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Isotope effect for the penetration depth in superconductors
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We show that various factors can lead to an isotopic dependence of the penetration depthd. Nonadiabaticity
~Jahn-Teller crossing! leads to the isotope effect of the charge-carrier concentrationn and, consequently, ofd
in doped superconductors such as the cuprates. A general equation relating the isotope coefficients ofTc and
of d is presented for London superconductors. We further show that the presence of magnetic impurities or a
proximity contact also lead to an isotopic dependence ofd; the isotope coefficient turns out to be temperature
dependent,b(T), in these cases. The existence of the isotope effect for the penetration depth is predicted for
conventional as well as for high-temperature superconductors. Various experiments are proposed and/or dis-
cussed.@S0163-1829~98!03617-0#
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I. INTRODUCTION

When speaking of the isotope effect~IE! in superconduct-
ors, one generally considers the influence of isotopic sub
tution on the superconducting critical temperatureTc . In
systems where the pairing mechanism is at least partly
diated by the electron-phonon interaction,Tc depends on
phonon energies. Thus, replacing one element by its iso
will affect Tc via the change in phonon frequency. In a ser
of recent papers1–3 we have shown that besides this mo
simple case, there are a number of other factors, not rel
to the pairing mechanism, that can strongly affect the isot
coefficient~IC! of Tc . The influence of the proximity effect
the presence of magnetic impurities, and nonadiabati
were specifically studied. Several experiments were p
posed for conventional superconductors and the oxygen I
high-Tc materials was discussed. In the latter case it w
experimentally shown~see, e.g., Refs. 4–8 and referenc
therein!, that the value of the isotope coefficient ofTc ranges
from almost zero to values above 0.5, depending on the d
ing process. The theory developed in Ref. 2 allowed us
present a systematic description of all experimental data
lected to this day on the oxygen isotope effect ofTc in
YBa2Cu3O72d related systems. We stress here the fact, h
ever, that the theory is not restricted to high-Tc materials, but
applies to conventional superconductors as well.

The influence on the IE of factors not related to the pa
ing mechanism1–3 raises the question whether, besidesTc ,
there are other superconducting properties that also dis
these effects. In the present paper we focus on one of
fundamental parameters, the penetration depth, and dem
strate that, indeed, it can display a nontrivial dependence
isotopic substitution. The treatment is based on our previ
analysis in Ref. 2 that focused on the unconventional iso
pic dependence ofTc .

After isotope substitution in a superconductor (M→M !

5M1DM , M is the ionic mass!, the value of the critical
temperature is shifted:Tc0

! 5Tc01DTc0. As is known, the
570163-1829/98/57~17!/10814~11!/$15.00
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isotope coefficienta0 is defined by the relationTc0;M 2a0

and is equal toa052(M /DM )(DTc0 /Tc0). Suppose now
that the superconductor is perturbed by some external fa
as, e.g., the presence of magnetic impurities or a normal
~proximity effect!. Superconducting properties are affect
by these factors. For example,Tc0→Tc and, as a conse
quence, the dependency of the new critical temperature
the ionic mass (Tc;M 2a) will also be changed (aÞa0, see
Refs. 2 and 3!. This not only affects the isotope effect ofTc
but also, e.g., the IE of the penetration depth.

In the following, we are concerned with the isotopic d
pendence of the penetration depth. By analogy withTc , we
define the new isotope coefficientb by the relation d
;M 2b. Therefore,b is determined by

b52
M

DM

Dd

d
, ~1!

where Dd is the shift of the penetration depth induced
isotopic substitution.

The structure of the paper is as follows. Section II
concerned with the nonadiabatic IE, whereas Secs. III and
address the impact of magnetic scattering and the proxim
effect on the isotope coefficient~IC!, respectively. An inter-
esting property of the two latter factors affecting the IE
that the isotope coefficient appears to betemperature depen
dent. We not only demonstrate here that such effects e
but that they are also sizable. Moreover, we argue that
measure of the IC can be used to probe the presenc
nonadiabaticity, magnetic impurities, or the proximity effe
in superconductors. The theory leads us to propose sev
experiments for conventional and high-temperature sup
conductors. We also discuss how recent experiments don
high-Tc superconductors8,9 can be described by our theory

II. ISOTOPE EFFECT OF d AND NONADIABATICITY

The theory for the nonadiabatic IE ofTc has recently been
proposed1 and applied to describe the oxygen IC in hig
10 814 © 1998 The American Physical Society
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57 10 815ISOTOPE EFFECT FOR THE PENETRATION DEPTH IN . . .
temperature superconductors2,3 as well as properties o
manganates.10 We show in this section that other quantiti
like the penetration depthd of a magnetic field can be af
fected by isotopic substitution through this nonadiaba
channel.

A. Theory

1. Isotope effect of n

Let us describe the main concept of the nonadiabatic
introduced in Ref. 1~see also Ref. 2!. Consider a system
composed of a conducting system and a charge reservoi~as
for example the CuO2 plane and the buffer layer of a cupra
high-Tc superconductor! and assume that there is a char
transfer between these subsystems. In general, the rese
conducting-layer charge-transfer process occurs throug
group of atoms located in both subsystems and/or bridg
the two. For example, the charge transfer between the C2
plane and the reservoir~CuO chain for YBCO, BiO plane for
Bi-based oxides, etc.! occurs through the apical oxygen. Th
electronic degeneracy and the corresponding Jahn-Telle
stability of the group of atoms leads to the crossing of el
tronic terms. Because of the breakdown of the adiabatic
proximation for these atoms, the electronic and ionic degr
of freedom can no longer be considered as decoupled.
potential energy surface considered as a function of the io
coordinate is composed of two electronic terms with t
close minima. For example, the motion of the apical oxyg
which is a lighter ion of the Cu-O-Cu Jahn-Teller comple
is characterized by two minima~a more detailed discussio
is given in Refs. 1 and 2; experimental evidence of th
minima can be found in Refs. 11 and 12; see also Ref.!.
Note that each of these terms can be considered in the
monic approximation. The ‘‘double well’’ is thus not relate
to the anharmonicity of the lattice, but to the nonadiaba
behavior of the group of ions involved in the charge-trans
process. In a qualitative picture, the charge transfer betw
the conducting and the reservoir subsystems will involve
tunneling of the ionic complex between the two minima an
as a consequence, the density of charge carriers in the
ducting subsystem will depend on the ionic masses. Pro
ties depending on the charge-carrier densityn will thus be
ionic mass dependent@n[n(M )# and exhibit an isotope
effect.13

