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It is found that the dc Josephson current in a ballistic superconductor–normal-metal–superconductor junc-
tion connected to an electron reservoir does not decay with the length of the junction if voltage is applied
between the reservoir and the junction. At finite temperature, this nonequilibrium Josephson current is propor-
tional to the applied voltage and saturates ateV.D at a level typical for the critical current of short junctions.
In asymmetric junctions the current-phase dependence isp periodic.@S0163-1829~97!50934-9#

Josephson coupling in superconducting junctions is deter-
mined by the properties of electron states in the normal re-
gion of the junction. Disturbance of these states due to tunnel
injection or electromagnetic irradiation significantly affects
the Josephson current.1,2 In this paper we address the possi-
bility of nonequilibrium long-range Josephson coupling in
long superconductor–normal-metal–superconductor~SNS!
junctions.

It is well known that the Josephson current in long SNS
junctions is strongly suppressed, being exponentially small if
the length of the junction exceeds the coherence length
jT .3–5 In mesoscopic junctions with large normal electron
phase breaking lengths, a paradoxical situation may occur
with superconducting correlations decaying more rapidly
than the coherence of normal electrons. Such behavior of the
Josephson current has indeed been observed in a number of
recent experiments.6,7 At the same time, the presence of co-
herent Andreev reflections on a scale greater than the coher-
ence length has been found in experiments on nonequilib-
rium transport in mesoscopic SNS junctions7,8 and discussed
theoretically.9 One may conclude from these studies that
long-range Josephson coupling is fundamentally allowed. In
this paper we show that it can be realized in ballistic three-
terminal SNS junctions similar to the one proposed by van
Weeset al.1 and Nakano and Takayanagi.10

It has been realized already in early works on the Joseph-
son effect in SNS junctions that the Josephson current in
ballistic junctions is suppressed by cancellation
mechanisms,11 and that the exponentially small, forL@jT,
critical currentI c;(eT/\)e22pL/jT results from compensa-
tion of the Andreev bound state currents by the continuum
current5 ~jT5\vF /T, vF is the Fermi velocity in normal
metal,L is the length of the junction!. The main cancellation
effect results, however, from an interplay among the An-

dreev bound state currents. In long SNS junctions,
L@j05\vF /D, a currentI n;(eD/\)(j0 /L) flows through
the nth Andreev level.12 This estimate can be deduced from
the exact quantum mechanical relationI n5(2e/\)dEn /df
between the Andreev level current and the Andreev level
spectrumEn(f),13 and is obtained by dividing the available
energy intervalD by the number of levelsN;L/j0 per nor-
mal electron mode. If all the currents had the same sign, the
total current of Andreev states would be of the same order of
magnitude as the critical current in a short junction
I c5eD/\. In reality, this does not happen because the func-
tions En(f) have alternating positive and negative slopes4

and the Andreev level currents cancel each other, yielding in
the best case an uncompensated current of one level,
I c;(eD/\)(j0 /L).

The outlined mechanism works on a mesoscopic level and
leads to current suppression even in one-mode junctions. The
crucial point is the rigorous relation between the current and
the Andreev spectrum,I n5(2e/\)dEn /df, which is a spe-
cific feature of the Andreev bound states. The situation is
quite different in T-shaped SNS junctions with the normal
region connected to an electron reservoir, as shown in the
inset in Fig. 1. In such junctions each Andreev bound state is
split into two degenerate quasibound states related to the
scattering of electrons and holes incoming from the reser-
voir. The current between the NS interfaces carried by the
pair of quasibound states is equal to the current of the cor-
responding Andreev bound level.1 However, as we will
show, the contributions of the electron-like and the hole-like
quasibound states are not equal. Moreover, the difference
current of the quasibound states has the same sign for all of
the Andreev resonances@see Fig. 1 and Eq.~3! below#. The
difference current is not observable in equilibrium when fill-
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ing factors for electrons and holes in the reservoir are equal.
However, it can be revealed by applying a voltage between
the SNS junction and the reservoir.

