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Disorder and size effects in the envelope-function approximation
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We investigate the validity and limitations of the envelope-function approximation~EFA!, widely accepted
for the description of the electronic states of semiconductor heterostructures. We consider narrow quantum
wells of GaAs confined by AlxGa12xAs barriers. Calculations performed within the tight-binding approxima-
tion using ensembles of supercells are compared to the EFA results. Results for miniband widths in superlat-
tices obtained in different approximations are also discussed. The main source of discrepancy for narrow wells
is the treatment of alloy disorder within the virtual crystal approximation. We also test the two key assumptions
of the EFA: ~a! that the electronic wave functions have Bloch symmetry with well-definedkW in the alloy
region;~b! that the periodic parts of the Bloch functions are the same throughout the heterostructure. We show
that inaccuracies are mainly due to the former assumption.@S0163-1829~97!03939-8#
i
in
c
e

fu
ng
io
o
u
le
tio
d

r
c

di
f
fo
o
e
h

le

o

ru
o
hu
an
n

e

e-

ns,
tal
is

in
d’’
ions

dily
s-
nic

lls,
nd
ed

es.
e-

na-
the

s.
tic

r-

r

ed
ion
nt
I. INTRODUCTION

The proposal and demonstration of quantum effects
two-dimensional semiconductor heterostructures led to
creased interest and significant progress in semicondu
experimental and theoretical techniques. From the exp
mental point of view, material improvement and power
multilayer growth systems were developed, allowi
monolayer-precision fabrication. The theoretical descript
of these translation-symmetry-broken heterostructures m
vated the development of novel formalisms. The most s
cessful and widely adopted theoretical approach for the e
tronic structure of these systems is the envelope-func
approximation ~EFA!, developed by Bastard an
collaborators.1

The EFA for a model heterostructure with abrupt inte
faces relies in a number of approximations. Within ea
layer, the wave function is written as an expansion over
ferent bandsl on the periodic part of Bloch functions o
well definedkW , an assumption that needs to be justified
alloys. Another key assumption is that the periodic part
the Bloch function,ukW

l (rW), is the same for each band of th
different materials which constitute the heterostructure. T
electronic wave functions are expanded in terms of theu’s,
and the assumed translational invariance of the prob
along the planes perpendicular to the growth axis (z axis!
leads to a factorization of the expansion coefficients int
plane-wavekW' part and az-dependent term. Thez-dependent
term of the expansion coefficients,f(z), is called theenve-
lope function.

The simplest situation is to assume that the heterost
ture states may be obtained from a single isotropic parab
band for each host material. Different host materials are t
characterized by the respective effective masses and b
edge energies. The envelope function satisfies a o
dimensional Schro¨dinger-like equation2
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where we takekW'50. In the envelope function scheme, th
presence of different materials along thez direction reflects
in the electrons as if they moved through a continuous m
dium with variable effective massm* (z) and subject to an
external potentialV(z). The form of Eq.~1! implies that
across an interface the matching conditions2 are the continu-
ity of f(z) and of 1/m* (]/]z)f(z). This point has been
questioned in the literature.3

In the design of heterostructures for specific realizatio
one or more of the materials involved are alloys of elemen
or binary semiconductors. The alloy region in the EFA
treated within the virtual crystal approximation~VCA!. The
VCA recovers the translational symmetry of the potential
a disordered alloy by replacing the atoms by ‘‘average
ones. The other assumptions of the EFA, such as expans
in terms of Bloch functions and effective masses, are rea
implemented within the VCA. In the present work we inve
tigate several aspects of the EFA by contrasting electro
structure calculations for bulk alloys, single quantum we
and superlattices performed both within the EFA/VCA a
the tight-binding approximation. The materials consider
are GaAs and direct-gap AlxGa12xAs (x,0.4), so that the
isotropic single-band assumption leading to Eq.~1! is in
principle justifiable for the conduction-band electron stat
The tight-binding approximation allows an atomic-scale d
scription of the different materials, therefore the discrete
ture of the crystal potential is preserved. In contrast with
continuous-medium assumptions in the EFA@e.g., effective
masses,V(z)#, discrepancies are expected for narrow well4

