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Lattice excitations in icosahedral Al-Mn-Pd and Al-Re-Pd
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We report results of measurements of the specific heatCp(T) of a large Czochralski-grown single grain of
icosahedral Al68.2Mn9Pd22.8 and of a high-quality single-phase sample of icosahedral Al70Re8.6Pd21.4 in the
temperature range between 1.6 and 280 K. For icosahedral Al68.2Mn9Pd22.8, the cubic-in-T term to the low-
temperature specific heatCp(T) is distinctly larger than the expected acoustic-phonon contribution calculated
from the results of low-temperature measurements of the sound velocitiesv l and v t , thus indicating a large
excess specific heat Cex(T). The same conclusion can be reached for Al70Re8.6Pd21.4.
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I. INTRODUCTION

Since the discovery of highly ordered quasicrystals w
face-centered icosahedral symmetry and long-range qu
periodic order with structural coherence lengths up to4

Å,1–3 many theoretical and experimental investigations
their dynamical properties have been made. In these ma
als with long-range orientational order but only quasiperio
translational order, the common procedures based on p
odic boundary conditions for evaluating the lattice and el
tronic excitation spectra no longer apply. Only in the on
dimensional case, an exact solution of the acou
eigenmode problem has been found.4–6 Investigations of the
three-dimensional case revealed that eigenstates in quas
tals are always affected by an intrinsic decay rate and th
fore are never strictly localized ink space.5,7 The intrinsic
decay rate varies exponentially with the strength of the q
siperiodic potential and therefore in the long-wavelen
limit the intrinsic decay will be overshadowed by other d
cay mechanisms, such as phonon-phonon scattering du
the anharmonicity of the lattice oscillations. Inelas
neutron-scattering investigations on icosahedral Al-Mn-
revealed the existence of well-defined acoustic modes in
vicinity of strong Bragg reflexions. Several other broad d
persionless excitations at various energies up to 23 m
have been observed.8,9

The elementary excitations are directly related to the s
cific heat of a material. Therefore, measurements of the
cific heat may serve as a tool for gaining information on
elementary excitation spectrum of a solid. Among thermo
namically stable icosahedral quasicrystals, Al-Mn-Pd is o
of the very few systems for which quasicrystals are availa
as large single grains, and therefore, for Al-Mn-Pd quas
rystals the phonon properties have been investigated in g
detail.8,9 Face-centered icosahedral Al-Re-Pd can be
tained in the form of polygrained specimens which sho
depending on the composition, very low electrical cond
570163-1829/98/57~17!/10504~8!/$15.00
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tivities at low temperatures, comparable to those observe
doped semiconductors.10 Since no magnetic excitations ar
present at low temperatures, a precise evaluation of the
tice contribution to the total measured specific heat can
achieved. Therefore, Al-Re-Pd may be considered as a m
system for the investigation of nontrivial thermodynam
properties of nonperiodically structured materials.

No measurements of the specific heat in a wide temp
ture range up to room temperature have, to our knowled
been reported for the face-centered icosahedral quasicry
of the Al-Mn-Pd and Al-Re-Pd alloy systems. Below w
present the results of measurements of the specific
Cp(T) of a high-quality single grain of an icosahedr
Al68.2Mn9Pd22.8 quasicrystal, of a polygrain quasicrystal wit
the composition Al70Mn9Pd21, and of a large bulk sample o
icosahedral Al70Re8.6Pd21.4, covering the temperature rang
between 1.6 and 300 K. Parts of these results, particul
those forCp(T) below 15 K have been reported in previou
publications.11,12

II. SAMPLES AND EXPERIMENTS

The single grain of icosahedral Al68.2Mn9Pd22.8 was
grown with the Czochralski method from a melt of initia
composition 72.1 at.% Al, 20.7 at.% Pd, and 7.2% Mn. T
details of the sample preparation are described elsewhe13

The specimen has been checked by scanning electron
croscopy ~SEM! investigations and electron-probe m
croanalysis and was found to consist of one single pha
X-ray energy-dispersive spectroscopy yielded the final co
position 68.2 at.% Al, 22.8 at.% Pd, and 9 at.% Mn. T
homogeneity and single quasicrystallinity was checked
x-ray Laue diffraction at different orientations. The fu
width at half maximum of the sharp Bragg reflexions is lim
ited by the instrumental resolution and corresponds to a
relation length of several tenth ofmm. Transmission electron
microscopy~TEM! investigations revealed a very high d
10 504 © 1998 The American Physical Society
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57 10 505LATTICE EXCITATIONS IN ICOSAHEDRAL Al-Mn-Pd . . .
gree of structural perfection of the quasicrystal with neg
gible phason strains and confirmed the absence of pre
tates of other phases.13

