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sp®s* model: Results from analytic expressions

Timothy B. Boykin
Department of Electrical and Computer Engineering, University of Alabama in Huntsville, Huntsville, Alabama 35899
(Received 18 April 1997

We derive and study exact analytic expressions for the effective masses of the conductiafi-thret
hole—bands aF in the spin-orbit, second-nearest-neighlsgfs* model. Using these expressions we deter-
mine parameters for six common llI-V material§aAs, AlAs, GaSb, AISb, InAs, and IpPtailored for
[001]-oriented heterostructure calculations. Beyond their use in fitting band structures, the effective-mass
formulas show that the second-nearest-neiglsids* model is not without limitations. We show that there is
an upper bound on the reproducible electron—light-hole effective-mass mismatch, so that even this model may
not be sufficient for certain materialsS0163-182807)01339-9

Empirical tight-binding techniques are becoming increas-analytic expressions for the electron and heavy-hole masses
ingly common in semiconductor heterostructure calculationsin the no-spin-orbit second-nearest-neighbp? model, but
such as those for resonant tunneling dio®$D’s), quan-  their results do not go far enough. First, a spin-orbit model is
tum wells (QW’s), and superlatticesSL's). Although it  absolutely essential for modeling valence-band or interband
would seem obvious that the successful use of such aneterostructures. Furthermore, our earlier work on nearest-
proaches requires carefully choosing the parameters so thagighbor modefsshows that including the spin-orbit inter-
the relevant effective masses and energy gaps are properttion can benefit conduction-band heterostructure calcula-
reproduced, this is all too often not the case. That is, MOSfigns as well. As we demonstrate in Ref. 6, including the
parametrizations seek to achievglabal fit, rather than con- spin-orbit interaction is generally necessary to properly fit

centrating on those band-structure features of greatest impojy, light-hole mass, thereby ensuring the correct imaginary-

tance for heterostruc.ture queling. Furthermore, because .ﬂﬂ)%nd dispersioriand hence attenuatipin barrier materials
few possible analytic solutions for these models remai i

: Reference 5 doenot give the light-hole mass in the no-
largely unexplored, most workers tend to ascribe too much . it model. Second, Loehr and Talwago not attempt
flexibility to them. As a result, many heterostructure calcu- P ) ' P

lations have been based upon insufficiently complete of° _f't e_lther of theX—vaI_Iey masses. Thus, spln—orblt_ param-
poorly parametrized tight-binding models. etrizations that better fit th¥-valley masses along with ana-

A careful analysis of those closed-form results that ardYliC expressions for the masseslatre needed. Although
obtainable resolves both of these problems. Most obviouslyR€f- 5 suggests that the latter are difficult to obtain we have
analytic formulas are of great aid in fiting parameter setsfound them using methods like those we employed edlier.
More importantly and more subtly, when faced with a pa-Here we derive and study the analytic expressions for the
rameter set that does not fit certain band-structure feature§nverse effective masses of electrons, heavy, light, and
they alone can determine whether the failure arises fronsplit-off holes atl” in the second-nearest-neighbor, spin-orbit
limitations of the underlying model or merely from not hav- sps* model. Using these expressions, we determine param-
ing found the best parametrization. As an example, considegters for six common semiconductor materi@aAs, AlAs,
tight-binding models for semiconductor heterostructure calGaSb, AISb, InAs, and InP tailored for use in[001]-
culations in[001]-oriented devices in which nobi-valley  oriented heterostructure calculations. Finally, from these ex-
transport is expected to be important; for these devices wpressions we show that, surprisingly, there is an upper limit
need a model that can correctly fit thevalleys. Examining on the electron—light-hole effective-mass mismatch

first the computationally convenient nearest-neighbpis* |m*, /m* | achievable with the second-nearest-neighbor
model we see that it is inadequate: its characteristic polynosp*s* model.
mial along k,,0,27/a) is independent ok, so that it cannot We consider the second-nearest-neighbpts* Hamil-

