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Simple model calculation of volume magnetostriction in rare-earth-Mn2 cubic Laves phases
at T50
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Volume magnetostriction changes and transition pressures are calculated for the first-order phase transition
for the cubic Laves phase rare-earth-Mn2 intermetallic compounds atT50 within the Blume-Capel model. The
origin of the magnetovolume effect is the volume dependence of bandwidth and the instability of the Mn
magnetic moments. Agreement with experiment is obtained for the magnetovolume strains, whereas the cal-
culated transition pressures atT50 are larger than the experimental values. The stability of Mn magnetic
moments is found to depend on both the magnetic and elastic degrees of freedom.@S0163-1829~97!06538-7#
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I. INTRODUCTION

The stability of magnetic moments of transition-metal
oms has been of interest in the theory of magnetism for m
than 30 years. Mathematically, the question about the sta
ity of the Hartree-Fock~HF! solution for the system of inter
acting fermions was raised in Refs. 1 and 2. Soon, an ef
tive localized Hamiltonian was formulated3 on the basis of
the free-electron theory. This discussion was summarized
Friedel in 1969.4 On the other hand, continuous efforts we
undertaken to improve the HF solution itself. To achieve t
aim, the functional integral formalism5 and the Stratonovitch
trick6 were applied7,8 to the well-known Hubbard model.9

However, it was found difficult to generalize the approa
and in most cases, the so-called static approximation
applied. Within this approximation, charge fluctuations we
neglected and so was the noncommutativity of quantum
erators in the formula for the partition function. AtT50, the
HF solution was recovered. The current state of the ar
reviewed in Ref. 10.

In a recent series of papers, the effective localized Ham
tonian was used11–13 to discuss frustration effects inRMn2
@R5rare earth~RE!# intermetallics. There, the expressio
for the interatomic exchange was the same as the one
tained earlier14 with somewhat different assumptions; bo
expressions were derived from the nondegenerated Hub
model within the static approximation. This expression
similar to the well-known Ruderman-Kittel-Kasuya-Yosid
~RKKY ! formula,15 but the physical mechanism responsib
for intersite coupling is thed-d correlation rather than the
s-d exchange interaction. As was pointed out,11–13 the sta-
bility of the magnetic moment of Mn atoms is govern
mainly by a one-ion coupling constant. The effective Ham
tonian was shown to be the Blume-Capel Hamiltonian16,17

H5D(
i

si
21J(̂

i j &
sisj , ~1!

wheresi50 or 61, and the second sum was over pairs
nearest neighbors~NN!. The interaction constants: one io
~D! and two ions (J) were derived within a second-orde
perturbation calculation. Their expressions are
560163-1829/97/56~14!/8928~5!/$10.00
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D5m2
U

4 F11
U

N (
k,q

f ~ek!2 f ~ek1q!

ek2ek1q
G , ~2!

Ji j 5m2
U2

4N (
k,q

eik•Ri j
f ~ek!2 f ~ek1q!

ek2ek1q
, ~3!

wherem is the magnetic moment of an atom,U is the Cou-
lomb intra-atomic interaction,N is the number of atoms,k
andq are wave vectors,ek are one-electron energies, andf k
are average occupation numbers. On the basis of the Ha
tonian ~1!, mixed magnetic phases of a two-dimensional t
angular lattice were investigated,11–13 where some atoms
possessed magnetic moments and some others did no
this way, frustration was absent in the ground state, des
the antiferromagnetic Mn-Mn interaction.

This interesting idea raises some questions when app
to RMn2 systems. The first question is about the actual r
of frustration in a three-dimensional lattice. For the heavyR
and Y, RMn2 systems are known to crystallize in theC15
cubic Laves phase structure,18 where all Mn atoms are
equivalent. They form tetrahedra; each atom connects tw
such tetrahedra and has therefore six NN. This is the sam
in a triangular lattice: however, despite frustrations, magn
energy of such a unit of seven atoms is the lowest when
of them are magnetic. For a tetrahedron, magnetic energ
configurations with 1, 2, 3, and 4 magnetic atoms, resp
tively, are 0,2J, 2J, and22J. To find a minimal density
of frustration in the whole lattice is not a trivial task; how
ever, it is obvious that the role of frustration in the Lav
phases is not as substantial as in the triangular lattice.