The polygrain specimen of icosahedral Al70Mn9Pd21 was
synthesized from 99.997% pure aluminum, 99.91% pure
palladium, and 99.94% pure manganese. To provide ho
geneity, the sample was arc melted several times and su
quently quenched into water directly from 800 °C. The d
tails of the sample preparation and theCp(T) measurements
have been reported elsewhere.11

The sample of icosahedral Al70 Re8.6 Pd21.4, synthesized
from 99.999% pure aluminum, 99.9975% pure palladiu
and 99.94% pure rhenium, was arc-melted several times
nealed and subsequently rapidly cooled to room tempera
The details of the sample preparation were presented in
12. The x-ray powder patterns contained no traces of o
phases and the SEM investigation using backscattered
ages did not reveal any mass contrast, thus confirming
homogeneity of our sample. The selected-area elect
diffraction patterns confirmed a high degree of quasiperio
order and a very low density of phason defects.

The specific heatsCp(T) of these samples were measur
using two different experimental techniques in overlapp
temperature ranges. A standard relaxation technique was
ployed in the temperature range between 1.6 and 30 K.
temperatures between 15 and 300 K an adiabatic continu
heating calorimeter was used. Special care was take
minimize the radiation losses at elevated temperatures.14 The
temperatures in the range between 1.6 and 30 K w
reached using a pumped4He cryostat, and for those betwee
15 and 300 K, a conventional gas-flow4He cryostat was
used.

III. RESULTS AND DISCUSSION

A. Icosahedral Al-Mn-Pd

In Fig. 1 the measured total specific heatCp
sg(T) of a

single grain of icosahedral Al68.2Mn9Pd22.8 is shown as a

FIG. 1. Specific heatCp(T) of icosahedral Al68.2Mn9Pd22.8 as a
function of temperature between 1.6 and 280 K. The full circ
correspond to the specific heat of the single grain of Al68.2Mn9Pd22.8

and the empty circles to the polygrained sample~see text!. The
empty squares indicate the lattice contribution to the specific he
low temperatures~see text!. The inset shows the calculated diffe
ence betweenCp(T) andCV(T), due to thermal-expansion effect
as a function of temperature~see text!.
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function of temperature on logarithmic scales for the te
perature range between 12 and 300 K. In the same figure
show the measured total specific heatCp

pg(T) of the high-
quality polygrained sample of icosahedral Al70Mn9Pd21 in
the temperature range between 1.6 and 18 K. We note
theCp

sg(T) andCp
pg(T) data coincide in the overlap temper

ture range. Therefore we assume with some confidence
the low-temperature data of the polygrained sample also
resents the specific heat of the single grain material. T
open squares in Fig. 1 represent the remaining specific
Cp8(T) obtained by subtracting off estimates of the magne
contributionCm(T), and the electronic and tunneling stat
contribution (gel1gTS) T from the total measured specifi
heat. The evaluation of these terms is explained in deta
previous work.11 At temperatures near 300 K, the measur
specific heatCp is close to the Dulong-Petit expectation fo
Cph

V , the specific heat due to lattice excitations at const
volume. At high temperatures, dilatation effects cannot
neglected, and thereforeCph

V may differ substantially from
Cph

p , the lattice specific heat at constant pressure.
In order to evaluate the difference betweenCph

p (T) and
Cph

V (T) for icosahedral Al68.2Mn9Pd22.8, we recall that
Cph

p (T) is related toCph
V (T) as

Cph
p

Cph
V

2153aGT, ~1!

wherea is the linear thermal-expansion coefficient andG is
the Grüneisen constant related to the bulk modulusK as

G5
1

2F S ]K

]p D
T

21G . ~2!

We have calculated the ratioCph
p (T)/Cph

V (T) for icosahedral
Al68.2Mn9 Pd22.8 using (]K/]p)T as deduced from the re
sults of measurements of the elastic properties of a sin
grain of icosahedral Al-Mn-Pd reported in Ref. 15, and t
linear thermal-expansion coefficienta reported in Ref. 16,
including additional unpublished data.17 The result of this
calculation is displayed in the inset of Fig. 1 as the plot
(Cph

p /Cph
V )21. We note that the relative difference betwe

the measured specific heatCph
p and the calculated values o

Cph
V does not exceed 2% over the whole temperature ra

covered in this experiment.

