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High-temperature expansions for the free energy, the susceptibility, and the second correlation moment of
the classicaN-vector model[also known as th®©(N) symmetric classical spin-Heisenberg model or as the
lattice O(N) nonlinearc model on the simple-cubic and the body-centered-cubic lattices are extended to
order B! for arbitraryN. The series for the second field derivative of the susceptibility is extended to order
BY. We report here on the analysis of the computed series for the susceptibility afsbtmand momeit
correlation length which yields updated estimates of the critical parameters for various values of the spin
dimensionalityN, includingN=0 (the self-avoiding walk modgIN=1 (the Ising spin-1/2 modgIN=2 (the
XY mode), andN= 3 (the classical Heisenberg moglefor all values ofN we confirm a good agreement with
the present renormalization-group estimates. A study of the series for the other observables will appear in a
forthcoming paper{ S0163-182¢07)01838-9

I. INTRODUCTION chosen to use th@ertex renormalizedinked cluster expan-
sion (LCE) techniqué®?°-??pecause we have developed al-
The continuing interest in the high-temperatder) ex-  gorithms which make it equally efficient in a wide range of
pansions for the statistical mechanics of lattice spin modelspace dimensionalities independently of the nature of the site
(or equivalently in the strong-coupling expansions for Eu-variables, whereas most other methods give the best perfor-
clidean lattice field theorigdhas in the last few years been a mances only in very specific situations, such as two-
strong incentive for a substantial extension of series in aimensional or low coordination number lattices and for suf-
variety of models. This valuable computational advance haficiently simple interactions. Having thus avoided the
been made possible not only by the large improvements dfmitations of previous work, we have been able to produce
the computers performance and the rapid growth of theiextensive tables of series-expansion coefficients given as ex-
memory capacity in the last decade, but mainly by a morelicit functions of the spin dimensionalit¥, which summa-
careful reconsideration of well-known expansion techniquestize in a convenient format a large body of information for
which have yet to be fully exploited, and by a greater effortan infinite set of universality classes. These tables, which we
in devising and implementing faster algorithis. consider as the main result of our work, are reported in the
We have devoted this paper to the widely studiedAppendixes.
N-vector model on three-dimensional lattices, which is also ~ We have built upon Ref. 13 where some algorithms for
known as the Heisenberg classi€@{N) spin model or, in
field-theoretic language, as the latti€(N) nonlinear o TABLE I. Longest published HT expansions for tiNevector

model. W§3 recall that a HT expansion of the susceptibjlity model on the simple cubic and the bec lattice before this work.
to order 322 has been recently obtairfedn the simple cubic

(s0 lattice forN=0 [the self-avoiding walkSAW) modeP] Quantities Maximal

by a direct walk counting technique which cannot be ex- expanded  Parameters order Reference
tended to different values di. In the N=1 case[the Ising :
spin-1/2 modd| the seriesO(B?Y) on the body-centered- SC lattice

cubic (bcg lattice for bothy and the second moment of the X N=0 23 4
correlation functionu,, obtained’ in the pioneering work X M2 N=0 21 9
by Nickel, remain still unsurpassed, but fd>1 the series X N=1 19 10
now available are significantly shorter. The general situation M2 N=1 15 11
before our work of which a brief, partial, and preliminary X 2 N=2 17 12
account has already appeared in Ref. 8, is summarized in X2 anyN 14 13,14
Table | listing the longest series published until #6wW°~1°  bec lattice
for specific or generic values ®f, on the sc and on the bcc X M2 N=0 16 9
lattices. Xo M2 N=1 21 6,7
This work is part of a sequence devoted to the extension Xo M2 N=2 12 9
and the analysis of HT series to ordef* for the N-vector X N=3 11 16
model ond-dimensional bipartite lattices. The case of the Xo Mo anyN 9 19

square lattice has already been discussed in Ref. 2. We have
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the automatic LCE calculations have been intrOduced, anq/here(;i is aN_Component vector arﬂ/-lf((;?) is the appro-
HT expansions o, of u,, and of the second field derivative priate single spin measure. If we choose the form
of 'Fhe susceptibilityy, for the4N-vector14modeI. on the sc dM(sgiz):5(9;i2—1)d<;i for the single spin measure, EA)
lattices havg been tapulaﬂéd up to for'd|menS|ons reduces to the partition function of tiN-vector model. Also
d:2’3’.’4' Th_|s calc_ulatu_)n has_ beeq generallzed o the clasg broad class of other models of interest in statistical me-
of d-dimensional bipartite lattices, in particular to tfiey- chanics including the general spBising model, the Blume-

pepsc and(hypepbec lattices, for which we have striven to Capel model, the double Gaussian model, etc., can be repre-
design faster and more efficient algorithms and have intro- ' ' '

. : . A . ented in this form. The HT series for some of these models
duced some innovations dramatically simplifying estabhshecf1

ional sch | icular. by taking full ad ave been extended and will be discussed elsevfiete.
computational schemes. In pgrtlcu ar, by ta INg TUll advanyiqer discussion of EqJ1) as a full theoretical laboratory for
tage of the structural properties of these lattices, we havi

anificantl duced the fast th of th binatori Iﬁwe study of scalar isovector lattice field theories as well as a
significantly reduce € fast growth ot the combinatonalyeiqiieq account of the graph theoretical and the algorithmic
complexity with the order of expansion which had until now

: \ ) art of our work will also be presented elsewhéfte.
been the main obstacle to the extension of the series. In fact

it inl ttort on the algorithmic side that h q '’ The general interest in @rect determination of the criti-
IL1S mainly our €tiort on the algorithmic side that has made ., properties of the classical lattice spin models with in-
progress possible, even in comparison with more rece

work? using the same hardware resources. Moreover a Conéreasing reliability is clear. Other good general motivations
. using . W esources. OVEr a COMG such a laborious calculation as a long HT series expan-
siderable extension of our calculations is still feasilaled is

. ) i sion include more accurate tests of the validity both of the
presently ongointf) since we are far from our computational assumption of universality, on which the renormalization-
limits. Our calculation used an ordinary IBM RISC 6000/

) : ) group (RG) approach to critical phenomena is based, and of
580H power station with 128 Mb memory capacity and 4 Gbihe various approximation procedures required to estimate
of disk storage. Typical running times in the three-njyersal critical parameters by field theoretic methods. In
dimensional case were a few hours. In order to give a rouglact, waiting for rigorous arguments to come, the only crucial
idea of the size of the computation it is sufficient to mentiontest€® of the validity of the Borel resummed=4—d
that over 2< 10" graphs have to be generated and evaluate@xpansior®28 or of the perturbative expansions at fixed
to complete the expansion gf and «, through 2% This  dimension(FD),2%%%-3or which theO(N) model served as
should be compared with the corresponding figurexL@®,  a paradigm, are presently limited to a careful comparison
of the O(B*) computation in Ref. 13 or with the figure with experimental data or with other numerical data. Actu-
5x10* occurring in the recent analogous computation ofally, this comparison mainly concerns numerical data of dif-
Ref. 23 for the face-centered-cubic lattice to or@é?. Ap-  ferent origins, both because experiments are difficult and the
proximately 3< 10° graphs contribute to the computation of experimental results, when available, are much less precise
X4 at order 17. (with the very remarkable exception of the exponegi the

We are confident that our results are correct, not onlyN=2 casé?) and because experimental representatives are
because our codes have passed numerous direct and indirkeiown only for a few universality classé$.Actually for
internal tests, but also becausleandd enter in the whole N=3 the physical, but not the numerical, interest of the
computational procedure as parameters, so that a good gemodel is somewhat lowered by the observation that the
eral verification is achieved if our expansion coefficients,O(N) symmetric fixed point appears to be unstable within
when specialized tdl= 0,1,2,3 and=, agree with thémore  the e expansion’*
or les3 long series already available in various dimensions. It should also be observed that, in spite of steady
Further details on the comparison with the available serieprogress? the stochastic algorithms do not yet seem ready to
in particular in the limitsN—0 andN—, can be found in completely supersede HT series in the study of models where
our paper devoted to the two-dimensiohahector modef the site variables have many components and/or the space

Note that, strictly speaking, thé-vector model is defined dimensionality is large, or in the computation of multispin
only for positive integer spin dimensionality. There are, correlation functions. More generally HT series remain valu-
however, infinitely many “analytic interpolations” in the able subjects of independent study and sources of auxiliary
variableN of the HT coefficients and, as a consequence, ofnformation for other kinds of numerical calculations. There-
all physical quantities. We have performed the “natural” fore we have also reported in the tables our estimates of
analytic interpolation of the HT coefficients as rational func-nonuniversal critical parameters like the inverse critical tem-
tions of N, which coincides with that used in theNLexpan-  peratures. The computation of the critical amplitudes and of
sion as well as in the usual renormalization-gréRs) treat-  their universal combinatiod&will be discussed elsewhefé.
ments and is unique in the sense of the Carlson thebtem.  The paper is organized as follows: In Sec. Il we present

It is also worth emphasizing that the LCE technique canour notation and define the quantities that we shall study.
be readily adapted to produce HT expansions for the veryrhe analysis of the series is presented in Sec. Ill along with
general class of modeJsvhich include theD(N) symmetric & comparison to some previous analyses, to some results ob-
P(¢?) lattice boson field theoridsdescribed by the partition tained by stochastic methods and to the RG results, both by
function the e expansion and the FD perturbative techniques. In the
Appendixes we have reported the closed-form expressions
for the HT series coefficients of and ., as functions of the
spin dimensionalityN and their evaluation foN=0 (the

sz Hd/.L((;?)GX[{B(E) @ @l (1)  SAW mode), N=1 (the Ising spin-1/2 modgl N=2 (the
r,s
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XY mode), andN=3 (the classical Heisenberg mogerhe

P. BUTERA AND M. COMI

56

+e (N)r+e(N)r*+---], (6)

present tabulation extends significantly and supersedes the

one to order3'* in Ref. 14 which, unfortunately, contains a
few misprints. In a forthcoming papérwe will present an

when | 0. Not only the critical exponeng(N), but also the
leading confluent correction exponef(tN) is universal(for

analysis of the series for the free energy and for its fourtreach N). On the other hand, the critical amplitudes

field derivativey,.

