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We have measured the thermal conductivity of seven germanium crystals with different isotopic composi-
tions in the temperature range betwezK and 300 K. These samples, including one made of highly enriched
70Ge(99.99%, show intrinsic behavior at room temperature with the exception gttgpe sample with
[Ng-No|=2x10'"® cm™3. The “undoped” samples exhibit &% dependence at low temperatures, basically
determined by boundary scattering. The maximum value Gfhich falls in the range between 13 K and 23
K) is found to be a monotonically decreasing function of the isotopic mass variance pargmEher maxi-
mum «,, measured for the most highly enriché6(99.99% sample is 10.5 kW/mK, one order of magnitude
higher than for natural germanium. The experimental data have been fitted with the full Callaway theory,
modified by treating transverse and longitudinal modes separately, using three free adjustable parameters for
each set of modes to represent anharmonic effects plus the calculated contributions from isotopic and boundary
scattering. For the isotopically pure$1Ge(99.99% sample, dislocation scattering, or a similar mechanism,
must be added in order to fit the data. We have also checked the effect of various surface treatments on the
thermal conductivity in the low temperature region. The highest valuasané found after polish etching with
a SYTON suspensioS0163-18207)00539-(

[. INTRODUCTION and Umklapp processef-or very pure samples scattering
by dislocations must also be considejed.

The thermal conductivity of diamondlike semiconductors ~ Since the early work of Pomeranchtfkdemonstrating
and insulators, especially of Ge, has been the object of martye role of isotopes as phonon scatters with a resulting influ-
experimental and theoretical studied! Early experiments ence on the thermal conductivity, and the work performed by
indicated the existence of a maximuy, nearT~0.050 ( 6: Geballe and Huftt it has been known that the maximum
Debye temperatuyewhich was attributed to the increase of thermal conductivityx,, is strongly affected by the isotopic
the thermal conductivity withT in the low temperature re- composition. This fact has received considerable attention in
gion (governed byT-independent boundary scattering andrecent years for the case of diamond: A1% reduction of
the T° dependence of the specific heafllowed by the the **C content in natural diamond enhanegg (which oc-
decrease at higher temperatures due to phonon decay resudtirs near liquid nitrogen temperatiudey 50%, a useful re-
ing from anharmonic Umklapp processédNear the maxi- sult if diamond is employed as a substrate for heat dissipa-
mum, the thermal conductivity,, is particularly sensitive to  tion purpose$?~2*Geballe and Hull observed an increase in
sample imperfections and impurities. In the usual model othe , of an enriched’“Ge samplgwith 95.8% of "“Ge) by
the thermal conductivity of insulating materials, in which the a factor of 3 with respect to natural germanighn.
heat is carried exclusively by phonons, a Boltzmann equation Many physical properties of a solid are affected by its
with a relaxation time approximation is used. In this case thésotopic compositio>~2% The recent availability of macro-
scattering cross sections can be calculated by perturbatigtopic quantities of isotopically pure Ge has enabled the
technique$:*® In such a treatment, the temperature and fre-growth of high purity single crystals with tailor-made isoto-
quency dependences of anharmonic three-phonon procesggis composition€2° This has triggered intensive studies of
are strongly affected by details of the phonon branch andhe optical and vibrational propertigRaman and neutron-
anharmonicity constants: The expressions derived for the rescattering, infrared transmission, e¢tof isotopically disor-
laxation times are only valid for specific phonons in a limited dered Gé&-2°~**Isotopic substitution does not only modify
temperature rangé:'® Callaway®~8 and later Holland® the average isotopic mass but creates “perfect” point de-
presented the most widely used formulation fefT) that fects, producing mass disorder that should drastically influ-
should enable fitting of the data for a large number of mateence the phonon lifetime. Natural Ge is ideal for studying
rials with a few adjustable parameters. For undoped and iscuch disorder-induced scattering processes because it is com-
topically pure Ge and Si four scattering mechanisms wergosed offive isotopes with sizable abundances. Mass defect
postulated: Scattering by the sample boundaries, crystabcattering in an elemental crystal belongs to the rare cases in
defects (e.g., impuritie}, normal three-phonon processes, which phonon scattering can be calculated analytically with-
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out stringent assumptions. Kleménslerived for such scat- additional process, such as scattering by dislocations, must
tering a mean free path,~gT*, whereg denotes the isoto- influence the maximum of the thermal conductivity. We also
pic mass variance: consider the effects of sample length, specularity, and pho-
non focusing, and study the influence of different surface
E cM2— ( Z c-M-)z _cor_lditions(polishing and etchingon the thermal conductiv-
[ i ity in the lowest temperature range.
2 Q) In Sec. Il the experimental techniques and the samples
> ciMi) used are discussed. Section Il presents the experimental re-
sults for samples with various isotopic compositions and dif-
In Eq. (1), ¢; and M, represent the concentration and the ferent surface treatments. These results are analyzed in Sec.
mass of the constituent isotopes, respectively. IV after outlining the theoretical state of the art. We also

In the past four decades, however, only few investigationgliscuss the modifications we had to introduce in the theories

have been reported on the effect of isotopic composition of Callaway and Holland in order to improve the fits to the

diamond?233%%0were performed in the temperature rangetreatments is analyzed. In Sec. V, a discussion of the results

betwe@ 4 K and room temperature or higher. Studies ofiS given and in Sec. VI the conclusions are summarized.
solid “He 2 LiF, 364344 Ne 46 and B,C,*" cover only a
rather Iimit_ed temperature range. Effects similar to tho_se Il. EXPERIMENTAL DETAILS
caused by isotopic disorder are produced by very heavy iso-
lated impurities in quantum crystals, e.g., Ar, Ne in The preparation of the Ge samples has been described
parahydrogef®4° elsewheré®32The measured samples and their characteristic
At low temperature$ T<(6/50)] the thermal conductiv- parameters are listed in Table I. With regards to doping,
ity is proportional toT3, which corresponds to scattering of sample °Ge(99.99% is one of the most perfect Ge crystal
phonons at the sample surfadeoundary scattering® In  ever made, the concentration of electrically active impurities
this range, further interesting effects that lead to a deviatiomeing lower than 18 cm™2 (after 33 times zone melting
from the T3 behavior have been predicted and observedThe "%7%Ge sample has been grown for the purpose of maxi-
They involve the dependence af on sample dimensions mizing isotopic disorder. None of the samples was intention-
when the length is finite!®and on sample orientation be- ally doped; they had a carrier concentration of less than
cause of phonon focusinga result of the elastic 10 cm™3 at room temperature, with the exception of
anisotropy.®’~%° Also, partly specular reflectidfi®>-56:59-63  70Gg95.699 which had 2<10' holes/cri. For details
as obtained for high quality surfaces, and dislocationabout the surface treatment see Tab{standard was grind-
effects?133553.60.6%an influence thas law. ing with 20 um grit diamond powder unless otherwise
In this paper we present a systematic investigation of thepecified.
thermal conductivity for seven samples of germanium, in the The thermal conductivity measurements were made at the
temperature range betweg K and 300 K where the isotopic Max-Planck-Institute in Stuttgafthe experimental setup is
composition covers the range from highly enrichedbriefly described hejeand at the Kurchatov Institute in Mos-
9Ge(99.99% to "97%Ge, the composition which exhibits the cow, both using conventional equipméif® A steady-state
largest isotopic mass variance g. We show that for théheat flowd is created along the rod-shaped sample with a
0Ge(99.99% sample ~1.0x10 ’) k., reaches values as cross-sectional ared. For this purpose, an electrical heater
high as 10.5 kW/mK, whereas the most disordered composi@ strain gauge, 30Q) is attached to one of the sample ends
tion (g~1.5x 10" %) displays a 14 times lower thermal con- while the other end is in good thermal contdstrewable
ductivity (0.75 kW/mK). We analyze our data in the frame- clamp device with an interlayer of In foilvith a heat sink at
work of various models: Callaway’s theot{,Holland’s  variable temperatures. A thermocouplau-0.07%F¢ de-
theory!® and a modified Callaway/Holland theory where we tects the temperature gradient along the sarfipléloscow
distinguish between scattering mechanisms for transverdavo calibrated carbon resistors were used instegide ther-
and longitudinal phonons. The thermal conductivity resultsmal conductivity«(T) at an average temperatu€T,+ T,)
for the different sampleéwve also included the experimental is then calculated from the relatiod = x(T)A(AT/AX),
data for "“Ge measured by Geballe and Hulre then de- whereAT=T,—T, is the temperature difference measured
scribed reasonably well as a functiongfiisinga single set between the two thermometers a distanke apart (see
of six fitting parametersTwo for normal three-phonon pro- Table ) in the presence of the heat fldx. The temperature
cessegone for longitudinal, another for transverse phonons difference between the heater and the heat sink is measured
and four for transverse and longitudinal Umklapp processesdy a second thermocouplalso Au-0.07%Fgthat enables us
Two additional parameters which determine boundary ando evaluate the heat resistance between the sample and the
isotopic scattering are not adjusted but fixed by sample sizheat sink, to determine the average temperature of the sample
and isotopic composition, respectively. (according to sample geometry and temperature of the heat
The theoretical picture shows that normal phonon scattersink), and to control the thermal stability of the system. In all
ing, rather than Umklapp processes, plays the critical role focases, the thermometers were kept at least two sample widths
the determination of the phonon mean free path for mosaway from the ends of the sample in order not to introduce
samples in our temperature range. The isotopic effect, eveany significant anomalies in the temperature distribution over
observed near room temperature, is consistent with thAx. The sample is surrounded closely by a temperature con-
theory81%For the highly enriched’Ge(99.99% sample, an  trolled heat-shield kept at the temperature of the heat sink.
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_FIG. 1. Thermal conductivity vs temperature of five Ge samples  F|G. 2. Thermal conductivity of variougl00] oriented natural
with different isotopic compositions’’Ge(99.99%, "°Ge(96.3%,  Ge bars. The dashed line represents the thermal conductivity calcu-
"°Ge(86%, "*Gel, and™”"%Ge. Two of the sample®Ge(99.99%  [ated with the full Callaway model, + «), where the parameters
and "Gel have been measured with two different experimentai31=52=2.6>< 102 /K3 are used. The continuous line represents
setups, in Stuttgarty) and in Moscow M). The dot-dashed line  the heat conductivity calculated with the model of Hollafahly
represents simply &° law, expected for pure boundary scattering, «,), using one single set of parameters for all samples:
while the dashgd line shows arldependence expected for phonon . =1 5x 10711 1/K* B;,=4.5x10 8s, B =9.0x10 % s/K?,
scattering at high temperatures. andL=3.8 mm,g=58.7x 10~° for "Ge1(see also Tables Il and

