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Spontaneous flux and magnetic-interference patterns in 0-p Josephson junctions
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The spontaneous flux generation and magnetic field modulation of the critical current in a 0-p Josephson
junction are calculated for different ratios of the junction lengthL to the Josephsen penetration depthlJ , and
different ratios of the 0-junction length to thep-junction length. These calculations apply to a
Pb-YBa2Cu3O72d ~YBCO! c-axis-oriented junction with one YBCO twin boundary, as well as other experi-
mental systems. Measurements of such a junction can provide information on the nature of thec-axis Joseph-
son coupling and the symmetry of the order parameter in YBCO. We find spontaneous flux even for very short
symmetric 0-p junctions, but asymmetric junctions have qualitatively different behavior.
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I. INTRODUCTION

Although many measurements now support the idea
the gap in the high-temperature cuprate superconductors
dominantdx22y2 character,

1 an orthorhombic superconducto
such as YBa2Cu3O72d ~YBCO! cannot be described as
purely tetragonald wave. In the orthorhombic symmetr
group thedx22y2- ands-wave basis functions belong to th
same irreducible representation, so that one expects tha
gap can be described asdx22y2 wave with somes-wave ad-
mixture,d1as. The deviation from purelyd-wave behavior
is supported by the observations2,3 of Josephson pair tunne
ing from Pb intoc-axis-oriented YBCO, although the varia
tion of the Josephson tunneling strength with twin dens
the relative areas of the twins, and the possible role of
sephson screening currents remain open questions.4 It has
also been proposed that these results can be explained b
development of a complex order parameter at tw
boundaries5 or mixing of states withs anddx22y2 symmetry
at the Pb-YBCO interface.6 Part of the problem of interpret
ing these experiments is the complex geometry presente
highly twinned materials. Here we consider the simpler c
of a c-axis YBCO-Pb tunnel junction in which the YBCO
has only one twin boundary in the junction. Experimen
efforts on this system are currently underway.7

In the idealized geometry we describe below~Fig. 1!, the
Pb/YBCO junction which contains a single twin bounda
can be described as a ‘‘0-p ’’ junction, where the pair trans-
fer integral has a relative pair phase of 0 in the left part of
junction ~lengthL0) andp in the right part of the junction
~lengthLp). Here we are interested in understanding the
havior of such 0-p Josephson junctions. While we descri
our geometry in terms ofc-axis tunneling in YBCO-Pb junc-
tions, our results apply equally well to the 0-p a-b plane
YBCO-Pb planar junctions8 and grain boundary junctions9,10

used for phase-sensitive tests of the symmetry of the h
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Tc superconductors. In particular, while traditionally one
considers the magnetic interference pattern, we will also b
interested in spontaneous flux, flux generated by the sel
screening Josephson currents in the absence of a drive cu
rent, and an external fieldHe , which can be directly probed

FIG. 1. ~a! Junction geometry showing the directions of the
external current flowI tot and magnetic fieldHe . The dashed line
marks the twin boundary, and the gap functions are schematicall
illustrated such that the basic Josephson pair phase arising from th
pair wave function overlap is 0 for 0,x,L0 and p for
L0,x,L. ~b! Relative pair tunneling phase across the junction as a
function of position.
886 © 1997 The American Physical Society
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56 887SPONTANEOUS FLUX AND MAGNETIC-INTERFERENCE . . .
by, for example, a scanning superconducting quantum in
ference device~SQUID! microscope.9 As noted in Ref. 11,
the two measurements are complementary, since while
magnetic field interference patterns are only strikingly diff
ent between a 0-p junction and a conventional 0-0 junctio
in the short junction limitL&lJ , appreciable spontaneou
flux only appears in the 0-p junction in the long junction
limit L*lJ .