II. DEFINITIONS AND NOTATIONS

CX(N),aX(N),a)’((N),eX(N), etc., are expected to depend
smoothly on the parameters of the Hamiltonian, i.e. they are
nonuniversal. Similar considerations apply 4gand to the
other singular quantitiesvhich, however, contains a differ-

and notations. As the Hamiltonian of the N-vector model
we shall take

> v(X)-u(x). (2)

x,x")

1
H{v}=— §<

Wherev(f) is aN-component classical spin of unit length at

C¢(N),a,(N), etc., but the same leading confluent exponent
O(N). Itis also known tha¥(N)=0.5 for small values oN
(Ref. 26 and #(N) =1+ O(1/N) for largeN.*®

As experience has indicated, the established ratio extrapo-
lation and Pad@pproximantPA) methods are generally in-
adequate to the difficult numerical problem of determining
simultaneouslyB;, the critical exponent and the leading

the lattice sitex, and the sum extends to all nearest-neighborconfluent exponent in Eq(6), a task which essentially

pairs of sites.
The susceptibility is defined as

X(NB=Z (0(0)v(X)=1+ 3, a (N, (3)

where(v(0)~v(§))c is the connected correlation function
between the spin at the origin and the spin at the site

amounts to an intrinsically unstable double exponential fit. It
is considered appropriate, then, to resort to the inhomoge-
neous differential approximant®A) method** a generali-
zation of the PA method, which, in principle, can be better
suited to represent functions behaving likeé,(x)(x
—Xg) 7+ ¢,(X) near a singular pointy, whereg(x) is a
regular function ofx and ¢,(x) may contain aconfluenj
singularity of strength smaller thap

The second moment of the correlation function is defined

as

o

ma(N,B)=2 £2<v<0>-v(i>>c=§l s(N)B". (4

In terms of y and u, we define the second moment cor-
relation lengthé by

MZ(NlB)

2 = e—
CNATEWN A

©)

Ill. ANALYSIS OF THE SERIES

A. Unbiased analysis

To begin with, we have performed a series analysis by
DA's, essentially following the protocol suggested in Ref. 45
which isunbiasedor confluent singularities. For eadh, we
have compute@3;(N) and y(N) by first and second order
DA'’s built in terms of the susceptibility series and have then
used this estimate oB.(N) to bias the determination of
v(N) from the series for the square of tfeecond momeint
correlation lengtht?. Completely consistent results are also
obtained, in general, by the method of critical point
renormalizatiorf* Also the specific-heat exponea{N) can
be estimated by examining the behavionadit 8= — B.(N),
where a weak antiferromagnetic singularity is expected for

Let us now turn to a discussion of our updated estimate®ipartite lattices. As shown in Ref. 46, having set

for the critical temperatures and the critical exponentnd

7=1+pI8,, one has

v in the N=2,3,4 cases where our series are significantly

longer(up to 10 more termghan those previously available.
We shall also give some comments on the cadéed and 1
in which our extension is more modest and fr-4 where
only a few numerical results are available.

¥(N,B)=C(N)+a(N) 7 Nt B(N)7+--- (7

as 7| 0. We shall however present this study in a forthcom-
ing papef* in order to jointly discuss also the results of the

It has become clear from a long experience, mainlyanalysis of the free energy.

gained from the analysis of the Ising model HT
expansion§;3~*'that in order to achieve a substantial im-

The results of the present unbiased analysis do not signifi-
cantly modify those obtained in the similar preliminary

provement in the precision of the estimates of the criticalstudy? with seriesO(B%%. They are reported in Table Il for
parameters from the analysis of extended series one shoupl<3 and in Table Ill forN=4 and compared with some of

properly allow for the expected nonanalytic correctfBns
(usually also called confluent correction® the leading

the most accurate recently published estim&f&s3247~5%y
various other methods, in particular by RG perturbative

power-law behavior of thermodynamic quantities near amethods. Only for the physically most interesting cases,

critical point. For instance, we recall that, if we set

namely forN=0,1,2,3, elaborate Borel resummed estimates

7=1- I B, the susceptibility is expected to behave, in theare available for both the fifth-order expansio® 28 and

vicinity of the critical point8., as

xX(N,B)=C (N)7 "™M[1+a (N)r"N+a (N) 2N+ ...

either the six-loof® or the seven-loop FD expansidh.
The scope of the seven-loop FD computation of Ref. 30 is
however slightly limited by the present uncertainty in the
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N Method Reference Be Yy v
0 HTE sc unbiased 4 0.213498D) 1.1619310)
HTE sc unbiased 0.2134%) 1.1612) 0.5922)
HTE sc 6-biased 0.213493) 1.1594(8) 0.5878(6)
MonteCarlo sc 47 0.21349600) 0.587716)
MonteCarlo sc 48 0.21349P 1.15756)
HTE bcc unbiased 0.15313) 1.16128) 0.591(2)
HTE bcc 6-biased 0.153128) 1.15828) 0.5879(6)
RG FD perturb. 30 1.1569(8) 0.5872(8)
RG € expansion 26 1.157(3) 0.5880(15)
1 HTE sc unbiased 0.221668 1.244(3) 0.634(2)
HTE sc #-biased [0.22165443)] 1.2388(10) 0.6315(8)
MonteCarlo sc 55 0.221659%) 0.62898)
MonteCarlo sc 49 0.2216543) 1.2372) 0.63018)
HTE bcc 39 1.239&)) 0.632(1)
HTE bcc 7 1.23R) 0.6300(15)
HTE bcc unbiased 0.1573™® 1.2432) 0.634(2)
HTE bcc 6-biased [0.1573732)] 1.23846) 0.6308(5)
RG FD perturb. 30 1.2378(12) 0.6301(10)
RG e expansion 26 1.2390(25) 0.6310(15)
2 Experiment 32 0.67@b)
HTE sc unbiased 0.45413 1.327(4) 0.677(3)
HTE sc #-biased 0.45413) 1.325(3) 0.675(2)
MonteCarlo sc 51 0.45429) 1.308(16) 0.66¢)
MonteCarlo sc 52 0.4542) 1.316(5) 0.670(7)
MonteCarlo sc 54 0.45416% 1.319(2) 0.672(1)
HTE bcc unbiased 0.320428 1.3223) 0.674(2)
HTE bcc #-biased 0.320423) 1.3223) 0.674(2)
HTE fcc 15 0.20781) 1.323(15) 0.670(7)
RG FD perturb. 30 1.318(2) 0.6715(15)
RG € expansion 26 1.315(7) 0.671(5)
3 HTE sc unbiased 0.693(8 1.404(4) 0.715(3)
HTE sc #-biased 0.69303) 1.406(3) 0.716(2)
MonteCarlo sc 53 0.69308%7) 1.3896(70) 0.703@3)
MonteCarlo sc 54 0.6930012) 1.399(2) 0.7128(14)
HTE bcc unbiased 0.486808 1.3963) 0.711(2)
HTE bcc #-biased 0.48682@) 1.4033) 0.714(2)
MonteCarlo bcc 53 0.48679R2) 1.385(10) 0.7059(37)
HTE fcc 16 0.314%5) 1.40(3) 0.721)
RG FD perturb. 30 1.3926(26) 0.7096(16)
RG e expansion 26 1.39(1) 0.710(7)

value of the renormalized coupling constap¢N) used in the value of the renormalized coupling of a few parts per
the calculation. Therefore, in Ref. 30, the exponent valuethousand. FON>3, no estimates of the exponents by the
have been conveniently expressed as the sum of the centredexpansion method have been published, while only very
estimate corresponding to this approximate value and of secently an extensive computation by the six-loop FD expan-
small deviation proportional to the difference betwag(N) ~ Sion method has appearédUnfortunately, no estimates of
and the true renormalized couplirgf (N). For simplicity, ~ error for the exponents are given in Ref. 31, but, in analogy
we have reported in Table Il the central estimate and haviith the smallN case, we would reasonably expect relative
allowed for the contribution of the possible deviation only by errors of the order of 1%.

doubling the expected error of the summation procedure: this From our unbiased analysis of the sc lattice series we
roughly amounts to assume optimistically an uncertainty inobtain exponent estimates essentially consistent, within their
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TABLE lll. A summary of the estimates of the critical parameters fetM<12.

