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Disorder and size effects in the envelope-function approximation
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We investigate the validity and limitations of the envelope-function approxim#Eé®,), widely accepted
for the description of the electronic states of semiconductor heterostructures. We consider narrow quantum
wells of GaAs confined by AlGa; _,As barriers. Calculations performed within the tight-binding approxima-
tion using ensembles of supercells are compared to the EFA results. Results for miniband widths in superlat-
tices obtained in different approximations are also discussed. The main source of discrepancy for narrow wells
is the treatment of alloy disorder within the virtual crystal approximation. We also test the two key assumptions
of the EFA: (a) that the electronic wave functions have Bloch symmetry with well-defined the alloy
region;(b) that the periodic parts of the Bloch functions are the same throughout the heterostructure. We show
that inaccuracies are mainly due to the former assumpit®o163-182697)03939-9

. INTRODUCTION where we takek, =0. In the envelope function scheme, the

. _presence of different materials along thelirection reflects

The proposal and demonstration of quantum effects iny the electrons as if they moved through a continuous me-
two-dimensional semiconductor heterostructures led to iNgium with variable effective mass* (z) and subject to an
creased interest and significant progress in semlconduct%rxtemm potential/(z). The form of Eq.(1) implies that

experimental and theoretical techniques. From the experiy,nsq an interface the matching conditfoase the continu-
mental point of view, material improvement and powerful ity of ¢(z) and of 1f* (9/z)b(2). This point has been

multilayer growth systems were developed, aIIowmgquestioned in the literature.

monolayer-precision fabrication. The theoretical description In the desi f het fruct ¢ ii lizati
of these translation-symmetry-broken heterostructures moti- h the design of NELerostructures for specific realizations,

vated the development of novel formalisms. The most sucdne or more Of_ the materials involved are _""HOYS of eIemenFaI
cessful and widely adopted theoretical approach for the ele@’ Pinary semiconductors. The alloy region in the EFA is
tronic structure of these systems is the envelope-functioff€ated within the virtual crystal approximati¢dCA). The
approximation (EFA), developed by Bastard and VCA recovers the translational symmetry of the potential in
collaborators. a disordered alloy by replacing the atoms by “averaged”
The EFA for a model heterostructure with abrupt inter-ones. The other assumptions of the EFA, such as expansions

faces relies in a number of approximations. Within eachin terms of Bloch functions and effective masses, are readily
layer, the wave function is written as an expansion over difimplemented within the VCA. In the present work we inves-
ferent bands” on the periodic part of Bloch functions of tigate several aspects of the EFA by contrasting electronic
well definedk, an assumption that needs to be justified forstructure calculations for bulk alloys, single quantum wells,
alloys. Another key assumption is that the periodic part ofand superlattices performed both within the EFA/VCA and

the Bloch function,uE(F), is the same for each band of the the tight-binding approximation. The materials considered

different materials which constitute the heterostructure. Thé'€ Ga_As gnd direct-gap ABal_—XAS (X<_O'4)' S0 th_at _the
electronic wave functions are expanded in terms ofitlge  'SOtOPIC single-band assumption leading to Ed) is in
and the assumed translational invariance of the problerﬁ””c'Ple Ju_st|f|_able for th.e cqnductlon—band eleqtron states.
along the planes perpendicular to the growth adsagig | n€ tight-binding approximation allows an atomic-scale de-
leads to a factorization of the expansion coefficients into &Cfiption of the different materials, therefore the discrete na-
plane-wavd@ part and @-dependent term. Thedependent ture .of the crystgl potential |s.pres.erved. In contrast wlth the
term of the expansion coefficient$(z), is called theenve- contmuous-meo_hum assu_mptlons in the EFAg., effective
lope function mass_esV(z_)], _dlscrepanues are expected for narrow m/éllg.
The simplest situation is to assume that the heterostructne tight-binding supercell formalism also allows a realistic
ture states may be obtained from a single isotropic parabolig€atment of the disorder in the alloy regidfor compari-
band for each host material. Different host materials are thugon, tight-binding calculations within the VCA are also per-
characterized by the respective effective masses and banf®rmed. We adopt thep®s* parametrization of Vogét al®
edge energies. The envelope function satisfies a oneh all tight-binding calculations. In Sec. Il we consider
dimensional Schiinger-like equatioh Al ,Ga;_,As bulk alloys. The amount of zinc-blendtesym-
metry in the random alloy wave functions is investigated
through their spectral decomposition. The EFA assumption
- = —i+V(z) #(2)=E(2), (1) ~ concerning the periodic part of Bloch functions in different
2 JZm*(z) 9z materials is also investigated. In Sec. lll, GaAs/Bh,; _,As
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guantum wells and superlattices are studied, and in Sec. IV
we present our discussions and conclusions. r

