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Low-temperature properties of the spin-1 antiferromagnetic Heisenberg chain
with bond alternation
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We investigate the low-temperature properties of the spin-1 antiferromagnetic Heisenberg chain with bond
alternation by the quantum Monte Carlo method~loop algorithm!. The strength of bond alternation at the
gapless point is estimated asdc50.259560.0005. We confirm numerically that the low-temperature properties
at the gapless point are consistent with field-theoretical predictions. The numerical results are compared with
those of the spin-1/2 antiferromagnetic Heisenberg chain and recent experimental results for
@$Ni~333-tet!~m-N3!%n#(ClO4)n @333-tet5tetraamineN,N8-bis~3-aminopropyl!-1,3-propanediamine#.
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I. INTRODUCTION

For one-dimensional quantum spin chains, there are s
theoretical predictions that have been confirmed experim
tally. One example is the Haldane conjecture.1 Haldane in-
vestigated the O~3! nonlinears model, and predicted that a
excitation gap opens for integer spin chains but not for h
odd integer spin chains. This conjecture was confirmed
numerical calculations,2–4 and the Haldane gap was observ
experimentally.5–7 Another example of such theoretical pr
dictions is the presence of logarithmic corrections at v
low temperatures for the spin-1/2 antiferromagnetic Heis

berg chain (S12AH). This feature was predicted by th
renormalization-group approach8,9 and was confirmed nu
merically by the Bethe ansatz.10 Later, this behavior was
observed experimentally.11 In this way, the presence of loga
rithmic corrections at very low temperatures for the spin-
antiferromagnetic Heisenberg chain was established.

There is another interesting prediction that has been
served experimentally quite recently.12 This is the so-called
Affleck-Haldane conjecture.13,14 Affleck extended Haldane’s
argument to the bond-alternating chains, and predicted
there will be 2S gapless points for the spin-S antiferromag-
netic Heisenberg chain with bond alternation. Later, for
spin-1 case, the central chargec at the gapless point is est
mated asc.1 by numerical calculations.15–17 This implies
that the low-lying excitations at the gapless point are
scribed by the levelk51 SU~2! Wess-Zumino-Witten
~WZW! model. As a result, the same qualitative low
temperature properties as those of the spin-1/2 antiferrom
netic Heisenberg chain are expected at the gapless p
Recent experiments for @$Ni~333-tet!~m-N3!%n#(ClO4)n
@333-tet5 tetra-amine N,N8-bis~3-aminopropyl!-1,3-propane-
diamine# show that this compound has a structure that
effectively described by the spin-1 antiferromagnetic Heis
berg chain with bond alternation~S1BA!,18 and that the be-
havior of the uniform susceptibility is close to what is e
pected at the gapless point.12 Thus, this compound is
570163-1829/98/57~2!/1046~6!/$15.00
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probably an experimental realization of the gapless poin
the Affleck-Haldane conjecture. In order to clarify this fe
ture in more detail, it is necessary to show explicitly how t
uniform susceptibility behaves in the low-temperature
gime for S1BA at the gapless point. Hence, the purpose
this paper is to clarify the range of temperatures for wh
the field-theoretical prediction is valid, and to what exte
S1BA can explain the low-temperature properties of t
compound.

For the gapless point of S1BA, Singh and Gelfand appl
a series expansion technique, and estimated the critical v
of the strength of bond alternationd as dc50.2560.03.19

Later, Kato and Tanaka applied the density-matrix renorm
ization group~DMRG! method, and obtained clear eviden
of the Affleck-Haldane conjecture.15 They estimated the
critical valuedc more accurately asdc50.2560.01. As for
the excitation spectrum, Yamamoto performed the quan
Monte Carlo simulation~world-line algorithm!, and obtained
the dispersion relation.16 Totsukaet al. investigated the low-
lying excitation spectrum by exact diagonalization, and a
lyzed the results using the conformal field theory.17 They
estimated the critical value ofd asdc50.25460.008.