Another question is about the role of a change of volum
which accompanies magnetism of Mn atoms. This effect w
not included in the above model; however, a volume strict
is known to be essential for the appearance of magnetic
ments at Mn atoms. This dependence is known as the ide
a ‘‘critical distance’’ (dc) between Mn atoms; below thi
distance, the Mn moment is unstable.18 The value ofdc was
evaluated to be 2.66 Å at room temperature.19 The idea of a
critical distance was criticized as an oversimplification;20 in
particular, it was pointed out that band filling influences
value. Nevertheless, the magnetoelastic energy associat
8928 © 1997 The American Physical Society
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56 8929SIMPLE MODEL CALCULATION OF VOLUME . . .
the variation of the Mn magnetic moments cannot be
nored. Note that the largest ever observed forced volu
magnetostriction (>1.7%) was found in TbMn2.

21 Now, if
we adopt the idea of a mixed phase, where magnetic
nonmagnetic atoms form a translationally invariant comp
structure, we are forced to admit that a local volume str
follows to this structure in the same complex way, just b
cause it is forced to do so by the magnetic interaction. As
elastic energy is usually larger than the magnetoelastic
this picture seems to be controversial.

The aim of this paper is to include the volume magne
striction energy into the Hamiltonian~1!, and to discuss the
three-dimensional Laves phaseC15 structure within the
Blume-Capel model. We assume that the magnetoela
coupling is driven by the Heine’s mechanism of the volum
dependence of the bandwidthW,

] lnW

]v
52l, ~4!

where v5DV/V is a homogeneous volume strain.22,23 As
the RKKY interaction~with those akin to it! is expected to
depend onkFa, wherea is the lattice constant andkF is the
Fermi wave vector, and as this latter product does not dep
on volume, the Heine’s coupling seems to be the only
portant one. This last assumption is by no means new;
references see Ref. 10. The constantsD and J depend on
volume because the energiesek are proportional to the band
width W @see Eqs.~2! and ~3!#.

The tentative goal of this paper is to connect the ab
model with what is known about the magnetic phases
RMn2 compounds from experimental data. Here, however
many cases the situation is not clear. Although some lo
magnetic anisotropy is present for the Mn atoms, the ori
tation of their moments is noncollinear24 and it is only an
approximate picture that can be obtained within an Ising-l
model.R31 ions are magnetic~except indeed Y31! and the
exchange interaction with theR31 modifies the magnetism
of Mn. Summarizing the experimental da
collected19–21,24–34for the purposes of the discussion of th
magnetovolume effect, three magnetic phases can be di
guished for theRMn2 systems:~i! a phase where the Mn
atoms have no magnetic moments~NMP!; ~ii ! a phase where
only 1/4 of the Mn atoms are magnetic~so-called nontrans
formed phase, NTP!; ~iii ! a phase where all Mn atoms a
magnetic~transformed phase, TP!.

The above picture is based on the experimental magn
phase diagrams.32,34 NTP is possible, because some Mn a
oms interact more strongly with theR31 sublattice than the
others. The problem is that the magnetic structure of NTP
not fully understood; the neutron-diffraction data do not g
clear information. The relative orientations of Mn andR31

magnetic moments are supposed to vary with the particulaR
compound, external magnetic field, pressure and temp
ture. Still, as it is argued below, a simple model which tre
all C15 magnetic structures within the same scheme can
vide some understanding of the low-temperature experim
tal data.

The plan of the paper is the following: in Sec. II, th
model is described; in Sec. III the model results are co
pared with the experimental data on magnetovolume chan
-
e

nd
x
n
-
e
e,

-

tic

nd
-

or

e
f
n
al
-

e

in-

tic
-

is

a-
s
o-
n-

-
es

at the phase magnetic transitions and with the transition p
sures; in Sec. IV, the validity of these results are discus
and the main conclusions extracted.

II. THE MODEL

Our starting point is the Hamiltonian~1!, with the con-
stantsD andJ which depend on volume strain,v, as follows:

D~v!5m2
U

4
1

W~0!

W~v! FD~0!2m2
U

4 G , ~5!

J~v!5
W~0!

W~v!
J~0!. ~6!

These expressions can be easily derived from Eqs.~2!, ~3!, if
we substituteek(v)/ek(0)5W(v)/W(0), and weneglect
the volume dependence of the Fermi level. Explicitly, f
D~v! we get

D~v!5m2
U

4 F11
U

N

W~0!

