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Using exact diagonalizations, we consider self-consistently the lattice distortions in odd Peierls-Hubbard and
spin-Peierls periodic rings in the adiabatic harmonic approximation. From the tails of the inherent spin soliton
the dimerizationd` of regular even rings is found by extrapolations to infinite ring lengths. Considering a wide
region of electron-electron on-site interaction valuesU.0 compared with the band width 4t0 at intermediately
strong electron-phonon interactiong, known relationships obtained by other methods are reproduced and/or
refined within one unified approach: an example is the maximum ofd` at U.3t0 for g.0.5 and its shift to
zero forg→gc'0.7. The hyperbolic tangent shape of the spin soliton is retained for anyU andg&0.6. In the
spin-Peierls limit thed` are found to be in agreement with results of density-matrix-renormalization-group
computations.@S0163-1829~97!50142-1#

There is a longstanding debate on the interplay of the
electron-electron~el-el! interaction and the electron-phonon
~el-ph! interaction in conducting polymers liketrans-~CH!x .
Among a large amount of papers we refer here only to Refs.
1–6 devoted to the discussion of the origin of the observed
dimerizationd in the framework of the~extended! Peierls-
Hubbard model~PHM!. The PHM is regarded as the mini-
mal microscopic model for conducting polymers. Special
features of the interplay of on-site correlationU and off-
diagonal el-ph interaction have been pointed out first in Ref.
1. Employing the Gutzwiller approximation~GA!, it was
shown that for weak and intermediate el-ph interaction
strength, the dimerizationd passes through a maximum near
U'4t0 whenU is increased after which it is suddenly sup-
pressed. The geminal approach6 ~GEA! shows a smooth de-
crease ofd with increasingU in the opposite strongly cor-
related limit. According to extrapolations based on exact
diagonalizations~ED!2,3,5 the enhancement ofd due to U
predicted by the GA near the maximum is overestimated. In
Refs. 2 and 3 the infinite chain limitd` calculated using the
PHM was extrapolated from above~below! by 2n-membered
open chains (4n12- membered rings!. In the highly corre-
lated limit of the 1/2-filled band case the PHM can be
mapped onto the antiferromagnetic spin-1/2 Heisenberg
model~AFHM! and at low temperatures a spin-Peierls phase
is expected. Such dimerized phases have been observed for
CuGeO3 ~having CuO2 chains! anda8-NaV2O5. The CuO3
chains in Sr~Ca!2CuO3 are at the threshold to the
AFHM-limit. 7 In many cases of practical interest the actuald
is very small and no self-consistentdÞ0 is found in feasible
shortevenrings.

In the present paper we show that studies ofodd rings of
comparable lengths yield reliable estimates of lattice distor-
tions in infinite rings at arbitrary strength of el-el correlations
and reasonable strength of the el-ph interaction. We exploit

the generic property of neutral odd periodic rings that their
ground state is given by a spin soliton. The lattice distortions
for such a ring are shown schematically in Fig. 1. The bond
in front of the soliton center, i.e., between sitesN and 1, is a
long bond for whichaN1-a052u0[d.0 holds@aN1 (a0) is
the bond-length in the distorted~equidistant! state#. For large
N the region far from the soliton center tends to the regularly
dimerized state. Hence, varying the model parameters, in-
sight into the behavior ofd` may be gained already at finite
N from the study ofd. For short rings (N53,5, . . . ),d(N)
exceeds significantlyd` . This is the consequence of a strong

FIG. 1. Schematical view of the lattice distortions in 1/2-filled
odd rings.~Un!distorted sites are denoted bys (d).
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first-order Jahn-Teller effect.8 In Refs. 8 and 9 the total en-
ergy Etot of odd AFHM rings has been studied forfixedge-
ometries adopting rigid sharp soliton shapes. In our method
all bonds are optimized to yield the minimum of the total
energyEtot . The inherent soliton exhibits asmoothshape.
We illustrate our method considering the PHM and the
AFHM, where comparison with other reliable approaches is
possible. In particular, the density matrix renormalization
group is used to check the extrapolatedd` .