Before investigating the low-temperature properties at
gapless point, we have to determine the critical value od
more accurately. In Sec. III, we estimatedc from the low-
temperature behavior of the uniform susceptibility and
staggered susceptibility. In Sec. IV, we analyze the lo
temperature properties of S1BA at the gapless point base
the field-theoretical prediction. Comparisons with numeri
results of the spin-1/2 antiferromagnetic Heisenbe
chain are also made. In Sec. V, the numerical res
are compared with recent experimental results
@$Ni~333-tet!~m-N3!%n](ClO4)n .

In the present paper, we consider S1BA defined by
following Hamiltonian:

H5J(
i

@12~21! id#Si•Si 11 , ~1.1!
1046 © 1998 The American Physical Society
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57 1047LOW-TEMPERATURE PROPERTIES OF THE SPIN-1 . . .
where Si denotes the spin operator at sitei with spin one
(S51). The length of the chain and the temperature
denoted byL andT, respectively. We setJ51 as the energy
unit.

FIG. 1. Uniform susceptibilityx(q50;T) ~a! staggered suscep
tibility x(q5p;T) ~b! and the staggered structure fact
S(q5p;T) ~c! of S1BA as a function of temperatureT. The sym-
bols are 64-site data. The 96-site data for 0<d,0.25
(0.25,d<0.5) are joined by solid~dotted! lines. The thick solid
line corresponds to 96-site data ford50.25.
e

We use the quantum Monte Carlo~QMC! method~loop
algorithm!.20 The simulations have been performed in t
grand-canonical ensemble. We have typically run 63105

Monte Carlo steps for measurements after 63104 steps. We
have made extrapolation for the Trotter sliceDt (Dt→0) as
a1bDt2 using the data atDt.1/6, 1/7, and 1/8. The sys
tem sizes we have investigated areL532, 64, 96, 192, 320,
and 400. We have performed calculations up to inverse t
peratureb5100.

II. FINITE-TEMPERATURE PROPERTIES OF S1BA

First, let us look over global features of S1BA for finit
temperatures. Figure 1 shows the uniform susceptibi
x(q50;T), the staggered susceptibilityx(q5p;T), and the
staggered structure factorS(q5p;T) defined as

x~q50;T![
1

TL K S (
i

Si
zD 2L

T

, ~2.1!

x~q5p;T![
1

TL K S (
i , j

~21! iS~ i , j !
z /M D 2L

T

, ~2.2!

S~q5p;T![
1

L K S (
i

~21! iSi
zD 2L

T

, ~2.3!

whereS( i , j )
z denotes thez component of the spin at site (i , j )

in the (111)-dimensional space-time, andM is the number
of Trotter slices defined asM[b/Dt. Here,^•••&T denotes
the thermal average at temperatureT.

The uniform susceptibility x(q50;T) in the low-
temperature regime is fitted well byx(q50;T)
} (1/AT) exp(2D/T), except ford50.25, as shown in Fig. 2
This behavior is expected when the dispersion relation
E(q)uq→05aq21D,21 whereq is the momentum measure
from the lowest triplet state anda is a constant. Thus, excep
for d50.25, the low-energy excitation may be explained

FIG. 2. Uniform susceptibilityx(q50;T) of S1BA as a func-
tion of inverse temperatureb. The solid lines correspond to the fi
asx(q50;T)} (1/AT) exp(2D/T). Open and solid symbols denot
96-site data. Crosses denote 64-site data.
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1048 57KOHNO, TAKAHASHI, AND HAGIWARA
a magnon excitation with a finite excitation gapD.3,22 This
excitation gap D gradually decreases asd approaches
dc.0.25. As for the staggered susceptibilityx(q5p;T) and
the staggered structure factorS(q5p;T), the maximum
value becomes larger asd approachesdc.0.25. This behav-
ior is expected from the Affleck-Haldane conjecture and
consistent with various numerical results.15–17,23

III. ESTIMATION OF THE CRITICAL POINT

In this section, we accurately determine the critical va
dc . One criterion is based on the expectation that the u

FIG. 3. Uniform~a! and staggered~b! susceptibility of S1BA as
a function ofd. The bold lines are guides to the eye.
s

e
i-

form susceptibilityx(q50;T) reaches a maximum at th
critical point if the temperature is low enough. In Fig. 3~a!,
we show thed dependence of the uniform susceptibility. Th
maximum is located neard.0.2595 with little size and tem-
perature dependence.

