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Manipulation of the spin-orbit coupling using the Dirac equation
for spin-dependent potentials
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A scheme is presented that allows one to decompose the spin-orbit coupling operator into two parts within
calculations based on the Dirac equation for spin-dependent potentials. The first term lifts energetic degenera-
cies but leaves the spin as a good quantum number, while the second term causes hybridization of states with
a different spin character. To investigate the importance of these terms and of the mechanism connected to
them a number of model calculations for the dispersion relation, the spin-orbit-induced orbital magnetic
moment, and the magneto-optical Kerr effect in several transition metal systems have been performed by
retaining just one of them. In all cases studied it was found that the first term is by far the most important
source for spin-orbit-induced phenomef80163-18207)01340-4

I. INTRODUCTION II. DERIVATION OF APPROXIMATE RADIAL
DIFFERENTIAL EQUATIONS

Recently there has been much interest in phenomena that The starting point of our derivation is the Dirac Hamil-
are caused by the interplay of magnetism and spin-orbit intonian
teraction. Some examples of these are the magnetocrystalline
anisotropy* galvanomagnetic effectsand the magnetic di-
chroism observed in any kind of spectroscopy of magnetic
solids® In most cases corresponding theoretical investiga-

tions are based on a perturbational or variational treatment &ﬁ: the single site p(;oblem, 'he" an EOIZtTDd_ potential z‘;"e”'
spin-orbit coupling when calculating the underlying elec- € quantitiesa; and f are the standard Dirac matrices.

tronic structure(for an overview see Ref.)4However, dur- The potentialV(r) is defined in the framework of the rela-

ing the past ten years several alternate band structure metth\_nstlc counterpart of nonrelativistic spin density functional

c 1
HD=i—a-V+§(,8—I)+V(r), (1)

9 i
ods have been developed that are based on the solution of t eeor)f‘ and consists of the Hartree terkm(r)_together

Dirac equation for a spin-dependent potential, and that tregith the spin averaged and spin-dependent p&(r) and
this way spin-orbit interaction and magnetism on the same’spir("). respectively, of the exchange-correlation potential:

footing. In a previous pap&freferred to in the following as —
paper ) it was demonstrated that even when starting with V() =V(r)+ Vi) +V sir(1).- @

this sophisticated approach it is possible to identify the SpinWithout loss of generality one may assume the magnetiza-

orbit coupling individually in a set of approximate radial {5 1o point along the axis leading for the spin-dependent
Dirac equations. This allows one to perform model calculay5+ 1o

tions with the strength of the spin-orbit coupling

manipulated—just as it can be done within a perturbational OE ¢

approach. Corresponding investigations have been done re- Vspin(r):ﬁazm:BUzB(r): ©)
cently on the influence of the spin-orbit coupling strength on

the orbital magnetic moment in allofsgalvanomagnetic with m(r) the spin magnetization density. To solve the
properties of disordered alloysthe magneto-optical Kerr single site Dirac equation corresponding to the above Hamil-
effect! and the magnetic dichroism in x-ray absorptfoim  tonian one makes the ansatz for the four-component wave
the following it is demonstrated that a similar procedure agunction'

used before can be applied to split the spin-orbit coupling

term into a part that breaks the orbital degeneracy but leaves ga(r,E)xa(r)
the spin as a good quantum number and a second one that ¥ (r.E)=2 ¢,(r,E)=2> | ~ | 4
causes hybridization of the two spin subsystems. As will be A A MTA(LE) x-a(r)

shown below by several quite different applications CoMmeyhereg, andf, are the major and minor radial wave func-

spondmg mves.t|gat|ons qn_the relative |mporta|j1ce 9V€ Fisns. The functionsy, (r) are the conventional spin-angular
deeper insight into the origin of the above mentioned phefunctions7

nomena. In addition the results presented supply a justifica-

tion for the use of much simpler calculation schemes that 1

account for spin-orbit coupling in an approximate way when XA(F): 2 C(/—j iﬂ—ms,ms> Yﬁims(':))(m . (5)
calculating the electronic structure of magnetic solids. mg=+1/2 2 ' s
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with the Clebsch-Gordan coefficien(/'3j; u—mg,my),
the complex spherical harmonids‘/“ms(F), and the Pauli
spin functionsyy, . Finally, the indices\ and — A stand for

(k,n) and (—«,u), respectively, withk and u the spin-
orbit and magnetic quantum numbers.