In order to consider the Jahn-Teller crossing~where the
adiabatic approximation is not applicable!, it is convenient to
use the so-called diabatic representation~see, e.g., Ref. 14!.
In this representation one can show2 that the energy-leve
splitting has the form

H125^C1uHeuC2&.L0F12, ~2!

with

L05E drc1* ~r,R0!Hec2~r,R0!,

F125E dRF1* ~R!F2~R!5F12~M !. ~3!

He is the electronic part of the Hamiltonian andC j (r,R)
5c j (r,R)F j (R) ( j 51,2). c j (r,R) is the electronic wave
c
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function ~with electronic coordinatesr ! depending para-
metrically on the nuclear coordinatesR and F j (R) are the
vibrational wave functions. The last equality in Eq.~2! was
obtained becausec j ( j 51,2) is a slow varying function ofR
and can thus be evaluated atR0, the crossing of electronic
terms.L0 does not depend on the ionic masses. On the o
hand, the important Franck-Condon factorF12 depends on
the lattice wave functionsF j and thus on ionic massesM .

The reservoir-conducting-layer charge transfer is acco
panied by a change of electronic terms and can be visual
as a multistep process. First, the charge carrier can m
from the reservoir to the group of ions~e.g., from the chains
to the apical oxygen in YBCO!. Then, the complex tunnel
to the other electronic term (C1→C2). As a final step, the
charge carrier can hop to the conducting layer. We emp
size that this charge transfer is a dynamical process and l
to a stationary state in the sense that the charges oscilla
time between the reservoir and the conducting subsyste
with a frequency given by Eq.~2!. Since the ionic masse
affect F12, and thusH12, different isotopic masses imply
different values of the characteristic charge-transfer f
quency. This in turn affects the charge-carrier concentra
n.

The isotope coefficient ofTc can be written asa5aph
1ana , whereaph5(M /Tc)(]Tc /]V)(]V/]M ) is the usual
~BCS! phonon contribution (V is a characteristic phonon
energy! and the nonadiabatic contribution is given by

ana5g
n

Tc

]Tc

]n
, ~4!

where the parameterg52M /n(]n/]M ) has a weak loga-
rithmic dependence onM ~see Ref. 1!. Equation~4! shows
that the IC ofTc depends on the doping of the conductin
layer and on the relationTc(n). This result was used in Ref
2 to analyze the IE of high-temperature superconductors

2. Nonadiabatic isotope effect ofd

Let us now focus on the nonadiabatic IE of the penet
tion depth. As shown above~see also Refs. 1,2!, nonadiaba-
ticity for doped materials such as cuprates, leads to the
pendence of the charge-carrier concentrationn on the ionic
massM , that is n5n(M ). In the weak-coupling London
limit the penetration depth is given by the well-known rel
tion

d25
mc2

4pnse
2

5
mc2

4pnw~T/Tc!e
2

, ~5!

where m is the effective mass.ns is the superconducting
density of charge carriers, related to the normal densitn
throughns5nw(T/Tc). The functionw(T/Tc) is a universal
function of T/Tc . For example, for conventional superco
ductors,w.12(T/Tc)

4 nearTc , whereasw.1 nearT50
~in the absence of magnetic impurities; their influence is d
cussed at the end of this and in the following sections!. Note
that the relationd22;ns is also valid in the strong-coupling
case~see, e.g., Ref. 3!.

We can now determine the isotope coefficientb of the
penetration depth from the relation~5!:
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b[2
M

d

]d

]ns

]ns

]M
5

M

2ns

]ns

]M
. ~6!

Because of the relationns5nw(T), one has to distinguish
two contributions tob. There is a usual~BCS! contribution,
bph , arising from the fact thatw(T/Tc) depends on ionic
mass through the dependency ofTc on the characteristic pho
non frequency. Indeed, isotopic substitution leads to a s
in Tc and thus ind, which might be noticeable nearTc ~see
the discussion in Sec. II B!. In this paper, however, we focu
on the nontrivial manifestation of isotopic substitution, ar
ing from the isotope dependence of the charge-carrier c
centrationn.

From Eq.~6!, and the relationns5nw(T), it follows that

b5bna1bph , ~7!

where

bna5
M

2n

]n

]M
, ~8!

bph5
M

2w~T!

]w~T!

]M
. ~9!

Note thatn(M ) is thenormal-state charge-carrier concentr
tion. Thus, unlikebph @which depends onw(T/Tc)#, the
nonadiabatic coefficientbna doesnot depend on parameter
characterizing the superconducting state. This effect sho
be observed nearT50 K, wherebph is negligibly small.

Comparing Eqs.~4! and ~8!, one infers thatbna52g/2
and thus establishes a relation between the nonadiabatic
tope coefficients ofTc andd:

ana522bna

n

Tc

]Tc

]n
. ~10!

This result holds for London superconductors. The equa
contains only measurable quantities and can thus be ver
experimentally. It is interesting to note thatbna andana have
opposite signs when]Tc /]n.0 ~which corresponds to the
underdoped region in high-Tc materials!.

In later sections we will discuss the influence of magne
impurities on the isotope effect ofTc and d. We note here
that in the presence of magnetic impurities the relationns
5nw(T) remains valid, butw(T) depends now on the direc
scattering amplitudeG2 defined in Sec. III B@this results,
e.g., in the inequalityns(T50),n in the gapless regime#.
As a consequence, magnetic impurities affectbph in Eq. ~9!,
but leavebna and thus Eq.~10! unchanged.