N Method Reference Be Yy v
4 HTE sc unbiased 0.9358 1.474(4) 0.750(3)
HTE sc 6-biased 0.9360@) 1.4914) 0.759(3)
MonteCarlo sc 56 0.9360) 1.477(18) 0.747@0)
MonteCarlo sc 54 0.935869) 1.478(2) 0.7525(10)
HTE bcc unbiased 0.655%) 1.461(4) 0.744(3)
HTE bcc 6-biased 0.65543) 1.4844) 0.756(3)
RG FD perturb. 57 1.45(3) 0.74(1)
RG FD perturb. 31 1.449 0.738
6 HTE sc unbiased 1.4288) 1.582(5) 0.804(3)
HTE sc 6-biased 1.4289%B) 1.614(5) 0.821(3)
HTE bcc unbiased 0.99618 1.566(4) 0.796(3)
HTE bcc 6-biased 0.99644) 1.6084) 0.819(3)
RG FD perturb. 31 1.556 0.790
8 HTE sc unbiased 1.9263 1.656(5) 0.840(3)
HTE sc 6-biased 1.92705) 1.701(4) 0.86M)
HTE bcc unbiased 1.339863 1.644(5) 0.833(3)
HTE bcc 6-biased 1.3404®) 1.6964) 0.862(3)
RG FD perturb. 31 1.637 0.830
1/N expansion 58 1.6449 0.8355
10 HTE sc unbiased 2.42@%) 1.712(6) 0.867(4)
HTE sc 6-biased 2.42798) 1.763(4) 0.894(4)
HTE bcc unbiased 1.685(B) 1.699(5) 0.860(4)
HTE bcc 6-biased 1.68586) 1.7614) 0.893(3)
RG FD perturb. 31 1.697 0.859
1/N expansion 58 1.7241 0.8731
12 HTE sc unbiased 2.92&8) 1.759(6) 0.889(4)
HTE sc 6-biased 2.9304) 1.812(5) 0.916(4)
HTE bcc unbiased 2.0318%) 1.741(6) 0.881(4)
HTE bcc 6-biased 2.0323®) 1.8085) 0.9143)
RG FD perturb. 31 1.743 0.881
1/N expansion 58 1.7746 0.8969

errors, with the available-expansion results, but, in general, sufficiently large number of series coefficients. We should
slightly larger(up to =1%, or even more for intermediate also stress that, fak=4, the sequence of DA estimates for
values ofN) than the FD expansion results. the critical temperature or the exponents which use an in-
In the case of the bcc lattice, however, our unbiased estiereasing number of coefficients, show evident residual trends
mates are also completely compatible with thewhich indicate the presence of important confluent correc-
sixth-ordef®2?° FD perturbative results or with the most re- tions to scaling, so that some “reasonable” extrapolation of
cent seventh-ord&t results. A similar situation has already the results becomes necessary. Since this inevitably involves
been encountered in a previous very accurate unbiased anageme assumption on the confluent exponent and therefore
sis of theN=1 case®® We see this simply as a confirmation introduces some biasing, it will be more appropriately dealt
that the series for lattices with larger coordination numbewith in the next paragraph. In order to distinguish clearly the
have a faster convergence rdte, in other words, a greater effects of the various assumptions, we have chosen not to
“effective length”*®) and also as an indication that the sim- perform any further extrapolation in our “unbiased esti-
plest unbiased DA’s might be only partially able to describemates” reported in Tables Il and Ill, although it is clear that
the confluent singularities. Therefore the larger discrepancieseglecting residual trends is a source of sizable systematic
of the sc lattice results should not be interpreted as indicativerror.
of universality violations, but rather as a warning that the Even within these limitations, we have improved the pre-
systematic errors of our analysis due to the finite length ofision of the values of the critical parameters as obtained
our series and to the confluent singularities are quite likely tdrom HT series by unbiased methods, and, so far, have not
be underestimated if we evaluate the uncertainties solelinferred from this analysis any indication of a serious incon-
from the scatter of the approximant values obtained using aistency with the estimates from RG.
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In conclusion, within theunbiasedapproach to series matter too much, since we have observed that our biased
analysis, the influence of the confluent singularities can bestimates of the leading critical exponents remain practically
assessed more accurately and the results of the analysis cstable(within their error$ under variations of the confluent
be better reconciled with the estimates from the RG methodsexponents up te=5—10%. Of course other quantities, such
probably only by computing still longer series, as it has beeras the confluent amplitudes, are very sensitive to the values
already recognized for the Ising modef° On the other of 4(N).
hand, if we are ready to assume universality from the begin- Let us now sketch the first biased method. If an accurate
ning, then, as suggested by work on the bcc lattice in thestimate forg, is available, we can formulate a quite simple
N=1 casé?® whose results are reported in Table II, a moreprocedure, biased with boiB. and . From the asymptotic
accurate determination of the critical exponents could be obformula (6) we get
tained, even without further extending the series, by a study

of appropriately built families of models depending on some _ ~ dInx(N,B)

continuous parameter, for each universality class. The ideay(N"B)_['BC(N) Al dg =¥(N)+p(N)[B(N)
is, essentially, to minimize or suppress the amplitude of the N o)

dominant confluent correction to scaling in E6) by taking = BI"V+ ol (B(N)=B)" ] (10

advantage of its nonuniversality, namely of its CO”“”UOUS\Nherep(N)z—6(N)aX(N).

dependence on the parameter entering in the Hamiltonian. e can approximate the quanti(N, 8) by the particu-

Using our LCE computation, it is now possible to implement 5y ¢lass of first-order inhomogeneous DA’s defined as the
easily this procedure for anly and on two different lattices, gg|utions of the equation

thereby corroborating its reliability. These developments of

our study and a detailed analysis of other features of the dy

series including estimates of the universal ratios of the lead- ~ Qm(/8) (IBC(N)_ﬂ)@’L O(N)y(B)|+Rn(B)=0.

ing confluent amplitudes foy and &2 will be presented (11)
elsewheré?

Here Q(B) and R,(B) are polynomials of degrees
B. Biased analysis and n, respectively, calculated, as usual, from the known
series expansion of(N,B). As a result the exponent is

We have also analyzed our series by varibiasedmeth- simply estimated as

ods, in particular by using properly designed first-order in-

homogeneous DA'’s in which boti.(N) and the correction —Rp(B(N))

to scaling exponent(N) have been fixed, or by second- Y(N)m,nzm

order inhomogeneous DA'’s in which on)(N) (Refs. 7,59 me

has been fixed. and the amplitude(N) of the subleading term in EQ10) is

In order to provide the additional information needed ingiven by the formula
these approaches, fof<3, we have assumed that the expo-
nentsd(N) take the values predicted by the FD perturbative y(0) = ¥(N)mn fﬁc('\” D(t)m,ndt
0 [Bo(N)—t]H oM
(

RG (Ref. 26 P(N)m,n= BN
0(0)=0.47G25), 6(1)=0.49820), 6(2)=0.52718), 12
where

0(3)=0.55Q 16). (8)

D0, =0 _ RalBe(N))
For N> 3, the first FD perturbative estimates at six-loop ™ Qm(t)  Qm(B(N))’
order have only been obtained very recently by Sok&lov

and have been kindly communicated to us before publication W€ consider only almost diagonal approximants, namely
those with|m—n|<4. This procedure, which might be seen

6(4)=0.57810), 6(6)=0.62610), 6(8)=0.67q10), as the simplest, although certainly not the most general, DA
extension of the biased PA method introduced in Refs.
6(10)=0.70710), 6(12)=0.73710). (9) 63,64, works accurately on model series having the analytic
structure expected foy(N,B) in the vicinity of 8.(N). A
We have therefore been able to revise the biased analys#@milar procedure can be applied £&(N,8)/S in order to
presented in the first preprint version of this paper, where, foeompute the exponent(N). In order to give an idea of the
lack of a better choice, we had used valuesé@X) (N>3)  results, let us for example, consider tNe=1 sc lattice se-
[larger than those in Eq9)], obtained by a reasonable, but ries. Assuming8,=0.2 216 544(3) as suggested in Ref. 49
unwarranted interpolation method. In some cases, in particlcand 6=0.498(20), we estimate y=1.2388(10) and
lar for N=0 in Refs. 4,47,61 and fo=1 in Refs. 7,62, v=0.631%8). With the same value o#, in the bcc lattice
numerical work has suggested slightly different confluent excase, assuming.=0.157 373(2) as suggested in Ref. 7, we
ponents, which might be more accurate or, to some extengbtain y=1.2384(6) andv=0.63085). In general, when
also provide an “effective” description of higher confluent the value of3; is not known accurately, it would be more
corrections. We shall return later to this point, but we shouldappropriate to present the results in the form of a linear re-
mention that, at the level of precision of the following cal- lationship between the critical exponent afid, at a given
culations, the precise values of the exponef(l) do not fixed value ofd. We can, however, use this method also to
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determine the value o8; by fixing only 6 and looking for increasing functions and others give decreasing functions.
the (generally sma)l range of values of3. for which the  Completely consistent indications on the behavior of the
uncertainty of the exponent is minimal. The estimates ob- confluent amplitudes can also be inferred from the features
tained in this way are in general completely consistent withof the improved ratio plot2 or by studying, as function of
those from the analogous biased PA procedure of Refd\, the difference among the unbiased DA estimate®of
63,64. The values 0B, so obtained are also, in most cases,obtained fromy, u, or &2, as suggested in Ref. 39. In the
consistent with those obtained from the unbiased improved\=1 case, our remark agrees with the results of earlier
ratio methods of Ref. 38 after extrapolating the sequences aftudie$3*®>*!on the sc, bce, and fcc lattices, which estab-
results linearly in /X" %N (wherer is the number of series lished that the sign of the leading confluent amplitudeg in
coefficients used and with the estimates obtained by simi- and £2 is negative.
larly extrapolating the results from unbiased DA's. Analo- Some features of the biased procedures we have adopted,
gous considerations apply to our exponent estimates, whiclmay appear questionable or may call for further improve-
however, have to be compared to the results obtained frorment. We have always tried to minimize the possible defects
improved ratio methods by extrapolating linearly im 4. by forming our final estimates with the, generally quite com-
A second method, modeled after Refs. 7,59, which is bifatible, indications coming from all the various available bi-
ased only with the value of the confluent exponent, may b&sed methods and not only from the two biased DA proce-
described as follows: for each value Nf we have consid- dures we have described above. Moreover we have indicated
ered the approximants derived from inhomogeneous secondtery conservative error bars. It is however reasonable to ex-
order differential equations with the structure pect that the accuracy of the biased estimates depends not
only on whether the present series are long enough to pro-
d?y vide the essential information on the subdominant singulari-
[IBC(N)_ﬁ]z[ﬂC(N)+ﬁ]Ql(ﬁ)F+[BC(N) ties, but also on whether most of the corrections to scaling
B can actually be well described by the first nonanalytic term
dy in the asymptotic formul#6). We believe, however, that the
—BIPn(B) d—+ Ra(B)Y(B)+T4(B)=0, final results are at least consistent and suggestive. First of all,
B our analysis confirms that the tot@tatistical+ systemati-
where Q,(8),Pm(B),Rn(B), and T4(B) are polynomials of cal) errors of the previous unbiased approach are larger than
degreed,m,n, ands in the variableg. By this choice the we have indicated. FaN<1 the biased exponent estimates
DA’s are biased to be singular aB=p8.(N) and at differ only slightly from the unbiased ones and in such a way
B=—B:(N). We restrict ourselves to almost diagonal DA'’s to improve the agreement with the most accurate FD pertur-
(namely those with+3=m+ 1=n ands<4), which use at bative estimates, with stochastic simulations and with experi-
least 19 series coefficients. For each DA, we adfgiN) in mental results. FAN= 2,3 the agreement with the RG, in the
a small range around the values indicated by the unbiasedD perturbative approach, is, perhaps, less convincing. For
analysis of the previous section until the correction to scalind\=4 our biased exponent estimates are systematically larger
exponentd(N) reaches precisely the central value indicatedUp to =4%) than the FD six-loop perturbative valugs.
in Egs. (8),(9). The corresponding inverse critical tempera- This discrepancy is parallel to and, in our opinion, is strictly
ture and exponents are then taken as the best estimatesrefated to the fast increase of the confluent amplitudeg of
these quantities. It should be noticed that, within this ap-and&® in the same range df. Therefore the problem seems
proach, the values g8, for y and&? cannot be forced to be to be of a purely numerical nature. Of course, we cannot
equal, but the differences are generally not much larger thaprove that, in these circumstances, our biased analyses can
the errors. In this approactiike in the previous onethe  allow for the confluent singularities better than the present
evaluation of the errors is based, as usual, on the spredtadeBorel resummation techniques do within the FD pertur-
among the approximant values and includes a generous dtative approach. We can perhaps only argue that, at least for
lowance for the uncertainty in the biased valuedoN). Let  large N, our results might be more accurate by comparing
us finally mention that we also have preliminarily tested thethem with the results of the li/expansion of the exponents.
reliability of this procedure on various model series built in Indeed forN=14, the 1N estimates, which seem to be rather
such a way to reproduce the main expected featurgsasfd ~ well converged and therefore reasonably accurate, seem to
£, approach our biased bcc estimates faster than the FD values.
An important remark concerns the values of the ampli-Let us finally add that these numerical problems with the
tudes of the confluent corrections jnand £2, which can be  perturbative estimates of the exponents might also be partly
obtained from Eq(12). We have observed that, in the bcc due to possible residual imprecisions in the values of the
lattice case, they are negative M9 2, positive and increas- renormalized coupling constants entering in the FD perturba-
ing for N>2. A quite similar behavior of these amplitudes is tive calculatior?® We shall return to this point when new
observed in the sc lattice case, where the change in siggstimates of the coupling constant will be available from HT
occurs forN=3. For 2<N<4, the amplitudes are relatively series’
small for both lattices, but they become important lfbor 4.
This remark, which will be illustrated in full detail
elsewheré? is also consistent with the fact that our biased
estimates of the critical exponents are increasing functions of Let us now finally add some comments on the results of
the confluent exponents ftt<2, while they are decreasing the series analysis which are presented in the tables. In the
functions forN=4. For 2<N=<4 some approximants give N=0 case, the SAW model, we have not attempted either to