fit the X-valley transverse mag<On the other hand, trial and tonian in which both the nearest- and second-nearest-
error shows that including second-nearest-neighbor interageighbors-s* ands*-s* interactions are set to zero. At
tions with either thesp® (Ref. 3 or sp’s* (Ref. 4 basis set =0 both this matrix and the nearest-neighbor version take
(the latter generally gives a better fit of the conductionthe same form, so that we may continue to employ the ge-
bands eliminates this difficulty. Hence, second-nearest-neric notation introduced in Ref. 6. The parameters for the
neighbor models merit further study. various materials in the Slater-Kostarotation, along with
Such an investigation is needed because to date there hasr abbreviations for those appearing in the effective-mass
been no thorough study of the capabilities and limitations ofxpressions, are given in Table I. The band energies and
second-nearest-neighbor approaches, doubtless due to theigenvectors ak=0 are found by substituting the appropri-
complexity. Very recently Loehr and Talwahave found ate quantities from Table Il into the generic equations below:
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TABLE I. Tight-binding parameterén eV) using the notation of Ref. 7 along with our abbreviations for
those appearing in the text.

Abbrev.  Parameter GaAs AlAs GaSb AISb InAs InP
Esa EQD  —-848706 —820343 -497414 837417 -958110 -6.84592
Epa E09. 0.38769 -0.34176 059130  0.04362  0.20890  0.36913
Eea QW 848769 651248 815000  7.40156  7.40990  9.73000
Esc EQY  -286111 -248093 —2.60492 -2.70980 —249790 —1.96328
Epc E(0, 356769 211999 324086 299151  3.30610  3.01256
Egeo QW . 6.61769 503593  6.66675  7.00000  6.74010  9.000 00
Vss 4E(%§§) —-6.46053 —7.16000 —4.82000 —7.17780 —5.38130 -—5.18733
sa,sc
Vsapc 45(%%%’ 468000  5.07200  3.80836  5.77408  3.03540  3.87941
sa,pc
Verape 4E(§%§) 465000  3.28000  4.75793  4.93000 249840  3.78029
s*a,pc
Vpasc 45(%%%’ 8.000 00 8.000 00 6.978 62 8.377 80 6.338 90 6.349 33
pa,sc
Vpasr 4E(§%§) 6.000 00 175000 536684 430850  3.90970  2.01704
pa,s*c
Vix 4E(%%%) 2.260 95 1.940 00 1.893 76 2.058 57 1.839 80 1.908 14
X, X
Vyy 4E(27D) 517000 450000  4.61063 504264 446930  4.400 00
X,y
Vsasa 4e(l9  —0.01000 -0.01000 -0.01860 —0.01000 —0.00900 —0.009 30
Vsaxa 4 0.05000  0.04000  0.04310  0.35000  0.04500  0.046 50
41 0.05800  0.04000  0.05000  0.05084  0.05220  0.05390
Veaxa  4EGY 0.02000  0.02000  0.01724  0.02000  0.01800  0.018 60
40 0.04000  0.10000  0.03448  0.06388  0.03600  0.03720
Vyaxa 4E(, 0.32000  0.37690  0.27590  0.43232  0.28800  0.29800
Usaxa 4. —-0.05000 —0.20000 —0.04310 —0.27710 —0.04500 —0.04650
4EL. 1.24000  0.66000  1.06900  1.00916 051000  1.15300
4EQY  —1.00000 —1.20000 -0.86210 —1.07960 —0.90000 -—0.93000
Vsesc 4E(9  —0.02000 —0.01000 —0.03224 -0.01602 —0.01800 —0.01860
Vsexc 4e{) 0.07200  0.07300  0.06207  0.37000  0.06480  0.067 00
401 0.02000  0.04000  0.01724  0.02796  0.01800  0.018 60
Verexe 431 0.01000  0.03000  0.00862  0.42000  0.00900  0.009 30
4D 0.09350  0.03000  0.08061  0.06823  0.08415  0.08700
Viexe 4E(. 028000  0.49535  0.21550  0.36571  0.25200  0.26000
Usexc 4P -0.10000 -0.16695 —0.08621 —0.12664 —0.09000 —0.09300
4D 0.60000  0.87000  0.94500  0.44880  0.14000  0.456 35
4" —-1.30000 -2.20000 —1.12070 -1.45920 -1.17000 -1.00000
Na 0.14000  0.14000  0.32433  0.32433  0.14000  0.022 33
Ae 0.05800  0.00800  0.05800  0.00800  0.13100  0.13067
E =_+A - EatEc n A+E, _ 4 \% B
= — ) - 1 V, ==V, , y == —yp_
2 A VJAZTAE, °' ¢ viJATrAE, °@
()
Ea_ Ec . .
E = A= /—E§+V2, (1) In Eq. (3) n refers to the basis function for electrors) (or

holes(l, h, or so) defined in Egqs(1)—(3) of Ref. 6.