Inserting the above ansatz into the Dirac equation leads to
a set of an infinite number of coupled differential equations
for wave functions with the same magnetic quantum numbethe above-mentioned exact second order differential equation
w and parity, i.e.Al=0,2,4 ... . Fortunately, in praxis this for the major component is recoverggsee Eq(13) in paper
coupling can be restricted tl =0.1° For that reason, one is 1].
left with couplings of the typei/;,—Psr2, ., dap,—dsizy, Instead of allowing us only to manipulate the strength of
and so on. By eliminating the minor component in the resultthe spin-orbit coupling Eq.10) also allows us to modify the
ing first order differential equations, a second order differenform of the spin-orbit coupling operator. For this purpoge,
tial equation for the major component has been obtained ifs split according to
paper | that is still exact and shows a term that can be iden-
tified with the spin-orbit coupling. The further strategy in
that paper was to neglect the minor component, i.e., to
switch to a two component formalism. This allowed us to .
scale the strength of the spin-orbit coupling in an arbitraryinto two parts. The first tern¥,,, gives rise only to a split-
way with the resulting differential equation still formulated ting of levels with a different quantum numbers. Because

E=K—-1=o-l, (12)

with the corresponding angular matrix elemegts . Insert-
ing their proper values

Exn =(xalK=1|xy)=(—Kk—1)8xp, (12

%:a'-|=a'zlz+((rxlx+ 0'y|y):%ZZ+ gxy (13

and solved using the conventional relativisticrepresenta-
tion.

no mixing of states with a different spin character is intro-
duced that waym, is left as a good quantum number. In

Instead of manipulating the second order differentialcontrast to this the second tergy,, gives rise to a hybrid-
equation for the major component a corresponding waveézation of different spin states while no obvious splitting of
equation in spherical coordinates is introduced here first fOFW levels is caused by it. Because the two parts dfave

the two-component wave functich(r,E):

10 ,0 12
—r—Z&—rr E+r_2_SAT+SABO-Z

Sy(d 1 K- ) o 10 .
SA dr F (r: )_ . ()

Here,K=o-1+1 is the spin-orbit coupling operataand the
abbreviations

(7)
E-V B

1+ S (x-alozlx-a)
c c

SA: (8)
have been used, whe®, would be identical to 1 in the
nonrelativistic limit which is obtained fot— .

For the wave functionb(r,E) the ansatz,

®(rE)=2 dr(nE)=2 ga(rBxa(n), (9
is made in accordance with the adoptadrepresentation.
Inserting this ansatz into the wave equati@n leads to the
following second order radial differential equation:

C1+1)
AT r2 PA_SATPA+SA2 BAA’PA’
A/
sifd 1 S, 1
T dr FPAJFS_AF%‘ ExnPar,  (10)

with P,=rg, . Here the spin-orbit coupling operatkrhas
been replaced using the operator

quite different consequences it is interesting to investigate
their effect separately by replaciggn Eq. (10) either byZ,,

or by éxy. The corresponding angular matrix elements to be
inserted are

<XA|ngXA’>
2
) 1- m for k# k'
=0,:6,, 14
o -S —2'u2 —l for k=’ e
“2l+1 2 K
<XA|gxy|XA’>
/ 2u \? ,
- +u 1—(m for k# « .
S —+S—2’u2_£for—’ "
K& 2 MR

with S, = /| k|. A solution of the resulting second order dif-
ferential equation for the two different cases can be achieved
by introducing the auxiliary function

Qr= (16)