).

We imposed a temperature gradient along that shield which
matches exactly the one in the sample. Ge, higher than the thermal conductivity maximum of sap-

The following procedure is employed:T, is measured in  phire (6 kW/mK near 35 K and comparable to that of silver
thermal equilibrium ford =0, then the heater is switched on (11 kW/mK near 8 K. Comparable or higher conductivities
andAT is measured for nonzero heat flow. The temperaturdiave been reported for isotopically enriched diam&id,
differencesA T are held below 0.006for T>10 K and 0.01  sapphiré LiF,*54% and also for Nai® The isotopically
T for T<10 K. Serious errors can occur due to radiative heatnost disordered sample shows, as expected, the lowest ther-
loss by heat radiation in the high temperature rarige 0  mal conductivity measured for undoped germani(@i75
K). To avoid such systematic errors, in addition to using ekW/mK near 14.5 K. In this sample the isotopic scattering is
carefully temperature-controlled heat shield we measured dominant, in contrast to the puréGe(99.99% where it be-
at selected temperatures for various heater powers applied @mes negligible. Results for thé°Ge(95.6%9 sample,
the sample and verified that the lawT=® is obeyed. The Wwhich has a different geometrical size and a much higher
measurements have an overall absolute accuracy oftB86 carrier concentration than the othéeee Table)lis shown
relative error is smallgr Errors due to geometrical factors later in Fig. 7. Figure 2 displays some of the thermal con-
amount to = 3% (dominant error, while AT is known to  ductivities of natural Ge so far reported in the literattifé;
+ 2%. together with our data. With the exception of sample
0Ge(95.6%), all samples have a similar geometwithin
10% equal cross-sectional dimensions and identically pre-
pared surfacgs They were cut with a diamond saw and the

The thermal conductivities versus temperature measuresurfaces lapped with a 20m diamond powder slurry.
for various isotopic compositiorisee Table)l are displayed The overall features of the(T) curves displayed in Figs.
as log-log plots in Fig. 1. The data for the isotopically purestl and 2 are those found for defect-free insulators: Tfe
sample’%Ge(99.99% are shown together with results for the behavior at sufficiently low temperatures, due to boundary
less pure’%Ge(96.3%, sample "°Ge(86%), natural Ge, and  scattering, and a maximum resulting of normal and Umklapp
the most isotopically disordered sample containing 43% ophonon processes which lead to & tlependence above 100
OGe and 48% of’®Ge. Both samples/°Ge(99.99% and K (see Figs. 1 and)2We note the following typical features:
naGel, were measured with the two different experimental (a) We observe a systematic drastic overall decrease of
setups, in Stuttgart and in Moscofesults labeledS and  «(T) when the isotopic disorder is increased along the se-
M). TheS andM data show a striking agreemeio within ~ quence °Ge(99.99%, "°Geg96.3%, '°Ge, "¥Gel, and
~1.5%) in most of the temperature rand®&etween 200 K  "%7Ge (the latter has the largest isotopic mass variance pos-
and 300 K, however, our values of the thermal conductivitysible for stable Ge isotopesThe maximum thermal conduc-
lie higher (= 10%) than those obtained in Moscow; becausetivity ., of "%7®Ge is 14 times smaller than that of
of the nearly perfect agreement between the Moscow datd’Ge99.99%, see Table I. The value af, for natural Ge is
and those in Ref. 5 we believe that our data in this region aréncreased by a factor of8 in the "°Ge(99.99% sample.
less reliable than those taken in MoscpWhe maximum of  The increase ok, however, is only 30% at 300 K¢, varies
«(T) amounts to 105 kW/mK near 16.5 K for monotonically with the mass variangg with the exception
0Ge(99.99%, which is the highest value of measured for  of sample’°Ge(95.6%. This is shown in Fig. 3 as a graph of

Ill. EXPERIMENTAL RESULTS
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C AL dence at the lowest temperatufeseT? line in Figs. 1 and
20 * "Ge(99.99%), L=3.6mm ] 2); however, this limit is reached only for the isotopically
Le=3.6mm ® "o (Ret19), L-2.4mm pure °Gg99.99% sample near and below 4 K. The other
0 <:Ge(95-6°/°>' Le=0.7mm | samples follow a temperature dependence betwigeand
[V s Le=2.4mm :,szi(ief:’:r:“'omm ] T3, depending on the specific surface preparation techniques
7 i ¥ “ot, Legsom ] which will be discussed in Sec. IV D.
§ 3 */ A7Ge Lz dmm (d) The present data fof*Gel and"*Ge2, displayed in
= ;._._.____::‘_:'\ O\~ withourdilocations ] Fig. 2, join smoothly existing measurements for undoped Ge
e [ "\‘\~\::\-‘— with dislocations 1 of high crystalline perfectiofi-® Our samples were subjected
% o5 ETTs S 1 to different surface treatments before measuring the thermal
L=0.7mm - . conductivity. The results, shown below, will be discussed in
i i Sec. V.
0 0T 10 105 10t 100 102 (e) Sample 7062(95.6%, doped unintentionally with Ga
g and having X 10'® holes/cni, hask values approximately

four times lower than the other samples in the boundary
scattering range. These values are in agreement with ex-

samples with different isotopic mass compositions as a function o|:st|ng (gata iogrp'type G0 (e._g., with In doped Ge W'th
the mass variancg [defined in Eq.(1)]. The solid lines represent p.~101 cm'®). This decrease in thermal conductivity is at-
«,, obtained from “Model 1" (see Table Il for three different tributed to phonon scattering by electronic excitations in the
values ofLg. For the dot-dashed lines, corresponding to “Model dopants.

2,” dislocation scattering has been taken into consideration to ac-

count for the smallek,, of "°Ge(99.99%.