Using Egs.(1)—(3) above along with the quantities in
. . Table Il we calculate the inverse effective massmg/(m},)
In=)=v;[na)+ v nc), (20 atTI® A little algebra yields all four masses, with subscripts
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e, Ih, hh, andsoh denoting the electron, and the light, heavy, and split-off holes, respectively. In(Beg$7) mg is the
free-electron mass aralis the conventional unit-cell cube edge:

my 2mg

* 2
my f

2
a
2 { - 0'; U:Vs,s_4[(‘7;)zvsa,sa+ (U:)zvsc,sc]

+ 2 [4(0':Q|a’+vsc,xc_ U;QL’+Vsa,xa)+(U;—QIa{+Vsa,pc_ U:Ql:’+vpa,sc)]2

3 EF g™
1[4(U:QZO’+Vsc,xc Oa Qso+vsaxa)+(0 Qso+vsa,pc O¢ QSO+Vpa,sc)]2
3 E® —E(SoD
, 2 [4(0¢ 0 Vsoxet 73 03 Vsara) + (73 0¢" Vsapet 0¢ €5 VpasdT?
3 SRR
1[4(0' Q§O+Vscxc+‘7 Q;O+Vsa,xa)+(0' Q§O+Vsa,pc+0' Q§O+Vpasc)]
3 E©_ gD , (4)
my 2mg[a\? 2
m_r%:F Z Q!{+Qlc'+vx,y_§[(glc’+ 2(5an,xa+uxa|xa)+(9|a’+ 2(5ch,xc+uxc,xc)]
2 [4(0' Ql +Vscxc+0';—9c+vsa,xa) (0' QI +Vsapc+0 Qc+vpasc)]2
"3 EM_E®
2 [4(0' QI +Vscxc_0' QI +Vsa,xa)+(0' QI +Vsapc_0' Ql +Vpa,sc)]2 2 (4QI +Vs*a,xa_9|a{+vs*a,pc)2
t3 EN_E© *t3 EMN_g
= ¥ - s*a
2 (4QL{+VS*C,XC_QI(,‘:+Vpa,S*C)2 1 V>2(,y
T3 E™ —Eq, *t3 ET_EM|° (5)
m, 2mg (a)? 1 Vo
m_lﬁhzﬁ Z |QIa’JrQIC’Jer,x_2|:(Q|c:'Jr Z(an,xa""L"xa,xa)"'(Q!e{Jr Z(ch,xc""uxc,xc)]"_gE(_l%yE(_Fm)
2 ) [QSO+Qa +Q§O+ I|+]2 2 , [Qso+ Q§O+QL{+2
+§Vx E(M _ E(soR +t3 Vxy E(Ih)_E(soh) , (6)
p— + — —
Moy 2mg a|? S0,+ 50+ S0,+12 50,+12
mThZF Z [ Qc Vxx__[(Q ) (2an,xa xaxa)+( ) (vac,xc+ch,xc)]
so
1 [4(U§Q;O’+Vsc,xc_ U;Qio’Jera,xa)+(U;ony+vsa,pc_ o'ggio'Jera,sc)]z
3 ESN_E@
1[4(U;Q;O'+Vscxc+ac Q§0+Vsa,xa) (0' ch:o Vpasc+0' stio+vsa,pc)] 2 2 [QSO+ SO+ ]2
"3 ESON—E® T3V E<_S°">— E<_”‘
2V2 [QSO+Qa +Q§O+ |({+]2 1(4Q(S;O'+Vs*a,xa Qa +Vs*apc) 1(4QZO’+VS*C,XC Qc0+vpas*c)
Rt ECONE '3 ESV—Eg, '3 ESY —Ege, '