W~v! (
k,q

f ~ek!2 f ~ek1q!

ek~0!2ek1q~0!G ,
~5a!

and when the sum over wave vectorsk,q is separated ou
from Eq. ~5a!, we obtain Eq.~5!. A similar procedure gives
Eq. ~6!. From now on, we assumem251. Substituting Eq.
~4! into Eqs.~5!, ~6!, we obtain

S ]D~v!

]v D
v50

5lFD~0!2
U

4 G ~7!

and

S ]J~v!

]v D
v50

5lJ~0!. ~8!

For simplicity, we will denoteD(0)[D, J(0)[K from here
on. Equations~7!, ~8! are the linear approximations of th
volume dependence ofD~v! andJ(v), defined by Eqs.~4!–
~6!. The total Hamiltonian is

H~v!5H D1lvFD2
U

4 G J (
i

si
21K$11lv%(̂

i j &
sisj

2(
j

heff~ i !si . ~9!

The third term is the Zeeman effective interaction, whi
comprises an interaction with theR31 sublattice. The Gibbs
free-energy density becomes

G5
c

2
v21^H~v!&1pv, ~10!

where p is the external applied pressure,c is the relevant
elastic constant, and̂•••& is the thermodynamical average. I
fact, it is the average over the ground state of magnetic v
ablessi . Minimizing G with respect to the volume strainv,
we get the equilibrium values of the volume strainsv for the
three phases: NMP, NTP, and TP. Substituting suchv equi-
librium values in Eq.~10! gives the values ofG for the three
phases. Comparing theseG values, we find the ground-stat
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8930 56K. KULAKOWSKI AND A. del MORAL
~GS! phase for a given pressure, and the transition pres
pc where the equilibrium transition takes place atT50. The
GS depends also on the magnetic interaction of the Mn s
lattice with theR31 sublattice. Finally we calculate the va
uesDv of the change in volume strain atp5pc and T50,
the main aim of the present work. As we will comment b
low theseDv values are close to thev ‘‘jumps’’ at the mag-
netic phase transition temperatures at atmospheric press

For the NMP, the averageŝsi&, ^si
2& and the spin-

correlation function̂ sisj& are equal to zero. For the TP w
have^si&50, ^si

2&51 and^sisj&521/3; a half of the spins
is ‘‘up’’ and a half is ‘‘down.’’ For the NTP ^si&521/4,
^si

2&51/4, and^sisj&50; the latter is true because in NT
there are no Mn-Mn nearest-neighbor pairs. Some net m
netic moment of the Mn sublattice is present in this pha
and it is antiferromagnetically coupled to theR31 sublattice.
The mutualR31 magnetic moments interaction is ferroma
netic. TheR31 magnetic moment is larger than this one
Mn; that is why the magnetic moment of the Mn sublattice
antiparallel to an external magnetic field. Note that in t
NTP, the Mn atoms are not equivalent.

For the transition between NMP and TP we get the tr
sition pressure

pc5
c~K2D !

l~U/41K2D !
1

l

2
~U/41K2D ! ~11!

and the change in volume strain between both phases,

Dv5
l

c
~U/41K2D !. ~12!

For the transition between NMP and NTP we get

pc5
l

8
~U/42D !1

c~G2D !

l~U/42D !
~13!

and similarly

Dv5
l

4c
~U/42D !, ~14!

where G is the effective magnetic field created at the M
sites by theR31 sublattice. Finally, for the transition be
tween NTP and TP,

pc5
1

3U/414K23D H c

l
~4K2G23D !

12l@~U/41K2D !22~U/42D !2/16#J ~15!

and

Dv5
l

4c
~3U/414K23D !. ~16!

III. COMPARISON WITH EXPERIMENT

We remind the reader that we have to distinguish betw
v, which is the change of volume with respect to the situ
tion of the nonmagnetized sample without applied press
andDv, which is the change of volume strain between tw
re

b-

-

re.

g-
e,

e

-

n
-
e,

given magnetic phases. Experimentally we will take forDv
the volume distortion ‘‘jump’’ at the magnetic phase tran
tion temperatures; this value should be practically equa
the calculated one atp5pc andT50, inasmuch as it is the
volume strain variation between the two magnetic phas
Moreover, experimentally the thermal variations ofv be-
tween 0 K and the magnetic phase transition temperatu
are negligible compared withDv. Therefore it isDv at T
50 K and p5pc which is compared with the experiment
data, as we will show later on.

