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Electronic surface states and miniband structure of superlattices with multiple layers per period

E. H. El Boudouti
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The electronic structure of a semi-infinite complex-basis superlattice~SL! with N layers per period is
investigated, with emphasis placed on the effect of the SL surface~i.e., the SL/substrate interface!. The bulk
dispersion relation as well as the energy expression and existence condition for surface states are derived using
the transfer-matrix method within an envelope-function approximation. Some common properties of a sym-
metric termination of the SL potential~i.e., when the substrate is identical to the last layer of the SL basis! are
discussed and it is shown that—contrary to binary SL’s—surface states can appear in complex-basis SL’s also
without perturbing the SL potential at the surface. These general results are illustrated by application to
GaAs/AlxGa12xAs SL’s with four-layer~two-well and two-barrier! bases.@S0163-1829~97!01640-8#
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I. INTRODUCTION

Recent advances in epitaxial crystal-growth techniq
led to an experimental realization of the idea of polyty
superlattices~SL’s!, initially proposed in Ref. 1. Conse
quently, in the last decade, semiconductor superlattices
the so-calledcomplex basis, i.e.,N layers per period (N.2),
have been intensively studied both theoretically2–9 and
experimentally.10–14The motivation for such a study is base
mainly on the following reasons. Polytype SL’s provid
more degrees of freedom when engineering the electr
structure as compared to typical, i.e., binary~two-layer pe-
riod! SL’s. In the latter, there are, in fact, three variab
only, namely, the thicknesses of the wells and barriers
the barrier height. When additional layers are introduced
each SL period, more parameters are available, so an unu
electronic miniband structure can be obtained which is o
great value for modeling electrooptic devices with desi
properties. To be more specific, a possibility of controlli
the miniband and minigap widths independently offers s
eral important applications including infrared photodetecto
effective-mass filtering, and tunning of the tunnelin
current.6,7,11

On the other hand, advanced growth techniques ena
experimentalists to create and study a prescribedinternal
surface~i.e., the SL/substrate interface! in a very controlled
manner in binary SL’s.15–18 In particular, this resulted in the
first observation15 of a surface state in its pure form, i.e., as
single quantum state, in accordance with a classical pape
Tamm.19,20 It has also been found15–17,21–27that the neces-
sary condition for such a surface state to exist in a termina
binary SL is either the surface potential barrier~i.e., the sub-
strate potential! to be sufficiently higher~lower! than the
barriers inside SL or the outermost SL well to be sufficien
wider ~narrower! than the interior ones.
560163-1829/97/56~15!/9603~10!/$10.00
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Using SL’s with a complex basis offers another oppor
nity for the surface-state occurrence. In our previous pape28

a particular case of such a SL, namely, the two-barrier b
SL, was investigated, and it was shown that—contrary
binary SL’s—surface states can appear also without mod
ing the outermost SL period~the so-calledsymmetric termi-
nation of the SL potential!.

To study this problem in a more comprehensive way, h
we consider a terminated SL withN layers per period. The
bulk dispersion relation as well as the energy expression
existence condition for surface states are derived, and s
common properties of a symmetric termination of the
potential are discussed. These general results are illustr
by application to GaAs/AlxGa12xAs SL’s with four-layer
~two-well and two-barrier! bases.

II. MODEL OF N-LAYER BASIS SUPERLATTICE

The considered structure, as shown in Fig. 1, is a se
infinite, periodic sequence of SL cells (n50,1,2,...) termi-
nated by a semi-infinite homogeneous medium, represen
the substrate. Each SL cell consists ofN layers with the
corresponding thicknessesdj , potential heightsVj and effec-
tive massesmj ( j 51,2,...,N); D5d11d21•••1dN stands
for the SL period. The respective substrate parameters
denoted byVs and ms . A similar model has recently bee
applied to study the vibrational properties of a termina
complex-basis SL.29

III. GENERAL FORMALISM

Throughout the paper, the transfer-matrix method with
an envelope-function approximation is used, as it seem
be most suitable for treating a general case of theN-layer
basis SL. As a first step, the bulk dispersion relation is
9603 © 1997 The American Physical Society



d
,

is
rb

ns-

9604 56E. H. El BOUDOUTI et al.
rived. For this purpose, we consider the SL as presente
Fig. 1, but consisting of aninfinite sequence of cells. Next
the effect of an internal surface is taken into account in
semi-infiniteSL, and the energy expression as well as ex
tence condition for surface states are obtained for an a
trary terminating medium.

