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Theory of epitaxy at finite temperatures: An application to orientational phase transformations
on reconstructed Au„001… surfaces
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A new finite temperature epitaxy theory has been introduced which allows us to study epitaxy in systems
with nonadditive many-body potentials in finite temperatures. This method is applied to hexagonally recon-
structed Au~001! surfaces. We find rotated domains on the surfaces with rotation anglesu'0.72°, 0.86°, and
1.14°, depending on cluster size and shape. These rotated domains undergo orientational phase transformations
at temperatures below the melting temperature. We predict that the orientational phase transformations may be
accompanied by a reconstruction pattern transformation.@S0163-1829~98!05915-3#
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Epitaxial growth has been accomplished experiment
in a large number of systems including lattice-matched
mismatched systems.1–3 Recent advent of experimental tec
niques has made it possible to observe the structure of
taxial systems in microscopic level and various physical p
nomena on such systems. A number of theoretical effort
the literature has been made based on phenomenolo
models,4,5 numerical simulations,6,7 and ab initio
calculations.8 However, in many cases, these methods are
able to predict satisfactorily the energetics of epitaxy, es
cially as a function of system size and temperature. The
of systems and simulation times that can be studied b
numerical simulation or anab initio calculation are much too
small to be realistic. On the other hand, phenomenolog
models can handle much larger systems but have been
ited to zero-temperature calculation~rigid model!. Moreover,
they have employed the two-body additive interaction pot
tials that cannot predict an accurate surface energy~and ep-
itaxial energy at the same token!. Here we present a compu
tational method which allows a systematic calculation
epitaxial energy of large-sized commensurate and inc
mensurate systems in finite temperatures. This techniqu
then applied to Au~001! surface reconstruction. We find ro
tated domains with rotation anglesu'0.72°, 0.86°, and 1.14°
due to epitaxial matching effects. The rotated domains
dergo phase transformations at temperatures below the
melting temperatureTm . We predict that these phase tran
tions may be accompanied by a reconstruction pattern tr
formation from~53m) to ~53m8) wherem andm8 are in-
tegers between 20 and 30. These findings are, to the be
our knowledge, the first comprehensive theoretical pred
tions of the rotated domains and their phase transformati

An epitaxial configuration is obtained when free energy
the system is minimum at a coherent lattice-matching sit
570163-1829/98/57~16!/10115~5!/$15.00
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tion. Here the coherent lattice-matching situation occ
when lattice constant ratiojc ~5ba /bs) becomes a rationa
number in a one-dimensional interface whereba andbs are
lattice constants of overlayer and substrate lattices, res
tively ~for two-dimensional interfaces, it also depends
relative orientationu). At zero temperature with two-body
additive potential, obtaining an epitaxial configuration is r
duced to finding minimum overlayer-substrate (a2s)
interaction5 which can be written as Va2s

5(jc
(GW VGW (jc)dNa ,GW (uj2jcu), where a set of$GW % are two-

dimensional~2D! substrate surface reciprocal lattice vecto
VGW is the 2D Fourier transform of the interaction potenti
Na is a number of the overlayer atoms, anddNa ,GW is a d
function in the limit ofNa→`. However, in a more realistic
model with nonadditive interaction potential, the free ener
cannot be written in a simple form as above. Furthermore
finite temperature calculations, the magnitude of the cohe
matching peaks are temperature dependent. Thus epit
configurations at finite temperatures may differ significan
from the zero-temperature one. Although a quantitative
derstanding of thermodynamic behaviors of the epitaxial s
tems is very important for epitaxial growth, no clear-cut th
oretical scheme utilizing more accurate nonadditive ma
body potentials at finite temperatures has emerged.

In this paper, we introduce a theoretical method to stu
epitaxy at finite temperatures that addresses the issues r
above. The assumptions in this method are the following:~1!
lattice structure is maintained at all temperatures below
melting temperature although the lattice can be expand
contracted, and distorted homogeneously; and~2! effects due
to local lattice defects such as vacancies, interlayer ato
mixing, and local distortion are negligible~however, global
homogeneous lattice distortion, and sinusoidal corruga
10 115 © 1998 The American Physical Society
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10 116 57PAIK, CHOI, YOO, AND WHANG
and buckling are allowed!. Clearly, there are many local la
tice defects, intermixing, and surface roughening in a r
system. However, effects of these irregularities on aver
interfacial energy are much smaller than the lattice-match
effects which will be added up coherently at an epitax
configuration.~Otherwise the system may be too rough to
an epitaxial system.! In actual calculations these irregulari
effects are partially included by introducing two adjustab
parameters. As an example, we study Au~001! surface recon-
struction and orientational phase transformations on the
constructed surfaces. However, our methodology is q
general and can readily be applied to any epitaxial syste