Some parameters of the calculations can be fixed ea
The compressibilityk51/c for GdMn2 at room temperature
was determined30 to be 3531023 GPa21; for YMn2 and
TbMn2 we adopt the values of 6231023 and 403
1023 GPa21, respectively.19 For 24 Mn andR31 atoms per
a cubic unit cell with a lattice constant of 7.75 Å,35 we obtain
for the elastic constantc53.571, 2.016, and 3.125 eV/atom
for GdMn2, YMn2, and TbMn2, respectively. The Ne´el tem-
perature does not depend strongly on theR partner26 and is
about 100 K, except for the case of TbMn2, where it is about
40 K. This exception could be due to some reorientations
the 3d Mn or Tb31 moments nearTN ; here we are intereste
in the energy scale and not in thermal properties, and we
neglect it. The dependence ofJ and D on the particular
RMn2 compound are to be evaluated from their lineariz
volume strain dependence, i.e., Eqs.~7!, ~8!. The initial con-
dition for Eq. ~7! is chosen to beD(0)50 for DyMn2, be-
cause the spontaneous jump of the Mn moment is obse
near this compound.18 To evaluateD(0)[D for the other
compounds, the volume dependence ofD is used as in Eq.
~7!, from where we immediately getDR(0)5DDy(0)1l(D
2U/4)vR , wherevR5(VR2VDy)/VDy , VR being the lat-
tice cell volume for theRMn2 compound withR5Y, Gd,
and Tb. The range of the change ofvR is from DyMn2 (a
57.53 Å) to GdMn2 (a57.73 Å),18 i.e., about 0.08. The
values ofJ for the particular compounds are obtained in
similar way from Eq. ~8!. For Eq. ~8! we choose J
50.01 eV, i.e., the value for YMn2, because Y is not mag
netic and does not change the picture; however, asJ is far
from zero and its derivative is small, theJ(v) dependence is
of minor importance. The values of the obtainedD(0)[D
and J(0)[K parameters are collected in Table I. For t
constant l, the value 5/3 is adopted,22 although band
calculations23 suggest some variations for this parameter. W
are left with only one free parameter, i.e.,U. As its very
origin is an intra-atomic Coulomb interaction, we do not e
pect it to vary strongly with volume; we note, however, th
the difference between intra-atomic and interatomic inter
tion is not well-defined in the limit of free electrons. Let u
also mention that, as it was suggested by Friedel,4 various

TABLE I. Model calculation parameters for variousRMn2 com-
pounds, in eV/atom. Third column values~elastic constants! are
taken from Ref. 19. The parametersD andK are defined in the text.

Rare earth D K c

Dy 0.0 0.0087
Tb 0.0025 0.0094 3.1
Y 0.0056 0.01 2.0
Gd 0.0056 0.01 3.6
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56 8931SIMPLE MODEL CALCULATION OF VOLUME . . .
correlations reduce the effective value ofU to be less than 1
eV/atom. We have found that the best accordance with
experimental results on the changes of volume strain
tween the different magnetic phases for theRMn2 interme-
tallics can be obtained with the valueU50.17 eV/atom.

A. TP-NMP transition: YMn 2

The case of TP-NMP transition in the absence of RE m
netic moments@Eq. ~12!# can be assigned to YMn2. The
experimental data18 give the valueDv50.05; from Eq.~12!,
we get Dv50.039. Note that the value ofD[D(0) for
YMn2 was evaluated from Eq.~7!. Forced volume magneto
striction for this compound is close to zero. This is in acc
dance to our assumption that at TP, an external magn
field acts mainly through theR sublattice. Note that for a
small amount of Ni~substitution of 0.01 at. % of Mn!, Dv is
reduced twice.25 This fact confirms the correctness of th
model; the phase diagram was found to be sensitive to b
filling.36 The transition pressurepc calculated from Eq.~11!
is 12 Kbars. This is about three times larger than the exp
mental value of about 4 Kbars, needed to reduce the N´el
temperature for YMn2 down to zero.19

B. NTP-NMP transition: Dy 12xYxMn2 series

Another case is the change of volume from NTP to NM
which can be observed for Dy0.7Y0.3Mn2. The value ofD
[D(0) is adjusted with the above assumed linear dep
dence on theR to be 0.01 U. Unfortunately, we have no da
on compressibility; adopting the value for YMn2, we get
Dv58.431023 from Eq. ~14!, whereas experimentally
Dv5731023.29 For DyMn2 the experiment givesDv553
1024,29 and this effect is assigned to the Dy sublattice.
Mn carries no magnetic moment, model calculation giv
Dv50 for this particular case. Forx50.8, the experimenta
value ofDv in a field of 12 T shows large thermal hysteres
for Dv, between 1022 and 231022. In this latter case, the
NTP-NMP transition seems to be mixed with TP-NMP
TP-NTP transitions. Therefore it would be a speculation
apply any concrete expression forDv. Also we have no ex-
perimental data on the transition pressure.

