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Momentum distribution and final-state effects in liquid 4He
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Neutron time-of-flight measurements of the dynamic structure factorS(Q,v) of both normal liquid and
superfluid4He are presented. Using the MARI spectrometer at the ISIS pulsed neutron source~U.K.!, S(Q,v)
was measured over continuous ranges in wave vectorQ up to 10 Å21 at a temperature of 1.42 K, while at
T52.5 K the range extended up toQ517 Å21. The quality of the data represents a significant increase in
statistical precision over previous measurements. The width and peak position ofS(Q,v) at both temperatures
is seen to oscillate as a function ofQ; this is due to coherence effects and has been observed in previous
measurements. These oscillations are seen to continue up to a wave vector in excess of 10 Å21. For theT
52.5 K data, the measuredS(Q,v) spectra are analyzed using the technique developed by Glyde. Three free
parameters are fitted at eachQ and very good agreement is obtained. TheQ scaling of these parameters is used
to extract information about the shape of the normal fluid momentum distributionn(p), which is found to be
distinctly non-Gaussian and in good agreement with Monte Carlo calculations. The mean kinetic energy per
atom is obtained from the data and is in good agreement with previous neutron and x-ray work.
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I. INTRODUCTION

The objective of neutron-scattering measurements at h
momentum transfer is to determine the dynamics of sin
atoms in liquids and solids.1,2 The observed dynamic struc
ture factorS(Q,v) depends on the atomic momentum dist
bution n(p), the related atomic kinetic energy^K&, and the
interaction of the atoms with its neighbors. Physically,
high-energy incoming neutron interacts with and scatt
from a single atomic nucleus. The entire struck atom reco
At constant momentum transfer\Q to the atom, the energy
transferred is ‘‘Doppler broadened’’ by the initial mome
tum distribution of the atom, rather than being constant at
stationary, free atom recoil energy\v r5(\Q)2/2m. This
broadening is used to determinen(p). However, the interac-
tion of the recoiling struck atom with its neighbors modifi
this broadening. A reliable description of this interactio
denoted the final-state~FS! effects, is needed to extrac
n(p).3–8

At lower momentum transfer, the interaction of the stru
atom with its neighbors has a major impact onS(Q,v),
coherent effects between the atoms are important and
goal is usually to investigate these interactions. AsQ in-
creases, coherent effects become negligible,S(Q,v) reduces
to the incoherent limitSi(Q,v), and n(p) can be deter-
mined. However, a good determination of FS effects is
ways required. Only in the limit of the impuls
approximation1,2 ~IA ! in which

SIA~Q,v!5E dS v2v r2
p•Q

m Dn~p!dp ~1!
560163-1829/97/56~14!/8978~10!/$10.00
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does the observed dynamic structure factorS(Q,v) depend
solely onn(p). TheQ values required to reach this limit in
real materials is not clear.

In quantum liquids, the initial goal9,10 of high Q measure-
ments was to determine the condensate fractionn(p50)
5n0 in superfluid4He. Early measurements, which led to
wide spectrum ofn0 values, are reviewed by Martelet al.11

Searset al.12,13 obtained reliable values ofn0513.962.3%
and n0510.962.7% using two sets of data taken atQ
'10 Å21. The new feature was a reliable description of F
contributions.14 From measurements at significantly high
Q values (Q'30 Å21) using spallation source neutron
Sokol and co-workers15–18 obtainedn051062%, the tem-
perature dependence ofn0(T), and many other properties o
superfluid and normal4He. These measurements used the
broadening function calculated by Silver.5 The field is exten-
sively reviewed by Glyde and Svensson,19 Sokol,20 and
Glyde.21

In the lower wave vector range 4,Q,10 Å21, Cowley
and Woods,22 Martel et al.,11 and Stirling et al.23 showed
that the peak position and half-width of the observ
S(Q,v) in liquid 4He oscillated withQ. These oscillations
arise from coherence effects since in the incoherent li
(Q.12 Å21), Si(Q,v) cannot oscillate. These oscillation
are attributed to oscillations in the4He-4He atom scattering
amplitude of the interacting4He atoms11 which has been
shown24 to lead to oscillations inS(Q,v).