Qualitatively, the difference between the currents of the
quasibound states can be explained by comparing the cou-
pling of the Andreev states to incoming electrons and holes.
Let us consider, for example, transition into an electron state
in the horizontal lead~inset in Fig. 1!. In the case of an
incoming electron, the transition is obviously direct, and the
corresponding factor in the transition amplitude is equal to
unity. In the case of an incoming hole, the transition is indi-
rect since the hole must be converted to an electron. This
conversion occurs along two equivalent paths: hole injection
into either the left or the right side of the junction, then
subsequent Andreev reflection at the respective SN interface,
and finally normal scattering at the injection point. This
yields a factorre2 if/21deif/2 in the transition amplitude,
whered andr are amplitudes of forward and backward nor-
mal electron scattering at the injection point, andf is the
superconducting phase difference between the SN interfaces.
As a result, the currents created by injected electrons (;1)
and holes (;ure2 if/21deif/2u2) differ by the interference
term 2 Re(rd*e2if).

To evaluate the quasibound state currents we consider a
one-mode SNS junction~Fig. 1!, and model the connection
to the normal electron reservoir by a symmetricS matrix14,10

S5S A122e Ae Ae

Ae r d

Ae d r
D , ~1!

wheree describes the coupling of the SNS junction to the
vertical normal lead (0<e<0.5), and the scattering ampli-
tudes d and r obey the relations Re(rd* )52e/2 and
D1R512e ~D5udu2, R5ur u2!. Normal electron reflection
at the NS interfaces is neglected in order to avoid the appear-
ance of Breit-Wigner resonances. We consider a loop geom-
etry of the superconducting electrodes which allows us to
control the superconducting phase difference by magnetic
flux, and which also guarantees equal chemical potentials of
the electrodes.15 The voltage applied between the junction

and the reservoir drops at the connection point between the
horizontal and vertical normal leads.

In mesoscopic junctions with lengths smaller than the
phase breaking length, the currents in each of the normal
leads j 51,2,3 can be calculated using Bogoliubov-de
Gennes scattering states. The scattering state wave functions
consist of superpositions of electron and hole waves
exp(6ike,hx), whereke,h5A(2m/\2)(EF6E), and the coef-
ficients of the superpositionscj

6,e,h determine the current at
given energy, i j (E)5(e/h)(ucj

1,eu22ucj
2,eu22ucj

1,hu2

1ucj
2,hu2). The conservation of current impliesi 15 i 32 i 2 .

In the subgap region,uEu,D, the currentsi 2
e,h of the

electron-like and the hole-like quasibound states in symmet-
ric junctions (L25L3) have the form

i 2
e,h5

2e

h

e

Z
$2D sin2u sinf

6sin2u@2 Re~rd* e2 if!2e#%, ~2!

where Z5@(12e)cos2u2R2D cosf#21e2sin22u, and
u5arccos(E/D)2(ke2kh)L/2. The currents in lead 3 can be
obtained from Eq.~2! by using the symmetry relation
i 3
e,h(f)52 i 2

e,h(2f).
The sum current of the quasibound states,

i 2
15 i 2

e1 i 2
h5 i 3

1 , is given by the first term in Eq.~2! multi-
plied by a factor of 2. In the weak coupling limite!1 it
takes the formi 15(2e/\)(dEn /df)d(E2En), which is
the conventional form of the Andreev bound state currents@
En is the Andreev level spectrum given by zeros of the func-
tion Z(E)#. The difference current of the quasibound states,
i 2,3

2 5( i 2,3
e 2 i 2,3

h ) tends to a finite value:

i a52
e

2\

Im~rd* !sinf

ADa~f!ucos~f/2!u
UdEn

df Ud~E2En! ~3!

in both arms of the SNS junction whene→0
†a(f)5@12D sin2(f/2)#1/2 and Im(rd* )52sARD2e2/4,
s561‡. This motivates us to define the current in Eq.~3! as
theanomalous Josephson current. The remaining part of the
difference current is of first order ine and is equal to half of
the currenti 1 injected into lead 1. This injection current has
been calculated in Ref. 10. The injection and anomalous Jo-
sephson currents are related as

i 152
se

ARD2e2/4

11cosf

sinf
i a . ~4!