The stable equilibrium configuration of a system at a
nite temperature can be found by minimizing free energy
the system. The total free energy of an epitaxial system
written as

F ~ tot!5Fs
~vib!1Fs1Fa

~vib!1F int , ~1!

whereFs
(vib) , Fs , Fa

(vib) , andF int are vibrational free energy
of the substrate, static interaction energy of the substr
vibrational free energy of the overlayer, and static interfac
energy, respectively. The vibrational free energiesF (vib)(bW )
5kBT(kW ,sln$2sinh@\vs(kW,bW)/2kBT#% can easily be calculate
as a function of corresponding lattice constants within
quasiharmonic approximation9 wherekB is Boltzmann con-
stant,s is an index for phonon modes, andvs(kW ,bW ) is the
phonon frequency of the appropriate lattice.

The static energy of the substrateFs is interaction energy
between the substrate atoms when no overlayer is pre
and can be calculated using the embedded atomic me
~EAM! -type many-body potential,10,11

Ui5Ei@r~rW i !#1
1

2 (
j Þ i

N

Vi j ~r i j !, ~2!

whereN, Ei@r#, r(rW i), andVi j (r i j ) are the number of atoms
a universal energy functional for thei th type of atom, a local
electron charge density at the position of thei th atom from
neighboring atoms, and a two-body repulsive potential,
spectively, andr i j 5urW i2rW j u. In a homogeneous substrate la
tice all the substrate atoms except the ones in the inter
have the same interaction energy and, consequently, the
strate static energyFs becomes just the number of substra
atomsNs times the interaction energy of each substrate a
Ui .

For the atoms in the interface, the interaction poten
cannot be readily summed up to calculate the static inte
cial energyF int . To calculate the static interfacial energy w
use the same method that has been employed in the z
temperature calculations with the two-body additive inter
tion potentials.5 In this method we utilize the lattice period
icity, and the charge density and the two-body potential
written in terms of Fourier series. Using these Fourier se
and the fact that the energy functionalEi is written in a form
of a spline fit10,11 ~all we need here is anexpandable func-
tion!, theF int is written as
l
e
g
l

e-
te
s.
-
f
is

e,
l

e

nt,
od

-

ce
ub-

m

l
a-

ro-
-

e
s

F int5Fa~bW a!1(
GW

@VGW ~z!1GGW ~z,raa!#Da~Na ,bW a ,GW ,u!

1(
KW

GKW ~z,rss!Ds~Ns ,bW s ,KW ,2u!, ~3!

whereKW , Ns , andz are the two-dimensional surface reci
rocal lattice vectors of the overlayer lattices, the number
the substrate atoms, and the interface layer distance, res
tively. The Fa(bW a) is interaction energy between atoms o
an isolated overlayer~i.e., without the substrate lattice!. The
raa (rss) is the local electron charge density at an atomic s
of the isolated overlayer~substrate! lattice. The functionsDa
andDs are the geometric functions which depend on size a
geometry of the overlayer cluster. The geometric functio
for various overlayer geometries can be found in Ref. 5. T
function GGW (z,raa) is written as GGW (z,raa)
5rGW (z)( l 51

` (1/l !)Ea
( l )@raa#@(GW 8rGW 8(z)# l 21, where the su-

perscript (l ) in the functionalE@r# denotes thel th deriva-
tive. The GKW (z,rss) is written in the same manner. Thes
functions are due to the nonadditivity of our interaction p
tential and, thus, did not appear in the previous additive
tential model calculations.5 Further details of this method
will be discussed elsewhere.12

As an application of this technique we study thermal b
haviors of reconstructed Au~001! surfaces. The EAM type
‘‘glue’’ potential11 is used for the interaction between A
atoms. The hexagonally reconstructed Au~001! surface is
particularly interesting because of the following reasons:~1!
the top-most layer can be treated as an epitaxial layer
lattice-mismatched interface;~2! existence of the rotated do
mains on the reconstructed surface must be clarified theo
cally; ~3! the experiments have predicted orientational ph
transitions13 but no clear theoretical explanation has be
made. It is well understood that a Au~001! surface recon-
struct to the~53m) hexagonal layer wherem varies between
20 and 30. The top-most layer is contracted about 3.5
slightly distorted, and buckled~but still shows epitaxial na-
tures!. Some x-ray experiments13 have predicted the rotate
domains with rotation angleu'0.5°, 0.8°, and 1.0°. Thes
domains undergo a phase transition aroundT50.75Tm .
However, other experiments14 using an electron microscop
have found a sheared lattice structure that might appear
rotated domainlike image in an x-ray experiment. There
limited numerical molecular-dynamics simulation15 and phe-
nomenological studies16 in the literature. The numerica
simulation study is limited to a very small system size, a
the phenomenological theory is based on a parametr
two-body potential at zero temperature in the limit of
infinite size system. Thus a more comprehensive explana
is necessary to understand the underlying physics of this
ject.