FIG. 3. Maximum of the thermal conductivity,, for the Ge

IV. ANALYSIS OF THERMAL CONDUCTIVITY

. VERSUS TEMPERATURE
Kk, versusg: The symbols represent the experimental data,

and the solid and dot-dashed lineg values calculated with- In view of the high purity [N4-N,|<10% cm™3)—with

out and with dislocation scattering, respectively, using thehe exception of samplé®Ge(95.6%9—and crystalline per-
models discussed beloW'Model 1" and “Model 2” in fection of our samples, we consider only four scattering
Table 1l). The set of three curves showsolid and dot- mechanisms: Normal three-phonon scatterimg),( three-
dashed lingsdisplays the strong dependencegf on the  phonon Umklapp processes)), boundary scatteringB),
effective phonon mean free pathg for T—0. Sample and isotopic mass fluctuatioripoint defecty (1). The pa-
0Ge(95.6% shows a lowelk,, because of the lowg that  rameters for the two latter mechanisms are taken to be fixed
results from the additional electronic scattering of theby theory and are thereforet adjustable Dislocation scat-

phonons and because of thHeLQ| orientation. tering will also be considered.

(b) The maximum of«(T) shifts slightly to higher tem- Point defect scattering from isolated atoms of different
peratures with increasing isotopic puritps predicted by mass, either different isotopes or different elements with
theory).®® very similar force constants, is one of the rare cases which

(c) The strong influence of isotopic disorder anis  for phonons can be calculated analytically without adjustable
clearly displayed over the entire temperature range in whiclparameters. Klemefsobtained a scattering rafgimilar to
«(T) was measured. All samples tend to reach’adepen-  the familiar Rayleigh scattering of photons

TABLE II. Overview of thermal conductivity models used in this work and expressions for the scattering rates of the various scattering
processes taken into account and the corresponding integration ranges.

Resistive processes

Integr.
Theory K Phonon Boundary Isotope Umklapp Dislocation Normal range
branch 5t it ot ot ™t (K)
Callaway’s model K1t Ky vgle Aw* B,w?T? B,w?T? 0-375
Holland's model K1 TO vgle Aw* BroT* 0-101
TU vgle Aw?* Bryw?/sinh{) 101-118

L vgle Aw?* B Lw?T? 0-333

“Model 1”2 K1t Ky T vgle Aw* Bryw?Te /T BroT* 0-118
L vgle Aw?* Byw?Te /T B w?T? 0-333

“Model 2" P Kyt Ko T vele Aw? Bryw?Te C1/T Brpw BroT* 0-118
L UBLE A(!)4 BLUwZTe_ CuIT BLDLl) BLw2T3 0—333

8Fit to all samples with the same parameters, without including dislocation scattering.
bLike footnote “a” but including dislocation scattering.
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1 4 gVv K= K1t Kz, 4
T =Awt, A= , 2 ,
47y wherek,; and k, are defined by
with the constanA containing the mass variangg the vol- S [0
ume per atonV, and an averaged sound velocity. Equa- k;=CT fo mc(X)I(x)dX, )
tion (2) corresponds to a Debye-like phonon density of states
D(w)~ »? which, although only approximaf&, will be 0T 70(X) 2
shown to suffice to account for the global experimental re- f CT)‘](X)dX
sults. g Lo X R
Boundary scattering leads at low temperatures tda 1e=CT =2 7e(X) =CT(8).,  (®
dependence of, the prefactor being determined by the geo- fo WJ(X)dX
metrical size of the sample and the details of the surface. The
scattering rate can be written: with
v OIT (X
=12, @ [ 5000
Le o Tn(X) 01T 7c(X)
_ B=—r ;= f I(0dx,
whereL ¢ represents aeffective phonon mean free patsf f" 7c(X) 3(x)dx o 7n(X)
the order of the cross-sectional dimensions, that includes ef- o T™N(X)TR(X)
fects resulting from sample size, geometry, aspect ratio, pho-
non focusing, specular/diffuse reflection at the surface, etc. Rnd
is important to determine the value af as precisely as 4
possible from the low temperature data for two reaséas: %)= x“e’ 1 1 N 1
Lg is later introduced in the theories as a fixed, nonadjustable B (er—1)2"  7c(X) (X)) TR(X)
length, which influences the(T) curves in the entire tem-
perature ranggp) in order to detect and interpret effects of 3
. . ﬁ(x) kB kBm
specularity and phonon focusing. X=——, m=—, = 7)
In the following we analyze the experimental data in the kgT h 27%vg

framework of the widely used scattering theory«dfT) for-
mulated by Callaway and the modifications introduced by
Holland!® We found it necessary to develop a modification
of Callaway’s formulation in order to represent tk€T)

[see also Eq919) to (21) in Ref. 16|

In Eq. (7) kg is Boltzmann’s constant; is Planck’s con-
stant, andry(7g) denotes the relaxation time of N processes
curves bya single set of fiting parameters valid for all (resistive processgsThe corresponding combined relaxation

samplesindependent of their isotopic composition. We also"at€ 7c ' can be written as the sum of the normal, nonresis-
describe the theoretical background used for the analysis ¢¢¢ rate () ~and the resistve rate R):

x(T) in surface-treated samples. We have determined the f(tlch):(llTN)Jr(l/TR)- In the Callaway formulauoln, in
parameterd; by a nonlinear regression procedure for eachcontrast to the earlier models of Klemehand Zimarf?" all -
sample. Then a single optimized parameter set, the same f&SiStive _scattering probabilities are taken to be additive
all samples, was found by systematic variation of s in ~ (1/7/)=Z2i(1/7;) [here 7; represents the isotopicr(), the

order to achieve the best representation of the experimentdPundary ¢s), and the Umklapp£y) scattering timek i.e.,
values for all samples over the entire temperature range witH1€ corresponding scattering mechanisms are assumed to be

the given theory, whereby preference was given to a good fif'dependent. AlthougtN processes do not contribute di-
in the region nea,,. rectly to the thermal resistance, they are crucial in spreading

out the influence of the other resistive processes to the entire
phonon spectrum.

The k, term is not only a correction term o, (as some-

This model assumé&$ (@) a Debye-like phonon times stated in the literatuf&')) but is essential to counteract
spectrun'? with no anisotropies or particular structures in the effect of treatingN processes irrc as if they were en-
the phonon density of states, i.e., no distinction of polarizatirely resistive. Consequently;, is a non-negligible part of
tion (between longitudinal and transverse phonpfts) one  Callaway’s theory. Our calculations reveal that the contribu-
averaged sound velocityg ; (c) diffuse scattering at the sur- tion of «, remains below 1% for the samples studied, with
face of the samplg¢see Eq.(3)]; (d) normal three-phonon the exception of the puré®Ge(99.99% crystal for whichk,
processes, included with a relaxation rm§1=82w2T3, increases to 20% of the total thermal conductivity. The mag-
which should only be valid for low-frequency longitudinal nitude of «, is essentially controlled by the concentration of
phononst* (e) three-phonon Umklapp processes assumed tpoint defects. In the majority of cases of physical interest
have a relaxation rate like that ofN processes resistive scattering dominates\& 1r= 7c~ TR=K2<<K1)
7, 1=B,w?T3;®® (f) that all phonon scattering processes canand only; is important. Therefore, in the literature, usually
be represented by relaxation times depending on frequena@nly the k; term is included(This is also the case in Calla-
and temperature; an@) the additivity of the reciprocal re- way’s original calculationd®!’ after having introducedk,
laxation times for independent scattering processes. The totahd «,, «, was assumed to be small and therefore ne-
thermal conductivityx can then be written 3%6:°3 glected and only, was keptl However, wherN processes

A. Data analysis with Callaway’s model
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become comparable to the resistive processgs-(yr), €.9., Tl—lew‘l, (8)
in very pure, defect-freé.e., isotopically puresamples, the
K, integrals contribute significantly to the total thermal

conductivity?22*364023a remarkable feature in the context q-gl:v—B, 9

of isotopic scattering is the strong dependence pbn even Le

small concentrations of different isotopésee Ref. 36 for B

LiF). Thus, in isotopically pure samples, normal three- T6=BroT* for O<w<w, (10

phonon scattering rather than Umklapp processes determine

the phonon mean free path. L 1=B 0’T® for O<w<w;, (12)
Using the Callaway model in its original form, i.e., keep-

ing both x; and «,, we adjustedtwo free parameters Bryw?