This paper is one of a series of investigations ofn(p) and
FS effects in quantum liquids under conditions of excelle
and well-understood instrumental resolution and high cou
8978 © 1997 The American Physical Society



t

r-
n
a

th
ta
g

an

io

b

is
tio
in
in

um
ex
re

t
.
fe
e
,

no
A

o
tu
i
a

m

th
n

m
is
in
ro

a
a

i
o

mi
he
x
-

than
ing

r to
L-
as
the
h a
n-

ed

1
-
vail-
d
less
the
-
giv-
K.
red
o
the

nd
ent,
ith
the
e to
e
nt

56 8979MOMENTUM DISTRIBUTION AND FINAL-STATE . . .
ing statistics. The principal aim of the present paper is
examine the crossover ofS(Q,v) from the collective
(0,Q,3.5 Å21) to the incoherent region (Q.12 Å21) in
normal liquid 4He with a less complete study of the supe
fluid. A detailed description of the experimental method a
data reduction procedure will be given. We will employ
method of data analysis that enables FS effects andn(p) in
the normal phase to be separated. Preliminary reports of
work are to be found in Refs. 25 and 26 and complemen
studies, i.e., at higherQ, in the superfluid phase and usin
different analysis methods are to be found in Refs. 27
28. A full analysis of data taken for superfluid4He will be
dealt with in a later paper28 of this series.

In this paper we cover the momentum transfer reg
from about 3 to 17 Å21. Deviations from the IA are impor-
tant in this range and we use the method developed
Glyde8,29 to separate the contributions toS(Q,v) that de-
pend onn(p) from those that depend on FS effects. This
based on expanding the intermediate scattering func
S(Q,t) in powers of time. We have analyzed our data us
the Glyde procedure in its simplest form, applicable only
the normal fluid phase, where the momentum distribution
nearly Gaussian. In this form, deviations of the moment
distribution from a Gaussian and FS contributions are
pressed as a series of additive terms, which in the incohe
limit is similar to an expression by Sears.4 We denote this
analysis procedure as the additive approach~AA !. In the su-
perfluid phase where there is a condensate,S(Q,t) has a
long-time tail making an expansion in powers oft inappro-
priate. To capture the narrow condensate componen
S(Q,v), the convolution approach~CA! should be used
These two approaches enable the separation of FS ef
from the measuredS(Q,v). For examples of the use of thes
two procedures in analyzing recent4He data, see Refs. 8, 26
and 27. In the present paper, only the data taken in the
mal fluid phase are considered and we use the Glyde
procedure for analysis of the data.

The paper is organized as follows. Following the Intr
duction, we describe the details of the experimental se
and the data reduction procedure, followed by Sec. III,
which the data are presented. Section IV describes the an
sis in terms of the AA procedure, in which the various co
ponents toS(Q,v) are separated. Their differentQ depen-
dences are used to extract the momentum distribution in
normal fluid state, which is seen to be significantly no
Gaussian. The paper ends with a discussion section.

II. EXPERIMENT

A. Experimental details

The experiment was carried out on the MARI spectro
eter of ISIS, Rutherford Appleton Laboratory, U.K. MARI
a direct-geometry time-of-flight spectrometer, i.e., one
which the incident neutron beam is pulsed and monoch
matic and the energy\v and momentum\Q transferred to
the sample are obtained by recording the scattering angle
time of flight of each scattered neutron. Neutrons at ISIS
produced by nuclear spallation by directing a pulsed beam
high-energy protons onto a heavy-metal target~tungsten or
uranium!. The resulting fast neutrons are then thermalized
a range of moderators. The incident neutron energy
o
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MARI is selected by the phasing of a high-speed Fer
chopper relative to the injection time of protons onto t
target. MARI provides a unique combination of high flu
of neutrons in theEi5100– 1000 meV range with good en
ergy resolution~1–2% of Ei!. Moreover, due to the large
angular coverage of the detectors, a large part of theQ-v
plane can be covered in a single measurement; more
400 3He detectors cover a continuous range of scatter
angles from 3° to 135°.

A cylindrical aluminum sample cell of volume 130 cm3,
with cadmium spacers placed 1 cm apart inside in orde
minimize multiple scattering, was mounted inside an IL
type ‘‘orange’’ helium-flow cryostat and the temperature w
monitored with a calibrated carbon resistor mounted on
sample cell. High-purity gaseous helium was led throug
cold trap at 77 K to freeze out impurities before being co
densed into the cell.