A. Infinite superlattice

The wave function in the layerj of the cell n can be
written as

c~n, j ,z!5@Aje
2a j z1Bje

a j z#eiknD, ~1!

where

a j5
1

\
A2mj~Vj2E!;

E is the energy of an electron,k is the SL Bloch wave
vector, andAj andBj are constants.

Applying the so-called Bastard’s boundary conditions30,31

to the wave function of the form of Eq.~1! at the interface
between layersj and j 11 results in

S e2 ~1/2! a j dj

2F je
2 ~1/2! a j dj

e~1/2! a j dj

F je
~1/2! a j dj D S Aj

Bj
D

5S e~1/2! a j 11dj 11

2F j 11e~1/2! a j 11dj 11

e2 ~1/2! a j 11dj 11

F j 11e2 ~1/2! a j 11dj 11D S Aj 11

Bj 11
D ,

~2!

which can formally be written, for anyj 51,2,...,N, as

FIG. 1. Potential profile of a semi-infinite SL withN layers per
period. For notation, see the text.
in

a
-
i-

H j S Aj

Bj
D5K j 11S Aj 11

Bj 11
D . ~3!

In Eq. ~2!,

F j5
\2

2mj
a j .

From Eq.~3! it follows that

S AN11

BN11
D5SS A1

B1
D , ~4!

whereS is a transfer matrix given by

S5KN11
21 HNKN

21HN21 ...H2K2
21H1 . ~5!

SinceKN115K1 @cf. Eqs.~3! and ~2!, and Fig. 1#, then

S5K1
21DNDN21 ...D2H1 , ~6!

with D j5H jK j
21 having a simple form

D j5S cj

F jsj

F j
21sj

cj
D , j 51,2,...,N, ~7!

wherecj5cosh(ajdj) andsj5sinh(ajdj).
Combining the Bloch theorem

S AN11

BN11
D5S A1

B1
DeikD ~8!

with Eq. ~4! leads to

~S2eikDI !S A1

B1
D50. ~9!

The requirement for nontrivial solutions of Eq.~9! reads

detuS2eikDI u50, ~10!

or, equivalently@cf. Eq. ~6!#,

detuT1,...,N2eikDI u50, ~11!

where

T1,...,N5DNDN21 ...D2D1 ~12!

has been introduced as a particularly useful form of the tra
fer matrix.

Thanks to a simplicity of Eqs.~12! and ~7!, the elements
of matrix T1,...,N can be given in a closed analytical form~see
also Ref. 29!, namely,
~T11!1,...,N5 (
$ j 1. j 2.•••. j N22p%

$ j N22p11. j N22p12.•••. j N%

cj 1
cj 2

...cj N22p
sj N22p11

sj N22p12
...sj N

F j N

F j N21

F j N22

F j N23

•••
F j N22p12

F j N22p11

, ~13a!

~T12!1,...,N5 (
$ j 1. j 2.•••. j N22p21%

$ j N22p. j N22p11.•••. j N%

cj 1
cj 2

...cj N22p21
sj N22p

sj N22p11
...sj N

F j N21

F j N

F j N23

F j N22

•••
F j N22p11

F j N22p12

1

F j N22p

, ~13b!
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~T21!1,...,N5 (
$ j 1. j 2.•••. j N22p21%

$ j N22p. j N22p11.•••. j N%

cj 1
cj 2

...cj N22p21
sj N22p

sj N22p11
...sj N

F j N

F j N21

F j N22

F j N23

•••
F j N22p12

F j N22p11

F j N22p
, ~13c!

~T22!1,...,N5 (
$ j 1. j 2.•••. j N22p%

$ j N22p11. j N22p12.•••. j N%

cj 1
cj 2

...cj N22p
sj N22p11

sj N22p12
...sj N

F j N21

F j N

F j N23

F j N22

•••
F j N22p11

F j N22p12

. ~13d!
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Each sum contains 2N21 different terms and, e.g., the firs
term in summation in Eq.~13a! or ~13d!, corresponding to
p50, should be understood ascNcN21 ...c1 .

From Eq.~11! one can obtain, using the unitary proper
of matrix T1,...,N ,

cos~kD!5 1
2 @~T11!1,...,N1~T22!1,...,N#. ~14!

Equation ~14! stands for the bulk dispersion relatio
E5E(k) for a complex-basis SL withN layers per period.
Taking advantage of Eqs.~13!, the right-hand side of Eq
~14! can be explicited in a closed form~cf. Refs. 5 and 13!,
which, however, is too complicated for further analytic
handling in the case of a general multilayer basis~for par-
ticular bases see Sec. V!, so Eq. ~14! has to be solved
numerically.32 In particular, the miniband edges can be fou
by equating the right-hand side of Eq.~14! to 61.