The maximum Josephson currentI c which a junction can
carry versus an external magnetic fieldHe applied parallel to
the plane of the junction is called the ‘‘magnetic interferen
pattern.’’ The interference pattern for a short (L!lJ) 0-p
junction has been discussed by Wollmanet al.8 Xu et al.11

have estimated the crossover to the limiting case of a l
(L@lJ) 0-p junction. With the approximations made by X
et al., the magnetically modulated critical current of a lon
0-p junction is basically identical to the conventional 0
junction due to entrance of a half-flux quantum vortex, a
the solution which contains spontaneously generated
ceases to be a global minimum of the free energy for sh
junctions. Our exact numerical solutions, however, show t
there is still a ‘‘dip’’ in the center of the diffraction pattern
even for junctions as long as 10lJ , and that the symmetric
junction should contain spontaneously generated magn
flux even for L,lJ . Here we are primarily interested i
determining the behavior of a 0-p junction for intermediate
values ofL/lJ and differentL0 /Lp asymmetries. We believe
that the dependence onL/lJ of both the field-modulated
critical current and the spontaneous flux generation of a
YBCO junction with one twin boundary can provide impo
tant information on thec-axis coupling.

In the following, we discuss a numerical method for c
culating the spontaneous flux generation and magnetic in
ference patterns for arbitrary junction lengthsL/lJ and junc-
tion asymmetriesL0 /Lp . We then compare results for th
critical currentI c versus external magnetic fieldHe for the
case of a traditional 0-0 junction with the symmetric 0-p
case as a function of the reduced junction lengthL/lJ . Fol-
lowing this, we focus on the Josephson screening current
examining the flux generated by these self-currents in
absence of an external current and magnetic field. As pr
ously noted, this self-generated flux can be probed usin
scanning SQUID microscope,9 providing important informa-
tion on the nature of thec-axis Josephson coupling. We the
turn to the interesting case in which the areas of the two t
regions differ and again look at the self-flux versusL/lJ .
There is a qualitative difference between the results for
spontaneous flux generation which occurs in asymme
junctions compared to symmetric junctions. We show brie
how these results can be extended to a junction with mult
twin boundaries. We conclude by discussing what this ty
of experiment can tell us about the Pb-YBCOc-axis Joseph-
son tunneling.

II. CALCULATION

The geometry and gap structure which we envision is
lustrated in Fig. 1. In this idealized geometry,12 the upper
YBCO strip contains a twin boundary which separates
YBCO-Pb junction into two regions. As schematically illu
trated in Fig. 1, we have taken the phase of the larger lob
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the d1as gap in region 0,x,L0 to be positive. Then, if
the phase is locked across the grain boundary as
expects,13 the larger lobe in regionL0,x,L will be nega-
tive. Thus the pair transfer integral between the YBCO a
the Pb leads to a relative Josephson pair phase of 0
0,x,L0 andp for L0,x,L.

Following the notation of Owen and Scalapino,12 we de-
scribe a junction~Fig. 1! with width w small compared to
lJ in they direction, of lengthL in thex direction, carrying
a total currentI tot in thex direction, in an external magneti
fieldHe oriented in they direction. We include the effects o
the 0 andp junctions by introducing an extra phase ang
u(x) which takes the value 0 orp. The superconducting
phase difference across the junction is then just the solu
of the sine-Gordon equation

]2f

]x2
5
1

lJ
2sin@f~x!1u~x!#. ~2.1!

Applying Ampère’s law with a contour of integration aroun
the perimeter of the junction in thexy plane leads to the
boundary condition

H~L !2H~0!54pI tot /cw. ~2.2!

Contours of integration in theyz plane circling the leads a
x50 andx5L lead to

H~L !1H~0!52He . ~2.3!

The Josephson penetration depth is given by

lJ5S \c2

8ped jc
D 1/2, ~2.4!

whered is the sum of the Pb and YBCOlab penetration
depths plus the thickness of the insulator layer between
two superconductors, andj c is the Josephson critical curren
density. The current per unit length through the junction
given by

j ~x!5wjcsin@f~x!1u~x!#. ~2.5!

The gradient of the phase is in turn related to the fieldH in
the junction by

H~x!5
\c

2ed

]f

]x
. ~2.6!

