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Electron–optical-phonon scattering in wurtzite crystals
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We present Fro¨hlich-like electron–optical-phonon interaction Hamiltonian for wurtzite crystals in the long-
wavelength limit based on the macroscopic dielectric continuum model and the uniaxial model. In general, the
optical-phonon branches support mixed longitudinal and transverse modes due to the anisotropy. We calculate
electron scattering rate due to the optical phonons in the bulk wurtzite GaN and demonstrate that the scattering
rate due to transverselike phonon processes can be strongly enhanced over a range of angles with respect to the
c axis. For the case of longitudinal-like modes, the anisotropy is small and the result is almost the same as that
obtained with the cubic Fro¨hlich Hamiltonian.@S0163-1829~97!05428-3#
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Recent advances in semiconductor optoelectronics1 and
electronics2 based on wide band-gap nitride materials ha
resulted in substantial interest in the basic properties
wurtzite crystals. Particularly, a complete understanding
carrier-phonon interaction mechanisms and rates is esse
to further progress in these fields. Since the wurtzite crys
have a different unit-cell structure~i.e., four atoms per unit
cell! as well as lower symmetry compared to zinc-blen
counterparts, phonon dynamics and carrier-phonon inte
tions in this material system may be substantially differ
from those with cubic symmetry. Clearly, there are ma
more distinct phonon branches~nine optical and three acous
tic modes! in wurtzite materials. At the same time, the ph
non modes may not be purely longitudinal nor transve
~the @0001# direction excepted!. Current understanding o
phonon dynamics and their interaction with carriers in wur
ite semiconductors is very primitive. In this paper, the m
roscopic dielectric continuum model and the uniaxial mo
of Loudon3 are applied to derive the Fro¨hlich Hamiltonian
and the corresponding scattering rates for wurtzite mater

We consider a uniaxial crystal in which only one group
three optical-phonon branches is infrared active. The wu
ite structure is a case in point since at theG point, only the
A1(Z) and E1(X,Y) modes are infrared active among th
nine optical-phonon modes. Our model can be extende
other uniaxial crystals which have larger numbers of po
modes since the method is the same. We take thec axis
along thez direction and denote the perpendicular directi
as'. Within the dielectric continuum approach, the optic
phonon modes in the no-retardation limit satisfy the class
electrostatic equations, i.e.,

E~r !52“F~r !, ~1!

D~r !5E~r !14pP~r !5e'~v!E'~r !r̂1ez~v!Ez~r !ẑ,
~2!

“•D~r !50, ~3!

whereF~r ! is the electrostatic potential due to the optic
phonon mode,E is the electric field,D is the displacement,P
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is the polarization field, andẑ ( r̂) denotes the unit vecto
along thez ~'! direction. The direction-dependent dielectr
functionse'(v) andez(v) are given by

e'~v!5e'
`

v22v'L
2

v22v'
2 , ~4!

ez~v!5ez
`

v22vzL
2

v22vz
2 , ~5!

wherev' (vz) is the lattice dispersion frequency, andv'L
(vzL) is the longitudinal-optical~LO! phonon frequency,
e'

` (ez
`) is the high-frequency dielectric constant perpendic

lar to ~along! the z axis. Thus, the static dielectric constan
are e'

05e'
`v'L

2 /v'
2 and ez

05ez
`vzL

2 /vz
2. The macroscopic

equations of motion for uniaxial materials give relations b
tweenE~r ! andP~r ! and the relative displacement of an io
pair u~r !,3–5

d2u'~r !

dt2
52v'

2u'~r !1
1

A4pmn
Ae'

02e'
`v'E'~r !,

~6!

d2uz~r !

dt2
52vz

2uz~r !1
1

A4pmn
Aez

02ez
`vzEz~r !, ~7!

P'~r !5Amn/4pAe'
02e'

`v'u'~r !1
e'

`21

4p
E'~r !, ~8!