(B41,B5) in the combination of the four scattering mecha- T—F&ZW for wi<w<w,, 12

nisms considered, with the scattering rates for isotopic and
boundary scattering fixed to the values given in Egsand

(3) (V=22.6x10"% m®, vg=3500 m/s,g and Lg taken T0=0 for w<o,

from Table ). In this manner, an acceptable representation of i

all the data was achieved banly below about 3. More- ~ Wherex=(%.w/kgT) andT(L) represent transvergkngitu-
over, the adjustable coefficients obtained were not the sanféina) acoustic phonons. We redefined an average of the
for the various samples. As a typical example, the fit to théfansversefr=3550 m/3 and longitudinal ¢+=2460 m/$
data for natural Ge with Callaway’s theory is shown in Fig. 2 Velocities:
(dashed ling calculated foB;=B,=2.6x10 2% s/K3. The

convexity of the calculated thermal conductivity above the
maximum, describing a steeper decrease<(f) with in-

creasing temperature than found experimentally, cannot be
removed by changing the parameters. The reason can be |sotopic (point defect) scatteringEqgs. (2),(8)] gives rise
traced to an underestimation of thé processes in that to a temperature independent relaxation time withwérde-
model. Instead of using an exponential function for the Um-pendence. We usé&=g3.03x10 %' s°, as obtained for
klapp scattering probability, as proposed in they;=3900 m/s and the values gflisted in Table I. At higher
literature;>141"-"he N processes, as well as thepro-  frequencies, where the acoustic dispersion becomes appre-
cesses, are represented by the same temperature and fegable, the scattering rate is expected to increase with fre-
guency dependences,w?T2. The prefactor8; andB, are  quency faster thaw?, because the density of states grows

-1
=3900 m/s. (13)

1
3

2
+—

UVp= —
B vt UL

thus indistinguishable in Callaway’s theory. more rapidly® than »?. However, we have not found it nec-
essary to include this effect within the accuracy of our analy-
B. Data analysis with Holland’s model(#«,=0) sis.
In the next step, we apply Holland’s thedfywho ex- Boundary scatteringEgs.(3),(9)] should be dominant for

tended the Callaway theory to include explicitly the thermalour Ge samples below 8 K. The valueslof used for the
conductivity by both transverse and longitudinal phononsgcalculations are given in Table I. We have again used
under the assumptior,=0: ve=3900 m/s and implicitly included irLg all effects

(a) Since the variation of the phonon relaxation times withwhich, in addition to the sample size, may influendd’) in
frequency and temperature strongly depend on the actu#iie boundary scattering region, such as the shape of the cross
phonon branch and its dispersion, the contributions to théection and the aspect ratio of the sample, specular phonon
thermal conductivity by the two kinds of differently polar- reflection, phonon focusing, etc. The use of an average sound
ized phonongtransverse and longitudinalare considered Velocity vg instead of the velocitiest andv, , which de-
separately while normal processes are taken into account f@end on crystallographic direction, may be an oversimplifi-
the class of crystal at hand, as suggested by Hetfifgr an  cation. We have checked, however, that this simplification
overview of the frequency and temperature dependences ébes not appreciably change our results. A justification for
the different scattering processes we refer to Tablartl to  using the averageg in the boundary and isotopic relaxation
Table | in Ref. 19. rates is given in Ref. 19.

(b) A more realistic representation of the very dispersive Normal phonon scatteringthree-phonon processebas
transverse acoustic modes of Ge is U8qdee below It  been discussed by HerringKlemens?® and Ziman®* Her-
involves splitting the range of integration in two parts, a lowring gave the most comprehensive treatment for complicated
and a high frequency range with different temperature andlispersion relations. Here, we use his expressions for the
frequency dependence@he complex behavior of the den- corresponding low temperature transverse and longitudinal
sity of phonon states of Ge is shown in Figs. 2 and 3 of Refrelaxation rate$see Eqs(10),(11)]. The discrimination be-

73, Notice that the frequency spectrum of the T1 phononsiweenT andL modes is indispensable in order to improve
the lowest TA branch, has a very high peak at 2.4 THzdata fitting. At high temperatures thi¢-scattering rates are
whereas the longitudinal acoustic modes become importartegligible because of the dominadtprocesses’

only at frequencies higher than about 3.7 THz. Umklapp processelEq. (12)] are taken into account for

The four scattering mechanisms assumed for the analysghonon frequencies betweem; =1.34 THz andw,=1.57
with Holland’s model are chosen to have the following tem-THz, corresponding to Debye temperatures of 101 K and 118
perature and frequency dependeii®ee also Table )i K, the range of the highest TA frequencies of Bewe
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TABLE IlIl. Single parameter sdialid for all samples studigcased on Holland’s model and on all other models used to represent the

temperature dependence of the thermal conductivity
Normal Umklapp Dislocation
Theory K 1 s Bru () B Cr(K) CL(K) Bro Bip
Br p7 BL 3
Holland’s modet K1 1.0x10°  6.9x10°%* 5.0x10°'8
Holland’s modeél K1 1.5x10°  9.0x10°%* 4.5x107'8
“Model 1” ¢ K1+ Ky 2x10 3 2x10° % 1x10°¥®  5x10°1° 55 180
“Model 2" ¢ K1+ Ky 2x10 3 2x10° % 1x10°¥®  5x10°1° 55 180 X108 3x1077

8Fit, performed by HollandRef. 19, includes onlyk, for the data of"®Ge given in Refs. 4,83.
bLike footnote a but our fit, leading to slightly different parameters than those given by HaRefd19, because of having fitted all our

samples.

°Fit to all samples with the same parameters, but without including dislocation scattering.
dLike footnote ¢ but including dislocation scattering.

actually approximate the acoustic branch of Ge by a lineashould not contribute below; (#;=101 K). The term forN
range below w; and a frequency independent rangeprocesses was omitted from Ed6) since it should be rela-

w1<w<w)

tively small abovew,. Both assumptions have been checked

The thermal conductivity is calculated using only the Cal-to be quantitatively justified® Nevertheless, the integral for-
laway integralx, which, following Holland[Egs. (9)—(13)
in Ref. 19, has been separated into TA and LA contributionserative over a large temperature interval. Thus, the effect of

k1 and k. The termky splits up into the contribution dfl
processestg and that ofU processeq (note the limits of
integration:
K:KT+KL:KTO+KTU+KL1 (14)
with
2 3 [T 10
k10=3Hrol ., c (x)I(x)dx, (15
KTU:§HTUT3J 7 (X)I(x)dx, (16)
0,1T
1 NG
k=g HT fo re(x)I(x)dx, (17)
where
TO Us 4414 o
e (x)=| - +AMXT +BrmxT°|
E
22712\ —1
TUiyy | VB 4 ara, BTUMXT
Te (X) I_E+Am X T+ Sinf(x) ,
-1
v
TR(X)= L—E+Am4x4T4+BLm2x2T5) ,
and
kgm® Kg
= , m=—. (18
I 27T21)i fi

In each of the three integrals the constardtscontain the
corresponding sound velocity, : v1o=3550 m/s(in Hyp),

v, =4920 m/s, and y,= 1300 m/s, respectively. We empha-
size thatU processes are neglected in Ef5) because they

mulation causes each of the scattering mechanisms to be op-

varying one of the coefficients always induces modifications
in the influence of the other coefficients on the thermal con-
ductivity.

The three free adjustable coefficiertBr, B, , and
Bry—have been obtained by linear regression, as outlined
before. The isotopic and boundary scattering rates were fixed
by Egs.(2) and(3), the corresponding mass variangethe
effective mean free pathg, and the sound velocityg,
respectively. With this model we have been able to obtain a
good representation of theéhermal conductivity of all
samplesstudied using ainique set of parameteis the tem-
perature rang 2 K to 200 K. Theagreement between experi-
mental data and fitted curves is rather goad5%0), as ex-
emplified by the solid line in Fig. 2 for natural Ge. The
unigue set of parameters obtained from our fits is listed in
Table 11l together with Holland’s original set of parameters
for natural Ge. Obviously, our set of unique fit parameters,
valid for all samples, does not represent the best possible fit
for anindividual sample. For each sample, a better fit can be
found with parameters specific to it. However, no physical
meaning can be attributed to these parameters.