For the electronic partHel of the total HamiltonianH
5Hel1H lat we adopt the one-band extended PHM

Hel5(
i ,s

t i ,i 11~ci ,s
† ci 11,s1H.c.!

~1!

1(
i

~Uni ,↑ni ,↓1Vi ,i 11nini 11! ,

at half filling, where ci ,s
† creates an electron with spin

s561/2 at sitei , ni ,s5cis
† cis is the number operator, and

ni5(snis . We linearize the bond-length dependent transfer
integral t and the intersite el-el interactionV

ti ,i 1152~ t02gv i !, Vi ,i 115V2hv i , ~2!

where v i5ui 112ui , ui is the displacement of thei th site
relative to the undistorted state. In the adiabatic and har-
monic approximation the lattice partH lat reads as

H lat5~K/2!(
i

v i
2 , ~3!

whereK is the spring constant. Via the Hellmann-Feynman
theorem we obtainN self-consistent equations

Kv i5L/N22gPi ,i 111hDi ,i 11 , ~4!

whereL5( i(2gPi ,i 112hDi ,i 11) expresses the fixed length
constraint( iv i50, Pi ,i 11 being the bond order, andDi ,i 11
denotes the density-density correlators in the ground state
uG&

Pi ,i 115
1

2(s
^Guci ,s

† ci 11,s1H.c.uG& , ~5!

Di ,i 115^Gunini 11uG& . ~6!

The strength of the el-ph interaction can be measured by
the parameterg introduced as5

g5g/AKt0,1 . ~7!

Note that sometimes1 the related quantities defined as

lel-ph52g2/p, or lSSH52lel-ph. ~8!

are used. Values ofg;0.4 to 0.5 typical for conducting
polymers are regarded as weak to intermediate coupling con-
stants. Following Refs. 5 and 6 we shall use hereafter the
dimensionless dimerization defined as

d52u0AK/t0,1 . ~9!

The parameterd frequently used to describe the modulation
of the transfer integralt i ,i 115t0(11(21)i 11d) in the
dimerized state1–3 is related tod by d5gd. In the limit
U/t0@1 the low-energy physics of the 1/2-filled PHM ring
@Eq. ~1!# can be described by the AFHM

Hsp5(
i

Ji ,i 11SW iSW i 11 , with Ji ,i 11'
4t i ,i 11

2

U2Vi ,i 11
,

~10!

where the exchange integral is given to 2nd order perturba-
tion theory int0 /U. Using Eq.~2! we find

Ji ,i 115J02gspv i5J0@11~21! i 11dsp# , ~11!

wheregsp52gJ0 /t0 and dsp52gd characterizes the regular
spin-Peierls state forh50. We shall use the AFHM also out
of the limit U@t0 for the caseV50 adopting an effective
exchange integralJ5J(U/t0) given by the relationJi j
5(2/p)vspt i j and the spin velocityvsp taken from the Bethe-
Ansatz solution for the equidistant infinite Hubbard ring10

~hereaftera051, \51!

Ji ,i 115
4

p

t i ,i 11I 1~zi ,i 11!

I 0~zi ,i 11!
, zi ,i 115

2

pU
ti ,i 11 , ~12!

whereI n , (n50,1) are modified Bessel functions.
Using the Lánczos-method, the Hamiltonians@Eqs. ~1!