Three separate data sets were collected. The first two~T
51.42 and 2.50 K! used an incident neutron energyEi of 88
meV and the third (T52.5 K) was obtained using anEi of
266 meV. The choice of these two incident energies allow
coverage of the momentum transfer ranges 2 – 10 Å21 and
3 – 17 Å21 for Ei588 and 266 meV, respectively. Figure
shows the region in theQ-v plane covered at the two inci
dent neutron energies with the range of detector angles a
able on MARI. For theEi588 meV runs, the measure
sample temperature was very stable, with fluctuations of
than 0.03 K over the time of the runs. However, due to
very long run time of theEi5266 meV run, the sample tem
perature fluctuations were somewhat larger in this case,
ing an estimated error in the sample temperature of 0.1

At both incident energies, the scattering was measu
with the empty cell and the cell filled with liquid helium, s
that the4He scattering could be extracted by subtracting
‘‘empty cell’’ Al scattering. The run withEi5266 meV was
by far the longest, extending over approximately 50 h a
thus had very high counting statistics. For this measurem
a run with the empty sample cell lined on the inside w
absorbing cadmium was recorded in order to correct for
attenuation of the cryostat and sample cell scattering du
the liquid 4He. The effect of omitting this correction for th
Ei5266 meV data is a small, but statistically significa
oversubtraction on the low-energy side of the4He recoil

FIG. 1. Region inQ-v covered on MARI with the two different
incident energies used. Also shown is the recoil line\v r

5\2Q2/2m for free 4He atoms.
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8980 56K. H. ANDERSEN, W. G. STIRLING, AND H. R. GLYDE
peak. This is a small correction, not normally applied
weakly scattering samples~transmission'90%! and statis-
tically insignificant for theEi588 meV data.

In order to correct for the variation of detector efficienci
across the detector banks, a vanadium~incoherent scattering!
run was recorded with the monochromating chopper
moved, allowing neutrons of all wavelengths~‘‘white
beam’’! to reach the vanadium sample, which increases
signal by several orders of magnitude.

B. Data reduction

The fast-neutron background was subtracted, as was
cryostat and empty-cell scattering. For theEi5266 meV data
set, corrections were also made for the sample dependen
the cryostat and sample cell scattering, by making use of
cadmium run as follows. The transmissionT of the neutron
beam through the helium in the sample cell was calcula
using the expression of Sears30 to be 88.0%, and by a nu

FIG. 2. Observed scattering intensity in the high-angle ba
(120°,f,135°) for Ei5266 meV. Data are shown for the ce
filled with 4He, the empty cell, and the empty cell lined with C
Also shown as ‘‘He’’ is the result of performing the sampl
dependent background subtraction with a transmission of 88%
scribed in Sec. III B. The scattering below 100 meV arises from
time-shifted Al elastic scattering from the cryostat walls and the
phonon density of states.

FIG. 3. Detail of the normalized scattering intensity atQ
510 Å21 measured withEi5266 meV after subtraction of the
sample-dependent background, shown together with the calcu
double scatteringR2(Q,v) ~Ref. 32!. The remaining background i
seen to be taken wholly into account.
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merical integration over the sample cell volume to be 87.8
This must be known to make use of the Cd backgrou
run. I is the observed scattering and subscriptsf , MT, and
Cd refer to the runs recorded with the cell full of helium, th
empty cell, and the cell lined with Cd, respectively. Th
background scattering which isindependentof the sample is
I Cd and the sample-dependentbackground scattering isI MT
2I Cd. Clearly only the sample-dependent scattering is
tenuated by the helium and hence the scattering from
helium in the sample cell is given by

I He5I f2T~ I MT2I Cd!2I Cd5I f2TIMT2~12T!I Cd. ~2!