P+ =P

AT A,
This leads to the following sets of coupled first order differ-
ential equations:

pl=—n
A r

PA+SAQx (17)
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Q/’\:§QA_TPA+% BAA’PA 0.65 l U I ! ] ! T/
S, 1
—S—ir (K+1)PA+% &Pyl (19 060 I &y74 il
o . N R 2
with fAAr:<XA|§zz|XA’> or gAAr:<XA|§xy|XA'>i respec- E T exact
tively. 0.55 B .
These final equations differ from the original coupled ra- ¢
dial Dirac equations for the major and minor components, { ]
where one ha®,=rg, andQ,=crf,, only because of the N |
last term in Eq{(18). Implementing these model equations is 0.50 ——
therefore extremely simple. Apart from this additional term ! ,"'/
nearly no further modifications have to be done for a band - 7 1
structure program that is based on the fully relativistic — _ t F /
Hamiltonian in Eq.(1). However, one again has to note that é\ 0.60 | / .
Q, in Eqg.(18) has not the meaning of a minor component of ~—~ (| D //
a four-component wave function. For that reason for the cal- 83 F 77 ]
culation of any physical quantity only forms of the corre- Y E 1
sponding matrix elements may be used that do not involve (§ 0.55 | ¢ -
any combinations of the major and the minor component t
wave functions, as, for example, the electric dipole matrix - ]
element in itsa- A form (see paper)l t |
0.50 7 — =
lll. APPLICATIONS R J
The scheme described above has been implemented and 1 Fl
combined with the spin-polarized relativisti§PR version 0.60 / 7]
of a linear-muffin-tin-orbitai* (LMTO) as well as a | D / |
Korringa-Kohn-Rostokéf (KKR) band structure program. Xy
This means that it has been used within a conventional 055 E f _
IZ—space variational method and a method based on multiple ' ¢
scattering theory, respectively. Results of corresponding ap- i) _
plications are presented and discussed in the following. $ |
050 L ! : | f 1 1 1 N
A. Dispersion relation of fcc-Ni r X

To demonstrate the effect of the various parts of the spin-

orbit coupling the dispersion reIatidE(IZ) of Ni has been . Fli' i Dispersion ;Elatl'OE(ki] of fcc-Ni f;r the magnetization
calculated in a proper relativistic way; i.e., using the full M @nd the wave vectok along the[001] and[100] axes, respec-

A . : tively. The panels show from top to the bottom results based on the
Dirac equation as well as using the scheme presented abo})ul Dirac equation and those obtained keeping Zzendxy terms

keeping for¢ only its partZ, or &, respectively. Figure 1 i1 gq (13

shows corresponding results for the magnetizaN?Jralong

the[001] axis and the wave-vectdralong the[100] axis. AS  pand. However, this does not rule out the hybridization of
has been mentioned above, spin-orbit coupling gives rise t
the lifting of degeneraciete.g., atA andB in Fig. 1, top
and causes hybridization or mixing of ban@sg., atC, D,

Bands induced by,,. As one can see from the middle panel
of Fig. 1 hybridization takes place & andF. On the other

E, andF) that simply cross within a nonrelativistic treat- '2nd, no hybridization is found & and D, where now
ment. In addition the expectation value <01’u€| ffz|‘1’u€> is bands of different spin character cross. Furthermore one

not restricted ta+1 (see, e.g., Refs. 13,14i.e., spin is no Notes that thg splitting of the bands, e.g.AatB, E, andF
more a good quantum number. However, remarkable devigsaused by th&,, part is quite comparable to that due to the
tions from the valuest1 occur only in the region where full spin-orbit interaction.

bands cross, if spin-orbit coupling is neglected. For that rea- Concerning the hybridization, the situation is more or less
son it is justified to attach the labejsand to the bands to  opposite to the situation f,,, if the £, part is used. The
indicate their dominant spin character for a certain range ofower panel of Fig. 1 demonstrates that there is now a pro-

>

K. nounced hybridization of bands of different spin character

Keeping only thet,, part of the spin-orbit interaction the (C andD)—just as for the full spin-orbit interaction. While
most important consequence is that now all states have pufybridization is also present & andF it is much less pro-
spin character that cannot change if one goes along a certaiounced than fo€,,. Surprisingly, the splitting of the bands
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TABLE I. Spin-orbit-induced orbital magnetic momertis wg) TABLE Il. As for Table I, but for Fe and Co in the disordered
of pure Fe, Co, and Ni, respectively, obtained without any manipu-alloy bcc-Fg ¢Coy,. The labels Fe, Co, and both in column one
lation (exac} and keeping thezandxy terms, respectively, in Eq. indicate for which components the corresponding spin-orbit cou-