1. Specific heat and vibrational excitations at low temperature
„T<15 K…

We first focus on the low-temperature variation ofCph
p (T)

where any difference toCph
V may safely be neglected. Below

we useCph for Cph
p , the lattice specific heat at constant pre

sure p. The behavior of the specific heatCph of periodic
crystals for temperaturesT,0.02uD , whereuD is the Debye
temperature at very low temperatures, is well described
the Debye model, i.e., assuming no dispersion in the vib
tional excitation spectrum. For periodic crystals this assum
tion is well justified in the long-wavelength limit, i.e., whe
lph@a, wherea is the lattice parameter. Although for qua
sicrystals no strict definition of a three-dimensional latti
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10 506 57CH. WÄLTI et al.
parameter is possible, we expect, that also for them
Debye-type approximation holds whenlph@b, whereb is
the characteristic size of the structural motif. A natu
choice forb in icosahedral quasicrystals is the diameter of
icosahedral cluster which is of the order of 20 Å.18

In Fig. 2 we show the measured specific heat
Al68.2Mn9Pd22.8 plotted asCp /T3 vs T as full circles. The
open squares representCp8/T

3. From the plot of the ratio
Cp8/T

3 versus temperature it is possible to identify the dev
tions from the low-temperature Debye-type behavior

CD~T!5
2p2kB

4

5\3vs
3

T3. ~3!

Herevs is the weighted average

3

vs
3

5
1

v l
3

1
2

v t
3

~4!

of the sound velocitiesv l and v t for the longitudinal and
shear waves, respectively. Using the low-temperature va
of v l and v t reported in Ref. 15 we obtainvs54.09
3105 cm s21 for the average sound velocity of icosahed
Al68.2Mn9Pd22.8. This valuevs is compatible withCD /T3

51.6331025 J g-atom21 K24, which is indicated as a shor
horizontal solid line at the left margin of Fig. 2. We conclu
that for icosahedral Al-Mn-Pd, the cubic-in-T term to the
specific heat, represented by the empty squares in Fig. 2
in the limit of low temperatures, distinctly larger than th
Debye valueCD /T3 calculated from results of acoustic me
surements, suggesting a large excessT3 term to the specific
heat.

Large excess specific heatsCex of the lattice are very
common in amorphous solids. It has been suggested tha
these materials stationary anharmonic resonant modes
contribute a distinct excess cubic-in-T term to the specific
heat.19 The eigenvalue equation for the anharmonic reson
mode is similar to that obtained for a harmonic reson
mode produced by a force-constant defect,20 and therefore

FIG. 2. Specific heat of icosahedral Al68.2Mn9Pd22.8 plotted as
Cp(T)/T3 versusT ~full circles!. The empty squares represent t
lattice contribution at low temperatures~see text!. The horizontal
solid line indicates the Debye specific heatCD /T3, calculated from
measured sound velocities using Eq.~3!.
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the low-frequency density of states~DOS! is proportional to
v2. For icosahedral quasicrystals with face-centered icosa
dral structures, such as Al-Mn-Pd or Al-Re-Pd, it w
argued21 that the phonon-phason coupling may lead, in t
presence of large phason strain, to a softening of sh
acoustic waves and consequently to an increase of the cu
in-T term to Cp(T). TEM investigations of our
Al68.2Mn9Pd22.8 quasicrystal, however, revealed negligib
phason strain, and therefore the phason-phonon hypothe
not an obvious choice for explaining our observation.

As an alternative explanation we consider that the exc
cubic-in-T term toCp(T) of icosahedral quasicrystals migh
be of electronic origin. Icosahedral quasicrystalline pha
are thought to be stabilized through a Hume-Rothery-ty
mechanism, related with a pseudogap in the electronic D
at the Fermi energyEF .22 Electronic structure calculation
for rational approximants of various icosahedral quasicr
tals and various types of experiments reveal a depressio
the electronic DOS atEF .23–26 The calculations predict tha
the structure of the electronic DOS, even inside t
pseudogap, is modulated by a set of narrow spiky peaks w
a width of less than 10 meV.27

The contribution of electronic excitations to the speci
heat is given by

Cel5
]

]TE0

`

dE f~E,T!D~E!E, ~5!

where f (E,T) is the Fermi-Dirac function andD(E) is the
electronic DOS. Using the Sommerfeld expansion, Eq.~5!
reduces to

Cel5gT1belT
31O~T5!, ~6!

where the Sommerfeld constantg andbel are given by

g5
p2

3
kB

2D~EF! ~7a!

and

bel52
p4

90
kB

4D~EF!F15S D8~EF!