Figure 2 shows the scattering observed in the high-an
banks (120°,f,135°) in these three configurations an
the 4He scattering after subtraction of the background. T
individual efficiencies of the detectors were corrected for
ing the ‘‘white beam’’ vanadium scattering intensities. Th
data were converted from their original format of neutr
counts versus time-of-flight in each of the 400 detectors i
S(Q,v) along lines of constant scattering angle in theQ-v
plane and then rebinned26,31 onto constant-Q spectra with a
Q width DQ of 0.25 Å21 and an energy bin width of 1.0
meV. Using the semianalytic method of Sears,32 the shape
and magnitude of the multiple scattering was calculated
constructing model scattering functions to describe both
4He and Al sample cell and cryostat scattering. The cal
lated multiple scattering included both He-He and He-
double scattering. The ratio of double to single scattering
the present sample geometry was found to be 3.3%.30 Figure

s

e-
e
l
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FIG. 4. Upper frame: S(Q) obtained from the data by integra
ing all counts in the peak region at eachQ. A single scale factor
was used at allQ’s for each data set. Lower frame: First moment
the observed scattering as a function ofQ with the recoil energy
subtracted.
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FIG. 5. Examples of the measuredS(Q,v) of liquid 4He at selected wave vectors. Also shown is the calculated resolution function~solid
line!, obtained as described in the text, which has been shifted for clarity to lie at the recoil position\v r .
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3 shows an example of the scattering remaining after s
traction of the cryostat and sample cell scattering, compa
with the calculated double scattering. The remaining ba
ground is seen to be taken wholly into account by the dou
scattering, which was calculated and subtracted at allQ’s.

The energy scale was refined using thef -sum rule, which
requires that the first moment ofS(Q,v) be the recoil energy
\v r @see Eq.~1!#. In order to satisfy this requirement,
b-
d
-

le

5-mm correction to the position of the monochromatic be
monitor was required. The absolute intensity normalizat
was obtained from the requirement thatS(Q)51 in the in-
coherent regime (Q.10 Å21). A single scale factor for
each data set was used for this intensity normalization. F
ure 4 shows theS(Q) extracted from the data, where it ca
be seen that the absolute intensity normalization is accu
to approximately 1% forQ.10 Å21. The difference be-
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8982 56K. H. ANDERSEN, W. G. STIRLING, AND H. R. GLYDE
tween the first moment obtained from the data and the re
energy is also shown here. It can be seen that system
errors in both the intensity normalization and the ene
scale calibration have been reduced to the level where
are comparable to the statistical errors in the counting.
S(Q) and first moment shown in Fig. 4 fall off atQ
.16 Å21 because data covering only part of the fullv range
is collected~see Fig. 1!.

In order to calculate the resolution function accurately
Monte Carlo simulation program was written to describe
spectrometer.33 The speed distribution of neutrons in th
moderator was modeled by the Ikeda-Carpenter~IC!
function.34 The chopper transmission and IC function para
eters were found by fits to the monitor peak shapes.
resultant simulated neutron pulse was then allowed to sc
from a model scattering function at the sample position
the same geometry as that used in the experiment. The m
scattering function consisted of an IAS(Q,v), assuming a
Gaussiann(p) with a realistic width. The simulated neutro
pulse was scattered into each of the 400 detectors, using
actual detector geometry. The simulated time-of-flight d
were then transformed intoS(Q,v) and rebinned onto
constant-Q scans in the same way as was done for the
data. In this way any systematic errors introduced into
data by the data reduction procedure were reproduced in
simulated data. The effective resolution line shape was
tracted at eachQ by fitting the intrinsic GaussianS(Q,v)
function to the simulated data at constantQ, convoluted with
a model resolution. The model resolution function was
scribed by a peak shape function with eight degrees of f
dom, which were free parameters in the fit. This proced
gave fits with a reducedx2 between 1.0 and 1.2 and th
resultant best-fit resolution functions were used in the sub
quent data analysis. For a more detailed description of
resolution calculation, see Ref. 33.

Figure 5 shows examples of the normalized MARI da
with the corresponding resolution line shapes obtained
described above. It is seen that the resolution function ap
ently varies with temperature, e.g., atQ54.00 Å21. This is
due to instabilities in the neutron detectors on MARI. Th
efficiency and intrinsic background level change with tim
and when the noise level becomes unacceptably high,
signal is no longer used. The number of ‘‘bad’’ detecto
changed slightly between theT51.42 K and 2.50 K runs.
When the data are rebinned onto constant-Q scans this
causes a slight change in the effective resolution funct
This effect is particularly marked for theQ54.00 Å21 mea-
surement atEi588 meV, but is otherwise negligible.