C. Data analysis with the modified Callaway/Holland model
fOI’ K2¢0

As outlined above, it is unreasonable to suppresskthe
term in Callaway’s theory when normal scattering processes
are included. This makes questionable the otherwise good
fits obtained in Sec. IV B fok,=0. In the x; term N pro-
cesses are implicitly treated as entirely resistive. Therefore,
whenevemlN processes are important, one should perform the
calculation of x(T) with the “full” Callaway form
k= k41t K, in order to account for the nonresistive nature of
the N processes. The suppression of the term is only
acceptable if resistive scattering processes dominate, which
is usually not the case for isotopically pure and defect-free
samples. Curve fitting witlk; + x,, however, is numerically
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much more difficult(in view of poor convergence of the cesses are dominant and resistive processes are present. Then
integrals involvedl than treating onlyk;. 7c IS mainly determined by, this meansre=~ 7y, conse-

We thus attempted several modifications, involvingquently, x,>«, and thereforec, alone should describe the
changes of the scattering processes in the models describtatal thermal conductivity. This procedure works for the
by Callaway and Holland, suggested by scrutinizing their’°Ge(99.99% sample, although in the region of,, the
basic assumptions. Table Il lists the temperature and freagreement between the calculations and the measured data is
guency dependences of the various scattering mechanismst as good as achieved with Holland’s moftak calculated
used in the different models. The mechanisms finally apvalues are too large The deviation between measurement
plied, which led to an improved description @{T) for all and calculations increases with increasmgWith this as-
samples, are indicated in Table Il as “Model 1" and “Model sumptions also Olsoat al tried to fit their data of natural
2. and enriched diamond, but this led to an incorrect tempera-

The present study and the corresponding results foture dependence for one or the other specimens.
diamond?233940.74show thatthe separation of the phonon  The final form chosen to fit the experimenta(T) data
modes into transverse and longitudinasults in improved (“Model 1" ) is very similar to the formalism applied by Wei
fits with a single set of parameters for the whole series okt al?® to describe the thermal conductivity of isotopically
isotopically different samples available. This fact is sup-modified diamond. We start with the Callaway integrals,
ported by the suggestion that, up to room temperature, the= x,+ k,, EQ. (4), using two transverse (2 and one lon-
transverse phonon branches yield the dominant contributiogitudinal (L) branch and integrate up to 118 K for the trans-
to «(T). The separation intd and L modes can be per- verse and up to 333 K for the longitudinal modes, vitland
formed in different ways: U processes for each mode. The relevant temperature and

(a) Original Holland modef® The «, term is split into  frequency dependences are listed in Tablé‘Model 1”).
transverse (Z) and longitudinal (L) modes, whereas the The resulting values of the six fitting coefficien&;, B,
transverse mode is again split in 2TO and 2TU and thereforéN processes By, Ct, B.y, andC, (U processesare
three free adjustable paramete®{( Br,, and B,) are given in Table Ill and constituta single set of parameters
used. This model yields reasonable results, but is unacceptrhich describes reasonably well the thermal conductivity of
able on physical grounds since it assumgs-0. all isotopically modified Ge sampleSncluding also data

(b) Modified original Holland modelThe splitting of the  from the literaturgin the temperature range betwe2 K and
original Holland model in transverg@TO, 2TU) and longi- 300 K. The experimental data for all investigated Ge
tudinal (1L) branches was used while keeping Callaway’'ssamples, and the(T) curves calculated with this parameter
K, term. Disappointingly, no reasonable fits could be foundset are shown in Fig. 4. This figure probably contains the
The calculated thermal conductivity leads to unreasonablynost comprehensive description of thermal conductivity as a
high values ofx (above 8 K—-10 K that exceed the experi- function of isotopic composition ever obtained. The agree-
mental values above 100 K by orders of magnitude. The rationent between the experiments and the model calculations is
of the integraldthe 8 term in k,, see Eq(6)] is responsible good. Deviations between calculated and experimental
for this “mishap.” Even the addition of longitudinal curves occur above 200 K for all samples, and negres-
(0<w<w,;) or transverse (& o= w3) Umklapp processes, pecially for the isotopically puré’Ge(99.99% [Fig. 4a)].
does not remedy this problem. The discrepancies above 200 K may be either due to system-

(c) Modified Callaway/Holland modeBoth termsk;, and  atic experimental errorée.g., insufficient temperature con-
K, are kept and the distinction into transversd{and lon-  trol of the heat shieldor to shortcomings of the theoretical
gitudinal (1L) modes is used in analogy to Holland’s calcu- model (it may be that the use of different temperature and
lations. This procedure introduces, in contrast to madgl frequency dependences for the considered scattering mecha-
one more free-adjustable prefac®y, representing longitu- nisms can solve this problgm
dinal Umklapp processes. In this model longitudibabro- The disagreement for th€Ge(99.99% curve[Fig. 4a)]
cesses are decisive for ensuring the decrease(®) at in the region of the maximum, however, must be explained
higher temperatures and it is essential for the fits to the dathy introducing other scattering mechanisms. A plausible
as pointed out earlié®">76In conclusion,N processes and mechanism active in the range below 50 K is scattering by
alsoU processes involving transverse and also longitudinaglislocations(it is hard to pinpoint other scattering processes
phonons are needed for the calculation of the total thermaicting in this temperature rangé heories for phonon scat-
conductivity k1 + k. tering from single dislocations predict a linear frequency de-

Some of the arguments given by Holland to justify ne-pendence £5'~ w).2*3353We therefore added to “Model
glecting longitudinall processes are not expected to hold atl,” used to perform the curve fitting shown in Fig. 4, terms
higher temperaturesT¢>100 K); all fitting attempts we for the scattering of the transverse and longitudinal phonons
made indicate thalongitudinal Umklapp processes are in- by dislocations:'=Bjpw, i=T,L. The fitted values of
dispensableThe splitting of the transverse acoustic branchthe two new coefficientBp andB, 5, are listed in Table Il
in two frequency ranges, however, seems to be unnecessags “Model 2” (the other six parameters were left the same as
Moreover, better resufté***°were found using the expo- in “Model 1").

nential function B;yexp ', with i=T,L) for all Umklapp A comparison of the fitted curvesyith and without dis-
scattering processes instead of the sifependence, pro- location scattering, is given in Fig. 5 fo°Ge(99.99% (a)
posed by Holland® and "9"%Ge (b). The thermal conductivity of the isotopically

We also tried an approach suggested by Befthéor very pure sample€°Ge99.99% is much better represented
calculating thex(T) of pure samples, in cases whisnpro-  with [dot-dashed line in Fig.(8), “Model 2" ] than without
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T (K T (K FIG. 5. Thermal conductivity calculated with “Model 1" and

“Model 2" (Table I), for °Ge(99.99% (a) and "%"%Ge (b). The
solid lines show the results obtained without dislocation scattering,

(a) and 1.5¢ 1073 (h), together with the calculated thermal conduc- whereas for the dot-dashed lines dislocations were taken into ac-
tivity curves based on “Model 1"(Tables Il and I} with the  Count. For"%"%Ge the full and the dot-dashed lines are nearly the
parameter set B;=2x10"13 1/K4 B =2x10 2/K3, By, SaMme

=1x10"% s, C;=55 K, B, ;=5x10"1"s, C =180 K, and
Lg andg taken from Table I.

FIG. 4. Thermal conductivityx(T) measured for all Ge crystals
under consideration, with mass varianaggsbetween 1.& 1077

conductivity in the low temperature range. Three samples
were subjected to surface treatments before measuring again
dislocation scatterindjsolid line in Fig. %a), “Model 1],  their thermal conductivity: The isotopically very pure
whereas the differences between “Model 1” and “Model 2” 7°Geg99.99%, "°Ge(95.6%, and "¥Gel. The corresponding
are indistinguishable for the case of sampfé’®Ge [Fig.  experimental results are shown in Figs. 6 and 7. The thermal
5(b)] and for all other isotopic compositions. The possibleconductivity of "¥Ge1 is successively improved below 30 K
presence of a small amount of dislocations, comparable twhen the sample, initially ground with 28m diamond pow-
that seen in"°Ge(99.99%, affects the calculated(T) only  der, is then ground with &m diamond powder and, in a last
when the sample is isotopically pufsee discussion in Sec. step, is polish etched with SYTON.We observe a very
V). small increase ix(T) detectable only at the lowest tempera-
In conclusion, the modified Callaway/HoIIand integrals tures, when a sample ground with lamn diamond powder is
seem to provide a physically sound and accurate formulatioground with 3um diamond powde(see Fig. 6. However, a
for the representation of the temperature and isotopic deperignificant increase inc(T) (a factor of 2.5 at 3 K takes
dences of the thermal conductivity of germanium and diaplace, after polishing with SYTON. Polish etching with CP4
mond. We note that for diamofitf® 7y'~wT? has been (Ref. 78 after the SYTON treatment reduceéT) at 3 K by
applied instead ofry'~wT* (transversg and 7y *~w?T3  about 30%. This can be taken as a signature of surface dete-
(longitudina) as suggested by Herrirt§In view of the ratio  rioration.
of the Debye temperatures of germanium and diamond The surface of samplé®Ge(99.99% was also polished
(6%°=118 K and¢°®=333 K, 65~2150 K andd°~2940 K}  with SYTON and measured in Stuttgarg)(as well as in
and the position ok, on the temperature scale*~15 K, =~ Moscow M): Nearly identical«(T) curves were obtained.
xS~100 K), the normalized fitting range for our Ge samples The enhancementt 8 K after the SYTON treatment also

is about six times |arger than that for diamond. amounts to a factor of &ee Flg 7 It can be attributed to
increasing specular reflection as a result of improved surface
D. Thermal conductivity in the boundary scattering region quality. The SYTON treatment thus seems to yield the best