B. Nonadiabatic isotope effect in high-Tc superconductors

The value of the parameterg @see Eq.~4!# has been evalu
ated in Ref. 2 for Pr-substituted~YPrBCO! and oxygen-
depleted ~YBCO! YBa2Cu3O72d and was found to be
g50.16 andg50.28, respectively. With Eq.~10! one then
obtains the IC of the penetration depthbna520.08 in the
first case andbna520.14 for the latter.

Experiments have been performed on YBCO~Ref. 8! and
La22xSrxCuO4 ~Ref. 9! ~LSCO! that indicate that the Meiss
ner fraction~and thus the penetration depth! indeed displays
an isotope shift. Unfortunately, the measurements on YB
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have been done nearTc whereany superconductor~conven-
tional or high-Tc) displays an isotope shift ofd through the
dependencyd(T/Tc);A12T4/Tc

4 and corresponds thus t
the usual BCS IE@this is the contributionbph arising through
w(T) as discussed in the last section; see also Ref. 15#. The
BCS isotope coefficient ofd ~nearTc) can easily reach val-
ues of the order observed in the experiment,8 even for a very
small IC of Tc ~with a value a50.025 as observed in
YBa2Cu3O72d one obtainsb;20.6 for T/Tc;0.95). To
avoid the BCS contribution to the IC that appears in all s
perconductors because of the strong dependencyd(T/Tc)
near Tc , it is better to study experimentally the IE of th
penetration depth nearT50. This statement is valid if one is
interested in determining the nonadiabatic contribution to
IC b, but is not general. As will be shown below, it is fo
example possible to extract the influence of magnetic im
rities on the IE even nearTc .

The situation with the measurements of Ref. 9 is differe
The experiments9 done on LSCO were obtained nearT50
and reflect the unconventional dependenced(M ) ~the BCS
contribution to the IC ofd vanishes at these temperature!.
The shift has been measured nearx.0.11 andx.0.15.

Near the concentrationx.0.11, Tc experiences a smal
depression as a function of dopingx.16 Although several ex-
planations have been proposed~as, e.g., the presence of ele
tronic inhomogeneities, a change of the electronic density
states due to lattice distortions, impurity scattering, magn
ordering, etc.17! the presence of the dip is not well unde
stood yet. The choice of this concentration is thus unfor
nate and inappropriate for the study of the IE. It was argu9

that there is no influence of isotopic substitution on t
charge carrier concentrationn nearx.0.11 and thatn can
therefore not depend on the ionic mass. To support this i
the influence of isotopic substitution on the structural~tetrag-
onal to orthorhombic! transition temperatureTs was studied.9

The assertion is based on the assumption thatTs depends
solely onn, that there is a monotonic relation betweenTs
and n with nonzero slope and a one-to-one corresponde
betweenn and x. However, the experiments performed o
LSCO ~Ref. 17! show that the hole concentrationn depen-
dency ofTc andTs as well as the relationn(x) are not well
established, especially in the region of the dip. The structu
phase transition temperatureTs has also only been measure
at three points in the vicinity of the dip.16,17,9SinceTc has an
unexpected behavior, it would be of interest to study
detailed dependencyTs(x) in this region. Furthermore, a
known from other high-temperature superconductors~as,
e.g., YBCO!, it is unlikely that the relation betweenn andx
is linear. We emphasize that our analysis of the IC from E
~4! and~10! does not require any assumption on the relat
n(x) since we rely solely on the experimental relation
obtained, e.g., frommSR experiments@in this case one has
Tc(s;ns /m!); see Ref. 3!#. In short, since the structural an
electronic properties are not well understood in the reg
aroundx.0.11, it does not allow a conclusive statement
the IE of d.

The only experimental result9 that can be discussed, an
that does not contain the BCS contribution, is the one don
x.0.15 ~for LSCO!. Using Eq. ~1! and the value of the
experimentally observed relative shiftDd/d52%9 one ob-
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tainsbna.0.16 @andg50.32, cf. Eqs.~4! and ~10!#, which
is in good agreement with the calculations presented ab
Indeed, it is of the same order asbna for oxygen-depleted
YBCO. This is consistent with the fact that in both the
materials the reservoir-CuO2-plane charge transfer involve
the same group of ions including the apical oxygen. T
larger value for LSCO can be traced back to the fact tha
YBCO one has taken into consideration the presence of m
netic impurities~which also enhances the IC!, whereas in
LSCO there is no indication of the presence of signific
quantities of such impurities.9c

One notes further that the IC ofd is much larger in
YBCO and LSCO than in YPrBCO. The reason for this d
crepancy can be twofold. On the one hand, the cha
transfer channel is different in YPrBCO from the two oth
materials2 ~e.g., it does not involve the apical oxygen!. On
the other hand, the concentration of magnetic impurities
higher in YPrBCO than in YBCO~and LSCO!. This was
taken into account in the calculation ofana and influences
the value ofbna in YBCO related systems as well. A large
part of the IC is thus due to the magnetic impurities
YPrBCO ~see Ref. 3 for a detailed study of the interpl
between nonadiabaticity and magnetic impurities!.

One should add that the experiment determining the
through magnetic susceptibility measurement8,9 is rather in-
accurate. More reliable data could be obtained by measu
the penetration depth shift using microwave measurem
or the Josephson effect. It would be interesting to perfo
experiments on the systems discussed above that displa
nonadiabatic charge-transfer channel.

As stressed earlier and according to the analysis of Re
one has, however, to include the contribution of magne
impurities to describe correctly the IE ofTc in some of the
high-Tc superconductors. The magnetic impurities also
rectly affect the IC ofd and should be treated as well. Th
will be done in the next section.

III. ISOTOPE EFFECT OF d
AND MAGNETIC IMPURITIES

As described in Refs. 2 and 3 magnetic impurities mod
the IC of Tc . We show here that it can also induce an IE
the penetration depth. Consider a superconductor~conven-
tional or high-Tc) doped with magnetic impurities. Abriko
sov and Gor’kov18 have shown that these impurities act
pair breakers. In the dirty limit one can calculate the pene
tion depth analytically for temperatures nearTc and at T
50. We focus on this case.