If we redefine the parametersH(x) and I tot as

h~x!5
2edlJ

\c
H~x!5lJ

]f

]x
~2.7!

and

i tot5
I tot

2lJw jc
, ~2.8!

the boundary conditions become

h~L !5 i tot1he , ~2.9!

h~0!52 i tot1he . ~2.10!

Defining a dimensionless coupling parameter
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a5
lJ
2

~Dx!2
, ~2.11!

the differential equation turns into a difference equation o
grid of sizeDx:

fn1122fn1fn215
1

a
sin~fn1un!. ~2.12!

The boundary conditions are then described as differe
equations, wherenj is the total number of junctions:

fnj
2fnj215

i tot1he

Aa
, ~2.13!

f22f15
2 i tot1he

Aa
. ~2.14!

These coupled difference equations are solved using a re
ation method to find the solutionf(x). The free energy of
this solution is given by

F5
\ j cw

2e E
2L/2

L/2 F12cos@f~x!1u~x!#1
lJ
2

2 S ]f

]x D 2Gdx.
~2.15!

Written as a difference equation, the free energy for the v
tex solution becomes

FV5
\ j cwDx

2e (
1

nj21 S 12cos~fn1un!1
a

2
~fn112fn!

2D ,
~2.16!

while the free energy of the no-vortex (f50 everywhere!
solution is

F05
\ j cwDx

2e (
1

nj21

~12cosun!. ~2.17!

To obtain the critical current, the currentI tot through the
junction is increased in steps, iterating the solution until
ther the convergence criterion

e.H F @f12f22~ i2he!/a
1/2#21@fnj

2fnj21

2~ i1he!/a
1/2#21 (

n52

nj21

@fn111fn2122fn

2sin~fn1un!/a#2G /nj J 1/2Y p ~2.18!

is satisfied, withe normally chosen to be 1026, or until the
solution diverges withuf(nj /2)u.25. For particular values
of the parameters, we compare solutions withe taken to be
1026, 1027, and 1028 to check the convergence of the sol
tion. The largest value ofI tot for which the iterations con-
verge is taken to be the critical currentI c . For the numerical
calculations shown in the next section, we tookL510,
Dx50.1, andnj5L/Dx5100, which meant that the dimen
a

ce

x-

r-

i-
sionless coupling constant ranged froma5104 for
L/lJ51 to a5102 for L/lJ510: Dx was always much
smaller thanL0, Lp , or lJ .

III. RESULTS

Figure 2 compares our results for the magnetic interf
ence pattern for a 0-0 junction~a! and a symmetric 0-p
junction ~b! for various values of the reduced lengthL/lJ .
Here we have plottedI c /I 1 versusF/F0, whereI 15 j cwL,
F5HedL, andF05hc/2e is the superconducting flux quan
tum. In the short junction limitL!lJ , the critical current
can be written as

I c~B!5
I 1
L
maxF E

0

L

sinS 2pHexd

F0
1u~x!1c DdxG ,

~3.1!

whereu(x) can be 0 orp, and the maximum value of the
expression is obtained by varying 0,c,2p for each value
of He . For the 0-0 junction@u(x)50# this expression re-
duces to

FIG. 2. The dependence of the junction critical currentI c /I 1 as
a function of the field in the junctionF/F0, for a series of junction
lengthsL/lJ , for a 0-0 junction~a! and a symmetric 0-p junction
~b!. The solid curve is the analytical result in the short juncti
L!lJ limit. The dashed curve in~a! is the result forL/lJ510 from
Ref. 12. Curves for successive values ofL/lJ have been offset
vertically by 0.5 units for clarity.
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I c
I 1

5
usin~pF/F0!u

upF/F0u
, ~3.2!

while for the symmetric 0-p junction
@u(x)50,x,L/2;u(x)5p,x>L/2# this becomes

I c
I 1

5
sin2~pF/2F0!

upF/2F0u
. ~3.3!