)
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TABLE Il. Energies and coefficients for the bands in terms of

the generic notation of Eq&l)—(3). The “+" solutions correspond 15
to conduction bands, the " solutions to valence bands. The GaAs ]
names “electron” and “hole” refer to both solutions: for example, 10 \ /—\_
“e+" denotes the lowest conduction band, whiléh—" denotes \
the light-hole valence band. The subscriptefers to anionsd) or \
cations €). In the table below we definEiZEEsﬂwLSVS%S”, ESZ 5 :/ /_/
=Eput Vit Ui - > -
>\ —
Quantity Light Heavy  Split-off 5 0 /\
in Egs.(1)—(3) Electrons holes holes holes ,5
Al < |
ff ff ff ff
Eu Egﬂ EE#'H‘M Eie)u+)‘ﬂ Egﬂ—Z)\#
\% V \% Vv Vv
E. E(Sej E()|(hx) E(Thx) E(:OTW) -10 _—/_/\:
N + L+ L T
Vu Ou Qu Qu Qu 15
A NG AUD Al Alson L T X UK T

FIG. 2. Bands of GaAs as reproduced by the parameters of

With expressiong4)—(7) we proceed to fit the bands of Table |

GaAs, AlAs, GaSb, AISb, InAs, and InP at= 300 K; sepa-

rately examining the components of each inverse mass exl—I ive the effecti q duced
pression clarifies which couplings and second-order corred!! We give the effective masses and energy gaps reproduce

tions are of greatest importance. We determined th®y the parameters of Table I; we tailor the bands to fit the

parameters manually, employing in addition to the foregoingquantities of greatest importance in typical heterostructure

formulas a computer program that calculates the first-ordef@lculations for devices grown d@01}-oriented substrates.

change in any selected band energy and mass at an arbitrdr! INAs and InP we fit the conduction-band intervalley

pointk under a change to each of the paramettrs others sgparationsEXF and.ELr to their low-temperature values
being held fixedl Several of the parameter sets here wereSiNce we could noF find room-temperature data. Note that we
determined using nearest-neighlsgs* sets as the starting 2dopt & more flexible approach than do Loehr and Talwar,
points. In this procedure, the second-nearest-neighbor pd!ho rigidly fix the electron and heavy-hole masses along
rameters are slowly “turned on,” and we found this ap- with certain of the gaps. That is, we compromise shghtly on
proach to be successful in most cases. By contrast, beginniiggMe ©Of the other gaps and masses in order to achieve good
with a second-nearest-neighbep® set and then turning on fits for the light-hole andX-valley masses. The extra free-
thes* couplings proved much less successful. This behaviofOm afforded by the second-nearest-neighbor parameters, to-
is doubtless due to the fact that the nearest-neigsbdn- gether with the analytic results, yields much better fits of

teractions are often large, in contrast to the second-neareé?pth th? AlAs elelctron'and Iight-ho!e masses than was the
neighbor interactions, which are usually smaller. case with the spin-orbit nearest-neighbor mdtiele have

ifeven improved the fits over our previous second-nearest-

Figs. 1-6 and the parameters are listed in Table I. In Tabi&eighbor effort Finally, since these parameters are intended

15 15
AlAs InAs
10 | - 10 | | —
s =1 — s o
> ﬁ > \5
5 __— 5
sk i i sl i
-10 F ] . -10 | ] .
15T r X U, K r 15T T X U, K r

FIG. 1. Bands of AlAs as reproduced by the parameters of FIG. 3. Bands of InAs as reproduced by the parameters of
Table 1. Table I.
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FIG. 4. Bands of AISb as reproduced by the parameters of FIG. 5. Bands of GaSb as reproduced by the parameters of
Table I. Table I.

for use with [001]-oriented heterostructures we choose tothere is an upper limit on the achievable electron—light-hole
emphasizd'- and X-valley features, occasionally at the ex- effective-mass mismatch. To simplify the discussion, we de-
pense of theL valleys: as a result, the gaps and massegote the electron-light-hole coupling term in E4) by 5 u.
associated with the former are generally well reproduced. Under the assumptions above, we see that the electron—split-
The sole remarkable exception to this trend is InP, whictPff hole term of Eq.(4) is approximately(or perhaps less
has a large electron—light-hole effective-mass misnfatchthan half this value;, and that the second term is small.
|mit/m|=0.12/0.079-1.52; our parametrization yields a 11€ remaining terms of Eqd) are negative—the firsthe
mismatch of only 1.15. While we did find parametrizations N€&rest-neighbor contribution to tdéH/dk* term) is often
giving a somewhat greater mismatch, this improvemengizable—so that we havémy/mg|=<pu. In contrast, the
came only at the considerable expense of other bandlectron—light-hole coupling, though largest, is only one of
structure features, most notably the heavy-hole mass. Thit least four negative contributors to E€p): the others
difficulty in fitting both the electron and light-hole masses of couple the light hole to the “heavy” conduction barsf,a
InP suggests that we may have discovered a limitation of theands, and* ¢ bands. The positive terms of E¢p) usually
second-nearest-neighbep®s* model instead of a mere fail- cannot cancel these three negative terms sifggis often
ure to find the best parametrization. small and thes-like valence band is generally lowest and
Examining Eqs(4) and(5) we see that this difficulty is no  quite remote. Hence it follows thény/mji| =%, yielding
accident, for under a few physically reasonable and minian upper limit|mj§/m*|<2. Since the InP mismatch lies at
mally restrictive assumptiongVys large and negative, this limit it follows that whenever reproducing both the elec-
nearest-neighbor parameters of greater magnitude thamon and light-hole masses to high accuracy is desirable a
second-nearest-neighbor parameétére equations show that more complete model is probably needed.