II. BLOCH-LIKE CHARACTER OF ALLOY
WAVE FUNCTIONS

The first aspect within the EFA we investigate is the for-
mal validity of the Bloch function description within the al-

loy region. Al,Ga,_,As alloys are characterized by a critical /‘»‘\( QI \‘/ A%\‘ﬁ
concentratiorx, that determines the crossover from a direct &k&&i&g\%/' %ééﬁg“\y‘/@
band-gap semiconductoix€x.) to an indirect band-gap ,/\\ /‘09“(9}%3;" %}’§§§§:§{#‘
semiconductorX>x.). The usual criterion for this transition \‘;/““;g{:{“‘ /‘\gzzAg'A@Ay
described in the literature relies on the VCA: Although an j‘\ :A)/?/A ;
alloy has no translational invariance, zinc-blende symmetry < X
is recovered within the VCA. For AlGa; _,As, the crystal W
potential is approximated by
Uvea(H) =XUpas(N +(1=X)Ugaad 1), ) FIG. 1. Logarithm of the spectral weight W(K) in the plane

o o o k,=0. The plot scale varies from a minimum ofL1 to a maximum
which is periodic. Within VCA, the top of the valence band of —0.64 for the state at the bottom of the conduction band of a

is always al' point and the direct-to-indirect crossover is direct-gap alloy.

identified with al"-X transition in the conduction-band wave

function symmetry. Using finite-size scaling techniques in ) . ) ) )

supercells, Koiller and Cap&have recently shown that this " Fig- 1 we plotW(k) in a logarithmic scale in the plane
crossover is analogous to a first-order phase transition, in th=0- It represents the spectral weight of the wave function
sense that it produces a discontinuous change in some “ordét the bottom of the conduction band for a direct-gap struc-
parameter.” This result, which was obtained using only ture withx slightly belowx.. TheI" point retains consider-
real-space techniques, is consistent with a VCA-type of tranable spectral weight53%). The remaining weight spreads
sition (I"-X crossing in reciprocal spaceDisorder, however, over the whole Brillouin zone, particularly around the edges,
prevents an alloy wave function from havipgrelyI’ or X  a disorder effect that cannot be obtained within VCA. For
symmetry. Therefore, to verify the consistency with the EFAindirect-gap structures the situation changes drastically and
assumptions, the reciprocal-space meaning of Koiller anghe conduction-band wave functions have typically less than
Capaz results should be understood. 0.1% weight afl".

We perform a Fourier analysis of the band-edge wave |n what follows, we restrict the Al concentration in the
functions of both direct and indirect gap structures in a largeylloy regions of heterostructures to values considerably be-
(16 000 atomps fcc supercell. The supercell consists of | X., which means thd symmetry of the conduction-
20X 20x 20 fcc primitive cglls of_ the zi_nc-ble_nd_e Structure. hand edge state in thmilk alloyis reasonably preserved. For
The real-space wave functions in the tight-binding approach _ g » (0.3), the spectral weight aF for the conduction-

band edge is above 85%5%). These numbers give an es-
Vo= c.(R)|a,R) (3) timate of the error involved when, within the EFA, the bot-
a,R tom of the conduction-band state in 8a; _,As direct-gap

are defined by their expansion coefficierIIg,(F?) in the alloys is approximated by its normallze_tdzl“ component
alone: ¥ ,,,~|T"). We conclude that this procedure is not

atomic orbitale (a=s,py,py,p,,S*) and zinc-blende site ntitatvel rate. but mav be r nablv iustified for
R. These coefficients are periodic in the supercell and therec-Iua alively accurare, but may be reasonably justitied 1o

fore can be expressed as Fourier sums alloys with low Al concentration.
P ' We also investigate the validity of the second EFA as-