Another criterion for the critical pointdc is that the stag-
gered susceptibilityx(q5p;T) is a maximum at the critica
point at sufficiently low temperatures.24 We show thed de-
pendence of the staggered susceptibility in Fig. 3~b!. Near
d.0.2595,x(q5p;T) also reaches a maximum with littl
size and temperature dependence. Thus, we estimate
critical value ofd asdc50.259560.0005.

In order to show the validity of this estimation, we com
pare the low-temperature behaviors ofx(q50;T) and
x(q5p;T) at d50.2595 with those atd50.250 and 0.255
in Fig. 4. This figure clearly shows thatd50.2595 is closer
to the critical pointdc thand50.250 andd50.255.

IV. LOW-TEMPERATURE PROPERTIES
AT THE CRITICAL POINT

In this section, we investigate the low-temperature pro
erties of S1BA at the critical point, assuming that it is d
scribed by thek51 SU~2! WZW model ~with a marginally
irrelevant operator!.10

FIG. 4. Uniform ~a! and staggered~b! susceptibility of S1BA
near the gapless point in the low-temperature regime.L5192.
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57 1049LOW-TEMPERATURE PROPERTIES OF THE SPIN-1 . . .
A. Uniform susceptibility

Before investigating the low-temperature behavior of
uniform susceptibility of S1BA at the gapless point, w
briefly review the case of the spin-1/2 antiferromagne

Heisenberg chain (S12AH) as an example that is described b
the k51 SU~2! WZW model. Figure 5 shows the temper
ture dependence of the uniform susceptibilityx(q50;T) for

S1
2AH.10 The dotted line corresponds to the fit assuming E

~4.1!, which is expected from the renormalization-gro
approach:8–10

FIG. 5. Uniform susceptibility x(q50;T) of S1
2AH for

0<T<0.2. The crosses denote the result obtained by Bethe an
cited from Ref. 10. The dotted line corresponds to the fit assum
Eq. ~4.1!. We chooseT052.3. Solid and open symbols denote t
data obtained by QMC loop algorithm. The inset showsx(q50;T)

of S1
2AH for 0<T<2. The solid line in the inset is obtained b

Bethe ansatz~Ref. 10!.

FIG. 6. Uniform susceptibility x(q50;T) of S1BA at
d50.2595 for 0<T<0.4. The data atT50 are obtained as
x(q50;T50)51/(2pv), where v52.4660.08 ~Ref. 16! and
v52.39 ~Ref. 17!. The dashed line corresponds to the linear
using the data for 0.02<T<0.2. The inset showsx(q50;T) for
0<T<5.
e

c

.

x~q50;T!5
1

2pv
1

1

4pv F 1

ln~T0 /T!

2
ln@ ln~T0 /T!11/2#

2@ ln~T0 /T!#2 G1o„1/@ ln~T0 /T!#2
….

~4.1!

The second term in Eq.~4.1! is the leading logarithmic cor-
rection term due to the marginally irrelevant opera
(}JWL•JWR). One of the features due to this logarithmic co
rection is the infinite slope in the low-temperature limit. As
result, naive extrapolation ofx(q50;T) asT→0, using the
data in the low-temperature regime (0.02&T&0.2), does not
coincide with the zero-temperature uniform susceptibil
x(q50;T50)51/(2pv).10 Another feature is the existenc
of an inflection point in the low-temperature regime. F

S1
2AH, the inflection point is nearT50.087.10

atz
g

t

FIG. 7. Staggered susceptibilityx(q5p;T) of S1BA at
d50.2595 in the low-temperature regime.~a! Linear plot and~b!
logarithmic plot. The solid line corresponds to the fit assuming
~4.2!. We estimateTx.8.9. The inset in~a! shows the inverse of
x(q5p;T). The inset in ~b! shows the logarithmic plot of

