending
sponsible for the long-time decay of the correlation functionswhether we deal with a ferro- or with an antiferromagnbt
could, in principle, be included in the mode-coupling contrast, in the disordered phase, the inherent isotropy of the
equations! In such a way, these interactions would bespin CF's has the effect of leaving us with a single integro-
treated on the same footing as the dominant exchange codifferential equation both in the ferro- and in antiferromag-
tributions, and there would be no need of introducing a phenetic case. In one-dimensional magnets, mode-coupling tech-
nomenological relaxation rate such as. Although un- nigues have been shown to be accurate at all but the lowest
doubtedly more appealing, this more rigorous proceduréemperatures’ When applied to disordered magnetic sys-
meets, however, several technical difficulties, mostly contems, beside accounting for any long-time “tails,” mode-
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coupling approaches have the further advantage that thesrrives at the following integrodifferential equation for the
happen to provide an approximate description even of th@ormalized relaxation functién
fast initial decay of the CF's, namely of the microscopic

events directly associated to the exchange interaction. dFq(t) 2
The basic steps of the mode-coupling approach, as ap- at Z—B—E (Jgr—Jg-q ) g’ Xq' Xq—q’
plied to the case of our interest, can be summarized as fol- Xag'

lows. Owing to isotropy, we may omit any reference to the t
Cartesian indexx and introduce space Fourier transforms of Xf dt'Fq (t—t")Fq_g (t=t")Fg(t") (A7)
the spin operators defined as 0

1 N with the initial condition F,(0)=1 and where J,
Sy ==, Sy(t)eidan, (A1)  =3;3;;¢% 7). In the derivation of Eq(A7), use has been

Ni=1 made of the classical approximation of E@\2), namely
(S-4(0),S4(1))=B(S_4(0)S,(t)). In our case of a one-
dimensional system with a finite numbiErof spins and pe-
riodic boundary conditions, one has

with ga=27mm/N (m=0,1,--,N—1) owing to the peri-
odic boundary conditionsSy,,=S;) imposed by the geom-
etry of the ring. Rather than dealing with the two-spin cor-
relation function(S_,(0)S,(t)), it is convenient to consider
the corresponding canonical Kubo's relaxation functfon Jq=2Jcogqa), (A8a)
(B=1KkgT):

P Xq2:8<87q(0)8q(0)>

(S—q(0),54(1))= f d\(e'S_4(0)e™Mi5y(1)) (A2) N-1
° =(2p/N) 2, [1-(n/N)]cogqan)(SS ) + (B/N)

along with its normalized version

(S_4(0),54(1))
In the classical limit, the static correlation functiof&S, , )

(S-4(0),54(0))’
can be evaluated exactly by a transfer-matrix techrfique
where (S_4(0),54(0))=xq is the wave-vector-dependent y Ry it

static susceptibility. The frequency spectrufifq,o) of

X(Ss;. (A8D)

Fy(t)= (A3)

1 _
(S_q.(O)Sq(t)> and the one ofF(t) are connected by the (SﬁZS.Z+n>=Z— > AL > )\rfm?[dlm,wm']z (A9)
relation nTmo Ty
(X0 whereZN:E,’m)\{“m is the partition function and
S(q,w)= m )(qu(w). (A4)

1
It is easy to show that both,(t) andF,(w) are even func- Aimirm = 5m,m,f XX, (X) e (X). (AL0)
tions of their arguments. As shown by MéFijn the isotro- -1

ic phaseF(t) satisfies the following memory equation:
picp oV g yed Here, \ |, and #;,(x) denote the eigenvalues and eigenvec-

dFg(t) tors of the transfer integral equatfdn

dt

1
1 aBIXX 2 ! ’
Here the memory functiol q(t) = (f _4(0),f4(t))xq * is de- ijlldx PN BIS(S+1) V(1=X*) (1= X ) ]m(X)
fined in terms of a generalized “fluctuating forcef((t)
=el1PLY(1— P)iLS,(0), whereL=i[H, - -] is the Liou- =NMm¥im(X), (Al1)
ville operator of the system, and the projection oper#&or ) - )

—f;dt'Kq(t—t')Fq(t'). (A5)

S,(0) according to approximate analytic expression for calculating the static
a correlation functions of classical Heisenberg rings was re-
PA) =(S_4(0),A(t))xq 1S4(0). (A6)  cently suggestéd? by Luscombeet al.

Inserting Eqgs.(A8b), (A9), and (A10) into the basic
Although exact, EQ(A5) is of limited use, unless some ap- mode-coupling result EqA7), it is finally possible to de-
proximate expression is given for the memory function.duce the quantitief,(t), namely all the required time cor-
Mode-coupling approaches do accomplish this task by meanglation functions. This has been done at selected values of
of a number of “reasonable arguments” which can be justi-temperature in the rang&>|J|S(S+1). More precisely,
fied a posteriori In practice, the mode-coupling approxima- starting from the initial conditionF,(t=0)=1, we have
tion for K(t) is obtained by the following recipe) evalu-  solved Eq.(A7) by a standard step-by-step integration pro-
ate the quantityil Sy (0)=S,(0) appearing infy(t); (i)  cedure. In terms of the dimensionless timet/t,, where
decouple the resulting four-spin term kq,(t) into products to=%/[|J|S(S+1)]Y? is the “natural” time unit for the
of two-spin contributions, at the same time ignoring the ef-problem, numerical convenience and stability tests showed
fects of the projection operatd?. In this way one finally that the choiceA =0.01 was satisfactory in all respects.
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