(23. pling term is manipulated.
bce-Fe fce-Co fce-Ni Fe Co

Exact 0.0534 0.0749 0.0505 Exact 0.0564 0.0899
7z 0.0536 0.0756 0.0504 zz (Fe 0.0564 0.0906
Xy —0.0005 —0.0008 —0.0002 xy (Fe 0.0066 0.0690
zz(Co) 0.0566 0.0903
R R xy (Co) 0.0492 0.0201
caused by, , while being in general smaller than féy,, is  zz (both 0.0565 0.0907
still quite appreciable. In spite of this, both parts have axy (both 0.0005 0.0009

rather different importance for many spin-orbit-induced
properties, as will be demonstrated below.

Obviously, the scheme presented above allows us {0 ifyeans that the distortion is transferred via hybridization to

vestigate quantitatively the consequences of the two parts @ . ~ .
gare q y a P tLe Co site. On the other hand, usiég for the Co sites has

the spin-orbit interaction and to trace back the origin of the = o Fe "
observed hybridization in a simple and straightforward way 0Nl little impact ongon, of Fe (wqr,) because of the high Fe

Of course, this could also be achieved within an analyticaconcentration. For the same reason, keerﬁﬂgfor Fe re-

approach treating the various parts of the spin-orbit couplinglucesu S by 23% while there is only a reduction of 13% for

as a perturbation for a spin-split band structure and studyingLFeb if ., is used for Co Finally, if both components are
; : orl Xy . '
the symmetry for these situations. manipulated the same way, the effect is quite similar to the
situation of the pure system. This meang ifs replaced by

) &,, throughout only a small change is induced while the or-

One of the most prominent spin-orbit-induced magneticy;, magnetic moments nearly vanish if ordy, is kept.
property is the orbital magnetic momepty, in transition In contrast to Fg¢C0, » the magnetic momeynts as well as

metals. Using the tabulated experimental valtiethis the spin-orbit coupling strength differ by an order of magni-
amounts to 10% of the total magnetic moment for Co and Ni P ping 9 Y mag
ude for the two components of fcc-gePtys. In addition

and to 5% for Fe. For these elements corresponding theoret-"" s )
ical values foru, are given in Table |. These data have their concentration has been chosen to be the same. In line

been obtained applying the standard expredion with the previous results Athe consequence of replatzing the
spin-orbit coupling operatdf for any site or both sites bg,,
Morb*@z),uay (19 has only a small conseguence for the orbital magnetic mo-
A ments. Replacing it by,, for both componentsuy, is
with 1, the z component of the orbital angular momentum nearly vanishing for Co and Plast line of Table I1). How-
operator. The calculations have been performed using thgyer, if ¢ is replaced b)%xy on just one site there is a rather

SPR-KKR method ignoring the so-called orbital polarization ae Pt
mechanisrf which leads to an enhancement of the Spm_unexpected consequencegl is used for Couer, increases

orbit-induced orbital magnetic moment slightly. Manipulating the Pt sites that way, the on-site mo-

Pt . 0 Co
Comparing the results for the three sets of calculationd"€Ntor, IS reduced to less than 9% whilegy, increases by

one notes that the two different manipulations of the spin>°>% at the same time. On the other hand, a reduction to

orbit coupling considered here have very different conse—0.048ug is found whené,, replaces¢ for the Co sites. .
quences. Using, , gives in all cases results far,, that are Therefore one has to conclude that, the weaker that the spin-

only slightly higher than for the full spin-orbit coupling term orbit coupling strength is effectively on the Co site compared

£. Using &,, instead leads to very small moments that areto that on the Pt site, the smallgf$ is. This is in line with

found to be of opposite sign. Adding the moments obtained
for €, and &,,, respectively, the original value is nearly
recovered. Obviously they part of the complete spin-orbit
coupling operator has the effect to slightly reduce the orbital