Ge surfaces, as revealed by the high value.oflthough

CP4 also improves the quality of ground surfaces, it is less
Crystallographic orientation and surface treatment, toeffective than SYTON. This is supported by measurements

gether with geometrical dimensions, determine the thermabf sample’°Ge(95.6% (see Fig. ¥ which was first measured

1. Surface treatment
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— T T for two samples, °Ge99.99% and "¥Gel. For
ot 79G¢(99.99% a value ofLg=(3.0+0.2)mm is found from
10° | Mt SYTON 5 . the flat portion of thex(T)/T2 curve. This method is not as
[ oot cpa pB.° 1 accurate for all the other samples, as shown"fige1 in the
T DDQ@" same inset: The range of pure boundary scattering is also
T:c ore @4' [cmme e approached folf —0 but a flat region is not reached in the
£ 000 ;.%PA“’ P svionNGs) investigated temperature range, a fact which increases the
3 o L=t error in the determination df:. Therefore we used a sec-
* . £ ond, more reliable method, where the parameéteis deter-
100 | i 2 | 4 mined from the measured thermal conductivity data below 8
i o ] K using a sequence of curves calculated for various values of
* T 0 Lg, taking into account two mechanisms, boundamyl iso-
1 10 100 topic scatteringthe other mechanisms are negligible below

T (K) 10 K). The implementations of this method is illustrated in
the inset of Fig. 6 for"®Gel with differently prepared sur-
FIG. 6. Influence of surface preparatiddiamond powder faces. We deduce for the as-ground saniple=(3.8+0.4)
slurry, SYTON and CPp¥on the thermal conductivity of sample mm, a value slightly larger than that evaluated with the first
naGel in the low temperature range. The heat conductivities for twanethod(inset, Fig. 7. For each sample, the value Iof was
different surface treatment®0 um diamond and SYTONare  determined from the data be¥o8 K according to these two
shown in the inset together with calculations for various values ofgrocedures. The effective phonon mean free paths obtained
Le, taking into account only boundary and isotope scattering.  from calculations ofk(T) including boundary and isotopic
scattering are given in Tables | and IV.
after grinding with 20um diamond powder and remeasured  Boundary-limited thermal conductivity, as found in pure
after polish etching with CP4. This procedure increagdny  dielectric crystals in the range of liquid helium, results from
a factor of 1.5 at 3 K, i.e., less than the enhancement exscattering of phonons at the crystal surfat@he thermal
pected for SYTON polishing. The same result is obtainecconductivity is then proportional t®° and depends linearly
when "¥Ge1l was polish etched with CP4 after the SYTONon the sample dimensions when the surface scattering is
treatment(Fig. 6). strictly diffuse®>3In such cases, the expression for the ther-
mal conductivity approaches

2. Determination of Lg

A precise determination dfg is crucial for correctly de-
scribing thex(T) curve in our full temperature range. There-
fore two methods have been used to extriagtfrom the
experimental data. The first offeconsists of plotting whereC, represents the heat capacity, the average sound
«(T)/ T2 versusT so as to accentuate the behaviok¢T) in  Vvelocity, andL ¢ the so-called “Casimir length.” For a cir-
the region of pure boundary scattering. This procedure igular cylinder with radius, this length is equal thc=2R
exemplified in the inset of Fig. 7 where such plots are showrwhile for a square or rectangular cross section with side
lengthsa andb, Lc=1.12 g, andLg=(ab)?>. The relevant
relaxation rate as a function of geometrical sample size thus
becomegin analogy to Eq(3)]:

1
x=3Cwslc, (19

10 ¢, 70Ge(99.99%), 20um

[ ©7°Ge(99.99%), SYTON
b 47%Ge(95.6%), 20um

1 Uj Uj
" £ 7%Ge(95.6%), CP4

s Lo 112¢°

(20

107 ¢ where i indicates the transverse and longitudinal modes.
i Table IV lists the parametersc and Lg for the samples
under study, as well as the values of the sample widthaed
b, lengthl, and cross sectioab. Deviations from theT?®
behavior are likely to occur for several reasons.
(a) The effect offinite sample lengthresulting in a de-
o] crease ofk, can be approximated by defining an effective
10 100 mean free path (Lg)=(1/Lc)+ (1), wherel denotes the
T (K) length of the sample in the direction of the heat ffw! =56
In this case the relaxation rate for boundary scatteni@@

FIG. 7. Thermal conductivity of isotopically pure Ge, samples can be written in the general form, including the size correc-
9Ge(99.99% and °Ge(95.6%), with surfaces ground with 20m  tion discussed before:

diamond powder, and after polish etching with either SYTON or

CP4. The inset shows the measured® vs T for "°Ge(99.99%

and for "¥Gel1, used for the determination of the phonon mean free i“): Ui :U.(i _'_1) (21)
pathLg in the low temperature, boundary scattering regime. TR L ""Le 1)

x Wm™' K™

10° |




9442

M. ASEN-PALMER et al.

56

TABLE 1IV. Sample parameters relevant for the determination of the low temperature limited mean frelegpatid the specular
reflection parametd?. ngcis calculated likep (Ref. 59, but including the size correction E@2) with (24). Some of the samples had been

subjected to different surface treatments.

Geometry Char. lengths
Sample g (0] a b | ab Lg Lc Le e 7sc 7 P Sample
(1079 (mm Mmm mm mmd) mm mm mm A &A@ @A) treatment
70G(99.99% 0.01 100 220 250 445 5.50 235 2.63 3.6 15 45 160 0.19 w0
2.13 2.40 44.5 5.11 2.26 2.53 7.5 8 20 80 0.50 SYTON
“Ge 3.6 100 1.57 1.57 12.0 2.46 1.57 1.76 2.4 12 30 130 0.18
°Ge95.6% 4.0 110 1.25 1.49 14.0 1.86 1.36 1.53 0.70
°Ge(96.3% 7.57 2.50 2.50 28.0 6.25 2.50 2.80 4.0 22 45 150 0.20
“Ge 8.7 100 1.27 254 350 3.23 1.80 201 32 18 45 120 0.15
naGel 58.7 100 2.46 2.50 29.4 6.15 2.48 2.78 3.8 23 65 150 0.13 un20
241 2.44 29.2 5.88 2.42 2.72 4.0 23 65 130 0.15 um
2.35 2.40 29.0 5.64 2.37 2.66 11 10 20<70 0.68 SYTON
2.30 2.33 29.0 5.36 2.31 2.59 7.0 12 25 65 0.55 CP4
naiGe2 58.7 100 1.30 1.30 15.0 1.69 1.30 1.46 3.0 13 30 80 0.28
naGe| 100 1.26 1.26 39.5 1.59 1.26 1.41 2.2 35 90 170 0.18 sandblast
naGel| 58.7 100 1.32 1.32 40.0 1.74 1.32 1.48 4.2 20 45 90 0.48 uml
naGelll 100 1.17 1.17 40.6 1.37 1.17 1.31 7.5 13 28 60 0.75 LUSTROX
0TeGe 153 110 2.02 2.00 23.0 4.04 201 225 24 30 90 200 0.06

Note that we neglected the small effect of details of theest temperatures. Hence, the parame®rsyz, 7, andygc

sample thermometer arrangemdantg., the position of the
thermocouples, see also Seq, Which is discussed in Ref.
79.

(b) Partial specularity of the phonon scattering at the

sample surfaces can decrease the effect of boundary scatter-
ing. The sample then appears to have larger dimensions th

it actually has®4352-659-62rhe relaxation rate is then re-
written in the form

1 (1-P) 1). 22

1
0P=o| - Gemy T
The expression for the “effective” mean free pdth (or the

relaxation raterg 1), used for the description of the(T)
curves, may encompass various effects and has the form
1(1-P) 1\°1

[NEET T

LE(LP):( (23

In principle, Eg.(23) enables us to calculate from the
sample geometryfCasimir length and from the effective

have been determined by a variational method accounting for
boundary and isotopic scattering-or this purpose we re-
place (1f#g)=(vg/Lg) in the integrald Egs. (15—(17)] by

Eq. (22), where nowrg is a function ofP andl. The thermal
|g?nductivity is then calculated for different values Pfbe-

ow 10 K and finally the value oP which yields the best fit

is chosen for each sample.