To obtain a stable equilibrium configuration of a Au~001!
surface we first examine various overlayer lattice structu
at T50 K. The hexagonal overlayer gives a lowest ener
configuration. A limited sinusoidal corrugation is accomm
dated by considering the hexagonal overlayer mesh as
interpenetrating rectangular lattice meshes: the atomic p
tions are (iba,x , jba,y), where i ( j )561,63, . . . , 6(2nx
21) @6(2ny21)] for one rectangular mesh; andi ( j )
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50,62,64, . . . ,62nx(62ny) for the other. The former
(2nx32ny) mesh is dz above the other (2nx11)
3(2ny11) mesh. The (ba,x ,ba,y) is a primitive lattice con-
stant vector of the hexagonal overlayer lattice. The heigh
the overlayer atoms are eitherz or z1dz alternatively~hence
the name of the ‘‘limited sinusoidal corrugation’’ !. More
general corrugation can be accommodated by dividing
hexagonal lattice into a larger number of the rectangu
meshes. However, for the sake of simplicity, we include t
general corrugation effect in two adjustable free parame
that will be introduced in a later paragraph. Here the norm
to the surface is defined as thez axis, and the@10# direction
of the square lattice and the@1̄1# direction of the overlayer
@along the ‘‘5’’ direction in the~53m) reconstruction pat-
tern# are chosen to bex axes of the substrate and the ove
layer, respectively.

The vibrational frequency of the substrate is calcula
considering the overlayer as a laterally uniform~averaged
over the layer! external charge and potential bath at the sta
equilibrium distance. The finite-size effects of the overlay
in the vibrational frequency are also neglected. We exp
that the error involved in this approximation is less than f
percents,17 and mostly on the high-frequency region whe
the contribution to the free energy is less significant. Sim
larly the vibrational frequency of the overlayer lattice is c
culated considering the substrate as an external bath at
distancez. In this way the frequency depends only on t
lattice constantsbW a , bW s , andz. The substrate lattice consta
bW s is calculated as a function of temperature by minimizi
the substrate free energy, and thermal expansion simila
the previous study11 is found.

For the interpenetrating rectangular overlayer mesh
interfacial free energyF int

~tot! is written as

F int
~ tot!5Fa~bW a!1Fa

~vib!~bW a ,ze ,T!

1(
GW

GGW
8 ~ze ,raa!DR~2nx11,2ny11,bW a ,GW ,u!

1(
GW

GGW
8 ~ze1dz,raa!DR~2nx,2ny ,bW a ,GW ,u!

1(
KW

GKW ~ze ,hrss!DR~nx
eff ,ny

eff ,bW s ,KW ,2u!, ~4!

where GGW
8 (ze ,ra)5VGW 1GGW (ze ,ra), ze5z1z0 is the

effective layer distance, and (nx
effny

eff) is a number of the
substrate atoms that are within interaction range of the o
layer. The geometric function DR(nx ,ny ,bW ,GW ,u)
5@sin(nxp)/sinp]@sin(nyq)/sinq#exp(iGW •rW0), where p
5(Gxcosu1Gysinu)bx/2, q5(2Gxsinu1Gycosu)by/2, and
rW0 is origin of the overlayer with respect to the substrat5

Here we introduce two free parametersh and z0 that are
adjusted to beh50.935 andz0520.0285 Å by comparing
the interface energy and the interface layer distancez to a
molecular-dynamics simulation result fornx5ny525.12 By
minimizing this free energy with respect to the overlay
lattice constants (ba,x ,ba,y), the relative orientationu, the
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layer distancez, and the corrugationdz, we obtain a stable
equilibrium configuration at a given temperatureT and the
substrate lattice constantbW s .

In Fig. 1 we show the contour plots of the interfacial fre
energyF int

~tot! as a function of the lattice constant ratiojx ~5
ba,x /bs,x) and the relative orientationu at T5300 K for:
nx510, ny540 ('803230 Å! in ~a!, and nx538, ny5152
~'3103880 Å! in ~b!. The best values for the other param
eters arez52.14 Å, dz50.1 Å, jy50.951 for thenx510
configuration, andz52.136 Å,dz50.1 Å, jy50.957 for the
nx538 configuration. The minimum free energies per ov
layer atoms are found to be23.965 eV fornx510, ny540
cluster and24.132 eV fornx538, ny5152 cluster. A gen-
eral feature in these figures is that the hexagonal overla
are contracted and slightly distorted, i.e., the contraction
tios are about 3.3% (jx50.967! and 4.3% (jy50.957! in the
x and y direction of thenx538 configuration, respectively
The contraction ratios for thenx510 configuration are 2.9%
(jx50.971! in thex direction and 4.9% (jy50.951! in they
direction. An interesting feature in this figure is that a rotat
phase (u560.86°) is a stable phase for the larger clus
@Fig. 1~b!#. We find three rotated domains with rotatio
angles u'60.72°, 60.86°, and 61.14° for cluster size
nx>35 ~'285 Å!. This rotation angle is found to be relate
to the overlayer contraction ratio and, hence, the reconst
tion pattern, i.e., for instance,u50.72°, 0.86°, and 1.14° cor
respond to~5328!, ~5323!, and ~5318! patterns, respec
tively. Similar relationship has been found in the two-bo
interaction potential model calculation at zero temperatur16