B. Spin-orbit-induced orbital magnetic moments

TABLE Ill. As for Table Il, but for Co and Pt in the disordered
alloy fcc-Coy 5Pty s

magnetic moment that is induced by thepart by lifting the co Pt
degeneracy of then, sublevels. Exact 0.0847 0.0592
While for the pure elements the effect of manipulating thezz (co) 0.0851 0.0591
spin-orbit coupling is quite straightforward, the situation canyy (Co) —0.0480 0.0650
get rather complex for alloys or compounds. Table Il sum-;; py 0.0853 0.0594
marizes results obtained for bcc{fz€£0,, for which the xy (PY) 0.1321 0.0050
magnetic moments and the spin-orbit coupling strength of ; yoth 0.0859 0.0596
both components are quite similar. As one can see, keeping, oy —0.0015 0.0005

for Fe just EZZ has also some effect fou o, of Co. This
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FIG. 2. Magneto-optical Kerr rotation angl for fcc-Ni: ob-
tained without any manipulatiofexac) and keeping thez andxy
terms, respectively.

6 ()

the previous finding thanocr% monotonously decreases and

gets negative when going from pure Co to the Pt-rich side of
Co,Pt;_,.1"

C. Magneto-optical Kerr effect

Another interesting spin-orbit-induced phenomenon is the
magneto-optical Kerr effect. For technical applications of
this effect the most important quantity is the Kerr-rotation
angle 6 . For the so-called polar geomelfydy gives the
rotation of the polarization vector that is observed when lin- — = b

. . . . - oth) 4
early polarized light is reflected from a sample that is mag- _ . gz (both)
netized parallel or antiparallel to the light beam. For photon 2.0 ~ i
energies higher than 1-2 eV the optical properties—and with
these the Kerr-rotation—are determined Eyconserving
electronic interband transitior8. 0.0 2.0 4.0 6.0 8.0

Looking upon spin-orbit coupling as a perturbation for a Energy (eV)
spin-polarized band structure, Erskine and Sfepmoposed
three distinct pOSSible sources of the Kerr rotation for that FIG. 3. As for Fig. 1 but for the compound FePt. The various
situation:(i) lifting of degeneracies of energy leveld, hy- panels show from top to bottom results obtained manipulating only
bridization of states with different spin character, &fit)  the Fe, the Pt, and all sites, respectively.
spin-flip transitions due to spin-orbit coupling. Poifiii )
arises because spin'—o'rb.it interaction gives ri'se t'o a correc'tiolgure element, because the various components can contribute
term to the nonrelativistic form of the electric dipole matrix 1, 5 gifferent extent. For FePt, for example, the spin-orbit
element? The importance of this correction has been inves i ieraction on the Fe site is obviously of minor importance,

tigated in the past by several authd{s:® For FePt, for as can be seen in Fig. 3. Replacing the full spin-orbit inter-
which it should be quite pronounced because of the high g. o Rep 9 P

atomic number of Pt, Guo and Eb#rfound changes in the action operatof by ¢, on the Fe site has aArather small
matrix elements in the order of 1%. The scheme presentePPact on the spectruitsee top of Fig. B If only &, is kept
above now allows us to perform model calculations aimingon the other hand, the magnitude of the rotation is reduced
to investigate the role of point§) and (ii) in addition. Re- Py an appreciable amount. Nevertheless, manipulating the
sults of corresponding calculations of the Kerr-rotation angleSPin-orbit coupling on the Pt site has a much stronger impact
0 of fcc-Ni performed using the SPR-LMTO method are (see middle of Fig. B Keeping just,, not only changes the
shown in Fig. 2. As one can see, the spectrum obtained ocamplitude of6x but also affects the position of minima and

the basis ofz,, alone is astonishingly close to the original maxima of the spectrum. If onIi“rXy is kept for the Pt sites,
spectrum. Only for small photon energies do pronounced difthe rotation is strongly diminished demonstrating that the
ferences in the absolute magnitude of the rotation angle oderr-rotation spectrum of FePt is—at least concerning the
cur. Keeping on the other hand only the teém, a very Spin-orbit coupling—domina}ted by Pt. This .is once more re-
small rotation is found. Quite similar to the situation fog,,  flected by thAe results obtained for both sites manipulated.
of Fe, Co, and Ni, the rotation spectra basedépnand¢,, ~ Keeping just¢;; one gets nearly the same spectrum as ob-
alone add up to the proper spectrum. tained by replacing only on the Pt site. I,, substitutest

Investigating the Kerr-rotation spectrum of an orderedon all sites the resulting rotation is again quite small and
compound is somewhat more complex than dealing with ascillating.