and~10!# have been diagonalized exactly for finite rings with
periodic boundary conditions starting with a given set
$vn,(0)%. The AFHM has been treated using the spinless fer-
mion technique11 resulting in analogous self-consistent equa-
tions as for the PHM. Then the corresponding ‘‘ground-
state’’ eigenvectoruG& has been used to calculate the next
set of lattice order parameters$vn,(1)% using Eq. ~4!. The
iteration was continued until the maximal deviations ofEtot
and allvn,( j ) between two iteration stepsj and j 11 became
smaller than the required accuracy of 1027 to 1028 ~see
Refs. 3 and 12!. Here rings composed of up toN513 sites
~PHM! andN523 ~AFHM! have been studied. The ED com-
puter limitations to rings where finite-size effects are still
important can be circumvented at least forevenmembered
regularly dimerized AFHM rings and reasonable el-ph~sp-
ph! interaction strength applying the density matrix renor-
malization group technique13 ~DMRG! with typical dis-
carded errors of the order 1026.

At first we consider the one-particle Su-Schrieffer-Heeger
model~SSH! ~PHM: U,V50! where very long odd rings can
be treated numerically. The infinite even ring problem is re-
duced to a transcendental equation ford` :

1

lSSH
5

K~k!2E~k!

k2
, with k5A12~gd`!2 , ~13!

whereK andE denote complete elliptical integrals. The re-
sults for up toN5601 sites are shown in Fig. 2. Starting
from smallN, d passes at first by a minimum atN.2j, the
width of a soliton in an infinite ring. For weak el-ph coupling
j@1, dmin /d`'0.86 at 2j/N'0.92. Below that minimum
all curves, for whichN.2j holds, approach a nearly univer-
sal curve, pass a very small maximum near 6j, and tend
finally to d` from above.14 Since for correlated problems
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only relatively short rings can be treated exactly, a strong
nonmonotonous behavior could cause problems in extrapo-
lating to d` . Fortunately, our calculations indicate that at
least in the AFHM limit the depth of the first minimum at
finite N is strongly suppressed.

Let us now consider how the on-site interactionU affects
d. As shown in Fig. 3 starting fromU50, d increases with
U and has a maximum atUmax;3t0 , after whichd starts to
decrease smoothly. Both behaviors are similar to the GA and
GEA predictions, respectively. Quantitatively, however, we
obtain Umax(g)'3.12t0 for g;0.5. For 0.5,g,0.6, Umax
starts to decrease. Finally, wheng→gc'0.7, Umax→0. For
comparison we note that the GA’s results areUmax'4t0 for
g,gc50.76. The ED results of Ref. 5 yieldgc50.7560.04
slightly above our result. Abovegc , there is no enhancement
of d due toU. Turning to larger rings, we first adopt a 1/N
extrapolation~dashed curve! and arrive at a rough lower
bound being crudest for smallU. An improved bound is
achieved connecting the exactU50 point with the 1/N ex-
trapolation upshifted to the AFHM limit~see below!. To
avoid an artificial minimum, we omit theU5t0 point. Thus
for g50.5 we obtain 0.174,d`,max&dN513'0.2. Instead the
GA6 givesdmax'0.31. ForU@t0 , g<0.5 thedPHM→dAFHM
from above. To compare ourd with the continuum model
result of Inagakiet al.,16 we rewrite their dimerization as

d5
g2

pA11k
S ]J0

]t0
D 2S t0

J0
D 1/2

→cg2S 4t0

U2VD 3/2

, ~14!

where c5(4/p)A2/3'1.04 for k50.5 @see Eq.~10! and
Refs. 15–18#. Applying Eq.~14! to intermediately correlated
cases, we adopt the effective exchange integralJ defined by
Eq. ~12! and arrive at ananalytic expression~the dashed-

dotted curve in Fig. 3!.18 Surprisingly it exhibits similar
shape and magnitude as the weak coupling (g<0.5) ED
curves. In particular itsUmax/t053.21 is close to 3.12 men-
tioned above. This suggests that even in the case of conduct-
ing polymers, being clearly outside the usual AFHM regime,
the dimerization is mainly governed by the~always present!
spin degrees of freedom and to less extent by the charge
degrees of freedom. In the usual caseU.2V, theV and its
derivativeh @see Eq.~2!# enhanced. For U@t0 ,V andh50
one can replaceU→U –V.