For any solution of Eq.~14!, the corresponding wave
function can also be obtained. Indeed, Eq.~9! gives the ratio
A1 /B1 , which—assuming A1 to be a normalization
constant—yieldsB1 , while all the remaining coefficientsAj
andBj ( j 52,3,...,N) can be calculated from Eq.~2!.

B. Semi-infinite superlattice

The wave function of a surface state can still be writte
inside the SL~z.0 in Fig. 1!, in the form of Eq.~1!. The SL
Bloch wave vector k, however, is now complex
(k5 im1 lp/D, m.0, l 50,61,62,...) to ensure a decay
ing character ofc(n, j ,z) toward the SL. Obviously, the
wave vector satisfies the bulk dispersion relation given
Eq. ~14!.

In the substrate region~z,0 in Fig. 1!, the corresponding
wave function is

cs~z!5Bse
asz, ~15!

where

as5
1

\
A2ms~Vs2E!.

Bastard’s boundary conditions applied to the SL and s
strate wave functions at the internal surface~z50 in Fig. 1!
give

S 0 1

0 Fs
D S 0

Bs
D5S e~1/2! a1d1

2F1e~1/2! a1d1

e2 ~1/2! a1d1

F1e2 ~1/2! a1d1D S A1

B1
D ,

~16!

with
l

,

y

-

Fs5
\2

2ms
as .

Eliminating Bs from Eq. ~16! yields the ratio ofA1 to B1 :

A1

B1
5

F12Fs

F11Fs
e2a1d1. ~17!

This ratio, however, is also determined by Eq.~9!, viz.

A1

B1
5

S12

eikD2S11
. ~18!

Equating the right-hand sides of Eqs.~17! and ~18! leads to
the dispersion relation for surface states:

eikD5S111S12

F11Fs

F12Fs
ea1d1. ~19!

A more symmetric form of the surface-state-energy expr
sion can be obtained by combiningeikD and e2 ikD @cf. Eq.
~19!#, and taking into account the bulk dispersion relati
@cf. Eq. ~14!#. It reads

S112S221S12

F11Fs

F12Fs
ea1d12S21

F12Fs

F11Fs
e2a1d150.

~20!

Replacing the elements of the matrixS by those of the matrix
T1,...,N @cf. Eqs.~6! and~12!# results in the following energy
expression for surface states of an arbitrarily termina
N-layer basis SL:

Fs
2~T12!1,...,N1Fs@~T11!1,...,N2~T22!1,...,N#2~T21!1,...,N50.

~21!

Since for a surface statek is complex, the inequality

ueikDu,1 ~22!

must hold to ensure a decaying character of the surface-
wave function toward the SL. Taking into account Eq.~19!
and remembering thatk satisfies Eq.~14! this leads to the
following necessary condition for a surface state to exist

u~T22!1,...,N2Fs~T12!1,...,Nu.1. ~23!

In other words, the validity of Eq.~23! should be checked fo
any solution of Eq.~21! to assure that it corresponds to th
true surface-state energy.

Using the explicit expressions for (Ti j )1,...,N , i , j 51,2 @cf.
Eqs.~13!#, both Eqs.~21! and~23! can be written in a closed
form. In the case of a general complex basis~for particular
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bases, see Sec. V!, however, they can be hardly handle
analytically and numerical calculations have to be p
formed.

The surface-state wave function can also be construc
Assuming againA1 to be a normalization constant, Eq.~16!
givesBs andB1 , while Eq. ~2! yields all the remaining co-
efficientsAj andBj ( j 52,3,...,N).

IV. SYMMETRIC TERMINATION
OF SUPERLATTICE POTENTIAL

The term symmetric terminationof the SL potential is
coined here to describe the case of the substrate being
tical to the last layer of the SL basis. It meansms5mN and
Vs5VN ~cf. Fig. 1! and, consequently,as5aN andFs5FN .
Then Eqs.~21! and ~23! become

FN
2 ~T12!1,...,N1FN@~T11!1,...,N2~T22!1,...,N#2~T21!1,...,N50

~24!

and

u~T22!1,...,N2FN~T12!1,...,Nu.1, ~25!

respectively.
From Eq.~12! it follows that

T1,...,N5DNT1,...,N21 , ~26!

which, taking into account the explicit form of matrixDN @cf.
Eq. ~7!#, leads to the following set of equations relating t
matrix elements ofT1,...,N to those ofT1,...,N21 :

~T11!1,...,N5cN~T11!1,...,N211sNFN
21~T21!1,...,N21 ,

~27a!

~T12!1,...,N5cN~T12!1,...,N211sNFN
21~T22!1,...,N21 ,

~27b!