A. Magnetic impurity contribution to b near Tc

The penetration depthd in the presence of magnetic im
purities and nearTc has been calculated by Skalski an
co-workers.19 Taking terms up to the orderD2 the result is
given by19

d225s
D2~T!

Tc
z~2,gs1

1
2 !, ~11!

where s54sN /c (sN is the normal state conductivity!,

z(z,q)5(n>01/(n1q)z andgs5Gs/2pTc (Gs5G̃snM is the
e.

e
n
g-

t

-
e-

is

C

ng
ts

the

2
c

i-

y
f

-

spin-flip scattering amplitude;nM is the concentration of

magnetic impurities andG̃s is a constant!. NearTc , the order
parameter can be written as19

D252Gs
2~12t!

12 z̄21~12t!@ 1
2 2 z̄21 z̄3#

z̄32 z̄4

[2Gs
2 N1

D1

~12!

with z̄ z5gs
z21z(z,gs11/2), z51,2, . . . , andt5T/Tc . Us-

ing Eqs.~11! and ~12! one can calculate the isotope coef
cient of the penetration depth in the presence of magn
impurities (bm). In order to single out the impact of mag
netic impurities on the value of the IC, we calculate t
quantity b̃m52(M /DM )(D d̃ / d̃ ) @cf. Eq. ~1!#, where d̃
5d(T,Gs)/d(T,0). As a result, the IC is written as a differ
enceb̃m5bm2b0 wherebm (b0) is the isotope coefficien
of d(T,Gs) @d(T,0)#. Using the relation (]/]q)z(z,q)5

2zz(z11,q) one can expressb̃m in the form

b̃m5~R12R0!am , ~13!

where

R152
1

2
f 152

1

2S N2

N1
2

D2

D1
12

z̄3

z̄2

21D , ~14!

R052
1

2

a0

am
f 052 1

2 @12c8~gs11/2!gs# f 0, ~15!

and f 05(32t2)/(12t)(32t). The functionsN1, D1 are
defined in Eq.~12! and

N253~12t!2@ z̄222z̄31 z̄4#1t~22t!2 z̄2 ,

D252~3z̄42 z̄322z̄5!.

Furthermore, Eq.~15! has been written using the relation fo
the isotope coefficient ofTc in the presence of magneti
impurities:2,20

am5
a0

12c8~gs11/2!gs

, ~16!

wherea0 is the isotope coefficient ofTc0, the critical tem-
perature in the absence of magnetic impurities.c8 is the
derivative of thec function.

Equation~13! shows that the isotope coefficient ofd is
proportional to the isotope coefficient ofTc . This relation is
valid nearTc ~whereD is small! and for impurity concentra-
tions such that the conditionDTc /Tc!1 is satisfied.

An important feature of the result~13! is that the IC ofd
is a universal functionb(T/Tc). Indeed, Eq.~13! can be
calculated onceT/Tc , Tc0, a0, andgs are given. The first
three quantities are obtained from experiment. The last
rametergs also determines the depression ofTc induced by
magnetic impurities and can be calculated from t
Abrikosov-Gor’kov equation18

lnS Tc0

Tc
D5cS 1

2
1gsD2cS 1

2D . ~17!
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From Eqs.~13!, ~16!, and ~17! we thus conclude that th
knowledge of the measurable quantitiesa0, Tc0, and T/Tc

completely determines the ICb̃m .
If besides the magnetic impurity channel there is als

contribution from the nonadiabatic channel as presente
the last section, the total IC takes the formb tot5bph1bm

1bna . In addition, according to Ref. 2, one has to repla
a0 in Eq. ~16! by ana1aph @ana is given in Eq.~4! andaph

is the usual phonon contribution to the IC ofTc#. The nona-
diabatic and magnetic-impurity contributions to the IC a
thus nonadditive nearTc ~because of the presence ofana in
bm and the presence ofG2 in bph ; as shown in Sec. II A 2,
bna is unaffected by magnetic impurities!. One notes further
that if the IC is induced by magnetic impurities only, then
value is always negative, whereas the situation might be
ferent in the presence of a nonadiabatic contribution.

The factorb0 in Eq. ~13!, which is the IC ofd in the
absence of magnetic impurities, contains a trivial tempe
ture dependence due to the factorw(T/Tc);12(T/Tc) ~Ref.
4! and the isotopic dependence ofTc . However, the presenc
of magnetic impurities leads to an additionaltemperature

dependence ofb̃m , beyond the BCS one. This temperatu
dependence is shown in Fig. 1 for fixed values ofTc ~i.e., of
the magnetic impurity concentration!. The solid and dashed
lines describe the case where only magnetic impurities
added to the system~no nonadiabatic contribution!. The situ-
ation corresponds to Zn-doped YBCO~YBCZnO!. It has
been shown with use of the NMR technique that Zn sub
tution ~for Cu! occurs in the CuO2 plane and leads to th
appearence of localized magnetic moments~see Ref. 21 and
below!. The two other curves~dotted and dash-dotted lines!
are obtained when, in addition, a nonadiabatic channe
present. They are discussed below. Figure 1 shows tha
absolute value of the IC increases as one approachesTc .
This temperature dependency is significant since in cer
cases the value ofb triples whent50.75 increases tot
50.95. Note also, that the solid and dashed lines desc
conventional superconductors as well, since onlya0 has to

FIG. 1. Temperature dependency~nearTc) of the isotope coef-
ficient b ~a! in the presence of magnetic impurities only, wi
Tc /Tc0.0.35 ~solid!, 0.5 ~dashed line!, and a050.025 @corre-
sponds to YBa2(Cu12xZnx)3O72d#; ~b! in the presence of magneti
impurities and nonadiabaticity forTc /Tc0.0.5 ~dash-dotted!, 0.6
~dotted line!. a050.025, gs50.16 ~corresponds to
Y12xPrxBa2Cu3O72d , see text!.
a
in

e

if-

-

re
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be modified~in YBCZnO a05aph50.025, which is much
smaller than typical values for conventional supercondu
ors!.