TABLE lIl. Energy gaps and effective masses reproduced by the tight-binding parameters of Table I.
Energies are expressed in eV, masses in terms of the free electronBpassdE,  are the differences in
energy between the conduction-baxidandL-valley minima and thd'-valley minimum, respectively, and

my is the conduction-band massIat

Theory GaAs AlAs Gashb AlSb InAs InP
Eq(I') 1.424 3.022 0.754 2.300 0.354 1.342
Exr 0.482 —0.856 0.443 —0.684 1.917 0.894
E.r 0.313 —0.693 0.076 -0.125 1.166 0.611
Ay 0.366 0.338 0.800 0.785 0.415 0.141
m} 0.068 0.16 0.048 0.13 0.025 0.091
my 1.32 1.34 1.30 1.67 1.30 1.26
my 0.31 0.26 0.33 0.28 0.27 0.34
me 1.39 1.14 1.13 1.82 211 1.64
my 0.13 0.15 0.098 0.20 0.12 0.13
mi, 0.071 0.15 0.050 0.11 0.028 0.10
mpy 0.41 0.48 0.36 0.34 0.39 0.44

m¥., 0.14 0.25 0.15 0.20 0.10 0.18
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expression tend to reduce the electron inverse mass; hence
the maximum achievable inverse electron mass will:tznd
— will scale as 1E,. Similarly, we have seen that reasonable
10 1 — \ parameters resalt in an ir>1/verse light-hole mass with mini-
mum magnitude . Since this term also scales agd/ we
see that the maximum ratj},/m* |~ 3, independent of the
gap. Finally, we remark that as these parameters that are fit
_/\/_\//\ to bulk band structures will be employed in heterostructure
0k calculationsall materials effects we wish to model must be
included via the parameters. Hence the reproducible gaps
< and masses are intimately and inextricably connected to the
ST 1 tight-binding parameters.
— 1 In conclusion, we have derived analytic formulas for the
10 F—n—] = electron and light, heavy, and split-off hole masse$ a
the spin-orbit, second-nearest-neighsp®s* model. We
have discussed the utility of these results in terms of both
-15 L T X U, K T choosing an_d parametrizing a model for use in hete_ros.,tr.uc—
ture calculations. We have employed these formulas in fitting
he bands of six common IlI-V material€GaAs, AlAs,
aSh, AISb, InAs, and InPachieving generally good fits of
all masses and gaps important{#01]-oriented heterostruc-
) ) ) ] o ) ture calculations. Moreover, using the formulas derived here
In light of the foregoing discussion, it is instructive 10 e have demonstrated that the second-nearest-neighbor
consider th.e role played _by th'e gap in determining the ma?q-spss* model can reproduce a light-hole—electron effective-
mum possible reprodumble light-hole—electron mass ratioyass ratio of at most 1.5. Hence we conclude that the diffi-
From the expressions above, we see that the maximum posiyjty encountered in fitting both the electron and light-hole

tive contribution to the electron inverse mass occurs in th‘?nasses of InP is due to amtrinsic characteristic. andot a
limit of small spin-orbit coupling, and that in this case both t5jjure to find its best parametrization. ’

the electron—light-hole and electron—split-off hole terms
scale as Hy. The above analysis also makes it clear that for We gratefully acknowledge the support of Texas Instru-
reasonable parameters the remaining terms of the electranents, Inc.

15

Energy [eV]

FIG. 6. Bands of InP as reproduced by the parameters o
Table I.
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