~T21!1,...,N5sNFN~T11!1,...,N211cN~T21!1,...,N21 ,
~27c!

~T22!1,...,N5sNFN~T12!1,...,N211cN~T22!1,...,N21 .
~27d!

Inserting Eqs.~27! into Eqs.~24! and ~25! yields

~cN2sN!$FN
2 ~T12!1,...,N211FN@~T11!1,...,N21

2~T22!1,...,N21#2~T21!1,...,N21%50 ~28!

and

~cN2sN!u~T22!1,...,N212FN~T12!1,...,N21u.1, ~29!

respectively. Since

~cN2sN!5e2aNdNÞ0,

the surface-state-energy expression for theN-layer basis SL
terminated in a symmetric way@Eq. ~28!# becomes exactly
the same as the energy expression for surface states o
(N21)-layer basis SL terminated by the substrate withVN
andmN @cf. Eq. ~21!#. Although the energy expression@Eq.
~28!# does not now depend on the thicknessdN of the last
layer forming the SL basis, one should have in mind that
solutions of Eq.~28! correspond to surface-state energ
-

d.

en-

the

e
s

provided the existence condition@Eq. ~29!# is satisfied. The
latter, however, does not reproduce the surface-state e
tence condition for the (N21)-layer basis SL terminated b
the substrate withVN and mN @cf. Eq. ~23!#, as it can be
rewritten as

u~T22!1,...,N212FN~T12!1,...,N21u.eaNdN, ~30!

indicating a strong dependence ondN . In particular, fordN
large enough, Eq.~30! is never satisfied, so surface stat
cannot appear.

Generally, however, we can conclude that—contrary
binary SL’s—surface-state occurrence is possible
multilayer basis SL’s terminated in a symmetric way, i.
without perturbing the SL potential at the surface. Moreov
as long as the surface state exists, its energy is indepen
of the thickness of the last layer forming the SL basis wh
ever this layer is identical to the substrate.

This striking property can be related to the specific sha
of the surface-state wave function in such a case. Inde
following the prescription given in Sec. III B withas5aN
andFs5FN one arrives at

AN5$FN
2 ~T12!1,...,N211FN@~T11!1,...,N212~T22!1,...,N21#

2~T21!1,...,N21%Bs ~31a!

and

BN5$FN
2 ~T12!1,...,N211FN@~T11!1,...,N211~T22!1,...,N21#

1~T21!1,...,N21%e
aNdNBs . ~31b!

However, since for a surface state Eq.~28! is satisfied,
AN50. Thus the surface-state wave function in the layerN
of any celln takes the single exponential form33

c~n,N,z!5BNeaNzeiknD. ~32!

As a consequence, the logarithmic derivative of the wa
function inside the layerN is position independent, and
therefore, the thicknessdN does not enter the surface-stat
energy expression@Eq. ~28!#.

V. APPLICATION TO FOUR-LAYER BASES

The general formalism presented in Secs. III and IV fo
semi-infinite SL with anN-layer basis is applied here to th
most commonly investigated polytype SL, namely, thebipe-
riodic SL.3,4,6–9The period of such a SL consists, in gener
of four different layers: two arbitrary wells alternating wit
two arbitrary barriers. To reduce the number of variable
rameters, however, we restrict our considerations to the s
plest biperiodic bases, namely, thetwo-barrier basis~two
identical wells coupled via barriers of the same height a
different width! and thetwo-well basis~two wells of a dif-
ferent thickness coupled via identical barriers!.

In both cases, the formulas for the bulk dispersion relat
as well as the energy expression and existence condition
surface states can be written explicitly in quite a conc
manner. This not only allows to confirm general properti
but makes a further analytical consideration possible.

Selected numerical results are also presented to illust
analytical findings. All the computations have been p
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formed for SL’s made out of GaAs and AlxGa12xAs, as this
choice enables one to realize and manipulate a wide rang
potential profiles.34

A. Two-well basis

Potential profile of a terminated two-well basis SL
sketched in Fig. 2. To make the parameters describing
and barrier regions easily distiguishable, the notation
been somewhat changed with respect to that used for a
eral complex basis~cf. Fig. 2 vs Fig. 1!: ma , mb , andms are
now the effective-mass values in the well layers, barrier l
ers, and the substrate, respectively,Vb and Vs denote the
height of the SL and substrate potential barriers, correspo
ingly ~zero of the potential is deliberately chosen at the w
bottom!, while a1 , a3 , andb stand for the respective laye
thicknesses. For convenience we shall refer to particular
layers as the well (a1), well (a3), and barrier (b) @the well
(a1) is always assumed to be in contact with substrate#.