These equations are plotted as the solid lines in Fig. 2. A
included in Fig. 2~a! is the result of Owen and Scalapino fo
the reduced lengthL/lJ510. For the 0-0 junction the effec
of increasingL is to reduce the height of the central peak
the magnetic interference pattern and to reduce the ampli
of the successive oscillations asHe is increased. For the 0
p junction, increasingL tends to reduce the depth of th
minimum atHe50, and asL/lJ→` the curves for the 0-0
junction and the 0-p junction become identical as discuss
by Xu et al.11 However, even forL/lJ510, we find, as
shown in Fig. 2~b!, that the critical current initially increase
with flux until F/F0>0.5. This differs from theL/lJ510
result shown in Ref. 11. We believe that this difference
sults from the approximation made by Xuet al. that the pres-
ence of ap vortex simply changes the phase in thep section
of the junction byp, effectively changing it into a 0 junc-
tion. This approximation is valid on length scales large co
pared tolJ , but, as shown in Fig. 2~b!, leads to an experi-
mentally detectable difference in the solutions even forL as
long as 10lJ . For short- and medium-length junctions, X
et al. took the analytical long-junction expression and ma
the approximation that the effect of shortening the junct
would be simply to cut off this expression. However, this
not a valid solution of the modified sine-Gordon equati
and the boundary conditions. It also leads, as we show
low, to dramatic differences in both the free energy and
total flux for thep-vortex solutions for short- to medium
length junctions.

Figure 3 addresses the question of spontaneous flux
eration in 0-p junctions as a function of reduced leng
L/lJ and the degree of asymmetry (Lp /L). Figure 3~a! plots
the ratio of the free energy of the state with some sponta
ous flux to the state with no flux. The dashed line is the re
of Xu et al., using the approximation outlined above. T
solid lines are our full results. Note that, in contrast to t
results of Xu et al., for the symmetric 0-p junction
(Lp /L50.5) the state with spontaneous flux always h
lower energy than the state with no flux, and thus some s
generated flux should therefore be present for all value
L/lJ . Figure 3~b! plots the spontaneous flux vsLp /lJ . The
inset in this figure shows that the spontaneous flux fo
symmetric junction follows a power law dependence
junction length for short junctions. In this limit the phas
f has only small deviations from an average value ofp/2,
and the spontaneously generated field increases linearl
wards the center of the junction from a value of zero at
edges. A simple geometrical argument, expanding the s
Gordon equation aboutf5p/2, implies that for short junc-
tions the spontaneous flux should be given
F/F05(L/lJ)

2/8p. This relation is plotted as a straight lin
in the inset of Fig. 3~b!. However, for the asymmetric cas
the state with no flux has the lowest free energy for sh
o
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junctions, and as shown in Fig. 3~b!, there is no spontane
ously generated flux, up to a critical value ofLp /lJ&1. The
amount of spontaneously generated flux approachesF0/2 as
Lp gets larger, and rate of increase of flux at the onset of fl
generation increases for less symmetrical junctions.

The onset of spontaneous flux generation is also appa
in the magnetic interference patterns, as shown in Fig
Here we hold the asymmetry factorLp /L fixed at 0.25, and
vary the length of the junctionLp /lJ . For small Lp /lJ
there is no spontaneous flux generated, and the magn
interference has a minimum at zero field. However,
Lp /lJ approaches unity, there is an abrupt shift to a m
netic interference pattern with a maximum at zero field. T
solid line in Fig. 4 is the short-junction limit calculated from
Eq. ~3.1!, which is a good indicator of the actual interferen
pattern only until flux generation becomes energetically
vorable.