@x(q5p;T)T#2 for S1
2AH obtained by QMC loop algorithm. We

estimateTx.9.8 for S1
2AH.
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1050 57KOHNO, TAKAHASHI, AND HAGIWARA
Let us consider the S1BA case. Figure 6 shows the t
perature dependence of the uniform susceptibi
x(q50;T) for S1BA at the critical point (d50.2595). This
figure supports the existence of the logarithmic correction
the sense that naive extrapolation ofx(q50;T) as T→0
does not coincide with the zero-temperature uniform susc
tibility x(q50;T50)51/(2pv), and that there exists a
inflection point nearT.0.2. We have tried to fit the numer
cal data as Eq.~4.1!, and estimatedT0.0.34. This value of

T0 is smaller than that of S12AH by about one order of
magnitude.10

B. Staggered susceptibility and staggered structure factor

Next, we consider the low-temperature behaviors of
staggered susceptibilityx(q5p;T) and the staggered struc

FIG. 8. Staggered structure factorS(q5p;T) of S1BA at
d50.2595 in the low-temperature regime.~a! Linear plot and~b!
logarithmic plot. The solid line corresponds to the fit assuming
~4.3!. We estimateTS.20.6. The inset in~a! shows the inverse o
S(q5p;T). The inset in ~b! shows the logarithmic plot of

@S(q5p;T)#2/3 for S1
2AH obtained by QMC loop algorithm. We

estimateTS.21.5 for S1
2AH.
-
y

n

p-

e

ture factorS(q5p;T). For S1
2AH, Starykhet al. confirmed

that x(q5p;T) and S(q5p;T) in the low-temperature re
gime behave as follows:25

x~q5p;T!}T21@ ln~Tx /T!#1/2, ~4.2!

S~q5p;T!}@ ln~TS /T!#3/2. ~4.3!

Here, we consider the S1BA case. Figures 7 and 8 show
temperature dependence of the staggered susceptib
x(q5p;T) and the staggered structure factorS(q5p;T) for
S1BA at the gapless point in the low-temperature regim
These figures suggest that the low-temperature behavio
x(q5p;T) and S(q5p;T) for S1BA at the critical point

are qualitatively the same as those of S1
2AH. @For compari-

son, in the insets of Figs. 7~b! and 8~b!, we show the S12AH
case.# Thus, the behaviors ofx(q5p;T) and S(q5p;T)
also support that S1BA at the critical point belongs to t
universality class of thek51 SU~2! WZW model.

V. COMPARISON WITH EXPERIMENTAL DATA

In this section, numerical results are compared with
experimental data for @$Ni~333-tet!~m-N3!%n#(ClO4)n .12

Figure 9 shows the temperature dependence of
uniform susceptibility for the powder sample o
@$Ni~333-tet!~m-N3)%n](ClO4)n . The global feature of the
experimental data is very similar to that of the numeric
results for S1BA at the gapless point. This suggests that
compound is effectively described by S1BA near the criti
point. A small difference in the low-temperature regime m
be due to small anisotropy effects or off-criticality of th
compound.

.

FIG. 9. Uniform susceptibility x(q50;T) of
@$Ni~333-tet!~m-N3!%n#(ClO4)n ~open diamonds! ~Ref. 12! and that
of S1BA for d50.2595 ~solid diamonds!. The data atT50 are
obtained asx(q50;T50)51/(2pv), wherev52.4660.08 ~Ref.
16! andv52.39 ~Ref. 17!. The inset shows a closeup of the regio
for the low-temperature regime. We choose theg value asg52.46,
andJ/kB586 @K#.
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VI. SUMMARY

We have reported the numerical results for the spin-1
tiferromagnetic Heisenberg chain with bond alternat
~S1BA! obtained by quantum Monte Carlo~loop algorithm!.
We have estimated the strength of bond alternation at
gapless point asdc50.259560.0005. At the gapless poin
we have confirmed that the low-temperature properties
effectively described by thek51 SU~2! WZW model~with a
marginally irrelevant operator!. The numerical results fo
S1BA at the critical point well explain recent experimen
results for @$Ni~333-tet!~m-N3!%n#(ClO4)n , indicating that
this compound is close to the gapless point of the Affle
Haldane conjecture.

Note added in proof.After submission of this work, we
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received an e-print~cond-mat/9705179! from Kitazawa and
Nomura. They estimateddc50.2598 by exact diagonaliza
tion. Their estimation is quite consistent with ours.
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