In this notation, the bulk dispersion relation for a two-we
basis SL reads@cf. Eqs.~14! and ~13!#

cos~kD!52Ba11b~E!Ba31b~E!2ca32a1
, ~33!

where ca32a1
5cosh@aa(a32a1)# ~please have in mind tha

Va50, soaa is pure imaginary!. In Eq. ~33!, Ba11b(E) and

Ba31b(E) stand for the right-hand side of the bulk dispersi

relation of a binary SL with the well (a1)/barrier (b) and
well (a3)/barrier (b) basis, respectively, viz.

cos~ka11bDa11b!5ca1
cb1

1

2 S Fa

Fb
1

Fb

Fa
D sa1

sb[Ba11b~E!

~34a!

and

cos~ka31bDa31b!5ca3
cb1

1

2 S Fa

Fb
1

Fb

Fa
D sa3

sb[Ba31b~E!,

~34b!

where ca1
5cosh(aaa1), ca3

5cosh(aaa3), cb5cosh(abb),

sa1
5sinh(aaa1), sa3

5sinh(aaa3), and sb5sinh(abb),

Da11b5a11b andDa31b5a31b denote the periods, while

ka11b and ka31b are the Bloch wave vectors of the corr
sponding two-layer basis SL’s.

The bulk band structure of four-layer basis SL’s has be
already studied3,4,6–9 and it has been concluded, basing
numerical results, that the electronic structure of a biperio

FIG. 2. Potential profile of a semi-infinite two-well basis S
For notation, see the text.
of

ll
s
n-

-

d-
ll

L

n

ic

SL can be, to large extent, considered as a superpositio
minibands of the constituent binary SL’s. Our result for
two-well basis SL is in agreement with previous repor
moreover, the explicit form of Eq.~33! seems to be particu
larly helpful for analytical handling.

For example, if the wells are of equal width, i.e.,a15a3 ,
Eq. ~33! reduces to

cos~kD!52@Ba11b~E!#221, ~35!

indicating that the minibands of the four-layer basis SL c
incide then with those of the corresponding two-layer ba
SL. Indeed, whenBa11b(E) varies from 1 (21) to 21 ~1!,

the right-hand side of Eq.~35! varies from 1 to21 and back
to 1, with no minigap opening atk5p/D, i.e., at the
Brillouin-zone boundary of the four-layer basis SL. For ide
tical wells, however, k5p/D is equivalent to
ka11b5p/(2Da11b) being in the midst of the Brillouin zone
of the two-layer basis SL, as the doubled SL periodicity
then artificial and so is the doubled Brillouin-zone folding

Furthermore, wheneverBa11b(E)50 or Ba31b(E)50 is

satisfied, Eq.~33! yields ucos(kD)u<1, indicating that an en-
ergy corresponding to the middle of the miniband of eith
component two-layer basis SL also lies within the miniba
of the two-well basis SL. On the other hand, if bo
uBa11b(E)u.1 and uBa31b(E)u.1 hold, Eq. ~33! gives

ucos(kD)u.1, so any energy from the common section
minigaps of the two binary SL’s falls also into the miniga
of the biperiodic SL. In other words, all the minibands of t
two-well basis SL are contained within the superimpos
minibands of the constituent SL’s.

This is demonstrated in Fig. 3, where the calculated m
band edges of a two-well basis GaAs/Al0.5Ga0.5As SL with
a1540 Å andb520 Å, and variablea3 are plotted~solid
lines delimiting shaded areas! and compared to those of bot
component binary SL’s~dashed lines!. It is clear that the
overall electronic structure results from mixing of miniban
originating from SL’s with a constant-width well~horizontal
bands! and a variable-width well~falling bands!. Whenever
there is an overlap of minibands of two constituent SL’s~the

FIG. 3. Electronic bulk band structure of a two-well bas
GaAs/Al0.5Ga0.5As SL with a1540 Å, b520 Å, and variablea3

~shaded areas!. For comparison, miniband edges of the compon
binary SL’s with the well (a1)/barrier (b) and well (a3)/barrier
(b) bases are also presented~dashed lines!.
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so-called band alignment!, a band splitting is observed in th
resulting structure. Away from the band-crossing points,
bandwidth is significantly reduced, since the nonsymmetr
well acts as a barrier for nonaligned minibands.