III. COHERENCE EFFECTS AND GLORY OSCILLATIONS

As seen in Fig. 5, the measuredS(Q,v) cannot be ad-
equately described by a single Gaussian function. The w
@full width at half maximum~FWHM!# and peak position
were extracted from the present data by fitting a flexi
function consisting of a combination of Gaussians and ex
nentials spliced together and convoluted by the calcula
instrumental resolution. The function used has no phys
basis and was selected only on the basis that it reprodu
the data well and provided a means of extracting the wi
and peak position. The peak position was defined as
il
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mean of the two half-height positions.
Previous measurements in the wave-vector ra

4,Q,12 Å21 ~Refs. 11 and 23! have shown oscillations in
the width and peak position of the scattering function a
function of Q. These are related to oscillations in th
4He-4He scattering cross section, which are caused
atomic interference effects when probing the steep-core
of the atom-atom potential, and are known as ‘‘hard-sph
glory’’ oscillations.

Figures 6 and 7 show the extracted widths and peak
sitions as a function ofQ. It is seen that the two data sets
T52.5 K are in very good agreement, indicating that the d
reduction procedure and resolution calculation have redu
systematic errors to a very low level. The peak position
independent of temperature, while the width clearly
creases from 1.42 to 2.5 K. Oscillations, independent of te
perature, in both the width and peak position are clearly v
ible and are seen to continue up to at leastQ510 Å21. The
4He-4He cross section measured by atomic beam scatte
experiments35 is also shown in the figures. It is seen that t
period and phase of the oscillations is identical for the wid
of S(Q,v) and the cross section, while the position oscil
tions are about2p/2 out of phase with the cross-sectio
measurements. The fact that the peak position is consiste
below the recoil frequencyv r does not indicate a violation

FIG. 6. Width ~FWHM! of the measuredS(Q,v), obtained as
described in the text, divided byQ. Also shown, on the right-hand
scale, is the4He-4He scattering cross section~Ref. 35!. Error bars
shown are the uncertainties6s in the best-fit values and may no
accurately reflect the statistical uncertainties shown by the scatt
the points.

FIG. 7. Peak position of the measuredS(Q,v), obtained as
described in the text, with the recoil energy\v r , subtracted. The
4He-4He scattering cross section~Ref. 35! is also shown on the
right-hand scale. Error bars as in Fig. 6.
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56 8983MOMENTUM DISTRIBUTION AND FINAL-STATE . . .
of the f -sum rule, but is due to the measured peak sha
having significant high-energy tails. This is clearly seen
Fig. 5. Previous neutron and x-ray-scattering measureme19

have shown thatS(Q) reduces to 1 atQ.6 Å21, which is
often taken as the lower limit for validity of the incohere
approximation. However, the oscillations observed in t
study are evidence of the continuation of coherence effe
extending up to a wave vector in excess of 10 Å21, in agree-
ment with previous studies.11,23 Figure 7 shows that the dif
ference between the peak center and the recoil energy
not approach zero asQ increases, but approaches a const
value of about21 meV. This is evidence of the continuin
importance of FS effects at wave vectors above the meas
Q region. Since the peak width increases proportionally
Q, the shift in the peak center relative to the recoil ene
will be increasingly difficult to observe asQ is increased.

IV. MOMENTUM DISTRIBUTION
AND FINAL-STATE EFFECTS

From a straightforward expansion8,21 of the coherent
S(Q,t) in powers of t, S(Q,v) is obtained in terms of a
Gaussian IA resultS̃IA(Q,v) plus correctionsS1 , S2 , etc.
arising from non-Gaussian components of the momen
distribution and from FS interactions:

S~Q,v!5S̃IA~Q,v!1S1~Q,v!

1S2~Q,v!1S3~Q,v!1••• , ~3!

where

S̃IA~Qv!5
S~Q!

A2pm2

exp@2~v2v r8!2/2m2#, ~4!

S1~Q,v!52
m3

2m2
2 ~v2v r8!F12

~v2v r8!2

3m2
G S̃IA~Q,v!,

~5!

S2~Q,v!5
m4

8m2
2 F12

2~v2v r8!2

m2
1

~v2v r8!4

3m2
2 G S̃IA~Q,v!,

~6!