D~EF! D 2

221
D9~EF!

D~EF! G .
~7b!

Here,D8 andD9 are the first and the second derivatives
the electronic DOS with respect to the energy, respectiv
This approximation holds as long askBT!E0, where E0
describes the characteristic energy scale over whichD(E)
changes significantly.

In conventional metals,D(E) is a slowly varying function
of E nearEF , therefore bothD8 andD9 are small and theT3

correction to the usual electronic specific heatgT can be
neglected. For icosahedral quasicrystals, however, a st
variation of the electronic DOS close to the Ferm
energy23–27may lead to large values ofD8(EF) andD9(EF),
and consequently to large values ofbel . Although no experi-
ment has, so far, given a clear indication of the spiky featu
in the electronic DOS, we present below a crude estimat
the possible influence of narrow structures in the electro
DOS onCp(T).

Consider a parabolicly shaped minimum in the electro
DOS at the Fermi energy of the form
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D~E!5D~EF!F11S E2EF

D D 2G ~8!

with a widthD of 5 meV ~see Fig. 3!. The second derivative
of the electronic DOS given by Eq.~8! leads, using Eq.~7b!,
to aT3 term to the electronic specific heatCel , that is of the
same order of magnitude as the cubic-in-T excess specific
heatCex of icosahedral Al68.2Mn9Pd22.8.

Various experiments probingD9(EF) ~Refs. 28–31! have
indicated, however, that theD9(EF)/D(EF) ratios are sub-
stantially smaller than those which are compatible with
assumption that the observed excess specific heat is of
tronic origin. Among those are27Al NMR experiments,28–30

probing the temperature dependence of the spin-lat
relaxation-rate in various icosahedral quasicrystals, wh
have indicated strong deviations from the usual Korrin
type relaxation behavior (T1T)215const. observed in met
als. The temperature dependence of the spin-lattice re
ation rateT1, including terms to orderT3, is of the form32

1

T1T
}~11eT2!, ~9!

wheree is given by

e5
p2kB

2

3

D9~EF!

D~EF!
. ~10!

The D9(EF)/D(EF) ratios that are compatible with the re
sults of the mentioned experiments28–30 account for only a
few percent of the observed cubic-in-T excess specific hea
indicating that most likelyCex for the most part is of non-
electronic origin.

In what follows we therefore consider thatCex, the dif-
ference betweenCp8(T) and CD is caused by an enhance
lattice contribution, exceeding the expected acoustic spe
heat. In Fig. 4 we showCp8/T

35Cph/T3 vs T2 in the tem-
perature range between 1.6 and 14 K. The data are very
represented by an expression of the form

Cph5bT31dT5, ~11!

FIG. 3. Electronic model DOSD(E) nearEF .
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with the parametersb52.6331025 J g-atom21 K24 and d
59.2131028 J g-atom21 K26 as may be seen by the broke
line in Fig. 4.

The contribution of lattice vibrational excitations to th
specific heat is given by

Cph~T!5E dv g~v!
]

]TS \v

exp ~\v/kBT!21D , ~12!

whereg(v) is the density of vibrational states~DOVS!. The
temperature dependence of the low-temperature lattice
cific heatCph(T) given by Eq.~11! is compatible with the
low-frequency part of a DOVS of the form

g~v!5H av21bv4 for v<v0

0 for v.v0 .
~13!

The substitution of Eq.~13! into Eq. ~12! leads to a specific
heatCph(T) of the same form as given in Eq.~11! with

b5F9NAS kB

\v0
D 3

2
3b

5
v0

2S kB

\ D 3G4kBp4

15
~14a!

and

d56\bS kB

\ D 6 8p6

63
, ~14b!

wherev0 is given by

3NA5
a

3
v0

31
b

5
v0

5 . ~14c!