The striking feature of the anomalous Josephson current
in Eq. ~3! is that themodulusof the Andreev bound state
currentsudEn /dfu, rather than the currents themselves, enter
the equation. This implies that the anomalous current flows
through all of the Andreev resonancesin the same direction.
The same is true for the injection current which gives a natu-
ral explanation for the long-range effect of conductance os-
cillations with the superconducting phase.8,9 There are other
unusual properties of the anomalous Josephson current
caused by its interference origin:~i! the current vanishes in
completely transparent junctions (R50); ~ii ! the direction of
the current flow depends on the normal electron scattering
phases through the quantitys, the sign of which uniquely

FIG. 1. The charge current density in the SNS junction for elec-
tronlike ~solid! and holelike~dashed! quasibound states. The posi-
tions of the bound Andreev states are indicated by dashed vertical
lines. Insets show the scheme of the junction,I j being the total
current in thej th lead, and the paths of injected electrons and holes.
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determined by the position of the Fermi level with respect to
the transmission resonances at the injection point@r (E)50#.
The discovery of the anomalous Josephson current is the
central result of this paper.

Proceeding to the calculation of the total nonequilibrium
Josephson current, we subtract the equilibrium Josephson
current from the total current in horizontal lead and divide
the nonequilibrium Josephson current into regularI r and
anomalousI a parts associated with current densitiesi 1 and
i a respectively:

I r1I a5E dEF i 1

2
~ne1nh22n!1

i a

2
~ne2nh!G . ~5!

In Eq. ~5! n5nF(E), while ne,h5nF(E7eV) are filling fac-
tors for electrons and holes in the reservoir. The latter im-
plies that the weak coupling of the SNS junction to the res-
ervoir nevertheless is assumed to dominate over intrinsic
inelastic relaxation in the junction, i.e., the width of the An-
dreev resonancesG;eDj0 /L is greater than the inelastic
relaxation frequency. This yields a window for the coupling
constantL/ l in!e!1 ~l in is inelastic mean free path!. The
regular Josephson current manifests the pure effect of non-
equilibrium population of the Andreev states, while the
anomalous current manifests the effect of transformation of
the Andreev bound states themselves, due to coupling to the
normal reservoir. Switching on of the voltage gives rise to
successive population or depopulation of the quasibound lev-
els. Thus, the current-voltage characteristics~IVC! of the
nonequilibrium Josephson current possess sharp structures at
low temperature at voltages equal to the level energies.

The dependence of the regular current on the applied volt-
age is shown in Fig. 2. In long junctions,L@j0 , the current
rapidly oscillates, where the amplitude of oscillation is
equal to the current of individual bound states,
dI r52(eD/\)ADj0cos(f/2)/La(f); see Ref. 16. The
anomalous current has a staircase dependence on the applied
voltage shown in Fig. 3, with step heightsdI a52(eD/
\)@s sinfj0ADR/2La2(f)#sgnV. The currents saturate at
voltagesueVu.D because of the absence of resonances out-
side the energy gapuEu.D.

At finite temperatures exceeding the interlevel distance,
T@Dj0 /L, the oscillations of the regular current are com-
pletely washed out, while the anomalous current exhibits a

long-range behavior. Explicit equations for the IVC can be
derived by introducing the density of levels
dn/dEn'L/pj0D and calculating the sum over the Andreev
levels in the continuum limit. The result for the regular cur-
rent is I r5dI r arcsin@AD sin(f/2)#p21nF(D2ueVu) at
T!eV, D, i.e., the current is exponentially small in the sub-
gap voltage regimeueVu,D. The anomalous current, in con-
trast, is large and independent of the length of the junction,

I a~V,f!52
e

\

sADR sin f

pa2~f!
f ~V,T!, ~6!

f ~V,T!5T ln
cosh@~eV1D!/2T#

cosh@~eV2D!/2T#
5min~eV,D!, T!D.