Figure 2 shows the dependency of the ICb̃m on Tc ~i.e.,
on the concentrationnM) for fixed values of the temperature
It appears that an increase of magnetic impurity concen
tion leads to an increase ofub̃mu. Moreover, the change o
b̃m(Tc) is stronger asT approachesTc . It turns out that the
qualitative behavior ofb̃m(Tc) is similar toam(Tc) @Eq. ~16!
with a05aph# but with opposite sign~see also Fig. 1 of Ref
2!. As for Fig. 1, the parametera0 corresponds to the valu
for YBCZnO, but the qualitative picture holds for conve
tional superconductors as well.

The calculation of the IC nearTc presented above sug
gests an experiment to determine the contribution of m
netic impurities to the IC. For conventional superconduct
where the magnetic moments are introduced into the su
conductor as impurities, one can substract the BCS isot
coefficient discussed at the end of the last section by m
suring its temperature dependency. For high-temperature
perconductors the same procedure can in principle be
plied. Nevertheless, one has to be more careful si
magnetic impurities are intrinsically present in some of the
materials as shown in Ref. 22. Indeed, there is evidence
already optimally doped YBCO contains magnetic impu
ties. Upon depletion of oxygen one further adds magne
impurities. One can thus not avoid the presence of th
localized magnetic moments. As a consequence, it is m
difficult to extract the BCS component for these materia
The procedure in high-Tc superconductors would thus con
sist in measuring the~temperature dependent! isotope coef-
ficient of d at optimal doping~which contains the smalles
concentration of intrinsic magnetic moments! and substract
this component from the measurements at a given dop
This applies, e.g., to oxygen-depleted, Pr or Zn-dop
YBCO ~see also Refs. 21 and 22!.

Note that our analysis in this section is based on
theory in Ref. 18@see Eq.~17!#. The core of this theory is the
introduction of the pair-breaking effect. This effect requir
singlet pairing and is applicable to boths- andd-wave sym-
metries of the order parameter. There is, of course, a qu

FIG. 2. Isotope coefficientb̃m nearTc as a function of magnetic
impurity concentration forT/Tc50.75 ~solid line!, 0.85 ~dashed!,
and 0.95 ~dotted!. a050.025 @corresponds to the situation o
YBa2(Cu12xZnx)3O72d#.
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titative difference between these two cases, but the iso
effect for the penetration depth should be observed, reg
less of the symmetry. In this paper, in analogy with Ref.
we make specific calculations for thes-wave scenario.
Therefore, these calculations are valid, even quantitativ
for conventional superconductors, as well as for some ox
~e.g., Nd-based cuprates, Ba-Pb-Bi-O!. As for the YBCO
compound, our calculations of the isotope shift forTc caused
also by magnetic impurities, revealed excellent agreem
with the data@see Ref. 2, Fig. 1~a!# that is interesting from
the point of view of analyzing the complex problem of th
symmetry. In this paper, we employ a similar approach. I
essential, however, to note that, as mentioned above,
qualitative picture is similar for both scenarios (s or d wave!.

The results presented in Figs. 1 and 2 were calculated
the basis of the parameters for Zn-doped YBCO~YBCZnO!
and consider solely the influence of magnetic impurities
b. The situation is more complicated if, in addition, non
diabaticity is present in the system. In this caseb̃m is given
by Eqs.~13!–~17! anda0 by Eq. ~4!. To stress the influence
of nonadiabaticity onb̃m througha0 we write b̃m1na in the
following. We have calculated the IC of the penetrati
depth nearTc for Pr-doped YBCO~YPrBCO! using the pa-
rameters derived in Ref. 2. The results are shown in Fig
~dotted and dot-dashed lines! and 3 for the temperature an
magnetic impurity concentration dependence, respective

Several comments can be made by analyzing these
ures. Figure 1 shows that there is no qualitative chang
b(T) ~at fixed Tc) when adding the nonadiabatic contrib
tion. Nonadiabaticity merely induces a stronger tempera
dependency. This may, however, be specific to the mate
studied here. On the other hand, contrary to the case of m
netic impurities alone~Fig. 2!, there is a qualitative differ-
ence~besides the opposite signs! between the IC ofTc andd
taken as a function ofTc and in the presence of nonadiab
ticity. To understand this, one has to come back to E
~13!–~15!. Let us first rewrite Eq.~13! in the form

b̃m5bm2b052 1
2 ~ f 1am2 f 0a0!, ~18!

wheref 0 and f 1 are defined in Eqs.~14! and~15!. It turns out
that f 1(T/Tc) and f 0(T/Tc) are never more than several pe
cents apart from each other for givenT andTc . The shape of
b̃m1na in the presence of nonadiabaticity and magnetic
purities is thus mainly determined by the differenceam
2a0 @wheream is given by Eq.~16! anda05aph1ana by
Eq. ~4!#. Using a polynomial expansion ofTc(n) ~as done in
Ref. 2! one can show thata0 saturates with decreasingTc

@ana(Tc→0)→g, with g defined in Eq.~4!#, whereasam

increases asnM
2 in the same limit~see Refs. 2 and 3!. Thus,

at high impurity doping, the behavior ofb̃m1na is dominated
by the denominator of Eq.~16!, that is by the magnetic im
purities. In the opposite low doping regime,b̃m1na is domi-
nated by the nonadiabatic part inam and a0. Accordingly,
b̃m1na behaves similarly near optimalTc and near the 60 K
plateau~in YBCO!, where]Tc /]n is small. Thus, as can b
seen in Fig. 3~b!, b̃m1na behaves approximately as2ana in
these regions but is smaller by an amount approxima
equivalent toa0. As one gets away from the plateaus, t
magnetic impurity part ofam2a0 becomes dominant, lead
pe
d-
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es

nt

s
he
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n
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.
g-
in
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-
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ing to a departure from the behavior ofana . The fact that
b̃m1na is mainly determined byam2a0 ~instead ofam for
the IC ofTc) explains why the change of curvature ofb̃m1na
@see Fig. 3~b!# takes place at higherTc’s ~lower magnetic
impurity concentrations! than the IC ofTc , am @see also Fig.
2~a! of Ref. 2#. The change of curvature should be meas
able since the precision of measurements increases with
creasing doping.5 Accordingly, the effect should also be ob
servable for oxygen-depleted YBCO forTc near its optimal
value and below but near the 60 K plateau.