C. Final comments
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report in Table Il or to cite in the references even only acomputations of unprecedented accuracy on the sc lattice. On
representative sample of the large amount of numerical workhis lattice, we have extended by two terms gheeries and
accumulated over the years, which fortunately has been rédy Six terms theu, series® so that it is worthwhile at least to
viewed recently in the very extensive and valuable newdPdate the estimate of. In order to compute the exponents

treatis@® and in Ref. 47 devoted to a high precision stochas/€ported in Table Il from the sc series, we have assumed
tic study. 0(1)=0.498(20) and simply taken the extremely accurate

On the sc lattice, our series for and u, are not yet value 85(1)=0.221 654 4(3) obtained in Ref. 49 and there-
longer than those of’ Ref. 4 and of Ref. 9, respectively bu{ore indicated within parentheses. Our bcc lattice serieg for

o . ndu, are not yet longer than the series of Refs. 6,7. In this
we have taken advantage of the two additional publishe ase, we have assumed the same valué(af and taken

e.xpansion.coefficients of in order to test the stability of our ,82“(1)=O.157 373(2) from Ref. Tsimilarly indicating it
biased estimates. We recall that the previous HT analysis by iihin parenthesgs Also for the Ising model, values of the
unbiased DA's of the sc lattice series to or@#f performed  confluent exponent slightly larger than the one we have as-
in Ref. 9 produced the estimateg:’=0.2134964), sumed, such a8(1)=0.52(3) in Ref. 7 and)(1)=0.54(3)
v=1.1611), and »=0.5924), which are all completely in Refs. 39,62 have been reported. Taking the largest of these
consistent with the results of the later analysis of Ref. 4 andialues in our biased computation would only change, in the
with our own unbiased analysis, but slightly larger than ourbcc lattice case, the central estimate yffrom 1.2384 to
biased estimates. Very recently the significantly lower esti-1.2387 and would shift that of from 0.6308 to 0.6311. In
matesBz°=0.213 492(1) andy=1.1575(6) have been ob- the sc lattice case the central value pfwould be shifted
tained by a stochastic method sampling SAW’s which extendrom 1.2388 to 1.2392 and that effrom 0.6315 to 0.6321.
up to 4x 10* steps*® Using this estimate oB: in the first In theN=2 case, th&XY model, we have computed four
DA method introduced in the previous section, we getmore terms of they and u, series in the sc lattice case.
y=1.15848); in order to obtain the lower valug=1.1575 Notice that the last two coefficients of the previously pub-
a value 85=0.213 488 would be required, which is some- lishedO(B"") series contained tiny numerical errgiscon-
what below the range suggested by the presently availabigequential for the analysis in Ref.)1&hich are corrected by
HT series on the sc lattice, even allowing for the confluentour computation. In the case of the bcc lattice, our extension
corrections. of the series foly and u, amounts to nine terms and gives a
In the bcc lattice case we have computed five new coefgreater significance to the new exponent estimates.
ficients for y and u, beyond those reported in Ref. 9. This  In the N=3 case, the classical Heisenberg model, we
makes it worth computing new estimates for the exponentdiave extended by seven terms the seriegfand ., on the
We recall that the analysis in Ref. 9 of tig 316) bce lattice  Sc lattice. In the case of the bcc lattice we have extended the
series available untl now yielded the valueg®  series by ten terms. _ _
=0.153 137(10),y=1.1622), andv=0.5932), which are For allN>3, only series up t®(8°%) were available until
less precise, but compatible with our new unbiased estimatd¥®W on the bcc lattice and therefore our extension amounts
and somewhat larger than our corresponding biased estio 12 terms. On the sc lattice we have computed seven addi-
mates. On the other hand, our biased estimatg &fr the  tional series coefficients fog and w,. Let us finally note
bce lattice agrees more closely with the new stochasti¢hat, on the sc lattice faN=2,3, and 4, the estimates Gf
estimate’® We should also stress that, for both the sc and théndicated by the simulation of Ref. 54 are only slightly
bec lattices, our biased estimatesiohave now come very Smaller than ours. Using these values in our biased DA
close to the RG estimates and to the experimental valug'ethod, we would obtainy=1.322, y=1.402, and
»=0.586(4) reported in Ref. 67. v=1.476, forN=2,3 and 4, respectively. For the exponent
The value ofg(0) is still controversiaf® For example, the the agreement would be somewhat closer.
study* of the long HT series available on the sc lattices sug-
gests#(0)=1, while an extensive Monte Carlo stddyon

the same lattice rather indicates an effective exponent ] ]

0(0)=0.563). Assuming this last value in our computation " COZTCIUS'OH’ we have produced HT expansions through

instead of the one in Eq8), would only shift the biased order B<* of the susceptibility and of the second correlation

estimates ofy and », in the bcc lattice case, from 1.15@p ~ moment for the classical-vector model with generail, on

to 1.15878) and from 0.587@) to 0.58836), respectively. the sc and the bcc lattices. This rich material has been con-

Similarly in the sc lattice case the estimatejofusing all 23~ Veniently tabulated in the Appendixes in order to offer an

available coefficients would change from 1.1598) to  ©&Sy opportunity for further study.

1.15978) and that ofv from 0.58786) to 0.58948). As a first application of our results, we have updated the
A final remark is that from our extended series foon direct estimates of the critical parameters of thevector

the bcc lattice we can deri¢®the new rigorous and stricter Model with a considerable improvement in accuracy over

inequality ,BE’“(O)Bexp(—(1/21)Ira21(0)):o.148 582, Previous analyses and, for all values Nf we have con-

which slightly improves the previous bound obtained fromfirmecj a generally good agreement with the most precise
a,(0) and quoted in Ref. 66. calculations by current approximate RG methods.

IV. CONCLUSIONS

In the N=1 case, the Ising spin-1/2 model, the relevant
numerical studies are even more numerous than for the SAW
model, so that we can only address the reader to the recent This work has been partially supported by MURST. We
extensive review which in Ref. 49 complements stochastithank Professor A. J. Guttmann for critically reading the first
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draft of this paper and Professor A. I. Sokolov for makingthe perturbative computation of the confluent exponents for
available to us before publication his very useful results orN>3.

APPENDIX A: THE SUSCEPTIBILITY ON THE sc LATTICE

The HT expansion coefficients of the susceptibifityN,3)=1+=,_,"a,(N) 8" on the sc lattice are
a;(N)=6IN,
ay(N)=30N?,
az(N)=(300+ 144N)/[N3(2+N)],
a,(N)=(1452+666N)/[N*(2+N)],
as(N)=(28272+19116N+ 3024N?)/[N®(8+ 6N+ N?)],
ag(N)=(270816+ 310296\ + 11431 N+ 13476\3)/[N6(2+ N)?(4+N)].