S3~Q,v!5
m5

8m2
3 ~v2v r8!F12

2~v2v r8!2

3m2

1
~v2v r8!4

15m2
2 G S̃IA~Q,v!, ~7!

where v r85v r /S(Q). As can be seen, the correctionsS1 ,
S2 , etc. are alternately antisymmetric and symmetric ab
v r8 . The antisymmetric terms, odd in (v2v r), and the odd
coefficientsm i ( i 53,5,...) in them vanish if the interactio
(V) and FS effects vanish. The even coefficientsm i
( i 54,6,...) depend on both the moments ofn(p) and FS
effects. The derivation of Eq.~3! begins with an expressio
for S(Q,t) derived by Rahman, Singwi, and Sjo¨lander36 and
generalized to the coherent regime by Gersch
Rodriguez.3 A cumulant expansion is used to expandS(Q,t)
in powers oft. Including all powers up tot5 corresponds to
es
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keeping corrections up toS3(Q,v) in Eq. ~1!. For a more
detailed description of the derivation of Eqs.~3!–~7!, see
Refs. 8 and 21.

In the incoherent approximation many of the above p
rameters reduce to simple quantities:

S~Q!→1,

v r8→v r ,

m2→q2ā2 , ~8!

m3→q2ā3 ,

m4→q2ā41q4ā4 ,

whereq5\Q/m is the reduced wave vector.ā denotes a
quantity that is a function of the momentum distributio
only, while theā parameters arise from the FS interaction
They are given as follows:

ā25^pQ
2 &,

ā35
1

6\
^¹2V~r !&,

ā45
1

\2 ^FQ
2 &, ā45^pQ

4 &23^pQ
2 &2, ~9!

where\pQ is the atomic momentum component parallel
Q, V(r ) is the interatomic potential, andFQ5¹QV(r ) is the
force on the struck atom alongQ.

Once the parametersm2 , m3 , andm4 are determined, we
may obtain the momentum distribution directly from the fi
ted S(Q,v). Essentially, we haveā25^pQ

2 & and ā45^pQ
4 &

23^pQ
2 &2 which characterizen(p), while the parametersā3

and ā4 describe the final-state effects. In the impulse a
proximation, theQ→` limit of S(Q,v), final-state terms of
S(Q,v) are negligible. In this limit,S(Q,v)→SIA(Q,v),
and SIA(Q,v) is the longitudinal momentum distributio
n(y) for the one-dimensional momentum variabley
5(v2v r)/q, i.e.,

n~y!5JIA~y!5
1

q
SIA~Q,v!. ~10!

The IA is obtained here by settingā3 andā4 equal to zero in
Eq. ~3!, giving

n~y!5
1

~2pā2!1/2 exp~2y2/2ā2!H 11
d

8 F12
2y2

ā2
1

y4

3ā2
2G J ,

whered5ā4 /ā2
2 is the excess~kurtosis! of the distribution.

Thus we may obtainn(y) directly from Eq.~3!. The corre-
sponding isotropic three-dimensional momentum distribut
n(p)5n(px ,py ,y), which is related ton(y) by n(y)
5*dpxdpyn(px ,py ,y), is

n~p!5
1

~2pā2!3/2 exp~2p2/2ā2!

3H 11
d

8 F52
10p2

3ā2
1

p4

3ā2
2G J . ~11!
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FIG. 8. Fits of the Glyde AA line shape, convoluted by the calculated resolution function. The individual components are
separately.
ua
d

u-
n,

te

th
d

a

ree

ner-
of

ith

nt
-

-
be

the
the
olu-
Equation ~11! describes a Gaussiann(p) plus a non-
Gaussian correction term. This expression is thus adeq
for nearly-Gaussian momentum distributions, but cannot
scribe ann(p) containing a lowp singularity. The observed
n(p) in normal 4He is obtained by fittingS(Q,v) to data at
severalQ values in the incoherent limit to determine acc
rate values ofā2 and ā4 . We shall see that this expressio
using parameter values taken from the present data, can
scribe the momentum distribution in the normal fluid sta
well.