We have not calculated the penetration depth IC
oxygen-depleted YBCO nearTc because the dependenci
Gs(x) ~the spin-flip scattering amplitude as a function
oxygen doping! andn(x) are not well known for this mate
rial. This was not a major problem for the calculation of t
IC am of Tc , becauseam is mainly determined by the nona
diabatic channel in the regime where the experiments w
performed and is affected by magnetic impurities in t
higher doping~i.e., lower Tc , away from the plateaus! re-
gime @see Eq.~16! and Ref. 2#. However, it might be of
importance for the calculation of the IC ofd because of the
more complicated structure of the relationbm(Gs). This case
is discussed in more detail in Ref. 3.

FIG. 3. ~a! b̃m1na as a function of magnetic impurity concen
tration in the presence of nonadiabaticity forT/Tc50.75 ~solid

line!, 0.85 ~dashed!, 0.95 ~dotted!. a050.025, g50.16, and G̃
5123 K ~parameters for Y12xPrxBa2Cu3O72d). ~b! Low doping
regime of Fig. 3~a!. In addition, the case without nonadiabaticity
added for comparison~long dashed line, corresponding t
YBa2(Cu12xZnx)3O72d with T/Tc50.9).



so
t,
tr

o
i

bu

th

c

et

t

e-

,
ua-
rk
.

10 820 57A. BILL. V. Z. KRESIN, AND S. A. WOLF
Finally, one should note that there is no apparent rea
for the IC of d to be restricted to values below 0.5. In fac
the calculations show that at high enough dopant concen
tion, the effect should be very large~this is also true atT
50 as shown in the next section!.

B. Magnetic impurity contribution to b at T50

Since we want to determine solely the contribution
nonadiabaticity and magnetic impurities to the IC, one
interested in eliminating the presence of the BCS contri
tion caused by the factorw(T/Tc) and the usual isotopic
dependence ofTc . Besides the procedure presented in
last section there is another way to avoidbBCS. Indeed, the
BCS part becomes negligibly small@w;12(T/Tc) ~Ref. 4!#
as one lowers the temperature. AtT50 its contribution is
zero. The penetration depth calculated by Skalski and
workers at zero temperature is given byd22

52(4pne2/mc2)K̃(v50,q50) with19

K̃~0,0!52
11Ḡh̄23

h̄
Fp

2
2

f ~ h̄ !

R~ h̄ !
G1Ḡh̄23F2

3
h̄2

p

4
h̄11G

~19!

for Ḡ,h̄,1 @with f (h̄)5arcosh̄# or Ḡ,1, h̄.1 @with
f (h̄)5arcoshh̄# and

K̃~0,0!52
11Ḡh̄23

h̄
H p

2
22

Ḡ21

R~ Ḡ !
2R21~ h̄ !~arcoshh̄

22 artanhR!J 1h̄23H S 2

3
h̄211D ( Ḡ2R(Ḡ))

2
1

2
hR~ Ḡ !S 2

3
h21D2h̄ḠS p

4
2

Ḡ21

R~ Ḡ !
D J , ~20!

for Ḡ,h̄.1. We have introduced the notationḠ5Gs /D, h̄

5hḠ5G2 /D, h5G2 /Gs , R(x)5Au12x2u with x5Ḡ,h̄

and R5@(Ḡ21)(h̄21)/(Ḡ11)(h̄11)#1/2. D[D(T
50,Gs) is the order parameter in the presence of magn
impurities. Equations~19! and ~20! are valid whenGs!G2.
These two scattering amplitudes,G2 andGs (Gs5G12G2),
defined by Abrikosov and Gor’kov18, describe the direct and
exchange scattering, respectively. One can calculate
magnetic impurity contribution to the IC atT50 from Eq.
~1! in a straightforward way using Eqs.~19! and ~20!. The
result can be written as

bm~T50!52
aD

2

K11K2

K̃~0,0!
, ~21!

where aD is defined below,K̃(0,0) is given by Eqs.~19!,
~20!, and
n

a-

f
s
-

e

o-

ic

he

K152
113Ḡh̄23

h̄
S p

2
2

f ~ h̄ !

R~ h̄ !
D

6
11Ḡh̄23

R~ h̄ !2 S h̄

R~ h̄ !
f ~ h̄ !21D , ~22!

K25Ḡh̄23S 22
p

4
h̄ D ,

for Ḡ,h̄,1 @upper sign, f (h̄)5arcosh̄# or Ḡ,1, h̄.1
@lower sign, f (h̄)5arcoshh̄# and

K152
113Ḡh̄23

h̄
H p

2
22

Ḡ21

R~ Ḡ !
2

1

R~ h̄ !
~arcoshh̄

22 artanhR!J 2
11Ḡh̄23

h̄
H 2

Ḡ~ Ḡ21!

R~ Ḡ !3
2

1

R~ h̄ !

3F h̄

R~ h̄ !2
~arcoshh̄22 artanhR!1

R
12R2S Ḡ2

R~ Ḡ !2

1
h̄2

R~ h̄ !2D 2
h̄

R~ h̄ !
G J , ~23!