Thus, the lattice specific heat as given by Eqs.~11! and
~14a!–~14c! assuming a DOVS as given in Eq.~13! de-
scribes the measuredCph/T3 vs T curve at low temperature
very well ~see Fig. 4!. Both the upturn of the ratioCph/T3

and the subsequent maximum inCph/T3 are common for
amorphous solids,33 but have also been observed in high
ordered crystals with low-lying optical phonons.34,35This de-
viation of the specific heat ratioCph/T3 at low temperatures
from a constant value that is expected in the Debye-t
approximation, is most likely caused by a deviation of t
dispersion relationv(k) of the lowest transverse-acoustic
branches from the linear variationv}k. In a first approxi-

FIG. 4. Lattice contribution to the specific heat of icosahed
Al68.2Mn9Pd22.8 plotted asCph(T)/T3 versusT2 at low tempera-
tures. The broken line is a fit of Eq.~11!, as explained in text.
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10 508 57CH. WÄLTI et al.
mation the dispersion relationv(k) of the transverse acous
tical excitations can be expanded in a power series of
form

v~k!5v tk1ak3. ~15!

For most solids the coefficienta is negative.36 This simply
reflects the fact that the group velocity of the lattice exci
tions decreases with increasingk. For some periodic crystals
however, the coefficienta is positive. Examples are the A1
compound Nb3Sn ~Ref. 37! and Nb metal.38 For these mate-
rials with strong electron-phonon interaction, the unus
v(k) variation is thought to arise from the complex interpl
of interatomic elastic forces.39

The increase of theCph/T3 vs T curve could also be
caused by contributions from low-energy optical phono
For example, numerical calculations by de Wette a
Kulkarni40 revealed a contribution to the specific heat
YBa2Cu3O7 from dispersionless excitations with energiesn
5231012 Hz already at 6 K, whereCph/T3 starts to increase
considerably with increasing temperature.

In Fig. 5, we show the dispersion relation of the lowe
phonon branch of Al68.2Mn9Pd22.8 measured atT5300 K by
de Boissieu41 using inelastic neutron scattering. Measu
ments of the sound velocities at temperatures between
and 4 K byAmazit et al.15 revealed only small variations o
v t andv l upon cooling, of the order of a few percent. Ther
fore, we assume that in the temperature range between 1
300 K the coefficients of the dispersion relation do n
change significantly. In icosahedral quasicrystals, the low
phonon branch is transversal and doubly degenerate for
direction of the wave vectork. According to the previously
established ratiov l /v t51.8,15 the transverse modes of acou
tical excitations contribute more than 90% to the cubic-inT
term of the specific heat due to acoustic degrees of freed
Therefore, we can estimate the specific heat due to aco
excitations below 5 K using the dispersion relation shown
Fig. 5 within a few percent.

A fit of Eq. ~15! to thev(k) data, indicated as a broke
line in Fig. 5, yields the coefficienta5(23.960.1)
310211 cm3 s21 for the cubic-in-k term and v t5(3.75
60.1)3105 cm s21. In the acoustical limit, the dispersio
relation v(k) for quasicrystals with an icosahedral poin

FIG. 5. Dispersion relation of the transverse acoustic excitati
of icosahedral Al-Mn-Pd measured at 300 K~Ref. 41!. The broken
line is a fit of Eq.~15! to the data.
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group symmetry depends only on the absolute value ok,
leading to a DOVS of the acoustic modes of the form d
scribed by Eq.~13!, where thev4 term is given by

g4~v!5g4t~v!1g4l~v!52S 5a t

p2v t
6

1
5a l

2p2v l
6D v4.

~16!

According to neutron-scattering experiments on other qu
crystals, the parametersa t and a l are of comparable
magnitude.42 Therefore, the longitudinal term in Eq.~16!
does not exceed a few percent of the transversal contribu
Inserting the parametersa t and v t , obtained as describe
above, yields the parametersa51.8310217 s3 g-atom21

and b56.5310244 s5 g-atom21 of Eq. ~13!. Inserting a
and b into Eqs. ~14a!–~14c! leads to d52.531028

J g-atom21 K26 that is distinctly smaller than the corre
sponding valued59.231028 J g-atom21 K26 obtained from
the fit of Eq.~11! to the low-temperature specific heat, su
gesting the presence of a largeT5 excess specific heat that
of nonacoustic origin.