C. TP-NTP transition: TbMn 2 and GdMn2

The transition from TP to NTP in the presence of R
magnetism can be studied in TbMn2, where experiment
gives Dv51.731022.21 From Eq. ~16! we getDv52.13
1022. The experimental value32 is approximately constan
when Tb is substituted by Y up to the concentrati
Tb0.5Y0.5Mn2, where we obtainDv52.531022 from Eq.
~16!.

The same transition from TP to NTP can be expected
GdMn2, where the experimental value forDv was found to
be about 0.631022 at TN ~Ref. 30! or 0.6– 1.231022.18 Our
calculation for this case gives 1.731022. The D andJ pa-
rameters for GdMn2 are the same as for YMn2, becausevR
for the two compounds are very close,18 but in the latter case
the transition is from TP to NMP.

Both for TbMn2 and GdMn2, the critical pressures are t
be obtained from Eq.~15!. There, in principle, we need in
formation on the effective magnetic fieldG. However, gen-
e
e-

-

-
tic

nd

ri-

,

n-

s
s

o

n

erally, the magnetic coupling to the RE sublattice is sm
and the range of order of magnitude forpc should not depend
on G. SettingG50, we getpc equal to 30 kbar for GdMn2
and to 33 kbar for TbMn2, while the experimental values ar
11.3 and 2.0 kbar, respectively.19

The overall model results onDv for the RMn2 interme-
tallics are summarized in Fig. 1, where we include the
perimental values for comparison. The agreement is ra
good. Results are given for the cases where we dispose o
elastic stiffness constantsc; an exception is DyMn2, but our
result Dv50 for this compound does not depend on t
elastic constant value. For intermediate concentrations~e.g.,
DyxY12xMn2! the results are expected to depend onx
roughly linearly, and the general accordance with experim
is preserved.

IV. DISCUSSION AND CONCLUSIONS

As it has been shown, good accordance is obtained w
the experimental magnetovolume data, but the formulas
transition pressure are not fully reliable. Our results on
strains reproduce well an experimental rule, that the volu
magnetostriction increases when the Mn magnetic mom
become more and more stable. We suppose that the sma
existing discrepancy between the calculated values and
experimental data on volume strains has its source in the
that the phase transition does not encompass the w
sample, in contrast to the theoretical calculations. The pr
lem of the transition pressure is a difficult many-body pro
lem, which includes the magnetic contribution to compre
ibility and mutual interaction of band electrons as depend
on pressure. The latter effect cannot be described within
Ising phenomenology. What is still remarkable is that f
larger volumes per atom, i.e., forC14 hexagonal Laves
phase PrMn2 or NdMn2 compounds, the transition pressur
are of the order of 20–40 kbars.19 This could mean that the
ranges of magnitude of our model parameters are prope

A weak point of the model is that the angular degrees
freedom are not taken into account. As was pointed ou
Sec. I, the discussion on the validity of a localized picture
one of the classical matters of the theory of magnetism; i
not our aim to give new arguments here. However, the
posed restriction from the Heisenberg to the Ising mo
does not allow us to discuss possible variation of the dir
tion of R31 and Mn moments with pressure. The Ising a

FIG. 1. Experimental~full circles! and theoretical~empty
circles! values for the volume magnetostriction changeDv between
two magnetic phases, forRMn2 cubic Laves phase intermetallic
~see details about the meaning ofDv in text!.
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8932 56K. KULAKOWSKI AND A. del MORAL
proximation is a deficiency of both this work and the a
proach of Refs.~11!–~13!, which we use as the startin
point.

In conclusion, we have calculated the magnetovolu
strains and transition pressures for the cubicC15 RMn2 in-
termetallic compounds atT50 within a very simple Ising-
like model with one adjustable parameter, i.e., the int
atomic Coulomb interaction betweend electrons. Reasonabl
accordance with experiment is obtained for volume mag
tostriction in YMn2, DyMn2, GdMn2, and TbMn2, and for
n

d

-

e

-

-

some of their alloys. Volume magnetostriction is found to
essential for the stability of Mn magnetic moments.
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