For long ringsN.2j, dN values close tod` can be ex-
pected. Thend5d(N) might be approximated by

d~N!5d`1(
l 51

l max Al

Nl
expS 2N

2j D1 . . . . ~15!

Note that in contrast with the general PHM case,d(N) for
4n and 4n12 AFHM rings can be described byonesmooth
curve.8 The deven→d` from below, just opposite to odd
rings. To be specific, we consider one typical example. We
estimate for the upper curve shown in Fig. 4,dodd,̀
50.0765,l max51, A1,odd'0.5 andjodd55.26. The even ring
curve tends from below to a slightly larger valuedeven,̀
50.078 andA1,even5211.8. The exponentjeven51.85 dif-
fers significantly from jodd. From the soliton shape
(21)nvn'dNtanh(n/jN), we deduced atN523, jN'5, dN
'0.08, whereas the continuum model17 yields j
53pt0 /(16J0g2)54.91. The fit of the even curve can be

FIG. 2. Reduced dimerization in odd SSH rings vs reciprocal
ring length 1/N for various el-ph interactionsg. The ring lengthN
is given in units of the soliton width 2j52/(gd`).

FIG. 3. Dimerization in the Peierls-Hubbard model vs on-site
energyU for the el-ph couplingg50.5. In deriving the improved
lower bound, Eqs.~13!–~15! have been used.
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somewhat improved adoptingl max54. Then with A15A3
50 and A2523.5, A4522040 one arrives at the same
j55.26 as in the odd case forl max51. Taking the DMRG
values forN560, we conclude that the accuracy of the soli-
tonic estimate ofd` is ;2 to 3%. The continuum theory16

@Eq. ~14!# predicts, fork50.5,d`50.07203, a value slightly
below our discrete results. According to our numerical find-
ing we would recommend to usek'0.279. Fitting alterna-
tively the curvature ofdodd at largeN by a parabola, one

arrives at an extrapolated very shallow minimum atfinite
ring length (Nmin'29 sites for the present parameters!. Then
the slightly smallerd`,odd compared withd`,even might be
viewed as a hint for a tiny minimum atfinite N generic for
dodd being the deepest in the SHH case~see Fig. 2!. Raising
g, the soliton becomes narrower. Thus at largeg any mini-
mum should be accessible by the ED. With increasingg the
dodd(1/N) curves become flatter. Small minima were de-
tected for g50.9, 0.85 atN5Nmin517, 21, respectively.
Anyhow, the 1/N extrapolation ofdodd (deven) from acces-
sible N<Nmin yields a lower~upper! bound ofd` .

To summarize, an efficient approach to the dimerization
problem of correlated 1D models has been presented. It is
based on exact diagonalizations of odd ring Hamiltonians
combined with a self-consistent treatment of the classical
lattice degrees of freedom. Known dependences of the bond
alternation on the el-el and el-ph coupling strengths obtained
by other approximations valid in different parameter regimes
have been reproduced and refined within one unified method.
The 1/N extrapolation to the infinite rings gives a lower
bound for any correlation strength. With the aid of the Bethe-
Ansatz solution for the spin velocity, even in the intermedi-
ate coupling regime a sizeable part of the dimerization can be
described by an effective spin-Hamiltonian gaining thus in-
sights in the dimerization mechanism of conducting poly-
mers. The DMRG is found to be a valuable supplementary
tool to our solitonic method.
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FIG. 4. Size dependence of the dimerizationd for even (s) and
odd (d) periodic spin-Peierls rings. Even rings are treated by ED
until N522. Thed for N528 to 60 are obtained by the DMRG.
The parameter set usedgsp50.4, J51/3, K51 corresponds toU
513, V5t051, h50, andg50.6 for the PHM. The full and the
dashed curves are the fits by Eq.~15!.
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