The Glyde AA expression forS(Q,v) @Eq. ~3!#, convo-
luted by the calculated resolution function, was fitted to
data at eachQ with the m i as free parameters. It was foun
that the quality of fit was unaffected by whether or not theS3
term was included. SinceS1 andS3 are similar, antisymmet-
ric terms, they would compensate for each other when
lowed to vary freely in the fits. In the following analysis,m5
was set to zero, corresponding to omitting theS3 term from
Eq. ~3!. The values ofS(Q) used in Eq.~4! were taken from
te
e-

de-

e

l-

Ref. 37 and were not fitted. There were thus only three f
parameters in the fits:m2 , m3 , and m4 . The best-fit line
shapes were in good agreement with the data, the fits ge
ally giving reducedx2s between 1.1 and 1.4. Examples
the fits obtained are shown in Fig. 8. It is seen that Eq.~3! is
able to reproduce the observed line shape very well w
only three free parameters. It is worth noting how theS1

component decreases in amplitude withQ, while S2 remains
important at all wave vectors, which reflects their differe
physical origin. S1 is a FS effect, which becomes less im
portant asQ increases, whileS2 arises mainly from the non
Gaussian shape of the momentum distribution, as will
shown below, and is thus still present in the IA~i.e., at infi-
nite Q!.

Comparison of the parameter values obtained from
Ei588 and 266 meV measurements provides a test of
systematic errors and the accuracy of the calculated res
tion line shape. Figure 9 shows the best-fitm2 , m3 , andm4
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parameters from the two data sets. They are seen to b
good agreement, indicating that the data are free from imp
tant systematic errors.

At large Q, m2 /Q2, m3 /Q2, andm4 /Q4 are seen to ap
proach constant values, indicating that them parameters are
scaling as expected in the incoherent regime and can be
scribed by Eq.~8!. Figure 10 shows the results of fitting E
~8! to the extractedm i parameters atQ.10 Å21, in the in-
coherent regime. In this way we obtain estimates forā2 , ā4 ,
and ā3 . The ā4 parameter was found to be zero within th
precision of the determination and was set to zero during
fitting. The best-fit values are given in Table I. From Eq.~9!
we can useā2 to calculate an estimate for^K&, the mean
kinetic energy per atom, a quantity of fundamental interes
liquid 4He. We obtain

^K&5
3

2

\2

m
^pQ

2 &514.861.0 K ~Ei588 meV data!

516.160.5 K ~Ei5266 meV data!.

These values are in good agreement with the value of 1
K inferred by Sears38 from a compilation of of neutron scat
tering measurements, with the values obtained by Sosn
Snow, and Sokol16 from neutron scattering data atQ
523 Å21 ~16.1 K atT52.3 K!, with that of Azuahet al.27

FIG. 9. Results of the AA fitting. Values of the best-fitm i as a
function of Q, divided by Q2 or Q4 as stated in the axis labels
Error bars as in Fig. 6.
in
r-

e-

e

n

.9

k,

(16.360.35 K atT52.3 K obtained using the CA applied t
higher-Q neutron data! and with the value of 16.0 K obtaine
by path integral Monte Carlo calculations~PIMC! ~Ref. 39!.

Figures 9 and 10 show thatm4 scales asQ4 in the inco-
herent regime. The coefficientā4 is obtained by fittingm4
5ā4(\Q/m)4 to the data as in Fig. 10, from which the e
cess ofn(p) is found asd5ā4 /ā2

2 ~given in Table I!. With
the best-fit values forā2 and ā4 the momentum distribution
is given by Eq.~11!. This is plotted in Fig. 11 along with the
n(p) obtained from a PIMC by Ceperley and Pollock,39

which is seen to be in good agreement. The error bar sh
the uncertainty in the extractedn(p), which arises from the
error in the value of the excess,d, extracted from the data

FIG. 10. The best-fit values ofm2 , m3 , andm4 /Q2 as a func-
tion of Q2 for theQ’s measured in the incoherent regime. The so
line is the result of fitting Eq.~8! to the data. The data are seen
scale withQ as expected. Error bars as in Fig. 6.

TABLE I. Best-fit parameters of Eq.~9! from the fits shown in
Fig. 10. ā4 was negligible.

m2 /Q2 (meV2 Å 2) m3 /Q2 (meV3 Å 2) m4 /Q4 (meV4 Å 4)

0.96560.03 2.660.5 0.5860.12

ā2 (Å 22) ā4 (Å 24) d ā3 (meV Å22)

0.88660.030 0.4960.10 0.62 2.3860.50
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Also shown is the Gaussian component of then(p) extracted
from our data, which is constructed by settingd50. Since
the first ~Gaussian! term contains the entire second mome
of n(p), the Gaussian component shown is also consis
with the value of̂ K& obtained from our data. It is clear tha
the momentum distribution in the normal fluid is signi
cantly different from a Gaussian.