Pz~r !5Amn/4pAez
02ez

`vzuz~r !1
ez

`21

4p
Ez~r !, ~9!

wherem is the reduced mass andn is the number of unit cells
in the unit volume. If we assume a harmonic dependenc
space and time, we can obtainF~r !, E~r !, and P~r ! upon
solving Eqs.~1!–~9!. We denote the phonon wave vector
q and defineu as the angle betweenq andz (c) axis. One
frequency has a trivial solutionv5v' andE(r )50; this is
997 © 1997 The American Physical Society
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the case of so-called ordinary phonon. The phonon frequ
cies for extraordinary phonons are obtained from3

e'~v!sin2u1ez~v!cos2u50. ~10!

We normalize each orthonormal mode according to6

@Amnu~q!#•@Amnu~q!#5\/2vV, ~11!

where u~q! is the Fourier transform ofu~r ! and V is the
s

d

te
-

sa

ca
th
n-crystal volume. Then, the electron–optical-phonon inter
tion in second quantized form is

H5(
q

2eF~q!eiq•r~aq1a2q
† !, ~12!

whereF~q! is the Fourier transform ofF~r ! and a2q
† and

aq are the creation and annihilation operator, respectiv
Using the expression in Ref. 6, the interaction Hamilton fo
uniaxial crystal is
H5(
q

F 4pe2\V21

~]/]v!@e'~v!sin2u1ez~v!cos2u#G
1/2 1

q
eiq•r~aq1a2q

† !

5(
q

A2pe2\/Vv
~v'

22v2!~vz
22v2!

@~e'
02e'

`!v'
2 ~vz

22v2!2sin2u1~ez
02ez

`!vz
2~v'

22v2!2cos2u#1/2
1

q
eiq•r~aq1a2q

† !. ~13!
n
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The transition probability from electron statek to k8 per unit
time,W(k,k8), is calculated from the Fermi golden rule a

W~k,k8!5
2p

\
uM k2k8u

2d~Ek82Ek6\vk2k8!, ~14!

whereEk is the electron energy,Mq ~whereq5k2k8 is a
transferred momentum! is a transition matrix element base
on the Hamiltonian of Eq.~13!, \vq is transition energy, and
the upper~lower! sign corresponds to phonon emission~ab-
sorption!. We also define the scattering rateW(k) as

W~k!5(
k8

W~k,k8!. ~15!

In this work,ez
` ande'

` are taken to be equal; this is qui
a good assumption becausee` is due to electrons. We con
sider two limiting cases in which the solutions of Eq.~10!
are expressed in simple forms.

~i! uv'L2vzLu,uv'2vzu!uv'L2v'u,uvzL2vzu. In-
frared-active phonon frequencies of wurtzite structures
isfy this condition.3 The solutions of Eq.~10! arev5VL or
VT with

3

VL
25vzL

2 cos2u1v'L
2 sin2u, ~16!

VT
25vz

2sin2u1v'
2 cos2u. ~17!

VL andVT correspond to the LO-like and transverse-opti
~TO! -like modes, respectively. For each of these modes,
matrix elements may be calculated based on Eq.~13!. For
v5VT , we have

uMq
Tu25

2pe2\

Vq2VT

~v'
22vz

2!2sin2u cos2u

~e'
02e'

`!v'
2 cos2u1~ez

02ez
`!vz

2sin2u

3~nph1
1
26 1

2 !, ~18!

and forv5VL , the matrix element is
t-

l
e

uMq
Lu2.

2pe2\

Vq2VL
F sin2u

~1/e'
`21/e'

0 !v'L
2

1
cos2u

~1/ez
`21/ez

0!vzL
2 G21

~nph1
1
26 1

2 !. ~19!

Here the upper~lower! sign corresponds to phonon emissio
~absorption!, andnph5@exp(\v/kBT)21#21 (v5VT ,VL) is
the phonon occupation number wherekB is the Boltzmann
constant andT is the temperature. Note that, in general, m
trix elementMq

T is not zero because the TO-like mode is n
purely transverse in uniaxial material; accordingly, th
branch does interact with electrons unlike isotropic mate
als. Whenu is equal to zero orp/2, this becomes a purely
transverse mode and there is no interaction with electro
For the isotropic case~v'5vz andv'L5vzL!, the matrix
elementMq

T is zero andMq
L reduces to the well-known Fro¨h-

lich interaction as expected.