K25
3

h̄3S 2

3
h̄211D @Ḡ2R~ Ḡ !#2

1

2
hR~ Ḡ !S 2

3
h221D

2h̄ḠS p

4
2

Ḡ21

R~ Ḡ !
D 1

1

h̄3H F Ḡ

R~ Ḡ !
S 2

3
h̄211D2

4

3
h̄2G

3@Ḡ2R~ Ḡ !#1
1

2
h

Ḡ2

R~ Ḡ !
S 2

3
h221D

12h̄ḠFp

4
2

Ḡ21

R~ Ḡ !
S 11

Ḡ

2R~ Ḡ !2D G J ,

for Ḡ,h̄.1 andDTc /Tc(Ḡ21)!1. The last condition ex-
presses the fact that the calculation is not valid in the imm

diate vicinity of Ḡ51. Equation~21! containsaD , which is
the IC of the order parameterD. In strong-coupling systems
aD has to be calculated numerically using Eliashberg’s eq
tions. In the following we calculate the IC in the framewo
of the BCS model whereaD can be calculated analytically
Indeed, from the relations

lnS D

D0
D55

2
p

4
Ḡ : Ḡ<1

2 ln@Ḡ1R~ Ḡ !#

1
R~ Ḡ!

2Ḡ
2

Ḡ

2
arctanR~ Ḡ !21 : Ḡ.1,

~24!
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derived by Abrikosov and Gor’kov@D05D(T50,Gs50) is
the order parameter in the absence of magnetic impurit#
one obtains

aD5aD05 S 12
p

4
Ḡ D 21

: Ḡ<1

F12
Ḡ

2
arctanR~ Ḡ !212

R~ Ḡ!

2Ḡ
G21

: Ḡ.1.

~25!

In the BCS approximation one further hasaD0
5a0, where

the last quantity was defined before as the IC ofTc0, that is,
in the absence of magnetic impurities. As for the calculat
nearTc , the isotope coefficientbm at T50 is independent of
any free parameter. Indeed,Gs is determined by the
Abrikosov-Gor’kov equation relatingTc and Tc0, whereas
G2 ~the direct scattering amplitude! is determined via
normal-state properties of the material. Thus the relat
bm(Tc) is also universal atT50.

Since the penetration depthd does not depend explicitly
on Tc at T50 @see Eqs.~19! and ~20!#, bm(T50) is inde-
pendent of the isotope coefficienta. Consequently, the con
tributions of magnetic impurities and the nonadiabatic ch
nel to the IC ofd are simply additive atT50. This has to be
seen in contrast to the calculation of the last section p
formed nearTc . In the following we neglect the additive
nonadiabatic additive contribution and show onlybm .

The numerical calculation ofbm from Eqs.~21!–~25! is
shown in Figs. 4~a! and 4~b! as a function ofTc ~that is of the
magnetic impurity concentration! for two values of the ratio
h5G2 /Gs(.1). Figure 4~a! displays the case of a conven
tional superconductor and Fig. 4~b! was obtained with pa-
rameters corresponding to the situation of high-tempera
superconductors. The result shows that in analogy with
IC of Tc in the presence of magnetic impurities and with t
calculations of the last section,ubm(T50)u increases with
increasing magnetic impurity concentration. However,
two coefficientsa andb have opposite signs.

There are two main differences between the situation
conventional and high-temperature superconductors. On
one hand, the isotope coefficientbm at T50 K of high-Tc
superconductors remains small over a relatively large c
centration range of magnetic impurities. The effect becom
sizable in the gapless regime. The increase ofubm(T50)u is
much larger at low doping for conventional superconducto
As a consequence, on the other hand, the effect of the
rameterh is sizable only in the case of conventional sup
conductors and in the low impurity concentration regim
The calculations suggest also that for both types of super
ductors the largest effect is observed at lowTc where the

superconductor is in the gapless state (Ḡ,h̄.1). The values
of the IC are then of the same order as those of the IC ofTc .
It would be interesting to perform experiments both on co
ventional and high-temperature superconductors. As
cussed before, Zn- or Pr-doped YBCO are interesting ca
dates since the IC ofTc as a function of doping~which is
necessary in order to calculateb tot5bph1bm1bna) is
known in both cases.2,4,5
s
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IV. ISOTOPE EFFECT OF d IN PROXIMITY SYSTEMS

In this last section we consider another physical situati
a proximity system, in which a factor not related to latti
dynamics induces an IE of the penetration depth. We h
shown in Ref. 2 that the presence of a normal film on
superconductor induces a change in the IC ofTc . Here we
show that it also induces an isotopic shift ofd. We study a
proximity system of the typeS-N, where S is a weak-
coupling superconductor andN is a metal or a semiconducto
~e.g., Pb-Ag!. Let us noteTc0 the value of the critical tem-
perature for an isolatedS film. As is known, the proximity
effect leads to a critical temperatureTc that differs fromTc0
~see, e.g., Refs. 2 and 23!. The proximity effect also affects
the shielding of a weak magnetic field. The most drama
effect of the normal layer on the penetration depth is see
the low-temperature regime (T/Tc<0.3). Although the pen-
etration depth of a pure conventional superconductor
only weakly temperature dependent in this regim
(d21}A12T4/Tc

4) the presence of the normal layer induc
a temperature dependence through the proximity effect.

Consider a proximity systemS-N and assume thatd
,LN!jN ~which is certainly satisfied in the low
temperature regime sincejN5\vF /2pT; see, e.g., Ref. 24!,
whereLN andjN are the thickness and the coherence len

FIG. 4. ~a! Isotope coefficientbm for conventional supercon
ductors atT50 as a function of magnetic impurity concentratio
for G2 /Gs510 ~solid line! and 50~dashed!. a050.3. ~b! Isotope
coefficientbm for high-Tc superconductors atT50 as a function of
magnetic impurity concentration forG2 /Gs510 ~solid line! and 50
~dashed!. a050.025.
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of the normal film, respectively,~cf. Ref. 2 and reference
therein!. In this case, the penetration depthd has been cal-
culated by one of the authors:24

d235aNF, ~26!

whereaN is a constant depending only on the material pro
erties of the normal film~it is independent of the ionic mass!
and

F5pT(
n>0

1

xn
2pn

211
, pn511«tAxn

211. ~27!

xn5vn /eS(T) with vn5(2n11)pT ~the Matsubara fre-
quencies! andeS(T) is the superconducting energy gap ofS.
In the weak-coupling limit considered here,eS(0)5«pTc0
with «.0.56. The dimensionless parametert5l /S0 with
l 5LN /L0 and S05G0 /pTc0 (G0;1/L0 is the McMillan
parameter25!. LN andL0 are the thickness of the normal film
and some arbitrary thickness, respectively,~in the following
we takeL05LS , the thickness of the superconducting film!.