R 1 P sumption — that the periodic paml;;(F) of the Bloch func-
c, (R)= —E e ®Re_(k), (4)  tion is the same for each band of different materials which
N« constitute the heterostructure. For the bottom of the

where the wave vectors in the sum are only those allowed b§onduction-band state in GaAsif@a, ,As heterostruc-
periodic boundary conditions in the supercell. These wavdures, the alloy normalizefl”) component should be com-
vectors define a 2020x 20 grid in the Brillouin zone. We Pared to the GaAs correspondiligstate. We find the pro-
then define an orbital-averaged “spectral weight” as jection(T'|W g a9 to be very close to unitgbetter than 1 part
in 10%) for direct-gap alloys, which implies that the equality
_ _ 1 Y - - of theu’s in different layers is not as crucial an approxima-
W(k):%: |Ca(k)|2:N 2 el (R Fe (R)CL(R), tion as the first EFA assumption discussed above. Note that
@RR (5) this agreement is obtained assuming the atomic orbitals are
the same for both group-Ill atoms, respectively. Differences
which quantifies the amount of zinc-blendesymmetry in the atomic orbitals, which may be relevant in other mate-
character in the wave functions. rials, lead to larger differences.
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I1l. QUANTUM WELLS

LA B L
We consider a GaAs quantum well of widthl between 300 (a) x =02 -
Al ,Ga; _,As barriers, grown along the direction. For the = - .
(001 x-y planes there is no quantum confinement and the g 200 -]
carriers can move freely. In this type of quantum well ~ r ]
(type-l) the energy difference between the larger band gap of = 100 | -
the barriers and the smaller band gap of the well material C A ]
causes a confinement potential both for the electrons in the 0 j} 4 { ki | 3
conduction band and for the holes in the valence band. 300 & (b) x = 0.3 -
We adopt a tight-binding supercell formalism with tetrag- = - .
onal cells of dimension&,=N,(=N) and N,. Periodic g 200 & 3
boundary conditions are imposed and for e&¢tthe value N2 EE‘% .
of N, is taken sufficiently large to guarantee convergence of =100 & °\;q 3
the calculated electronic properties to the infinitely wide F " .
Al ,Ga; _,As separators situations. Specific atomic configu- ole v v 1 U ]
rations are generated numerically according to the occupa- 0 50 100
tional probabilities of the sites of the group-Ill sublattice: W R)

P(Al) =1—-P(Ga)=x. A good description of the random

atomic distribution in th€001) planes is obtained fdN =8

ML (1 ML = 2.85 A, i.e., half of the conventional cubic
lattice constant and for the largestV value considered here,
convergence requirds,=70 ML, which corresponds to cells

from Ref. 6, with the zero energy level EE(GaAs) (bottom
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FIG. 2. Energy of the first electron state in a GaAs quantum well
confined between AlGa; _,As barriers as a function of the well
width W for the indicated values of. Results of calculations using
the envelope-function approximatidsolid line) are compared to
with 4480 atoms. The tight-binding parameters were takefihe full tight-binding resultssquares Tight-binding calculations
with the alloy region treated within the VCA are given by the tri-

of the GaAs conduction bapdind a negative band offset angles, and the dashed lines correspond to “disorder-corrected”
correction to the diagonal matrix elements of AlAs of EFA. The good agreement between the solid lines and the squares
0=0.47 eV. It should be noted that previous treatments ofs well as between the dashed lines and the triangles indicates that

heterostructures using the tight-binding approximatide-

the main source of discrepancy among the different approaches is

scribe the alloy region in the VCA. In this case, according tothe treatment of disorder in the alloy region.

Eq. (2), the Hamiltonian matrix elements are weighted aver-

ages from the corresponding binary compounds values.