2. Density of vibrational states

In principle, the DOVS can directly be evaluated fro
results of inelastic neutron-scattering experiments. For n
monoatomic materials, however, these measurements
vide a generalized density of vibrational states~GDOVS!,
which is a normalized sum of the partial DOVS, weight
with the Debye-Waller factor, the concentration, the scat
ing cross section, and the atomic mass of each element in
sample. For Al-Mn-Pd materials, the corresponding weig
are fairly close to each other43 and in this particular case in
the limit of low frequencies, the GDOVS is expected to
close to the DOVS. The resolution of these experiments
pends on the energy and it decreases substantially for vi
tional excitation energies below'20 meV. In the low-
energy range, which cannot be accessed by neut
scattering experiments, the DOVS can, however,
calculated from the low-temperature specific-heat data.
Fig. 6 we show the GDOVS as a function of energy as
rived from inelastic neutron-scattering data.44 This GDOVS
was extrapolated to the energy range between 0 and 8 m
i.e., 0,v,1.21531013 s21, by using the proportionality
g(v);v2. Using Eq.~12!, we have calculated the specifi
heat Cph(T) inserting for g(v) the GDOVS as it follows
from Ref. 44. The result of this calculation is represented
the solid line in the inset of Fig. 6. Below 20 K, the lattic
specific heatCph(T) obtained from themeasured Cp(T) data
in the way described above, is distinctly smaller than
result of this calculation. This implies that the low-frequen
part of the GDOVS of Ref. 44 is not compatible with th
measuredCph(T) at low temperatures and we briefly discu
this discrepancy below. Similarly, the average soun
velocity deduced from the measured GDOVS, using
Debye-type low-frequency proportionalityg(v);vs

23v2

differs substantially from the average sound-velocity m
sured at low temperatures.15

Although Eq.~12! relatesCph with g(v), the DOVS can-
not be evaluated from the measured specific heat in an
ambiguous way. Nevertheless, because at low tempera

s
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only the low-frequency part of the DOVS contributes sign
cantly to the specific heatCph(T), the deviation of the spe
cific heatCph from the simpleT3 dependence of Eq.~3! can
be used to evaluate the deviation of the frequency dep
dence of the DOVS from thev2 Debye-type spectrum at low
frequencies.

Fitting the measured specific heatCph(T) with Eq. ~11!
provides the two parametersb andd. Inserting these param
eters into Eqs. ~14a!–~14c! yields a53.27
310217 s3 g-atom21 and b52.37310243 s5 g-atom21.
With these parameters, Eq.~13! leads to the low-frequency
DOVS that is drawn as a solid line in Fig. 6. The result
this calculation is substantially different from the GDOV
derived from inelastic neutron-scattering data,44 which is
most likely caused by the limited accuracy of the neutr
time-of-flight technique at low frequencies.

3. Intermediate temperatures„15 K<T<50 K…

We now turn to the behavior ofCph(T) at intermediate
temperatures, whereCph/T3 increases slowly with increasin
temperature and passes over a broad maximum center
approximately 25 K. In Fig. 7 we show the specific-heat ra
Cph(T)/T3 vs temperature between 10 and 200 K as obtai
from experiment~empty squares!. The full diamonds display
the same ratio that results from calculating the lattice spec
heat using Eq.~12! by inserting the low-frequency DOVS a
obtained from the low-temperature part ofCph(T) comple-
mented by the GDOVS of Ref. 44 for frequencies exceed
1.2131013 s21. The agreement at high temperaturesT
.50 K) is quite good. It may be seen, however, that
augmented DOVS still cannot explain the height of the bro
maximum ofCph/T3.

Theoretical investigations of the lattice dynamics of rat
nal approximants to icosahedral quasicrystals predict the
istence of a hierarchy of nondispersive stationary mo
around high-symmetry points corresponding to qua

FIG. 6. Generalized density of vibrational states~GDOVS! of
icosahedral Al71Mn10Pd19 per unit of frequency and per g-atom
~from Ref. 44!. The solid line indicates the low-frequency DOVS
as calculated from the low-temperature lattice specific heat~see
text!. The inset shows the lattice specific heat of icosahe
Al68.2Mn9Pd22.8 plotted asCph(T)/T3 versusT ~empty squares!. The
solid line indicates the specific heat calculated from the GDO
derived from neutron scattering experiments~Ref. 44! using Eq.
~12!.
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Brillouin-zone boundaries.45 Inelastic neutron-scattering
measurements on a single grain of icosahed
Al68.2Mn9Pd22.8 revealed, besides acoustic modes, the e
tence of a series of broad, 4 meV wide, dispersionless mo
at various energies up to 23 meV.8,9 Dispersionless phonon
modes in icosahedral Al68.2Mn9Pd22.8 have also been indi-
cated by optical experiments.46