The tight-binding supercell formalism also allows a realis
treatment of the disorder in the alloy region.5 For compari-
son, tight-binding calculations within the VCA are also pe
formed. We adopt thesp3s* parametrization of Voglet al.6

in all tight-binding calculations. In Sec. II we conside

Al xGa12xAs bulk alloys. The amount of zinc-blendekW sym-
metry in the random alloy wave functions is investigat
through their spectral decomposition. The EFA assumpt
concerning the periodic part of Bloch functions in differe
materials is also investigated. In Sec. III, GaAs/AlxGa12xAs
9625 © 1997 The American Physical Society
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quantum wells and superlattices are studied, and in Sec
we present our discussions and conclusions.

II. BLOCH-LIKE CHARACTER OF ALLOY
WAVE FUNCTIONS

The first aspect within the EFA we investigate is the fo
mal validity of the Bloch function description within the a
loy region. AlxGa12xAs alloys are characterized by a critic
concentrationxc that determines the crossover from a dire
band-gap semiconductor (x,xc) to an indirect band-gap
semiconductor (x.xc). The usual criterion for this transition
described in the literature relies on the VCA: Although
alloy has no translational invariance, zinc-blende symme
is recovered within the VCA. For AlxGa12xAs, the crystal
potential is approximated by

UVCA~rW !5xUAlAs~rW !1~12x!UGaAs~rW !, ~2!

which is periodic. Within VCA, the top of the valence ban
is always aG point and the direct-to-indirect crossover
identified with aG-X transition in the conduction-band wav
function symmetry. Using finite-size scaling techniques
supercells, Koiller and Capaz5 have recently shown that thi
crossover is analogous to a first-order phase transition, in
sense that it produces a discontinuous change in some ‘‘o
parameter.’’7 This result, which was obtained using on
real-space techniques, is consistent with a VCA-type of tr
sition (G-X crossing in reciprocal space!. Disorder, however,
prevents an alloy wave function from havingpurely G or X
symmetry. Therefore, to verify the consistency with the E
assumptions, the reciprocal-space meaning of Koiller
Capaz results should be understood.

We perform a Fourier analysis of the band-edge wa
functions of both direct and indirect gap structures in a la
~16 000 atoms! fcc supercell. The supercell consists
20320320 fcc primitive cells of the zinc-blende structur
The real-space wave functions in the tight-binding appro

CTB5(
a,RW

ca~RW !ua,RW & ~3!

are defined by their expansion coefficientsca(RW ) in the
atomic orbitala (a5s,px ,py ,pz ,s* ) and zinc-blende site
RW . These coefficients are periodic in the supercell and th
fore can be expressed as Fourier sums,

ca~RW !5
1

AN
(

kW
e2 ikW•RW ca~kW !, ~4!

where the wave vectors in the sum are only those allowed
periodic boundary conditions in the supercell. These w
vectors define a 20320320 grid in the Brillouin zone. We
then define an orbital-averaged ‘‘spectral weight’’ as

W~kW !5(
a

uca~kW !u25
1

N (
a,RW ,RW 8

eikW•~RW 2RW 8!ca~RW !ca* ~RW 8!,

~5!

which quantifies the amount of zinc-blendekW -symmetry
character in the wave functions.
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In Fig. 1 we plotW(kW ) in a logarithmic scale in the plan
kz50. It represents the spectral weight of the wave funct
in the bottom of the conduction band for a direct-gap str
ture with x slightly belowxc . TheG point retains consider-
able spectral weight~53%!. The remaining weight spread
over the whole Brillouin zone, particularly around the edg
a disorder effect that cannot be obtained within VCA. F
indirect-gap structures the situation changes drastically
the conduction-band wave functions have typically less th
0.1% weight atG.

In what follows, we restrict the Al concentration in th
alloy regions of heterostructures to values considerably
low xc , which means theG symmetry of the conduction
band edge state in thebulk alloy is reasonably preserved. Fo
x50.2 ~0.3!, the spectral weight atG for the conduction-
band edge is above 85%~75%!. These numbers give an es
timate of the error involved when, within the EFA, the bo
tom of the conduction-band state in AlxGa12xAs direct-gap

alloys is approximated by its normalizedkW5G component
alone:Calloy'uG&. We conclude that this procedure is n
quantitatively accurate, but may be reasonably justified
alloys with low Al concentration.