For the coefficients which follow, it is typographically more convenient to &€N)=P,(N)/Q,(N) and to tabulate
separately the numerator polynomigl(N) and the denominator polynomigl,(N)

P,(N)=15626880- 27729888|+ 1902014M2+ 627168MN>+ 989304+ 59328\°,
Q(N)=N"(2+N)3(4+N)(6+N),
Pg(N)=74489472 12953846M + 870074881°+ 2811878M>+ 436267N*+ 258354°,
Qg(N)=N82+N)3(4+N)(6+N),

Po(N)=2847568896- 5193056640 + 377830089512+ 139980043R%+ 278225208I*
+280313881°+ 1115850°,
Qo(N)=N%2+N)3(4+N)(6+N)(8+N),
P1o(N)=108255780864 274456495104 + 2961030497282+ 177344398658
+6444567638M%+ 14541739928°+ 1987352808I°+ 1500938887+ 4784508\,
Q1o(N)=N¥(2+N)*(4+N)?(6+N)(8+N),
P11(N)=41222946816000 137827824353280+ 20468101338316%°+ 178043163816960°
+100715199380736*+ 38875384707840°+ 104405016357 12° + 1949080239936
+ 2475604547048+ 20342269008 °+ 971521080I11°+ 2039385617,
Q12(N)=N¥(2+N)>(4+N)3(6+N)(8+N)(10+N),
P1,(N)=195470369095680645668315578368+ 947108563906560° + 813739409599488°
+454747923263232*+ 173480151209088°+ 460775930613 12° + 8514940815264
+1071698638638°+ 87360454320°+ 414356090KI1°+ 86473548112,
Q(N)=N¥2+N)>(4+N)3(6+N)(8+N)(10+N),
P1a(N)=1113557642772480037234096307896320+ 555893506357002NF
+489580616649277MNP + 283103866592501 16" + 1131791054880076&
+3205796898092544° + 64773428021433¢' + 92551274785344% + 9107063617058°

+58487421196R 19+ 2197846778M 1+ 365034816('2,
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Q13(N)=N¥(2+N)5(4+N)3(6+N)(8+ N)(10+N)(12+N),
P14(N)=632609126775521280251065793804422348B+ 4524841591275257886
+490529209512178483F + 3571783932314320886 + 18472934755485726 K%
+69962604222868838¢ -+ 197061627772250880 + 41467574110306944F
+648409749768729%° + 741110387409216'°+ 59988858732000!
+3247646112439'%+ 10515276446M 3+ 1534827960114,

Qu4N)=N¥2+N)8(4+N)3(6+N)?(8+N)(10+ N)(12+N),

P15(N)=50358104883694927872(2348359712504348147 72 50481079713517000458%4

+66396605368450091581M4+ 5981676995806215929886+ 3915598818643301818388
+1927922153279005814 784+ 729110693659692343286 + 21436455395684401 7684
+49262749363825015288+ 8845738041150799104%+ 1233464210817456384*
+13185750084943795¢2+ 105726747381859 03+ 61364341870919¢**
+24276406641408'°+ 5840831917445+ 643100083R*,
Q15(N)=N¥2+N)"(4+N)3(6+N)3(8+N)(10+ N)(12+ N)(14+N),

P1e(N)=952427514519751753728@6390115403005090070528
+104731459930689707704320+ 14556673923236078970410%
+139543768553865728753@64+ 97954888922330792558592
+52173686760085255741440+ 21557196989806394449920
+7003643461540643672084+ 1802237141876529444884
+36811558831589276928A°+ 595204023931934929881+ 75583785135234493 442
+7431961522074397M3+ 55303243308153696'*+ 3002949947640192'°
+1119612795057 1%+ 2555753709864 '+ 2686222845018,
Q1e(N)=N¥2+N)"(4+N)*(6+N)3(8+N)(10+ N)(12+N)(14+N),
P.AN)=28841247948138140506521604821948833729291397103616
+355375350420090398126899Fb+ 52841390776440123826372608
+54636425772554228040990 1D+ 41750566492591529071214582
+244616302571706007215144¢6+ 11251178748771208016166N2
+41254758230964084394479%2+ 121758136422257433987072D

+29075847068916511135948¥+ 5625934759845077231928 %

+88011345757786308833%&+ 11065379691723915156M8%+ 1106484123464320396RA*

+865838320297932864803°+5173819113692189R6 6+ 22735098262416528"

+6906035534552888-+ 129202834398841°+ 111891970518 %°,

8221
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Q1AN)=NY(2+N)"(4+N)5(6+N)3(8+N)(10+ N)(12+ N)(14+ N)(16+N),
P1g(N)=217976346922358527041208320247004670417928347642232882
+3348540874518147385786368000- 5613148994349631127955701R60
+6590072055351489100479725588 5763083478483804675832283156
+3897888461121422479771828RF4 2089768604256621305408520N92
+9029811618085152410318929¢2+ 318007770855729282389164082
+91939617800907817008390N¥-+ 2190782570793255201522898
+430746584058956283663360F+ 6977236922612282068254N %
+9269569077149852387638%'+ 10023320035153698276 364
+8718557454233938229W65+ 599642769745148142RB’
+31798011369824846M03%+ 125125211925357558°

+34329316834863 1+ 58487382066980%1+ 4649022633787,
Q1(N)=N¥2+N)8(4+N)5(6+N)3(8+N)?(10+ N)(12+N)(14+ N)(16+ N),
P.o(N)=296700450340637062963616808961886082398092366330185904029K96
+5662136011415980732650891509M68 10681540470863672081684625358848
+14214840138131391287200208388096 142017486802714582882274204711886
+11068758854452700350702902312966 6903939385191827596931349086R08
+3507783440365393696965572689888 1470131125450387324690374328R20
+512755817352656248120720687M3%+ 149730951505094108586863493M3H
+36742627293190488952004542884+ 7589622993183617076162772983
+1319393921104232186958508082-+ 192629775320452465799491582
+23522039474265335230021682+ 23868490753825867537489¢7
+199402197646963855587Q9 2+ 13537162170429884901 98¢
+733321598582129423282%+ 308820061888713532B3"+ 97238921618287819F2
+2149781067786859%3+ 297078927653016%*+ 192724355174M25,
Q1o(N)=N¥(2+N)°(4+N)5(6+N)3(8+ N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,o(N) =175047833885469594895484190721083189374486362174077787963R92
+3159030383965627131669377974R72 5776642474848647236393604481054
+7433523901503483650562519465884 7162141555142551648679554449KM68
+5367431463160610290238163517M48 3208587985930191848963878944K68
+15567754190458164062805593948%6 620539477835398125879179280B84

+204913470821461592404243218K32+ 56361425370072560355526164 486
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+12950718250270090246293430RI12+ 2487952293159639433357836 268
+399061517506891172493914 N2+ 53252563576574066914596 864
+587656643574175860753716%+ 53147209616164412768798F
+38890584750581578588808+ 2261299007908676723586°
+1017982010499436804B6°+ 34127132594427323581
+8001193032996 158+ 1167962591785223+ 7972767768996%%,
Q.o(N)=N?(2+N)%(4+N)5(6+N)3(8+ N)?(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,1(N)=1322524022941279469145239322624@35580133146287219597474592194860
+2495117158485809474128449625915B92 4686315838509568443213003878301696
+6215886286290908342981740015388624 6197639755406553047349758980521984
+48279515848452702894478355406520%2 301513467105698409566027517001 7280
+1537026421715445964160317960224968 647862574304847494504716000296980
+2278900726523758630619778082408%0- 67332410836180685187206377832M48
+16781405878684528969463565385M28+ 3536382197539357750438402080R68
+630497253090007772523785699B28+ 95002361135909036356765409R60
+12063971850179643459036438568+ 1284982111405255944812083200
+114006497838734668960330 K62 + 8343676957831591650627 8415
+497004712530114950587392+ 23652814810720445171904"
+8759723147846524621M4%+ 24275875061786457686°
+472677189689416800+ 57559224896825M°°+ 32919877239592%°,
Q,1(N)=N2X2+N)°(4+N)>(6+N)3(8+N)3(10+N)(12+ N)(14+ N)(16+ N)(18+ N)(20+N).

Let us now evaluate these general expressions for a few particularly interesting vaNieBafN=0, y is also called the
SAW chain generating function, argl(0) is the number of-step SAW'’s with fixed origin. We havén terms of the variable

B=BIN)
x(0.8)=1+68+30p 2+ 1508 3+ 7268 *+ 35348 5+ 169263 6+ 813903 "+ 3879663 8+ 185388 °

+8809878 10+ 4193415(B 11+ 198842748 2+ 94397451( 3+ 4468911678 1+ 21175146058 1°
+100121875978 16+ 473730252108 1"+ 2237723684098 '8+ 105760332196 148 +°

+49917327838734 2%+ 235710090502158%1+ - - - .
For N=1 (the spin-1/2 Ising modglwe have
x(1,8)=1+68+30B%+ 14833+ 7068*+ 16804/58°+ 47260/3°+ 7744136/10B’

+35975026/10B8%+ 1502899924/948° + 6942884236/945'°+ 1763022244376/51978*
+24340522634492/15598%°+ 1455564288731288/2027025+ 9352060224330104/283783%5'

+3217856261632544032/212837@8+ 14736837331613648866/212837%25
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+1147018945297343112964/36182398%5+ 9439914937963264249708/65128318%5
+4099376147364845437656056/61871897F8 7% 93592219478518291774477772/309359487%375
+8972803527064109944099241768/649654924668875. - - .