Figure 8 displays the results for the samples
0Ge(99.99% (a) and "¥Ge1l (b) which were subjected to
different surface treatments. F8#Gel the treatment was
grinding with 20 um diamond powder slurry, subsequently
with 3 um diamond, then polish etching with SYTON and,
finally with CP4. These steps yield€values of 0.13, 0.15,
0.68, and 0.55. The fitted curvésolid lines in Fig. 8 de-
scribe the experimental data well fr2 K to 8 K for the
diamond ground surfaces but equally well for CP4 and
SYTON treated surfaces in a smaller temperature rahge
low 4 K). This analysis was performed for all our samples,
and in addition, for three Ge samples reported in Ref. 52.
Table IV contains the deduced valueshfvhich range from

mean free patig, determined from the low temperature 0.13(1.5.g) to 0.68(5L¢) for "¥Gel, and from 0.13 to 0.75

range in whichk(T)~T2. P varies from zero to one. When-
ever P>0, partial specular reflection occufe.g., P=0.5

for all other samples, with the exception df"%Ge and
0Ge(95.6% (Table V). P has been taken to be independent

corresponds to a phonon mean free path of three times th&f phonon frequency and scattering angle in this simplified
geometrical Casimir length with an average of two boundaryevaluation.

reflections; P=0.75 vyields ~sevenfold length and sixfold
reflexiong. The determination oP using Eq.(23) is ham-
pered by the following(a) the temperature range of validity
of the T3 law is rather limited in most samples studiét)

Zimarf® and Soffe?? considered the problem of phonon
diffraction by surface irregularities and showed that the
specularity depends on the frequency and the angle of pho-
non incidence. Soffer defined a frequency-dependent

the influence of isotopic scattering extends down to the lowsprobability’?
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Frankl and Campis? applied the expression for the

60 T
specularity factor given by Soffé and determinedyg for

50 | °Ge(99.99%) A niGe samples and Si with differently prepared surfaces but
. - b the agreement between their theoretical and experimental
T 40 F  e2wm v data was not very good. Singh and FG8tuggested, that
,|_¥ - ;/’ 1 the main reason for the rather poor agreement results from
g 3.0 © 1 the averaging of the angular dependence of the specularity
= ] factor P. In order to solve this problem, they used the exact
X 20 . expression as given by Soffer and the thermal conductivity
~ ] can be written as®

kem® _ (/T x‘e”
T —dXx
0o (e—1)?

LN
W
-
N
3

)
<

\.
LN

x fwric(x@)cos’-sid, (25
0

»

v 1.0 E
T i where the polarization is longitudinal<£ 1) and transversal
g . (i=2,3), 7(x,0) is the combined relaxation time for dif-
= o5 ] ferent phonon modes. Singh and FGShised this expres-
“ § sion to determine the values gfand to explain the thermal
1 conductivity of some polished samples of germanitiand
] silicon®* However, they didnot include isotopic scattering
0.0 e b e e and the size correction in their calculations. They found a
1.0 20 30 40 50 60 70 80 quite good agreement between their calculations and their
T (K) experimental data for Ge samples with different treated sur-

faces below 3 K; for higher temperatures isotopic scattering
FIG. 8. Model calculations of the effects of specularity on the cannot be neglected. We now performed, for all our samples
thermal conductivity bel 8 K for Ge samples with different sur- and those of Ref. 52, calculations &{T) [using Eq.(25)]
face treatmentésee also Fig. 6 and Fig).7The symbols represent by varying ». This procedure includeés) the integration
the experimental data 0fGe(99.99% in (a) and of *Gel in(b).  over the frequency andthe scattering angl® of the inci-
The solid lines result_ from the calculations acc_:ordlng to &9 dent phonongb) the size correctiofiEq. (21)], and finally
and the dot-dashed lines from the theory of Zim&ef. 60 and (¢ the consideration of boundaandisotopic scattering pro-
Soﬁer(Ref. 62, |ncI_ud|ng frequency and angle depgndence, as well.aggeg. Figure(B) gives the result fof*Ge1: The calculated
as the size correction of phonon boundary scattering. x(T) curves(dot-dashed linedit well the experimental data
B 5 below 6 K. The fitted values ofysc (including the size cor-
P (k) =exd —(2kzncospb)7], rection are listed in Table IV. They indicate a rms surface

where ncosb=; k denotes the phonon wave vectarjs ~ roughness varying from 90 A to 20 A. For comparison the
the rms height deviation in the surface, afdthe angle of ~Vvalues obtained without size correcti¢as done in Ref. 59
incidence. Since the temperature gradient is along the samp@ée also listed in Table IV; they range between 200 A and 60

length ® = (7/2)— O, we obtain thew dependence of the A. Similar analyses for°Ge(99.99% and for three samples
specularity. of "Ge with different surface treatmentdata taken from

Ref. 52 and denoted d8Gel, II, and Ill in Table 1V}, yield

2 pwsin® | 2 comparable results.
P(w)=exg - U—| ’ (24) (c) Anisotropy effects observed in the thermal conductiv-
ity originate from the elastic anisotropy and the resulting
wherei=T,L, andw is the phonon frequency arfd repre-  phonon focusing™*°"-°® Experimental evidence of these ef-

sents the angle between the temperature gradient and thects has been reported for Silt amounts to a decrease in
phonon wave vector. The parameferin Eq. (22) was re- | _ of 28% for[100] samples and 22% fd110] samples of
placed byP(w) and with the integral$Eqs.(15—(17)], we  dimensions similar to those of our samples. Based on the

computed the thermal conductivity for various valuesef.  nearly perfect scaling of the dispersions curkfesie expect
For all samples, including those of Ref. 52, this procedurehis effect to be similar in G&’

describes¢(T) much better than assuming tHts indepen-

dent of w. The fitted »¢ values are given in Table IV and

range from 23 A(20 um diamond to 10 A (polished with V. DISCUSSION

SYTON) for "@Gel and from 35 A to 8 A for all samples.  This work probably constitutes the most comprehensive
This indicates a three times smoother surface for the SYTONtudy of the effect of isotopic composition on thermal con-
treated sample. We remark that is not identical to the ductivity ever made. We have found that it is possible to
geometrical surface roughness but it represents an averagepresent accurately the(T) measured for a given sample
value of ncosb, which is smaller than the real geometrical using different theories and/or various frequency and tem-
roughness. perature dependences of the scattering probabilities. In order
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to describex(T) for extremely pure crystals, both termag phonon mean free pathz and dislocation$.Within the ex-
and x, must be taken into account because of the nonresigperimental errors, the influence of dislocationskgpis neg-
tive nature of normal processes. This requirement restrictégible wheng> 10 4, the general case for the samples stud-
the choice of scattering mechanisms, not only for physicaled. Sample "”"%Ge has a lowerk,, (a) for geometrical
but presumably also for mathematical reasons, i.e., so as féasongwith Lg=0.7 mm) since cross section and length are
avoid the divergence of some of the integrals involved.much smaller than those of the other samples stu(iee
Physical considerations led us to look for a unique set offable ) and(b) due to its[110] orientation.

coefficients to represent the seven samples studied and other The <(T) curves fitted as described above give around the
«(T) curves found in the literatur®. For this purpose nei- Maximum values somewhat higher than the experimental
ther the model of Callawd§ nor Holland’s modificatio? ~ ©nes. The largest deviation is observed f36e(99.99%

were successful. We are thus led to a separate treatment Were the calculated, exceeds the experimental data by a

transverse and longitudinal modghkis was also found to be actor of two [Flg_.'4(a) and F|g. %a)]. We mterprgt thls.as

necessary for diamoR&23“9 and to take longitudinal Um- the effect of additional scattering mechanisms, in particular,
. ; . the presence of dislocations.

klapp processes into consideration.