8()

exact

1 1 L 1 L I .
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The investigations mentioned above concerning p@int  the computing time of the band structure part by a factor of
together with the results presented here clearly demonstrate(not 8 because the system is assumed to be spin polarized
that among the variations sources of the Kerr rotation dis- |n spite of the simple form of,, one has to note that it
cussed by Erskine and §té?rthe mechanisnti), i.e., the  nevertheless breaks the symmetry of the system—otherwise
lifting of degeneracies by,, is by far the most important the various phenomena discussed above would not occur.
one. This means that the hybridization of states of differenfThis means that, for example, the magnetocrystalline anisot-

spin character plays only a minor role not only for the pureropy energy can also be calculated on the basis of this sim-
3d-transition metals but also for compounds containingplified spin-orbit coupling term. Because of the simple form

heavy elements. of &,, the magnetocrystalline anisotropy can be investigated

within a modified non- or scalar-relativistic band structure

D. Approximate treatment of spin-orbit coupling within a calculation in a similar way as the noncollinear spin magne-
conventional spin-polarized band structure calculation tism is treated®?°

The results presented above demonstrate that one gets
quite reliable or at least semiquantitative results for spin- IV. CONCLUSIONS

orbit induced properties if onlg, . is accounted for—even if A scheme has been presented that allows—starting from
the studied system contains heavy elements. Because the Dirac equation for a spin-dependent potential—to split
term¢,, leaves the spin quantum numbmeg as a good quan- the spin-orbit interaction into a part lifting the energetic de-
tum number it is extremely simple to be incorporated withingeneracy and a second one introducing the hybridization of
a non- or scalar-relativistic band structure program for spinstates with a different spin character. This was shown explic-
dependent potentials. In fact this approximate treatment ofly by calculations of the dispersion relations of Ni for
spin-orbit coupling has been adopted in the past by variousvhich one of these parts was suppressed. For the spin-orbit-
authors without giving a detailed justification for this. For induced phenomena investigated here—orbital magnetic mo-
example, Hbner® used this approximation in discussing the ment and Kerr rotation—it turned out that the first mecha-
nonlinear magneto-optical Kerr effect. Ak&has performed nism is by far the dominating one. This result obviously
calculations foru o, Of Fe, Co, and Ni getting results very supplies a deeper insight into the physical origin of these
similar to those given in Table I. Also his calculations for the phenomena. In addition it gives justification for the use of an
magnetic circular x-ray dichroism at tieedge of Fe and Ni  approximate treatment of spin-orbit interaction by account-
in disordered FeNi;_, alloys’® gave results in accordance ing just for the first part that is diagonal with respect to spin.
with corresponding fully relativistic calculatidr. For the properties studied here one should get at least semi-
The only complication that arises &, is incorporated in ~ quantitative agreement with the proper fully relativistic re-
a conventional band structure program is the fact that ongults that way—even for systems containing heavy elements.
has to solve radial differential equations for each set offowever, this does not necessarily apply also for other spin-
(1,m,) quantum numbers. However, there is no coupling oforbit-induced properties. For galvanomagnetic properties, for

different partial waves introduced b#;,. Because the size example, one might expect that spin mixing plays quite an

of the Hamilton and overlap matrices occurring within aimportant role. Corresponding investigations to confirm this

variational band structure scheme or of the scattering matri€XPectation are on the way at the moment.

ces occurring within multiple scattering theory, respectively,
does not change due %,, the numerical effort increases
only slightly compared to a calculation withogt,. Ac- This work was funded by the DF®eutsche Forschungs-
counting for the full spin-orbit coupling instead would gemeinschajt within the programTheorie relativistischer
double the size of the matrices and for that reason increasé&dfekte in der Chemie und Physik schwerer Elemente
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