The behavior of junctions with multiple twin boundarie
can be calculated using the same techniques, as long a
junction width w is small compared tolJ . We show the

FIG. 3. The ratio of the free energy for the solution with spo
taneous fluxFv to that with no fluxF0 ~a! and the spontaneous tota
flux in the junctionF/F0 ~b!, for a 0-p junction as a function of
the length of thep junction Lp /lJ , for different asymmetries
Lp /L. The inset of~b! shows the results for a symmetric junctio
on a log-log scale. The straight line is the relatio
F/F05(L/lJ)

2/8p.
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results of one such set of calculations in Fig. 5. Here we h
assumed that there are 100 twins in the junction, with
probability of a particular twin having 0 orp phase ran-
domly distributed with the probability ofp being 0.25. The
circles in Fig. 5~a! show the randomly distributed set of
andp phases used in this calculation. The solid lines in F
5~a! show the solution for the phase anglef at He50 and
I5I c , for various values ofL/lJ . These curves show, a
expected, that the gradient off, and therefore the flux pen
etration into the junction, is spread throughout the junct
for small L/lJ , but is localized at the junction edges fo
L/lJ@1. The solid line in Fig. 5~b! shows the predicted
interference pattern from Eq.~3.1! in the short-junction limit.
The other symbols show the result of the full numerical
lution for L/lJ52, 4, and 10. Even for this small number
randomly distributed twins, the interference pattern, althou
reduced in critical current, is similar to that for a single
junction@Fig. 2~a!# especially for larger values ofL/lJ . This
figure shows how important it is that complete knowledge
the distribution of twins be available for the correct interp
tation of experimental work onc-axis tunneling from
twinned samples.

IV. CONCLUSION

As discussed by Sunet al.,2 the results of their Pb-YBCO
c-axis Josephson tunneling experiments can be interprete
showing that the order parameter in YBCO must have so
s-wave component. While this could be consistent with
order parameter havingdx22y21as symmetry in an ortho-
rhombic material, the interpretation of the experiments do
on twinned materials depend on details of the multitwinn
geometry. Here we have analyzed a simpler situation invo
ing a single twin boundary. In this case, if thedx22y2 contri-
bution is dominant, giving the type of order parameters illu
trated in Fig. 1, one should observe the behavior we h

FIG. 4. The dependence of the critical currentI c /I 1 as a func-
tion of field in the junctionF/F0, for a junction with asymmetry
Lp /L50.25, for three different junction lengths:Lp /lJ50.5, well
below the critical length for spontaneous flux generatio
Lp /lJ50.75, near the critical length; andLp /lJ51, above the
critical length. The solid curve is calculated using the short junct
approximation, Eq.~3.1!. Curves for successive values ofL/lJ

have been offset vertically by 0.5 units for clarity.
e
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discussed. In particular, if the junction areas for the two tw
regions are equal, one has the conventional minimum in
critical current at zero magnetic field as shown in Fig. 2~b!, if
L/lJ is sufficiently small, and provided the current density
uniform on a scale set bylJ . For the asymmetric case i
which the areas of the two twin regions differ, more strikin
behavior should appear. There should be a sudden shi
the interference pattern from one with a minimum at ze
field, to one with a maximum~Fig. 4!, as Lp /lJ goes
through unity. One way to varyL/lJ would be by changing
lJ with temperature. Another would be to apply a magne
field Hx to vary lJ(Hx)5$\c2/@8pedI(Hx)/wL#%1/2, with
I (Hx)5I 1usin(pFx /F0)u/upFx /F0u, andFx5Hxdw. Alterna-
tively, or in addition, one could use a scanning SQUID m
croscope to measure the spontaneous flux generated b
self-screening Josephson currents. For the case of equa
eas, this spontaneous flux rises continuously asLp /lJ in-
creases. However, for nonequal areas one finds no spon
ous flux generation below a critical value ofLp /lJ;1 and
then a sharp increase in flux should occur. We believe tha
these types of behavior are observed, they would show
the Pb-YBCOc-axis Josephson coupling is consistent with
description of the highTc superconductors as having dom
nantdx22y2 symmetry.

;

n

FIG. 5. ~a! The circles show 100 randomly distributed 0 an
p phases, assuming a probability ofp phase50.25. The solid lines
show the solutions forf at I5I c andHe50. ~b! The solid curve is
the magnetic interference pattern for a junction with this distrib
tion of phases in the short junction limit, Eq.~3.1!. The solid points
are the result of the full numerical calculation for various values
L/lJ . SuccessiveL/lJ curves have been offset vertically by 0.
units for clarity.
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