The simult Nof andU-t ttering i The fitted curves obtained, using the model of Holland
€ Simultaneous presencet®l andi-type Scattering 1S,y k(T)=k; (k,=0) also surpass the measured data with
thus crucial for successful curve fitting. Bot,andU pro-

L he exception of the isotopically pur@Ge99.99% sample
cesses are needed so that the thermal conductivity mtegra}lér which the opposite was observed. In order to improve the

give meaningful results when the full form of the Callaway its \ve had to assume a variation of the prefactor of the
theory is used. The _Iongltudlnal Umklapp processes are iyormal processes withg: This prefactor By) for
dispensable to obtain the strong decreasec@F) with T 70G5¢99.99% turned out to be half the value of that found
observed at higher temperatures. We find that the expanentfor other isotopic compositions. This dependenc®efdis-
of the temperature dependence for the Umklapp scatteringppeared when using “Model 1” at the expense of devia-
rate Bjyw’T"exp 4’7, i=TL) strongly influences«(T)  tions. Dislocation scattering is the most reasonable among
above the maximum. From theoretical models, values bethe possible mechanisms which can be invoked to eliminate
tweenn=-1 andn=6 have been reported, we only find these deviationgsee Fig. 3 and Fig.)5The calculated ther-
n=1 acceptable for fitting our data, in agreement with thema| conductivities are barely changed by weak dislocation
results in Refs. 23,71,72,74. This conclusion supportscattering, with the exception d°Ge(99.99%. The differ-
suggestion$-**%7>%that while the heat flow above the ence between the curves calculated with and without dislo-
maximum of x(T) is primarily due to transverse phonons, cations disappears quickly with increasigglt is not detect-
longitudinal Umklapp processes also play a role. Using theyple for 77%Ge, as displayed in Fig.(6) and also not for all
parameters of Table Il we find thazt,]1 is much larger  other samples.
(~ three orders of magnitufiéhan=*. Similar conclusions Similar procedure has been used to calculatexthas a
have been reached for diamofd. function of g for dislocation-free crystals. The results are
By and By were fitted independently since there is noshown as a continuous line in Fig. 3 for different values of
reason why they should be equal, although they may be ex-z. We deducex,,~12 kW/mK for g=10"8, and x,;~20
pected to be of the same order of magnitu@g. and C, kW/mK for g=10" 7 under the assumption, that there are no
(appearing in the exponential factor of the Umklapp pro-dislocations. Assuming.e.=3.6 mm and a dislocation-free
cessep were taken to be different, scaling like the Debye sample of "°Ge&(99.99%), then the thermal conductivity is
temperatures for the correspondin and L branches, about 20 kW/mK near 20 K, instead of the 10.5 kW/mK
6r=118 K andd_ =333 K. Usually the exponert; is de-  found experimentally.
noted asC;= 6/x with 2<<x<6, depending on the power of The results given in Figs. 6 to 8 and listed in Table IV
the temperature, taken from the literat@?eur fits yield an  underscore the importance of surface preparation on the
x value of about 3, the value of most frequently found in  magnitude ofx(T) near and belowk,, for samples with
the literature. Isotope effects are clearly detected at low angufficient isotopic purity. The theory of the Zim&nand
at high temperature800 K). The measured variation @f,, Soffef? enables us to describe the influence of the various
with the mass variancg (Fig. 3 clearly confirms, over a degrees of surface polishing on the temperature dependence
large range of isotopic compositions, that the isotopic scatef «(T) for all samples with a given geometry and mass
tering is well represented by the point defect theory ofvariance. A single parameter, the specularity fa&pis suf-
Klemens® At low temperatures the measured curves show dicient to account for effects resulting from the surface
T2 to T2 dependence fok(T); the deviation fromT® ex-  roughness.
pected for boundary scattering originates from isotopic scat- The enhancement of due to specular reflection is con-
tering alone. A higher value of the mass variagcghifts the  siderably larger at the lower temperatures than at higher
overall k(T) curve towards lower thermal conductivities, ones. An interesting feature is the observation that the higher
while k, occurs at slightly lower temperatures and, consethe boundary-limited thermal conductivity, the lower the
quently, the range of® dependence begins at lower tem- temperature below which tHE® law is valid (Fig. 1).
peraturegFigs. 1 and R Inspection of the samples wifl00] orientation in Table
Our modified Callaway/Holland formalism describes thelV gives 0.13<P=<0.28 as typical values for samples which
effect of isotopic disorder at any temperature below 200 Khave been sand blasted or ground withu®& to 20 um
(This becomes obvious from Fig. 3 which shows thg  diamond powder slurry. Samples treated witpth diamond
values vs the variancg and the influence of the effective or CP4 (¥Gell,"¥GeJ) yield P=0.5, and the samples pol-
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ished with SYTON or LUSTROXRef. 81) show the best (d) The temperature and frequency dependences for the
surface performance witl?=0.7 ("®Gel"Gell). Sample individual scattering mechanisms proposed by Klentens
°Ge(99.99%, also polished with SYTON, does not fit into and Herring* are supported by this study.

this scheme sinc®=0.5. This can be explained by the in-  (€) Isotopic scattering cannot be neglected in the analysis
fluence of dislocation scattering which is very pronounced inof the low temperature thermal conductivity of germanium.
this sample. There is overall agreement between our data and (f) The effects of sample geometry, surface treatment
the earlier reports in Refs. 6,7,52,55. The improvement ofroughnesy dislocation density, and orientation are strongly
k(T<10 K) between sand-blasted and best-polishednhanced with increasing isotopic purity since these param-
samples of Ge along tHd.00] direction amounts to a factor eters govern the effective phonon mean free path, and there-

of three. fore x(T), near and belowl,,. Specular reflection can be
With regards to the effect of sample orientation on thetreated by the theory of Zim&hand Soffer??
thermal conductivity the data dfg in Table IV seems to (g) The improvement ok(T) by optimized surface treat-

confirm the results reported by Frankl and Camipishat ment, e.g., polish etching with SYTON, does barely exceed a
germanium, with an orientation in either thi210] (or the factor of two; the geometrical parameters are dominant.
[111]) direction, possesses mea K a «(T) which is only (h) The Callaway method is not adequate for higher en-
75% or(50%) of that for a sample oriented alof§00] [see  ergy phonons: It overestimates scattering rates and thus un-
also (3 K) in Table . Our samples’%Ge95.6%9 and derestimates«(T). Any extra scattering mechanism, e.g.,
"07%Ge are oriented alon@l10] and fit into this scheme. multiple phonon scattering, would tend to redudd) even
Recently, it was observed that for Ge with natural isotopicfurther. A description ok(T) over a wider range of would
composition the thermal conductivity ifl00] direction is  require a much more structured dependence of the scattering
50% higher than in thg111] direction belowT,,.22 For all ~ parameters over that range and the whole Brillouin zone.
samples studiedTable 1IV) Lo<Lg with the exception of The complexity of the scattering processes involved and
70Ge(95.6%). For this sample we could not find suitable val- their interplay(by the integrals makes it unlikely at present
ues for the surface characterization, to fit the low temperaturto find any better procedure of comparable simplicity.
data, because of the influence of electronic carrier scattering In summary, we have presented measurements of the ther-
(p~10' cm™2). Unfortunately, the number of samples mal conductivityx(T) of high purity germanium single crys-
presently available to us is insufficient to make any moretals with several isotopic concentrations covering the range
precise statements on the orientational anisotropx(@).  from maximum mass variancé%(%Ge) to high isotopic pu-
For this purpose isotopically pure samples of various oriensity (°Ge(99.99%). The latter sample has been shown to
tations would be required. exhibits an increase ir, (found at 16.5 K by a factor of

~ 8 with respect to natural germanium, while for tfé"Ge

samplek,, is 1.8 times lower. The results have been fitted to

VI. CONCLUSIONS a modified Callaway/Holland theory with three adjustable

Th vsis of the th | ductivity of G parameters for each phonon branch to describe anharmonic
? pre.sr(]ant ana Iy.s's of the thermal conductivity od_f.e honon scattering. A detailed investigation of the low tem-
samples with several Isotopic compositions, using a modi 'e‘gerature region has allowed us to obtain values of the effec-

Callaway/Holland formalism, works well below 200 K. A e sample cross section which is enhanced compared to the

single set of parameters describes the interplay of the diﬁer@eometrical one by effects of focusing plus finite sample

ent scattering mechanisms even when individual contriburength This cross section increases when coarse ground
tions vary over a wide range, e.g., isotopical disorder, geoms, hje surfaces are polish etched with SYTON. The results

etry, etc. The modified Callaway/ HO"a”F’ model enables U$have been compared with other available data for natural
to predict«(T) for a Ge sample with defined geometry and G52 5y \ith early results for an isotopically enrichéte

isotopic composition, and leads to the following conclusions:samp|eg1
(a) The full form of the Callaway integrals« + x,) must

be computed in the case of isotopically pure samfiesmal
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