For N=2 (the XY mode) we have
x(2,8)=1+3B+15/282+ 147/83°+ 87/28*+ 3275/3B°+ 30343/12%°+ 560073/1028"

+1282053/10288 + 58548583/20488°+ 159649417/24576'°+ 21728194031/14745@3*
+24562301663/7372¢}+ 138033442711/1835008°+ 12437279658753/734003a8*
+4030272758976071/10569646@86+ 27159922666646281/31708938 340
+2194618901469187717/11415217768406- 49190911821730863239/11415217766480
+734579849432186905291/76101451776888- 21914994837738716597/101468602365D

+970370638325356435542409/20090783268868600- - - .
For N=3 (the Heisenberg classical moglelve have

x(3,8)=1+ 2B+ 10/33%+ 244/453%+ 230/273*+ 37612/283B° + 864788/4252B°
+19773464/637878' +89686514/191362%° + 25478812/360855°+ 140348301868/132614212%°

+477383158731608/3016973334 B4+ 426768736125964/1810184000¢25

+28560817226680664/8145828002883%+ 775988604270248/1491909890¢25

+16004552656617124832/2077186140717187% 354950851980427607594/31157792110757®125
+1464128352813955096312676/870237133653465708125
+1068764655864454858376417828/430767381158465523086875

+259814093690188797550933157144/71076617891146811302 784375
+104273161810325158736972243692/19384532152130948537 1879375
+6845643354105928488958995946136/865462347262787643509755625 - .

APPENDIX B: THE SECOND CORRELATION MOMENT ON THE sc LATTICE

The HT expansion coefficients of the second correlation momse(ii, 8)=="_;s,(N)B" on the sc lattice are
$1(N)=6/N,
So(N)=72N2,
S3(N)=(1164+576N)/[N3(2+N)],
s4(N)=(8064+388aN)/[N*(2+N)],
S5(N)=(204528+ 14612MN + 2376MN?)/[N°(8+ 6N+ N?)].

For the coefficients which follow, it is typographically more convenient to séN)=P,(N)/Q,(N) and to tabulate
separately the numerator polynomil(N) and the denominator polynomigl, (N)

Pe(N)=2456448 2929248+ 1122528%+ 13608N?,

Qs(N)=N°(2+N)?(4+N),
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P,(N)= 170289792 312319968+ 22138392012+ 75264960I°+ 12170904*+ 743616\,
Q7(N)=N82+N)3(4+N)(6+N),
Pg(N)=956823552 1728273408l + 120686860BI%+ 404721600I3+ 6472435+ 392169M°,
Qg(N)=N82+N)3(4+N)(6+N),

Po(N)=42088707072 8002762176 + 607058692882+ 2338480574M°+ 4800525624*
+49587068M1°+ 20110036,
Qo(N)=N%2+N)3(4+N)(6+N)(8+N),

P1o(N) = 1820564029440 4769433145344 + 5321186764800° + 32953842547 20°
+1236516916608*+ 28729088544K°+ 40275314208° + 310752384081 + 10080417618,
Q1o(N)=N¥(2+N)*(4+N)?(6+N)(8+N),
P11(N)=7766969057280002669258856775680+ 407655506744524%
+364730711219097T + 2121429738632448" + 841182276069120°
+231709799815296°+ 442747594934407 + 5741865229488°
+480498609168°+ 23310434138+ 4958496001,
Q1(N)=N¥(2+N)54+N)3(6+N)(8+ N)(10+N),
P1,(N)=4095660376719360139348327213301 K6+ 2107045686961 766¢
+1866844916328038¢ + 10756490095534080" -+ 42272549914613 16
+115484735412019% + 219020166457344" + 282158912094 72°
+2347567763904°+ 113324238144 %+ 240052118M*,
Q1(N)=N22+N)5(4+N)3(6+N)(8+N)(10+N),
P13(N)=2566987687998259208856877278931845N\x 13653964298347806 K%
+1242082941562257408 + 7416846707983196 N8+ 305895801259154688
+892375798481341MF + 18527188676264256 -+ 27127114100204 1
+27272769180931¢°+ 17842958870016'°+ 681157898371+ 1146393734M %,
Q13(N)=N¥(2+N)5(4+N)3(6+N)(8+N)(10+ N)(12+N),
P.14(N)=15959759305121464320651263133748266270R2+ 120776409770039967 7M4
+134799493109438742588+ 101075961535383207986+ 53821049308716331088
+209720919948475576BF + 607056095666467128F + 13106401952338805RE
+209854631867283458 + 2450739888020659% -+ 20222862434645 16
+111357392644800'%+ 3659422931136+ 5410305187R 14,
Qu4N)=N¥2+N)8(4+N)3(6+N)?(8+N)(10+ N)(12+N),

P15(N)=1379463097170410864648665961256962918658867 200
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+145482305154165082423296+ 196426790908008971894718%
+181712188501778813288448+ 122149149808092940001289
+617460197514679600373W6+ 23960432106776991375360
+72218330413963998965M8+ 1699364135273723386368
+3119940554711240225R8%+ 444094554161138219621
+4837668848932793088%+ 3945737621008805R63
+232546733715163N01*+ 9326024611818+ 227098262138885-+ 2526992847387,
Q1(N)=N¥2+N)"(4+N)3(6+N)3(8+ N)(10+ N)(12+N)(14+N),

P1(N)=2821741558024211162726404091364345273392341975304
+326368849948171569620582%+ 46559570782522455569203¢D
+458261898792385699538534%+ 3303221971610187595776000

+180641463953533225677619%2+ 766021764539003646738482
+25524834459315693880934%+ 673024716601971477381N2
+14069190944214259089408+ 2324969745522621573 186"
+3012908416699255019832+ 301834705414932695043
+22846178422079139844+ 12598035072542899¢°
+47624436048126 %+ 1100616630581 7'+ 116950519008Q18,

Q1e(N)=N¥2+N)"(4+N)*6+N)3(8+N)(10+ N)(12+N)(14+N),

P.1#N)=9185747298175083092115456083899167263425069272006656

+1189868171945586726052823060- 1815173941196448684501368862

+1926067302758962518697181 N4 1510557041183984864999768064
+90824173481870090113056 7680+ 428565795442223083117608960
+161124373007167836401491 968+ 48721486461929019612254208

+119087993194976494724689¢+ 2355824328081975826799618

+376301863299979913115648+ 482397875428205987773M%
+49112319091913378557M4*+ 390699515456311012983°
+23699390491011237782%+ 1055645514024821186"
+32459860654884408 8+ 6139322228697 1'%+ 5368457021904,
Q1AN)=NY(2+N)"(4+N)3(6+N)3(8+ N)(10+N)(12+ N)(14+ N)(16+N),
P1g(N)=74405686785054623558900124683556714841735485934551433R16
+119745506575262677827342827526- 205600123176421699517732093852

+247329442844425438300263677882 221673049003323839621659361R80
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+153674002155144625516386975R44- 84440559458071223189332033586
+37385580800145080181358854 M4 13484812436109641692415459858
+3990433137279218001175216NP8+ 972476515921418968813977600

+195365912565036970555809 K2+ 32298750507708450873901066
+4374436773849815715926(M 8-+ 48160434677007338931609F
+425970834158816507 7504+ 29752340309186044316W6"
+1600168590639566987H2%+ 63783342124231459R03°
+1770539202162738 N+ 304851452306 784071+ 24463062529488%2,
Q1(N)=N¥2+N)8(4+N)5(6+N)3(8+N)?(10+ N)(12+N)(14+ N)(16+ N),
P1o(N)=10802672904349024148156055552600163690014890044522149466603520
+215317233829546547207388593651N12 415399882578318624690073447170028
+565544368859588600773369833453616 578201864553405531507195094499828
+46123739554763462903813408764 1232 294463933374081947227977934700844
+153122691241987270998376332656846 65664811209106928118095751413%80

+2342553036195241878583423185 752+ 6992940825868245995024634347H2b
+17530465684319026478352511 79820+ 369630925832778786734031814B858
+655314461388037857512456478[12+ 9747432364485234622732087286
+1211351100137737820129992 R4+ 124959028114518620762345472
+10600636042455571892260008+ 729964109544372672407048
+40064614626652387587498+ 17076516591157059542M6" + 5436435608341764 15842
+12140129878907476863+ 1692989875084370*+ 110737848870144%°
Q1o(N)=N¥(24+N)%(4+N)5(6+N)3(8+ N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,o(N)=542533038948081453192730745241@5021038838604613156644647967 1296

+106811727955788557733743005846 1828 2048046462803855050848737955938804

+2771353871328191245609935795388416 2816339118396208118571451803500824

+223330899883789029819037912557 1884 1417505561364781878449152154664960

+732927543097038243001328908369926 312574995769798442844907773100032
+1109155455922387429834023449398 0 3294086429352493065158501203968D
+8217496120240756722296489508R6%4+ 1724609018206108184412122775852

+304409891806384221588352598BiF6+ 45092002493947222162981109RED
+55820640731595487847092224806+ 573750523480464178256412672

+48510059643505700194836488+ 3330097276976649985453068
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+182254965371905502570498+ 77478949867316130647K4
+246072354377928321782%+ 5483133168981044 167
+76313940451961664*+ 4982773382078407°,
Q.o(N)=N?(2+N)°(4+N)5(6+N)3(8+ N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,.(N)=5430787293066006887355252945715235108759514076334960218328247828480
+10732950469647308847273106185230N56206477214573138515932854809354309636
+28063218718892812590189922169231 169628681149577695690971076551815829M%36
+229066873791452857318720674006564864 146680248330932745127688632944033792
+766627224982887536204837615503938%4 33122820337959947874239120850026496
+119383273003433255806226541127926%6 3612243766907364223803656339914952
+921317991792033678079649178451988 19851839450257984482771792194 71648
+3615464791030627899954005640806%+ 5558926665913863471127518437R76
+719493683774301127434614464B112+ 78018551293996681395111180R68
+7038314076238455658170184 R4+ 523128632061598945510086 %
+31608578395426246066990081+ 1524110853677163900394 ¢
+57125321213021562328198+ 1600502063799965143342°
+31474107720549665783%+ 386725681457093256°+ 2229799326628608,
Q,1(N)=N?X2+N)°(4+N)3(6+N)3(8+N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+ N)(20+N).