Sinced depends nonlinearly onTc0 ~through the proxim-
ity parametert), the penetration depth will display an isotop
shift due to the proximity effect. From Eq.~26! one can
calculate the isotope coefficientbprox @as defined by Eq.~1!#
of the penetration depth due to the proximity effect:

bprox52
2a0

3F (
n.0

xn
2pn

2

xn
2pn

211
S 12

«t

pnAxn
211

D , ~28!

where a0 is the IC of Tc0 for the superconducting film S
alone.

This result has several interesting properties. First, it tu
out that the isotope coefficientsbprox anda0 have generally
opposite signs~see below!. Second, the IC depends on th
proximity parametert, that is on the thickness ratiol
5LN /LS of the normal and superconducting films and on
McMillan tunneling parameterG0.

The dependency on the ratiol has already been men
tioned in connection with the IE ofTc .2,3 Figure 5 shows the
isotope coefficientbprox as a function of the parametert for
fixed temperatures.ubproxu decreases with increasingt.
There are two ways to change the value oft;l /S0. One of

FIG. 5. Isotope coefficientbprox for a proximity system as a
function of t for T/Tc50.1 ~solid line!, 0.2 ~dashed!, and 0.3~dot-
ted!. a050.5.
-

s

e

them is an increase of the parameterl 5LN /LS ~e.g., an
increase of the thickness of the normal filmLN). Note that
there is a lower boundl min to the value ofl , since it was
assumed thatd,LN to obtain Eq.~26!.24 The IC ubproxu
decreases with increasing thickness ratio~Fig. 5 then corre-
sponds to the valuesS050.2 for l P@l min,1#). However,
the higher the temperature the smaller the decrease ofbprox ,
which then rapidly reaches saturation with increasing thi
ness.

Instead of changing the thickness ratiol one can vary the
parameterG0. One possibility is to use different films, an
other is to modify the quality of theS-N interface. Figure 5
then implies that theubproxu decreases with decreasing tu
neling parameterG0. It would be interesting to perform an
experiment where the isotope effect ofTc and d are deter-
mined for a proximity system with different values of th
thickness ratiol .

Note that the result~28! has another interesting featur
one can see that the isotopic shift of the penetration dept
temperature dependent. Figure 6 shows the temperature d
pendence ofbprox for two sets of parameters. The two upp
curves are obtained forS050.2 and two thickness ratiosl
50.5, 1; the two lower curves are forS051 andl 50.5, 1.
From Fig. 6 one concludes thatubproxu increases with in-
creasing temperature. Furthermore, a weak tunneling
tween the superconducting and the normal film~smallerS0)
induces a strong temperature dependence. Finally, the
perature range over which the IC remains unchanged
broader for a larger, rather than a smaller, tunneling par
eter.

Therefore, the presence of a normal layer on a superc
ductor induces an isotope shift of the penetration dep
Moreover, in a proximity system the IC depends on t
thickness ratio and the temperature. The values of the iso
coefficient are such that they are measurable in conventi
and high-temperature superconductors.

V. CONCLUSION

We have shown that the value of such a fundamental
rameter as the penetration depthd depends on isotopic sub
stitution. This unconventional dependency is caused b
number of factors not related to the pairing mechanism.

FIG. 6. Isotope coefficientbprox for a proximity system as a
function of T/Tc for S050.2: l 51 ~dashed!, l 50.5 ~solid!, and
S051: l 51 ~small dots!, l 50.5 ~dotted!. a050.5.
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At first, we focused on the nonadiabatic IE. This effe
manifested in the dependence of the charge-carrier con
tration on the ionic masses for doped systems such
cuprates,1,2 leads to a noticeable isotopic shift of the penet
tion depthd. For this case, we established a general rela
between the isotope coefficient ofTc and of d for London
superconductors@see Eq.~10!#. The isotope coefficient ofd
is a constant independent of doping or temperature; we
termined its value for oxygen depleted and Pr substitu
YBa2Cu3O72d as well as for La22xSrxCuO4. Note that simi-
lar effects are expected in manganites10 where the charge
transfer processes also involve the nonadiabatic oxygen i

The presence of magnetic impurities also leads to a n
trivial isotope effect ford. We studied this effect for tem
peratures nearTc and atT50. It turns out that the coefficien
obeys a universal law; it is determined by the experimen
values ofTc in the absence and presence of magnetic im
rities @Eqs.~13! and~21!# as well as the isotope coefficient o
Tc in the absence of magnetic impurities. The combined
fect of magnetic impurities and nonadiabaticity was also d
cussed. Finally, we showed that the penetration depth
proximity systems also displays an isotopic shift. It is inte
esting that in the case of a proximity system or in the pr
.
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ence of magnetic impurities the IC ford is temperature de-
pendent.

All these effects should be measurable in conventio
and in high-temperature superconductors and several ex
ments were proposed. In the case of high-Tc materials it
would be of interest to study oxygen depleted YBa2Cu3O72d
as well as the Pr- and Zn-substituted systems, since the I
Tc has been successfully described in these materials~see
Refs. 1–3!. The case of Zn-substituted YBa2Cu3O61x is here
of special interest, since experiments show that the dep
sion of Tc is mainly due to the change in magnetic impuri
concentration and our theory is free of any adjustable par
eter in this case. Note, finally, that not onlyTc andd exhibit
the unconventional isotope effects studied here and in R
1–3, but any quantity that depends on the charge-carrier d
sity of the superconducting condensate and/or onTc ~e.g. the
specific heat!.
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