Within the EFA, the energy of the electronic conduction
states E¢) may be obtained from Edl) with the attractive
guantum well potential:

0 for |z|<Wi/2

V(@)= Ve for |z|>Wi2,

(6)
whereV. is the conduction-band offset. In EQ.), m* (z) is

an effective mass which characterizes the different layer
and is assumed to have the same value as the correspond
bulk materials. The barrier is determined by the conduction
band minimum in AlGa;_,As. As discussed in Sec. I,
this is also to be considered’'asymmetry point and, follow-
ing the VCA scheme:E{(Al,Ga _,As)=xXEL(AIAS) +
(1—x)E£(GaAs). In order to compare the tight-binding re-
sults with those obtained within the EFA, we use ¥4 and

m* the interpolated values obtained for these quantities fro
the tight-binding energy bands of the binary compouhis:

Vc=x[EL(AlAs) — Ei(GaAg —0]=1.02x eV, (7)

m* (Al,Ga _,As) =xmi (AIAs) + (1—x)mf (GaAs
=(0.12+0.1&)my, (8

Al ,Ga;_,As for x=0.2 and 0.3. Note that each data point
represents aensemblaverage over at least five statistically
generated configurations in the alloy region. Statistical error
bars are smaller than the symbol size in the figure.

The energy values foW=0 represen¥, which is well
above the tight-binding energy for the compositions consid-
ered. For narrow wells the tight-binding results for the en-
ergy are consistently lower than the envelope-function ones,
differing by about 80 meV for widths of 2 ML fox=0.2,

Sand by about 100 meV fox=0.3 (see Fig. 2 As W in-
ﬁi]r ases, the results from both methods approach, and they

converge faster for the largex. For x=0.2, agreement

within 5 meV is obtained only for well widthsV above 80
A, while a similar agreement for=0.3 is already achieved
for W=60 A. So, asx increases, the narrow well region
difference in energy increases while in the witleregion the
agreement between the EFA and tight-binding results im-
roves. This apparently contradictory result is attributed to
he difference of barriers height in the two cases. The barrier
height increases witk. As illustrated in Fig. 3 folW=40 A,
the wave function is more localized in the wéGaAs re-
gion for x=0.3 than forx=0.2. Therefore the effects of
disorder in the alloy region become less relevanixas-
creases. From Fig. 3 we also note that the wave functions for
EFA are more localized in the well than the tight-binding
ones. Another indication of this localization effect is the nar-

where m, is the free electron mass. Figure 2 comparesower superlattices miniband widths obtained in the EFA.

the lowest electron energy eigenvalu€s:{) of the single-
band envelope-function modétolid lineg with those of
the tight-binding supercell metho@quares as a function
of the GaAs well width when surrounded by barriers of

For a 34 KGaAs/17 A(Al,Ga;_,As) superlattice with
x=0.3, the bandwidth calculated within the EFA is 42 meV,

while the tight-binding result is 50 meV.

We now show that, among the approximations underlying
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tically, k is not a good quantum number. In our supercell

0.03 [(a) L calculations, it is possible to introducéaloch wave vector
x =02 associated with the supercell periodicity. Effective masses so
a_ 0.02 L calculated in a supercell with 216 atoms differ from those
= given in Eq.(8) by no more than 0.0in,. EFA model cal-
0.01 culations performed with these modified values yield essen-

tially the same results and trends presented above.

IV. DISCUSSIONS AND CONCLUSIONS

x = 0.3
« 0.02 We have investigated the validity and limitations of the
s EFA, especially with respect to the treatment of atomic-scale
0.01 effects in the potential. Concerning the nature of the band-

X edge wave functions in bulk AGa; ,As, our results sug-
L. gest that the symmetry of the wave functions is qualitatively
_50 0 50 preserved in these disordered alloys, as long @snot close
z(4) OXe. .

The tight-binding supercell approach for describing the

FIG. 3. Envelope function squared of the first electron state in aenergy spectrum and wave funct_|0n§ of the first electron state
) . In narrow quantum wells clearly indicates that, for the mate-