Figure 11 can be compared with Fig. 2~a! of Ref. 27,
which showsn(p) extracted using the CA from higher-Q
neutron scattering data atT52.3 K. The extracted momen
tum distributions are very similar, except at smallp ~below
p'0.4 Å21! where Ref. 27 shows a slightly more peak
distribution. A small term proportional tôpQ

6 & beyond the
analysis here was found in Ref. 27 that increases the in
sity at the center of the peak. A more peaked distribution
also consistent with the lower measuring temperature of
K.

V. DISCUSSION AND CONCLUSION

Previous measurements ofS(Q,v) of liquid 4He at inter-
mediate to high wave vector have either concentrated on
lected Q values or, in the case of time-of-flight measur
ments, have collected data over only a narrow range
scattering angles, in which caseQ varies as a function ofv.

MARI contains a very large number of detectors, cov
ing a wide and continuous range of scattering angles. T
has enabled us to rebin our data to constantQ from the lines
of constant scattering angle in theQ-v plane, at which they
are necessarily measured in a time-of-flight neutr
scattering experiment. As a result, we are able to analyze
data in terms ofS(Q,v) at constantQ and extract param
eters valid at that particular wave vector. The rebinning
constantQ can then be performed systematically, such t
the data can be transformed into a number of constanQ
scans covering the measuredQ-v region. We can thus ex
tract parameters describing the measuredS(Q,v) at each

FIG. 11. The momentum distribution atT52.5 K calculated us-
ing Eq.~11! with the second and fourth moments obtained from
best-fitm2 andm4 parameters in the incoherent regime. The resu
of a PIMC calculation of Ceperley and Pollock~Ref. 39! also at
T52.5 K are seen to be in good agreement. Also shown is
Gaussian component of the momentum distribution extracted f
our data.
t
nt

n-
is
.3

e-
-
of

-
is

-
ur

o
t

wave vector and observe theirQ dependence. In this way w
can observe the approach towards the incoherent approx
tion and the IA. By fitting to the Glyde AA expression, w
can extract parameters whoseQ dependence is sensitive t
the shape of the momentum distribution.

This method of data analysis was made possible by
high quality of the data and the wide range inQ-v space
covered by the experiment. The data are of such high sta
tical precision that we are vulnerable to even very small s
tematic errors arising from inconsistencies in the data red
tion procedure. For this reason, some effort has gone into
data reduction procedure as well as the calculation of
instrumental resolution.

We find evidence of coherence effects continuing up t
wave vector in excess of 12 Å21, observed through oscilla
tions in both the width and position ofS(Q,v). In the inco-
herent limit (Q.12 Å21) the parametersm2 /Q2, m3 /Q2,
andm4 /Q4 appearing inS(Q,v) become independent ofQ.
The data at constantQ are fitted to the Glyde AA expres
sions and a good fit is obtained with only three free para
eters. The mean kinetic energy per atom^K& is extracted and
found to be consistent with earlier determinations. A fun
tional form for the momentum distributionn(p) in the nor-
mal fluid phase is obtained in Eq.~11!. Using parameters
determined in the AA fits, we find the momentum distrib
tion of liquid 4He atT52.5 K shown in Fig. 11, and obtain
very good agreement with a PIMC by Ceperley a
Pollock.39 Interestingly, the extractedn(p) is clearly non-
Gaussian in a way that is consistent with a preferential
cupation of low-momentum states above the condensa
temperature. This is completely different from the case
liquid Ne, in whichn(p) is well described by a Gaussian an
the only observable quantum effect is the broadening ofn(p)
arising from the zero-point motion.27

Elsewhere,28 data for both the normal and superflu
phases, covering a widerQ range, are presented and an
lyzed using the convolution approach. In the CA, both t
momentum distribution and the final-state function are
covered as full single functions and not as additive com
nents. This enables the use of more complicated momen
distribution models including those with a singular behavi
as is expected for superfluid4He where there is ad-function
peak representing the condensate fraction. The paper
focus on the evaluation and extraction of the moment
distribution. On the basis of theQ dependence of the fitted
parameters, a ‘‘scaled’’ final state function will be extract
and its properties and significance discussed.
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