We also investigate the validity of the second EFA a

sumption — that the periodic partukW(rW) of the Bloch func-
tion is the same for each band of different materials wh
constitute the heterostructure. For the bottom of
conduction-band state in GaAs/AlxGa12xAs heterostruc-
tures, the alloy normalizeduG& component should be com
pared to the GaAs correspondingG state. We find the pro-
jection^GuCGaAs& to be very close to unity~better than 1 part
in 103) for direct-gap alloys, which implies that the equali
of the u’s in different layers is not as crucial an approxim
tion as the first EFA assumption discussed above. Note
this agreement is obtained assuming the atomic orbitals
the same for both group-III atoms, respectively. Differenc
in the atomic orbitals, which may be relevant in other ma
rials, lead to larger differences.

FIG. 1. Logarithm of the spectral weight lnW(kW ) in the plane
kz50. The plot scale varies from a minimum of211 to a maximum
of 20.64 for the state at the bottom of the conduction band o
direct-gap alloy.
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III. QUANTUM WELLS

We consider a GaAs quantum well of widthW between
Al xGa12xAs barriers, grown along thez direction. For the
~001! x-y planes there is no quantum confinement and
carriers can move freely. In this type of quantum w
~type-I! the energy difference between the larger band ga
the barriers and the smaller band gap of the well mate
causes a confinement potential both for the electrons in
conduction band and for the holes in the valence band.

We adopt a tight-binding supercell formalism with tetra
onal cells of dimensionsNx5Ny(5Nuu) and Nz . Periodic
boundary conditions are imposed and for eachW the value
of Nz is taken sufficiently large to guarantee convergence
the calculated electronic properties to the infinitely wi
Al xGa12xAs separators situations. Specific atomic config
rations are generated numerically according to the occu
tional probabilities of the sites of the group-III sublattic
P(Al) 512P(Ga)5x. A good description of the random
atomic distribution in the~001! planes is obtained forNuu58
ML ~1 ML 5 2.85 Å, i.e., half of the conventional cubi
lattice constant!, and for the largestW value considered here
convergence requiresNz570 ML, which corresponds to cell
with 4480 atoms. The tight-binding parameters were ta
from Ref. 6, with the zero energy level atEC

G~GaAs! ~bottom
of the GaAs conduction band! and a negative band offse
correction to the diagonal matrix elements of AlAs
O50.47 eV. It should be noted that previous treatments
heterostructures using the tight-binding approximation9 de-
scribe the alloy region in the VCA. In this case, according
Eq. ~2!, the Hamiltonian matrix elements are weighted av
ages from the corresponding binary compounds values.

Within the EFA, the energy of the electronic conducti
states (EC) may be obtained from Eq.~1! with the attractive
quantum well potential:

V~z!5H 0 for uzu,W/2

VC for uzu.W/2,
~6!

whereVC is the conduction-band offset. In Eq.~1!, m* (z) is
an effective mass which characterizes the different lay
and is assumed to have the same value as the correspo
bulk materials. The barrier is determined by the conducti
band minimum in AlxGa12xAs. As discussed in Sec. II
this is also to be considered aG-symmetry point and, follow-
ing the VCA scheme:EC

G(Al xGa12xAs)5xEC
G(AlAs) 1

(12x)EC
G(GaAs). In order to compare the tight-binding r

sults with those obtained within the EFA, we use forVC and
m* the interpolated values obtained for these quantities fr
the tight-binding energy bands of the binary compounds:6,8

VC5x@EC
G~AlAs!2EC

G~GaAs!2O#51.02x eV, ~7!

m* ~Al xGa12xAs!5xmG* ~AlAs!1~12x!mG* ~GaAs!