FIG. 1. Angular variation of infrared-active phonon frequenc
in bulk wurtzite GaN. In this figure,u is the angle between the
phonon wave vectorq and thec axis.
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~ii ! uv'L2vzLu,uv'2vzu@uv'L2v'u,uvzL2vzu. For
this case, the solutions of Eq.~10! arev5V' or Vz with

3

V'
25v'

2 cos2u1v'L
2 sin2u, ~20!

Vz
25vz

2sin2u1vzL
2 cos2u. ~21!

The matrix elementMq
' for v5V' is

uMq
'u2.

2pe2\

Vq2
v'L
2

V'
S 1e'

`2
1

e'
0 D sin2u~nph1

1
26 1

2 !

~22!

andMq
z for v5Vz is

uMq
zu2.

2pe2\

Vq2
vzL
2

Vz
S 1ez`2

1

ez
0D cos2u~nph1

1
26 1

2 !.

~23!

As an example, we calculate the electron scattering
due to the optical-phonon scattering in bulk wurtzite Ga
The phonon frequencies of GaN are taken from the exp
mental results in Ref. 7:vzL5735 cm21 for theA1 phonon,
vz5533 cm21 for the A1 phonon,v'L5743 cm21 for the
E1 phonon, andv'5561 cm21 for theE1 phonon. The di-
electric constants aree'059.28, ez0510.1, ande'`5ez`
55.29. For the electron effective mass, we take the valu
0.20m0 obtained from cyclotron resonance measuremen8

wherem0 is the electron rest mass. The temperature is ta
asT5300 K. First, we display the angular variation of th
optical-phonon frequencies in Fig. 1. The LO-like modev
5VL) is almost flat and the TO-like mode exhibits abou

FIG. 2. Angular variation of the matrix elementuMqu for
optical-phonon absorption in bulk wurtzite GaN. In this figure,u is
the angle between the phonon wave vectorq and thec axis.
te
.
i-

of
,
n

5% anisotropy. In Fig. 2, we calculateuMqu from Eq.~13! as
a function ofu for the case of phonon absorption. As e
pected, electron–optical-phonon scattering is dominated
the LO-like mode. The matrix element for the LO-like mod
exhibits about 9% anisotropy~18% anisotropy for the
squared matrix element!. For the TO-like mode, the anisot
ropy is very strong and electron-phonon interaction is
hanced over a range of anglesu nearp/4 with respect to the
c axis. However, the largest value of the matrix element
this mode is about 7% of that for LO-like mode. Figure
depicts the total scattering rate as a function ofuk which is
the angle between the initial electron statek and thec axis.
Unlike the isotropic case, the scattering rate cannot be
tained analytically because the phonon frequencyv in Eq.
~14! is q dependent. Indeed, there is scattering due to
TO-like mode although its contribution is small. The tot
scattering rate due to LO-like phonon is insensitive to
angleuk . Thus, for the bulk GaN, using the cubic interactio
Hamiltonian is a rather good approximation.

In summary, this paper presents a theory of electro
optical-phonon interaction in uniaxial crystals of the wurtz
type based on the macroscopic dielectric continuum mo
and the uniaxial model. Our calculation shows that the to
Fröhlich scattering rates in such wurtzite materials manif
direction-dependent corrections that deviate about 10% f
the rates obtained for the case of zinc-blende materi
These manifestations are particularly important in ca
where the matrix elements for the TO-like modes are of
terest.

The authors are grateful for many helpful discussions w
S. Yu, Y. M. Sirenko, M. A. Littlejohn, and J. M. Zavada
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and the Office of Naval Research.

FIG. 3. Scattering rateW(k) vs electron incident angleuk with
respect to thec axis. A constant electron energy of 0.3 eV is chos
as an example. Note thatuk ~of this figure! andu ~of Figs. 1 and 2!
represent different quantities.
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