The specific-heat ratioCstat/T
3 of a nondispersive station

ary mode with frequencyv shows, as a function ofT, a
maximum atTmax'0.2\v/kB . With this in mind we have
calculated the specific heatCph(T) using the same procedur
as described above, but by taking into account an additio
low-energy optical mode in the DOVS. The result is show
as full circles in Fig. 7. It may be seen that at intermedi
temperatures (T'25 K) the agreement between calculatio
and experiment may substantially be improved. This, in tu
suggests the presence of optical modes at low energies.
present calculation ofCph(T) is based on assuming an add
tional broad optical mode at an energy of 10 meV with
width of 1 meV.

B. Icosahedral Al-Re-Pd

The complete set of our specific-heat dataCp(T) of icosa-
hedral Al70Re8.6Pd21.4 as a function of temperature is show
in Fig. 8 on double logarithmic scales for the whole tempe
ture range covered in this work. The low-temperature par
these data in the range between 0.065 and 18 K has p
ously been reported in Ref. 12. At the lowest temperatu
the specific heatCp(T) is dominated by a nuclear hyperfin
contributionCN5AT22. The lattice contributionCph to the
specific heatCp below 5 K has been evaluated in Ref. 12 b
assuming that the main contributions to the specific heatCp
are from nuclear, electronic, tunneling states and lattice
citations

Cp~T!5~gTS1gel!T1bT31dT51AT22. ~17!

The solid line in Fig. 8 indicates a fit of Eq.~17! to the data
in the temperature range between 0.065 and 8 K, yielding

l

S

FIG. 7. Lattice contribution to the specific heat of icosahed
Al68.2Mn9Pd22.8 divided byT3 versusT ~empty squares!. The ratio
Cph(T)/T3, calculated using the GDOVS from Ref. 44, modified
low temperatures~see text and Fig. 6!, is shown by full diamonds.
The full circles indicate the calculatedCph(T)/T3 ratio using the
modified GDOVS and taking into account an additional, dispersi
less optical mode~see text!.
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parametersgTS1gel51.2531024 J g-atom21 K22, A58.23
31026 J g-atom21 K, b53.631025 J g-atom21 K24, and
d51.5231027 J g-atom21 K26.

TheCN contribution vanishes with increasing temperatu
asT22 and contributes less than 1% to the total specific h
Cp at temperatures above 1 K. The contributions to the s
cific heatCp from the electronic and tunneling states exci
tions cannot be determined separately. Both terms contri
a linear-in-T term to the specific heat and therefore, the l
tice contribution to the specific heatCp above 1 K can be
obtained by subtracting off a linear term. The result of t
evaluation of the quasilattice contribution to the specific h
Cph is indicated by full diamonds in Fig. 8. We note that f
temperatures between 5 and 300 K, the contribution to
specific heat varying linearly withT does not exceed 1% o
the total specific heat.

For icosahedral Al70Re8.6Pd21.4, the measured specifi
heatCp(T) at the highest temperatures reached in our exp
ment, is again close to the Dulong-Petit expectation. For
quasicrystalline material the difference betweenCph

V andCph
p

cannot be evaluated in simple ways, because neither the
expansion nor compressibility data are available at pres
Since the structure of icosahedral Al70Re8.6Pd21.4 is similar to
that of icosahedral Al68.2Mn9Pd22.8, there are no reasons t
expect the dilatation and compressibility effects of icosa
dral Al70Re8.6Pd21.4 to be substantially different from thos
of icosahedral Al68.2Mn9Pd22.8. Thus, we assume the differ
ence betweenCph

V andCph
p to be of the same order of mag

nitude as in icosahedral Al68.2Mn9Pd22.8, not exceeding a
fraction of 2% in the whole temperature range covered in
work.