In particular, forN=0, w, is also called the mean square end-to-end distance generating functigg(@pds the sum of
the squares of the end to end distance ohaditep SAW’s. We havéin terms of the variablgg= 5/N)

wo(0,8)=6B+72B %+ 5828 %+ 40323 *+ 255663 °+ 1535283 6 + 8869263 "+ 498345@ ©
+27401508 °+ 14815788 10+ 79009695 '+ 4166321188 12+ 21760624258 13
+112743796638 *+ 580052260230 5+ 2966294589312 16+ 15087996161382 17+ 76384144381272 8

+385066579325599 %+ 1933885653380581°0+ 96791539672727 R+ - - - .
For N=1 (the Ising model we have
wo(1,8) =68+ 72B%+5808°+ 39843+ 124804/B° + 738256/%° + 17603848/2B"

+161679008/3B%+ 23502612244/948°+ 207084686896/1575°+ 7118350956184/103%8*
+183105409684576/519B5°+ 36357148765588568/2027025+ 428105990895623072/472972%
+3858980041412441056/85135/5+ 159972662342929823168/7094585
+40346953458333412225924/3618239655 595480220035499088584176/108547198F5
+33241579832993565724372216/12374379RL75 1350819222602054183075867296/1031198298125

+413420004249138569994431044328/64965492466875. - - .
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For N=2 (the XY mode), we have
wo(2,8) =3B+ 18B%+579/83%+ 495/28* + 24659/3B°+ 72363/3B°+ 6513321/10287 + 4440007/25B°
+945324463/204868°+ 3702230609/30728'°+ 91347937699/294913 1+ 19312589941/245 752
+18091435549531/9175088°+ 809472644281601/16515072H+ 25546108054005659/2113929 246
+234520789250333527/7927234%36+ 82156000181412645469/1141521776640
+165628622076045810553/951268147250 31895924345009282706091/7610145177¢360
+8189605089135744467567/8153726976818 9632420218825891039151597/4018156653772860- - - .
For N=3 (the Heisenberg modelwe have
wo(3,8) =28+ 8%+ 964/453%+ 2192/45* + 57116/56 B°+ 8340368/42528° + 33324872/91125'
+1263947744/19136 285 + 73478278372/631496 3 + 13325285538064/6630710625
+3434294378983784/1005657778 B35+ 51819882101501984/9050920003825
+ 773005999283909656/81458280028455+ 19031243835736702816/1221874200421875
+225650609227937809568/890222631735%3 75 267912260258927725784384/6543136343259148K25
+171544906778131647970688684/26107114009603971@3375
+45158335170568649028207863344/430767381158465523048875
+19874973349328684680550746792/11945650065738959882%125
+615828157267599440451545198816/2343185205202642130988375

+467851964714541441817299887365304/1131758454112876149205678425. .
APPENDIX C: THE SUSCEPTIBILITY ON THE bcc LATTICE

The HT expansion coefficients of the susceptibiltyN,3)=1+=,_,a,(N)B" on the bcc lattice are
a;(N)=8IN,
a,(N)=56/N?,
az(N)=(784+384N)/[N3(2+N)],
a,(N)=(5296+253aN)/[N*(2+N)],
as(N)=(143680+ 10190N + 1651N2)/[N°(2+N)(4+N)],

ag(N)=(1920896+ 2286048 + 873662+ 10566N3)/[N®(2+N)?(4+N)].

For the coefficients which follow, it is typographically more convenient to &€N)=P,(N)/Q,(N) and to tabulate
separately the numerator polynomRl(N) and the denominator polynomi&l, (N),

P,(N)= 154526208 283153798+ 200425920I>+ 68016448I1°+ 10978624+ 66969aN°,
Q(N)=N"(2+N)3(4+N)(6+N),
Pg(N)= 1027530246 1858845568+ 1298441728°+ 4350424961° + 6946451 N* + 420183N°,
Qg(N)=N8(2+N)3(4+N)(6+N),

Po(N)=54762516480 104445905408 + 7934780326M 2+ 305637816983+ 626772246M*+ 646524208I°
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+26183808.°,
Qo(N)=N%2+N)3(4+N)(6+N)(8+N),

P1o(N)=2903544987648 7640375627778 + 85525877534 74° + 5307832448259¢°
+1993598086784*+ 463207567298°+ 6489601852B° + 5002101120817 + 1620734088,
Q1o(N)=N¥(2+N)*(4+N)?(6+N)(8+N),
P11(N)=15414554394624005322818812313600+ 816172840991129¢+ 7325494948007936°
+4270699263198208" + 1695943901147136+ 4675198930181 1¢° + 8934785949778
+ 115838946924 188+ 968797835648° + 4696284441819+ 99812966M 1,
Q12(N)=N¥(2+N)>(4+N)3(6+N)(8+N)(10+N),
P1(N)=1019281734893568034916640297648128+ 53104852074643456
+47274357345341440° + 2733728118386 79I + 107704443027389MNF
+2946841983489280° + 55925249077593¢' -+ 72048621004928°% + 5991833735938°
+2890368042881°+ 611738976012,
Q1(N)=N22+N)5(4+N)3(6+N)(8+N)(10+N),
P.a(N)=809552875974819840281695377180878438%+ 4374585258210099200
+4003673280064782385 + 240207628852905574¢ + 994132403202585600
+2906799245106401 28 + 6042874276672998¢ + 88525181242037 16" + 88997627183436¢°
+58202792120192°+ 2220562578338+ 373463531582,
Q13(N)=N¥3(2+N)>(4+N)3(6+N)(8+ N)(10+N)(12+N),
P14(N)=6413027185828823048(264066083110335283280- 4936957248624666869N6
+5549386274887837941M6+ 4186126271321320980M8+ 2239963175364930723843
+87615497305685485588 + 254317286333001349 + 55010474852847846 A%
+881788286375843328 + 103029908100346368°+ 8502206688736640"
+468050982316992'%+ 1537388975331213+ 227164816898,
Qu4N)=N¥2+N)8(4+N)3(6+N)%(8+N)(10+N)(12+N),
P.5(N)=7117349390516886700032343461539954772003520942 763948140990101106720768
+1039364375188561578688342+ 968023439264944191176 W%+ 65453148023814338881126%
+33249516090943197185638%+ 129542765956143879962824+ 39168342655704020885392
+92385379025768067092M8+ 16989995881603906365M4°+ 2421028222262099271K8!
+263895888212488156l3°+ 21529636277396085R6>+ 126885369593601 7984
+50875256408716801°+ 1238446922095686+ 1377490599936,

Q15(N)=N¥™2+N)"(4+N)3(6+N)3(8+N)(10+ N)(12+N)(14+N),
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P.o(N)=1876979130303246489354240471577214194059747262464
+22149665431198847345885 N4+ 31877715547591801734955008
+31624026815500069881511986+ 22953839008339482680098H

+12627923848247621505482 182+ 5381959679798671698755984
+180074130975926477886259%+ 476364400204668565323796
+99830450585322119526408+ 165273520757883571998%%"
+21444412397086996019867+ 2149977370323674086M4°
+16279875671710226560%+ 897816852778841984°
+339367520505756 M6+ 78409409388889¢ '+ 8328848160368,
Q1e(N)=N¥2+N)"(4+N)*6+N)3(8+N)(10+ N)(12+N)(14+N),
P1AN)=792435529202935777607024648222140895430347509133737984
+104919791155441892055129784882 16161534656668214692379885568
+17299978054698585966078066668 13674498471920703095531634688
+8278686728088313567471206400- 3929642002798861992101675008
+14848249679624587515209646(78- 450855902965522928390258668
+1105711341001646444859473¢9+ 219311127634640232897290¢4
+351012910778896510119526%+ 4506352030751677317529¢8
+459246619475645960222M%'+ 36557274935734788807R&°
+221828258031520815484°+ 9882110327533350848 '
+3038497122220031688+ 574596650816846¢ %+ 50233057515648%,
Q1AN)=NY(2+N)"(4+N)5(6+N)3(8+ N)(10+ N)(12+ N)(14+ N)(16+N),
P.o(N)=8350774527939377663173459968804606778876844544338100748RB8
+13748424237766941408677194628%2 2384980581491184335810061139868
+2896424821652315126561511571M56- 2618571127287142216719610675R60
+1829555799925870815015077937M82 1012311427843216219812641374R08
+450932244560352558960811180082 1635053665384439539613683548BIP6
+48600320751180887259008499RED+ 11887881202450793297985355Ki6
+2395419597277559569157611588+ 396969980659736571298029568
+538638332051744583513169¢%+ 5938346973499025558951988
+52575574403052322992438%+ 3674627979844830023608%
+1977118373223141598386°+ 788242563020746522RA°%+ 21881440330778970885°

+3767265461442438¢ 1+ 30226014670240072,
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Q1g(N)=N¥2+N)8(4+N)3(6+N)3(8+N)2(10+ N)(12+ N)(14+N)* (16+N),

P1o(N) =15847423886835421278233042092032041549808967304425766693761974272
+32324791973304528297593025268288%4 63028833203928968991438368428528%2
+8666860570522420029052837378918852 8943052748308642306103938165768492
+7194778953646793616496813779451904 4628904835496751284471561545842688
+242382745597632327282724133928966 10458644071060984900121432088908%8
+3751322838879950501157123163422%2 112510098848120836296259503652864

+2831804855575226535047824854 2888+ 5990997527100172350291798392832
+1065095275709784752982287958016+ 158785093973690877869855113R1E8
+19768336145696922659741351886+ 2042089529711953557297004 544
+173419646447738301042240518+ 11950974338192075640468465
+6562908084292331514204M4 %+ 27982455698879378963968"
+891018403151093846582%+ 19898986423803471383°
+277497323823185728%+ 181496872185446¢°,
Q1o(N)=N¥(2+N)%(4+N)5(6+N)3(8+ N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,o(N)=10429100166934279912568778443986882237178003250570167828486081 M08