5~0.1210.17x!m0, ~8!

where m0 is the free electron mass. Figure 2 compa
the lowest electron energy eigenvalues (EC1) of the single-
band envelope-function model~solid lines! with those of
the tight-binding supercell method~squares!, as a function
of the GaAs well width when surrounded by barriers
e
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Al xGa12xAs for x50.2 and 0.3. Note that each data poi
represents anensembleaverage over at least five statistical
generated configurations in the alloy region. Statistical er
bars are smaller than the symbol size in the figure.

The energy values forW50 representVC , which is well
above the tight-binding energy for the compositions cons
ered. For narrow wells the tight-binding results for the e
ergy are consistently lower than the envelope-function on
differing by about 80 meV for widths of 2 ML forx50.2,
and by about 100 meV forx50.3 ~see Fig. 2!. As W in-
creases, the results from both methods approach, and
converge faster for the largerx. For x50.2, agreement
within 5 meV is obtained only for well widthsW above 80
Å, while a similar agreement forx50.3 is already achieved
for W560 Å. So, asx increases, the narrow well regio
difference in energy increases while in the wideW region the
agreement between the EFA and tight-binding results
proves. This apparently contradictory result is attributed
the difference of barriers height in the two cases. The bar
height increases withx. As illustrated in Fig. 3 forW540 Å,
the wave function is more localized in the well~GaAs! re-
gion for x50.3 than forx50.2. Therefore the effects o
disorder in the alloy region become less relevant asx in-
creases. From Fig. 3 we also note that the wave functions
EFA are more localized in the well than the tight-bindin
ones. Another indication of this localization effect is the na
rower superlattices miniband widths obtained in the EF
For a 34 Å~GaAs!/17 Å~Al xGa12xAs! superlattice with
x50.3, the bandwidth calculated within the EFA is 42 me
while the tight-binding result is 50 meV.

We now show that, among the approximations underly

FIG. 2. Energy of the first electron state in a GaAs quantum w
confined between AlxGa12xAs barriers as a function of the we
width W for the indicated values ofx. Results of calculations using
the envelope-function approximation~solid line! are compared to
the full tight-binding results~squares!. Tight-binding calculations
with the alloy region treated within the VCA are given by the t
angles, and the dashed lines correspond to ‘‘disorder-correct
EFA. The good agreement between the solid lines and the squ
as well as between the dashed lines and the triangles indicates
the main source of discrepancy among the different approache
the treatment of disorder in the alloy region.
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the envelope-function approach, treating of the alloy disor
within the VCA is responsible for the quantitative discre
ancy obtained in the narrow well limit. Two combined ca
culation schemes are adopted. First, we perform tig
binding calculations with the alloy region treated within t
VCA and the results, given by the triangles in Figs. 2 and
agree with the EFA/VCA~solid lines! essentially over the
whole range ofW values. The second scheme is a ‘‘disord
corrected’’ EFA. Barriers described within the VCA lead
higher energies, i.e., states more localized in the well reg
than when different atomic species are considered in the
loy region. This indicates that the VCA produces effective
higher barriers for the alloy than the actual disordered ato
potential. In practice it is possible to compensate for t
effect by loweringVC to agree with the full tight-binding
calculation value. For the composition range 0,x,0.3, the
full tight-binding calculation yieldsVC

TB50.61x eV, which
means the linearx dependence in Eq.~7! is preserved but
VCA overestimates the barrier height by over 60%. Us
VC

TB instead ofVC in Eq. ~6!, the EFA yields the results give
by the dashed lines in Figs. 2 and 3. The agreement betw
the EFA and the full tight-binding results~dashed lines and
squares in the figures! improves to cover the whole range o
W. The two combined schemes demonstrate that tig
binding and EFA approximations lead to essentially the sa
results when disorder effects are taken into account con
tently. However, usingVC

TB in the miniband widths calcula
tions usually leads to wider bands than obtained in the
tight-binding approach. In the example given above,
‘‘corrected’’ EFA yields 58 meV wide minibands, i.e.,
meV above the full tight-binding result, while usingVC
given by Eq.~7! leads to a value that is narrower by the sa
amount, as given above.