Terminating the SL potential, as has been gener
shown in Secs. III and IV, opens a possibility for surfa
states to appear inside the minigaps. For a two-well basis
the surface-state-energy expression and the correspon
existence condition become@cf. Eqs.~21!, ~23!, and~13!#

2Ba31b~E!F S Fs

Fa
2

Fa

Fs
D sa1

cb1S Fs

Fb
2

Fb

Fs
D ca1

sb

1S Fa

Fb
2

Fb

Fa
D sa1

sbG1S Fs

Fa
2

Fa

Fs
D sa32a1

50

~36!and

U Fs

Fa
F S Fb

Fa
sa3

cb1ca3
sbD sa1

sb1sa31a1
cb

2G
1

Fs

Fb
F S Fa

Fb
sa3

sb1ca3
cbD ca1

sb1ca31a1
cbsbG

22Ba31b~E!S Fb

Fa
sa1

sb1ca1
cbD1ca32a1

U.1,

~37!

respectively, where ca31a1
5cosh@aa(a31a1)#,

sa31a1
5sinh@aa(a31a1)#, andsa32a1

5sinh@aa(a32a1)#.

FIG. 4. Surface electronic structure of a semi-infinite two-w
basis GaAs/Al0.6Ga0.4As SL with ~a! a15b520 Å and variablea3

and~b! a35b520 Å and variablea1 , terminated by the AlAs sub-
strate. Shaded areas correspond to the minibands, while full
indicate the position of surface states.
e
al

ly

L,
ing

As one can see, the formulas obtained for an arbitr
terminating medium are rather complicated. However,
the substrate made out of the same material as the SL b
ers (ms5mb andVs5Vb in Fig. 2!, Eqs.~36! and ~37! can
be substantially simplified by puttingas5ab and Fs5Fb .
This yields

2Ba31b~E!sa1
e2abb1sa32a1

50 ~38!

and

U Fb

Fa
@2Ba31b~E!sa1

e2abb1sa32a1
#

22Ba31b~E!ca1
e2abb1ca32a1

U.1 ~39!

for the energy expression and existence condition for surf
states of a two-well basis SL terminated in a symmetric w
From combined Eqs.~39! and ~38!, a much simpler form of
the necessary condition for surface states to occur imm
ately follows, viz.

usa3
u.usa1

u. ~40!

Essential properties of the surface electronic structure
semi-infinite two-well basis SL are illustrated in Figs. 4–
Computations have been performed for GaAs/Al0.6Ga0.4As
SL’s with a15b520 Å and variablea3 , as well as with
a35b520 Å and variablea1 , to compare the effect of the
SL termination on a constant- or variable-width well. Va
ous surface conditions have been taken into account by
sidering different substrates, namely, AlAs~to getVs.Vb),
Al0.4Ga0.6As ~to get Vs,Vb), and Al0.6Ga0.4As ~to get
Vs5Vb , i.e., symmetric termination of the SL potential!.

l

ts

FIG. 5. The same as in Fig. 4, but for the Al0.4Ga0.6As substrate.
The dashed line indicates the surface potential barrier heightVs .
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As it can be seen in Figs. 4 and 5, the surface poten
barrier sufficiently high or low, with respect to the SL bar
ers, causes a surface state to appear above or below the
responding miniband, respectively. A similar behavior h
been found before for terminated binary SL’s.15–17,21–27For a
two-well basis SL, however, surface states detach only fr
minibands originating from the eigenstates of the outerm
well. Indeed, surface-state-energy curves follow the horiz
tal or falling bands depending on whethera3 or a1 is vari-
able @cf. Figs. 4~a! and 5~a! vs Figs. 4~b! and 5~b!#. More-
over, inspection of the corresponding wave functions~not
shown! indicates that all the surface states are localiz
mostly in the well being in contact with substrate.

Figure 6 demonstrates the possibility of surface-state
currence for a symmetric termination of the SL potent
when using a two-well complex basis, in contrast to the ty
cal two-layer basis of a single well and barrier. However,
a wide range of SL parameters, i.e., acceptable layer th
nesses and barrier heights, it is virtually impossible to obt
a surface state well separated from the miniband edges.
consequence, the existing surface states are rather poor
calized, and their wave functions exhibit Bloch-like chara
ter with almost no damping toward the SL. In practice, su
surface states should not actually modify the bulk electro
properties of two-well basis SL’s.

B. Two-barrier basis

A semi-infinite two-barrier basis SL is schematica
shown in Fig. 7. Characteristic parameters are the sam
for a two-well basis SL~cf. Sec. V A and Fig. 2! except for
a, b2 , andb4 denoting now the well and two different ba
rier thicknesses, respectively@the barrier (b2) is always as-
sumed to be closer to the SL surface#.