Since the size of the overlayer cluster may affect the cont
tion ratio, the rotation angle differs in different overlay
geometry. In experiments there are many clusters with
ferent shapes and sizes on a Au~001! surface. Thus all these
three rotated domains as well as the unrotated domain
expected to be observed simultaneously at low temperat
in an experiment. Our calculated rotation angles are sligh
larger than experimental values~60.5°,60.8°, and61.0°!.13

We think this slight discrepancy is due to inaccuracy of t
interaction potential and/or the approximations in our mod
and can be improved by using a more accurate interac
potential and/or including higher-order correction terms.

These rotated domains undergo the phase transforma
from a rotated phase to another rotated phase or to an u
tated phase, as temperature increases. In Fig. 2 the interf
free energyF int

~tot! is plotted as a function of the relative or

FIG. 1. The contour plots ofF int
~tot! as a function of the overlaye

lattice constant ratiojx and the relative orientationu at T5300 K
for ~a! nx510, ny540 ~803230 Å!; ~b! nx538, ny5152 ~3103880
Å!. The darker area represents the lower free energy.
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10 118 57PAIK, CHOI, YOO, AND WHANG
entationu for nx540 cluster at temperatures betweenT50 K
and 1100 K with 100 K increment. There are two pha
transformations in this figure: one fromu51.14° to 0.86° at
T'300 K, and the other fromu50.86° to 0.0° atT'800 K.
The transitions seem to be first-order transition but our c
rent calculation is not able to predict the exact type of
transition. Since all three rotated domains coexist at low
intermediate temperature regions due to many different s
and shapes of clusters on a surface, and the transition l
more like first order, it may be difficult to observe the tra
sition from one rotated domain to another rotated dom
~rotated-to-rotated! in an x-ray experiment. As mentione
above the rotation angle is related to the reconstruction
tern and, consequently, an orientational phase transforma
may be accompanied by a pattern transformation. We n
here that choice of the free parameterh may affect the tran-
sition temperature but the qualitative features does
change.

In Fig. 3 we plot a typical phase diagram that shows b
the rotated-to-rotatedand the rotated-to-unrotatedphase
transformations. The cluster in this diagram is a rectang
shape whose atomic rows in they direction are four times
that in thex direction. For a cluster smaller thannx'25
~'2053580 Å! an unrotated phase is only a stable phase
all temperatures. However for larger clusters rotated pha
are stable in the low temperature whereas an unrotated p
is the stable one in the high-temperature region. Thus
experiment may observe the phase transformations at

FIG. 2. The interfacial free energyF int
~tot! for a nx540 and

ny5160 ~3253925 Å! cluster as a function of relative orientationu
at various temperatures.
.
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perature below the bulk melting temperature, since a typ
size of terrain on the surface has been measured to be la
than 300 Å in the experiments.13,14 The transition tempera
ture varies with the cluster size and saturates atnx>90 to a
temperature close to the melting temperature. Conside
that a typical cluster size in an experiment is few hundre
angstrom, the experimental transition temperature 970 K
within our predicted range but a direct comparison with e
perimental values is not possible due to a lack of experim
tal studies of size-dependent orientational phase transitio
the literature. Other shapes of clusters may show differ
phase diagrams~for instance, there is no rotated-to-rotate
phase transformation in a square type cluster! but general
features are similar to the above. Further detail on this ma
will be discussed elsewhere.12

In conclusion we have developed a theoretical appro
in studying epitaxy in lattice-mismatched interfaces at fin
temperatures. An application of this theory to Au~001! sur-
face reconstruction predicts correctly the experimentally
served rotated domains. These rotated domains undergo
orientational phase transformations accompanied by the
multaneous pattern transformations at temperatures be
the melting temperature. Our predictions are in very go
agreement with the available experiments.13

This work was supported by the KOSEF through ASSR
We thank SERI for supercomputer time.

FIG. 3. The phase diagram for the orientational phase tra
tions. Hereny54nx . The lines are guides to the eye.
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