The current in Eq.~6! resembles the equilibrium Josephson
current with the major difference that the critical current here
depends on the applied voltage, (I a)c5(e/p\)AD f (V,T),
12D@e. The critical current is proportional to first power
of D at T'Tc .

The effect of asymmetry of the junction,L2ÞL3 , is in-
teresting. The smeared IVCs of the anomalous Josephson
current atL@jT are shown in Fig. 3. If the asymmetry is
small, l 5L22L3,jT , a slow periodic modulation of the
IVC develops on the scale ofeV;Dj0 / l caused by the ad-
ditional dephasing factorei (ke2kh) l in the quasibound level
currents. This structure is smeared out at largerl , and at
l @jT the current obtains a form similar to the one in Eq.~6!,
but with a different phase dependence~see insets in Fig. 3!:

I a~V,f!52
e

\

sD sinf

pAR
S usinf/2u

b~f!
2

ucosf/2u
a~f! D f ~V,T!,

whereb(f)5@12D cos2(f/2)#1/2. This current is ap peri-
odic with respect to the superconducting phase difference.
Similarly, ap-periodic component also appears in the injec-
tion current.

The anomalous Josephson current can be directly detected
by measuring the magnetic flux through the superconducting
loop as a function of applied voltage by a SQUID magneto-
meter. Another possibility is to use the injection current. The

FIG. 2. The regular currentI r vs voltage. L25L355j0 ,
f5p/2, D50.8, e50.05. Solid line, T50; dashed-dotted,
T50.04D; dashed,T50.07D.

FIG. 3. The anomalous currentI a vs voltage.D50.8, e50.05.
~a! L25L355j0 /p, f53p/4. Solid line,T50; dashed,T50.1D.
The dashed line also shows the current in the longer junction,
L560j0 /p, ~b!–~d! show the effect of asymmetry forL560j0 /p,
l 54,10,40j0 /p. Insets:I a vs f ~upper! and (I a)c vs D ~lower! for
eV5D andT50.1D. Solid line l 50 and dashed linel 540.
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behavior of a small (;e) injection current is very similar to
the behavior of the anomalous Josephson current. At
zero temperature, the injection current has a steplike IVC
in the subgap region~Fig. 4!,17 which is smeared out
at L@jT yielding in symmetric junctions
I 15GN@(11cosf)/2a2(f)#V at T!eV,D, where
GN54e2e/h is the normal junction conductance. At the An-
dreev resonances, the maximum differential conductance
achieves a magnitudeGmax54e2/h, while at the plateaus of
the IVC it is of the order ofGN or smaller. The conductance
is always small at zero voltage because the Andreev level
spectrum has a gap near the Fermi level~unless the junction
is completely transparent!, at D<R the conductance has a

universal magnitudeGmax(0)5e GN . The conductance rap-
idly increases with voltage~at eV;Dj0 /L! and with tem-
perature~at T;Dj0 /L, see the inset of Fig. 4!. Such sup-
pression of the conductance at low voltage~reentrance
effect! has been observed in diffusive junctions.18 The period
of the oscillation of the injection current with respect to ap-
plied magnetic flux depends on the magnitude of the Joseph-
son current:19 large current in the superconducting loop vio-
lates monotonic phase-flux dependence and causes phase
slips. This will show up in the decrease of the oscillation
period with the applied voltage.

In conclusion, we have considered the Josephson current
in mesoscopic ballistic SNS junctions with the normal region
coupled to an electron reservoir. When voltage is applied
between the junction and the reservoir, an anomalous Jo-
sephson current emerges with a critical magnitude indepen-
dent of the length of the junction and proportional to the
applied voltage. This anomalous current results from the in-
terference of quasiparticle wave functions injected into the
left and right sides of the junction. The anomalous Josephson
current can be uniquely defined only at a weak coupling to
the reservoir; however, the phenomenon exists in the general
case of arbitrary coupling in the form of a phase-dependent
nonsymmetric distribution of the injection current between
the arms of the SNS junction.
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