FIG. 6. The same as in Fig. 4, but for the Al0.6Ga0.4As substrate
~symmetric termination of the SL potential!.
al

or-
s

m
st
-

d

c-
l
i-
r
k-
in
s a
lo-
-
h
ic

as

The bulk dispersion relation for a two-barrier basis S
can also be written in a concise form@cf. Eqs.~14! and~13!#,
namely,

cos~kD!52Ba1b2
~E!Ba1b4

~E!2cb42b2
, ~41!

where cb42b2
5cosh@ab(b42b2)#, while Ba1b2

(E) and

Ba1b4
(E) are the right-hand side of the bulk dispersion r

lation of a binary SL with the well (a)/barrier (b2) and well
(a)/barrier (b4) basis, correspondingly@cf. Eqs. ~34! and
~33!#.

Analysis of Eq.~41!, similar to that of Eq.~33!, leads to
the conlcusion that for identical barriers (b25b4) the mini-
band structure of a four-layer basis SL again reproduces
of the respective two-layer basis SL. Ifb2Þb4 , however, the
minigap can always be found in the electronic structure o
two-barrier basis SL around energies corresponding to
middle of miniband of either component binary SL. Indee
wheneverBa1b2

(E)50 or Ba1b4
(E)50 holds, so the en-

ergy corresponds toka1b2
5p/(2Da1b2

) or ka1b4
5p/

(2Da1b4
), being in the midst of the Brillouin zone of th

respective two-layer basis SL; Eq.~41! yields cos(kD),21,
indicating clearly the minigap opening atk5p/D, i.e., at the
Brillouin-zone boundary of the four-layer basis SL. Cons
quently, each degenerated miniband of the constituent bin
SL’s splits into two minibands of the biperiodic SL due to
perturbation introduced by a different second barrier in
SL basis.

This is confirmed by the miniband structure calculatio
performed for a two-barrier basis GaAs/Al0.5Ga0.5As SL with
a560 Å, b2515 Å, and variableb4 . The corresponding
numerical results are presented in Fig. 8.

The energy expression for surface states in a two-bar
basis SL terminated by an arbitrary medium reads@cf. Eqs.
~21! and ~13!#

2Ba1b2
~E!F S Fs

Fa
2

Fa

Fs
D sacb4

1S Fs

Fb
2

Fb

Fs
D casb4

1S Fa

Fb
2

Fb

Fa
D sasb4G1S Fs

Fb
2

Fb

Fs
D sb22b4

50, ~42!

together with the existence condition@cf. Eqs.~23! and~13!#

FIG. 7. Potential profile of a semi-infinite two-barrier basis S
For notation, see the text.
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U Fs

Fa
F S Fb

Fa
sasb2

1cacb2D sacb4
1cb21b4

casaG
1

Fs

Fb
F S Fa

Fb
casb2

1sacb2D sasb4
1sb21b4

ca
2G

22Ba1b2
~E!S Fb

Fa
sasb4

1cacb4D1cb22b4
U.1.

~43!

Since, however, we are interested mostly in the effec
SL termination by the substrate identical to the SL barri
~ms5mb and Vs5Vb in Fig. 7!, we simplify Eqs.~42! and
~43! by replacingas and Fs with ab and Fb , respectively.
They become

Ba1b2
~E!50 ~44!

and

U2Ba1b2
~E!S Fb

Fa
sa2caD1eabb2Ue2abb4.1, ~45!

correspondingly. Furthermore, we substitute Eq.~44! into
Eq. ~45! and arrive at

eab~b22b4!.1

or

b2.b4 ~46!

as the necessary condition for a surface state to exist.
Consequently, surface states can appear in a two-ba

basis SL terminated in a symmetric way, provided the bar
lying closer to the surface is wider than the other one. T
indicates—in accordance with the general conclusions
Sec. IV—a critical dependence of the surface-state oc
rence on the thickness of the barrier (b4).

Conversely, as follows from Eq.~44!, the surface-state
energy does not depend onb4 , confirming again the findings
of Sec. IV. Moreover, it lies in the range corresponding
the middle of miniband of a constituent binary SL. It h

FIG. 8. Electronic bulk band structure of a two-barrier ba
GaAs/Al0.5Ga0.5As SL with a560 Å, b2515 Å, and variableb4

~shaded areas!. For comparison, miniband edges of the compon
binary SL’s with the well (a)/barrier (b2) and well (a)/barrier (b4)
bases are also presented~dashed lines!.
f
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been pointed out, however, that if Eq.~46! holds ~which is
the necessary condition for a surface state to occur!, a mini-
gap opens around the energy satisfying Eq.~44!. Hence, we
really deal with a true surface state.