Corrections due to disorder in the effective mass exp
sion ~8! are harder to define sincem* is related to the energy
variation withkW . When disorder is taken into account real

FIG. 3. Envelope function squared of the first electron state
GaAs quantum well confined between AlxGa12xAs barriers for
well width W540 Å and for the indicated values ofx. Interface
positions correspond to the vertical dotted lines. Different
proaches correspond to the same symbols and lines given in F
r
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tically, kW is not a good quantum number. In our superc
calculations, it is possible to introduce akW Bloch wave vector
associated with the supercell periodicity. Effective masses
calculated in a supercell with 216 atoms differ from tho
given in Eq.~8! by no more than 0.01m0. EFA model cal-
culations performed with these modified values yield ess
tially the same results and trends presented above.

IV. DISCUSSIONS AND CONCLUSIONS

We have investigated the validity and limitations of th
EFA, especially with respect to the treatment of atomic-sc
effects in the potential. Concerning the nature of the ba
edge wave functions in bulk AlxGa12xAs, our results sug-
gest that the symmetry of the wave functions is qualitativ
preserved in these disordered alloys, as long asx is not close
to xc .

The tight-binding supercell approach for describing t
energy spectrum and wave functions of the first electron s
in narrow quantum wells clearly indicates that, for the ma
rials investigated here, the EFA/VCA is valid only for we
widths above;50 Å. This is well within the validity as-
sumptions stated by the EFA.1. The discrepancy between th
theories increases for decreasing well width. We have d
onstrated that this is due to a steady decrease of applicab
of the VCA in the alloy barrier of narrow quantum we
structures as the wave functions penetrate more into the
rier region.

The breakdown of the EFA in narrow quantum wells h
been recently investigated by Longet al.4 by considering
CdTe wells between Cd12xMn xTe barriers. There, the EFA
energies are compared to pseudopotential results, which
into account the atomic-scale nature of the potential. T
alloy region in the pseudopotential calculations is a
treated within the VCA.10 The discrepancies obtained the
are thus of a similar nature as obtained here in Fig. 2
comparison of the EFA~solid line! and the tight-binding
VCA ~triangles!. Several approximations in the EFA are r
sponsible for this effect, as, for example the Bloch functio
description discussed in Sec. II, the effective ma
approximation,10 and the matching conditions for the env
lope function across the interfaces.2,3 We have not investi-
gated those separately, and in agreement with Longet al.,4

the EFA yields somewhat higher energies than the mic
scopic potential calculations, even when the alloy region
treated within the VCA. From the results presented in Fig
we conclude that corrections due to alloy disorder effects
the barrier region are far more relevant than those implied
the other EFA assumptions. Therefore, treating the alloy
gion within the VCA is a severe limitation in eithe
effective-medium or microscopic potential calculations.

We have shown that, within the EFA, it is possible
correct for the treatment of alloy disorder effects by loweri
the well height. This leads to very good estimates for
electronic energy eigenstates even for narrow wells. It sho
be noted that reliable values for the EFA input paramet
are not always available for different alloys, and that they
frequently interpolated from the~binary! compound values,
following the VCA. Our results indicate that linear interpo
lation schemes are particularly inadequate for narrow qu
tum wells, and that experimentally determined paramet

a

-
2.
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when available, should definitely be used instead of VC
interpolations. On the other hand, lower barriers lead
wider minibands in superlattices. Notice that superlatti
involve multiple heterointerfaces. Also, the wave functi
penetration in the alloy barriers region is always releva
Therefore enhanced discrepancies due toall EFA approxi-
mations are expected in superlattices in comparison wi
single quantum well. Adopting a value for the barrier heig
that fits experiment for the bulk alloys or for isolated qua
tum well levels does not necessarily lead to accurate e
mates of the miniband widths. It was observed by Voisi11

that experimentally measured miniband widths are typica
;30% smaller than those calculated within standard EFA
possible explanation for this discrepancy is the value for
barrier height adopted in the EFA calculations.

The calculations reported here refer to the simplest mo
of heterostructure levels and materials where the EFA
ro
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been successful. Disorder and size effects are shown to a
the reliability of the results in different situations, and the
effects are expected to persist in a qualitatively equival
way even in more complex models.
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