In Fig. 9, we show the quasilattice contribution to t
specific heat of Al70Re8.6Pd21.4 divided by T3, versus tem-
perature on double logarithmic scales. Analogous
Al68.2Mn9Pd22.8, the specific-heat ratio Cph/T3 of
Al70Re8.6Pd21.4 shows a maximum atT'25 K. As men-
tioned above, the quasicrystal structure of icosahe

FIG. 8. Specific heatCp(T) of icosahedral Al70Re8.6Pd21.4 as a
function of temperature between 0.07 and 280 K~empty diamonds!.
The full diamonds indicate the lattice contribution to the spec
heat at low temperatures. For temperatures above 5 K the linear
contribution to the specific heat resulting from the tunneling sta
and electronic excitations (gel1gTS) T is negligible in comparison
to the quasilattice contribution~Ref. 12!.
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Al70Re8.6Pd21.4 is similar to the structure of icosahedr
Al68.2Mn9Pd22.8. Although the atomic weight of Re is large
by a factor of 3 than the atomic weight of Mn, the ratio of th
mass densityrR of Al70Re8.6Pd21.4 to the mass densityrM of
Al68.2Mn9Pd22.8, rR/rM51.25, is close to unity. Assuming
that the elastic constants in Al68.2Mn9Pd22.8 and
Al70Re8.6Pd21.4 quasicrystals are of similar magnitude w
may estimate the sound velocity of icosahed
Al70Re8.6Pd21.4. A simple renormalization of the averag
low-temperature sound velocity of icosahedr
Al68.2Mn9Pd22.8 ~Ref. 15! using the mass density ratio men
tioned above yieldsvs53.73103 m s21 for icosahedral
Al70Re8.6Pd21.4. This value of the sound velocity is compa
ible with CD /T352.231025 J g atom21 K24, which is dis-
played as a horizontal solid line on the left margin of Fig.
The comparison with experiment again suggests a consi
able excess specific heatCex at low temperatures in icosahe
dral Al70Re8.6Pd21.4, as noticed before for Al68.2Mn9Pd22.8.

In order to compare the quasilattice contributions to
specific heatCph(T) of the two icosahedral quasicrystallin
compounds Al70Re8.6Pd21.4 and Al68.2Mn9Pd22.8 in the tem-
perature range where the maximum inCph/T3 occurs, we
plot the normalized specific heatCph/(bT3) versus the nor-
malized temperatureT/uD in the inset of Fig. 9. The maxima
of the Cph/(bT3) ratios for both icosahedral quasicrysta
occur at the same reduced temperature, but the height o
maximum is distinctly larger in the case of Al68.2Mn9Pd22.8,
suggesting a stronger influence of a low-energy optical m
in Mn alloys than in the Al70Re8.6Pd21.4 quasicrystal.

IV. CONCLUSIONS

The specific heat of both icosahedral Al68.2Mn9Pd22.8 and
Al70Re8.6Pd21.4 has been measured in the temperature ra
between 1.6 K and room temperature. For both materials,
quasilattice contributionCph(T) to the specific heatCp(T) is
characterized by a broad maximum of theCph/T3 vs T curve

s

FIG. 9. Lattice contribution to the specific heatCph(T) of icosa-
hedral Al70Re8.6Pd21.4 plotted asCph/T3 versus temperature. Th
horizontal solid line indicates the Debye specific heatCD /T3, cal-
culated from estimates of the sound velocities using Eq.~3! ~see
text!. The inset shows the normalized specific-heat ra
Cph(T)/(bT3) versus the normalized temperature~see text! of
icosahedral Al70Re8.6Pd21.4 ~full diamonds! and icosahedral
Al68.2Mn9Pd22.8 ~empty squares!.



-

e

e
-

d
ti
e
a

-
th

os-
i-

t
at

he
s-

57 10 511LATTICE EXCITATIONS IN ICOSAHEDRAL Al-Mn-Pd . . .
at T'25 K. Below 15 K,Cph(T) of both materials can ad
equately be described by an expression of the formCph
5bT31dT5. The absolute value of the maximum of th
Cph/T3 vs T curve of Al68.2Mn9Pd22.8 can well be described
by the presence of an optical mode at an energy of 10 m

At the lowest temperatures, the experimental cubic-inT
term toCph(T) for both icosahedral Al-Mn-Pd and Al-Re-P
quasicrystals is distinctly higher than the expected acous
phonon contribution, indicating a large excess specific h
Cex. Part of this excess specific heat might be due to
unusually large cubic-in-T contribution of the electronic spe
cific heat caused by a distinct and narrow minimum in
a
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s.

.
on
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e

IM
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at
n

e

electronic DOS at the Fermi energy, but we estimate a p
sible contribution of that type to be quite small. The dom
nating part of the excess cubic-in-T term to the specific hea
is most likely due to nonpropagating lattice excitations th
do not manifest themselves in acoustical experiments.
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