GaAs quantum well confined between ,&a; ,As barriers for

well width W=40 A and for the indicated values of Interface rials investigated here, the EFA/VCA is valid only for well

positions correspond to the vertical dotted lines. Different ap-Widths above~50 A. This is well within the validity as-

proaches correspond to the same symbols and lines given in Fig. 8Umptions stated by the EF]AThe discrepancy between the
theories increases for decreasing well width. We have dem-
) ; . : nstrated that this is due to a steady decrease of applicability

the envelope-function approach, treating of the alloy dlsordegf the VCA in the alloy barrier of narrow quantum well

within the VCA is responsible for the quantitative discrep- structures as the wave functions penetrate more into the bar-
ancy obtained in the narrow well limit. Two combined cal- rier region P

culation schemes are adopted. First, we perform tight- :
binding calculations with the alloy region treated within the beeTr?erggﬁﬁscﬁmegiége?sylnLgargEr%q#;rggr?;i\évee::ﬁghas
VCA and the results, given by the triangles in Figs. 2 and SCdTe wells between Cd Mn, Te barriers. There, the EFA

agree with the EFA/VCA(solid lineg essentially over the energies are compared to pseudopotential results, which take
whole range ofV values. The second scheme is a “disorder-; 9 P op P o
into account the atomic-scale nature of the potential. The

corrected” EFA. Barriers described within the VCA lead to . ; ! . .
Igllloy region in the pseudopotential calculations is also

higher energies, i.e., states more localized in the well regio o 0 : ; .
than when different atomic species are considered in the a}_reated within the .VC'&' The dlscrepz_inmes obtgmeq there
are thus of a similar nature as obtained here in Fig. 2 by

loy region. This indicates that the VCA produces effectively omparison of the EFAsolid fine and the tight-binding

higher barriers for the alloy than the actual disordered atomi CA (triangles. Several approximations in the EFA are re-

potential. In practice it is possible to compensate for th'ssponsible for this effect, as, for example the Bloch functions

effect by loweringVc to agree with the full tight-binding description discussed in Sec. Il, the effective mass

calcglaﬂor.l vglue. For th? composﬂgn range0<0.3, .the approximation’® and the matching conditions for the enve-
full tight-binding calculation yields/c"=0.61x eV, which lope function across the interface¥We have not investi-
means the Iineax dependenpe in .EO(]) is preserved bUt_ gated those separately, and in agreement with Letng.,*
VTCBA_ overestlmat_es the barrier helght by over 60%. _Us'ngthe EFA yields somewhat higher energies than the micro-
V¢ instead oV in Eq. (6), the EFA yields the results given  gcqpic potential calculations, even when the alloy region is
by the dashed lines in Figs. 2 and 3. The agreement betwegpyated within the VCA. From the results presented in Fig. 2,
the EFA and the full tight-binding resultslashed lines and ;e conclude that corrections due to alloy disorder effects in
squares in the figurgsmproves to cover the whole range of ihe parrier region are far more relevant than those implied by
W. The two combined schemes demonstrate that tighte other EFA assumptions. Therefore, treating the alloy re-
binding and EFA approximations lead to essentially the SaM@ion within the VCA is a severe limitation in either
results when disorder effects are taken into account consigsective-medium or microscopic potential calculations.
tently. However, using/(T:B in the miniband widths calcula- We have shown that, within the EFA, it is possible to
tions usually leads to wider bands than obtained in the fulorrect for the treatment of alloy disorder effects by lowering
tight-binding approach. In the example given above, thehe well height. This leads to very good estimates for the
“corrected” EFA yields 58 meV wide minibands, i.e., 8 electronic energy eigenstates even for narrow wells. It should
meV above the full tight-binding result, while usifdc  pe noted that reliable values for the EFA input parameters
given by Eq.(7) leads to a value that is narrower by the samegre not always available for different alloys, and that they are
amount, as given above. frequently interpolated from thébinary) compound values,
Corrections due to disorder in the effective mass expresfollowing the VCA. Our results indicate that linear interpo-
sion(8) are harder to define since” is related to the energy |ation schemes are particularly inadequate for narrow quan-
variation withk. When disorder is taken into account realis- tum wells, and that experimentally determined parameters,
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when available, should definitely be used instead of VCAbeen successful. Disorder and size effects are shown to affect

interpolations. On the other hand, lower barriers lead tahe reliability of the results in different situations, and these

wider minibands in superlattices. Notice that superlattice®ffects are expected to persist in a qualitatively equivalent

involve multiple heterointerfaces. Also, the wave functionway even in more complex models.

penetration in the alloy barriers region is always relevant.
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