This specific surface-state behavior is illustrated in Fig
for GaAs/Al0.6Ga0.4As SL’s with a5b2520 Å and variable
b4 , as well as witha5b4520 Å and variableb2 , being in
contact with the Al0.6Ga0.4As substrate. As it can be seen, th
opportunity of a well-defined surface state to exist even
the terminating medium identical to the SL barriers is una
biguously realized in a two-barrier basis SL. In contrast
the previously studied two-well basis SL~cf. Fig. 6!, surface
states resulting from a symmetric termination of the SL p
tential are now clearly separated from the miniband ed
and, thus, are strongly confined to the SL surface. Since
miniband splitting takes place exactly atb25b4 , the surface
state—to keep Eq.~46! satisfied—appears within just one o
the minigaps opening at the band crossing point.

As has been shown before for terminated binary SL’s,35,36

the energy-level occurrence within a minigap, correspond
to a state localized at the SL end, could—under cert
conditions—lead to an effective removal of the forbidd
energy gap. Therefore, the existence of surface states sh
be taken into account when device applications of SL’s
considered.

For completeness, the results of surface electronic st
ture computations for two-barrier basis GaAs/Al0.6Ga0.4As
SL’s with other substrates, namely, Al0.8Ga0.2As ~to get
Vs.Vb! and Al0.5Ga0.5As ~to get Vs,Vb), are shown in
Figs. 10 and 11, respectively. The effect of a different s

t

FIG. 9. Surface electronic structure of a semi-infinite tw
barrier basis GaAs/Al0.6Ga0.4As SL with ~a! a5b2520 Å and vari-
able b4 and ~b! a5b4520 Å and variableb2 , terminated by the
Al0.6Ga0.4As substrate~symmetric termination of the SL potential!.
Shaded areas correspond to the minibands, while full dots indi
the position of surface states.
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facepotential barrier is similar to that observed for two-w
basis SL’s and agrees with previous findings for termina
binary SL’s.22,24–27Analysis of the surface-state wave fun
tions ~not shown! indicates that again all the surface stat
are localized mostly in the outermost well.

VI. SUMMARY

In this work, the electronic structure of a semi-infini
complex-basis SL withN layers per period has been inve
tigated. Using the transfer-matrix method within a
envelope-function approximation, the bulk dispersion re
tion has been derived for a general multilayer basis. T
effect of the SL surface~i.e., the SL/substrate interface! has
been studied, and the energy expression as well as exist
condition for surface states have been obtained for an a
trary terminating medium.

Special attention has been paid to the case of a symm
termination of the SL potential, i.e., when the substrate
identical to the last layer of the SL basis~ms5mN and
Vs5VN in Fig. 1!. It has been shown that—in contrast
typical, i.e., two-layer basis SL’s—surface states can app
in complex-basis SL’s also without modifying the outermo

FIG. 10. The same as in Fig. 9, but for the Al0.8Ga0.2As sub-
strate.
ll
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SL period. In such a case, the surface-state energy does
depend on the thickness of the last layer forming the
basis; however, the corresponding existence condition c
cally does.

The general formalism has been applied to termina
GaAs/AlxGa12xAs SL’s with a two-well basis~two wells of
a different thickness coupled via identical barriers! and a
two-barrier basis~two identical wells coupled via barriers o
the same height and different width!. In both cases, the for-
mulas for the bulk dispersion relation as well as the ene
expression and existence condition for surface states h
been explicitly written in a very concise manner. This e
abled us to conclude essential properties of the electro
structure, basing on analytical considerations and use the
merical results mostly for illustration.

The performed calculations indicate a possibility of we
defined surface states to occur in complex-basis SL’s.
was pointed out, their existence is of importance when
vice applications of SL’s are considered.
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FIG. 11. The same as in Fig. 9, but for the Al0.5Ga0.5As sub-
strate.
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14F. Agulló-Rueda, H. T. Grahn, and K. Ploog, J. Appl. Phys.79,
8106 ~1996!.

15H. Ohno, E. E. Mendez, J. A. Brum, J. M. Hong, F. Agull´-
Rueda, L. L. Chang, and L. Esaki, Phys. Rev. Lett.64, 2555
~1990!.

16F. Agulló-Rueda, E. E. Mendez, H. Ohno, and J. M. Hong, Ph
Rev. B42, 1470~1990!.

17H. Ohno, E. E. Mendez, A. Alexandrou, and J. M. Hong, Su
Sci. 267, 161 ~1992!.

18T. Miller and T.-C. Chiang, Phys. Rev. Lett.68, 3339~1992!.
19I. E. Tamm, Phys. Z. Sowjetunion1, 733 ~1932!.
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