+21073470343840989502583247187478486 40894747767325105591045502923702872

+55963797112693608459475043305390086 57470452437084820328323451635892224

+46014452801325563363308302206238726 29463649767822099804353478764003828

+153555222757528087022303645018393%6 65951699771476424876996258368084244
+ 23548648399553326597484052545536H0 70316472413395029512118902626 1456
+1762281670159872589850774121349312 3713029773466104436373886517248d
+6575264136402318396919381196860+ 976594013933836434463208325M30)
+121155365237198958851924959R32+ 12474040011944675687769305088
+1056047884130791096165504006+ 72566286207194184977521 162
+397435311177585632751590%+ 169038145097949351095a68¢}
+537033848611939629184&+ 119686677141428526582°
+16659165840940309R5*+ 108772352733061 16>,
Q.o(N)=NZ(2+N)%(4+N)>(6+N)3(8+N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+N),
P,1(N)=1373179294581691388657751979720704000835621307457252106340363151603760
+27926617868275076732800703779905208325443983170286327540034533795620192756

+74916752028419979473924895177399386967745772935295505528966017249462714E68
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+62527365996521781668969791746830498844043154246053532940260091980981 201040
+21319120634582871381577025931307908129284213933797738596415233957549824
+336975218565454742726998375191805¢82 10258547352276428220271785463224 196
+26303281521902958783715401210003456- 5693171830798150117800423350009856
+10407836571748642576501773105889¥8 160527761470226824593523378223452
+2083055042444830103096020556 1856+ 2263442229921435778953046802M32
+2045274634801208028840335646/#2+ 15221071176361614573823071R32
+920584951315678219503968 256+ 44421119188140270602770 N8
+1665819737158517381045 M%7+ 46688727974444664155206%°
+918355227096954088784*+ 11285460028384964704°+ 6507419243951923F5,
Q,1(N)=N?Y2+N)°%(4+N)5(6+N)3(8+N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+ N)(20+ N).
In particular, forN=0, we have(in terms of the variablgg= 8/N)
x(0.3)=1+8B+56B2+3978 3+ 26483 *+ 179603 °+ 1200563 6+ 8048243 "+ 535172(B &+ 3565268(B °
+ 23629109 *°+ 1568049568 1+ 10368669998 2+ 68626647608 1>+ 453032542040 4

+2992783648424 15+ 19731335857592 1%+ 1301610400836(8' "+ 857282278813256°

+564889204853084B%+ 371750395692176 B%°+ 244738250638121 7@+ - - -

For N=1 we have

x(1,8)=1+8B+5682+1168/33°+ 7832/38*+ 262096/1B°+ 5186272/48°+ 239256896/31B’
+223501256/4B%+ 92020145776/283%° + 2992356296032/141 78+ 213982290222656/155985"
+594224833766272/668B%°+ 350264122225879712/6081095+ 205770248144874592/55282%5
+1535420477610758667232/638512875+ 9901906655322559820312/638512875
+1085334591165630782296336/1085471§875 62829959108514755867552/97594875
+7692533427793876337979291776/185615692B62535332545614795796034757603392/1325826376875

+2568708718024303514802517007264/1499203672%425 - - .
For N=2 we have

x(2,8)=1+48+14B%+97/28%+ 1628*+ 12923/243°+ 169265/9@° + 4421401/768"
+14321503/7688+308660121/5128°+ 17872634681/92168'°+ 688956690877/110590*
+1102888778273/5529¢13°+ 395053233560309/61931525+ 1440484062875779/7077888t
+73472774375429137/1132462@80+ 4909723847974444627/2378170363D
+562055458835065944253/8561413324806 17847852836585096728801/8561413324860
+1132877749890754784251337/1712282664966903591366948964760556413069/1712282664968H0

+47686925009300774345327827/717527973888600- - - .
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For N=3 we have
x(3,8)=1+8/33+56/98%+ 1936/13B°+ 12904/40%8*+ 119600/170B°+ 2784992/18228°
+632918848/191362% + 4075984504/57408 18 + 287925718448/189448888
+64384719769312/1989213199%+ 186782368415874752/271527600098%5
+1186773786369487616/814582800288%5 7528780320376815776/244374840084875
+732954612970918048/112788387738%5- 127972570589148818590048/934733763322738%75
+807291210775528531339816/2804201289968203125
+4736622265468109492081181616/7832134202881191328125
+1639367056527449858924222363488/129230214347539656913#6625
+566937383305125856734568614018688/213229853673440433908263125
+508646907020827390705273581508288/91384223002903043103Rt%625
+513961132384429861959688094679558368/441385797104021698189998746875 .
APPENDIX D: THE SECOND CORRELATION MOMENT ON THE bcc LATTICE
The HT expansion coefficients of the second correlation mome(,8)==._,s,(N) 8" on the bcc lattice are
s1(N)=8IN,
s,(N)=128N?,
S3(N)=1408N3+ 16[N3(2+N)],
s4(N)=(27136+ 1331N)/[N4(2+N)],
Ss(N)=(954688+ 69787N+ 114816N%)/[N>(8+ 6N+ N?)].

For the coefficients which follow, it is typographically more convenient to &€N)=P,(N)/Q,(N) and to tabulate
separately the numerator polynomRl(N) and the denominator polynomi&l,(N),

Pg(N)=15931904- 19410560 + 7587328%+ 93286MN°,
Qe(N)=[N°(2+N)*(4+N)],
P,(N)=1535992320- 2872374658l + 207442784012+ 71721811R1°+ 117562688!* + 7256064°,
Q7(N)=[N?¥2+N)*4+N)(6+N)],

Pg(N)=12010328064 22254990338 + 159296399382+ 546266649B/°
+889419008*+ 5461606M°,
Qs(N)=[N¥2+N)*(4+N)(6+N)],

Po(N)=735485374464 1441044494848+ 1124713670784%+ 444350745664
+93091815398*+ 9765033776I°+ 4005254401°,
Qo(N)=[N%(2+N)3(4+N)(6+N)(8+N)],
P.o(N)=44302912585728 119138720923648+ 13635485400268¢° + 86513824402432°

+33191607212544*+ 7864232156928°+ 11209833189112°% + 876860770587 + 28760135688,
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Quo(N)=[N*(2+N)*(4+N)?(6+N)(8+N)],
P11(N)=2632566935126016092611036866871296+ 144717226646847488 + 1323829895818485R5
+78641764731102208 + 31802834512539648 + 8919341723426304° + 1731942609659648
+227802476687936°+ 19296321355392° + 9458109644800+ 2029274726M 1,
Q12(N)=[N¥%2+N)3(4+N)3(6+N)(8+N)(10+N)],
P1,(N)=193386300215132160675993638329122816+ 10496627114462412805
+954246907202404358 + 56346852947166008¢ + 2265692989257523RF + 6320587076150476&
+12213762418126848 + 15995128321797 NP + 13497305753834° -+ 6593975832329 1°
+141081387008,
Q1(N)=[N%2+N)>(4+N)3(6+N)(8+N)(10+N)],
P13(N)=168868315818727833606500443988995470786B66+ 953340047651990405M3
+892270428532813332M8 + 5473888040471126018 + 231511473988520151018
+69104628663373557RE+ 1464416704532198144 + 218298047999270656
+2228852639191520 + 1477424654034560'°+ 57022884609696' 1+ 9684708311042,
Q13(N)=[N¥32+N)3(4+N)3(6+N)(8+N)(10+N)(12+N)],
P14(N)=146290969499060404224®141830893140719960084 11714280415715062185984
+13438267089206252666888+ 10347326185690844626944+ 5651065935043207643188
+2255097006383930810388+ 667325705688100384 788+ 1470080460198478499R4
+239688359659249909R6 + 2844555632818710588°+ 238064253268868608
+132709235520130%6>+ 4407442956627 203+ 6575399460864 4,
Q14N)=[N¥2+N)5(4+N)3(6+N)?(8+N)(10+N)(12+N)],
P1(N)=1761971698068469359575048654457599024925385949184 196023806628083665238753¢8
+271678145099893029218549¥6+ 25781867019664274372427 N6+ 1776340972568331956627046%
+9193650623057602704654385+ 3648119033975072073072640+ 1122785339801030028238843
+26936178944993046787072%+ 50337163230346303169988™+ 72810311504938267607R4
+804675045632115016182%+ 664810419427924659R3°+ 3962978779943552768*
+1605287423818685M°+ 3943374710560416°+ 44214163243008",

Q15(N)=[N¥®2+N)"(4+N)3(6+N)3(8+N)(10+ N)(12+ N)(14+N)],

8235

P1s(N) =5022647482966076351840256@579896204356935158081 78 N6 614398722349307968861765082

+9008071139382523991414538F%+ 91060690023802902285805158%+ 673571444329263447919296512

+37761426975189905356593561%+ 1639609199086197425559306P4+ 5586630168125719944272281%

+15040925019264750417149962+ 320555380842229608302182%+ 539209477484097660960 168
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+7101444450801988884480%+ 7219013824735894138886°+ 5536338095273164963R4*
+30888616518514670582°+ 11798807535514109845-+ 2751859117581 7418
+294773303869440',
Q1e(N)=[N¥2+N)"(4+N)*(6+N)3(8+N)(10+ N)(12+ N)(14+N)],

P,AN)=2278649063055102281930244096123576229896984896143481634BI16
+31269194731293422043538862882 490606554621251296399712059B52
+535030756409446999370026188B06- 4308895146088716797189721948BIP6
+265776738765532246536671985664- 128506531832779792314711146K96

+494440427802230792887195074886 152801667507637183628394004848

+3811610006534643901029376008+ 768378186182817144571596800
+124885480444967253154992 N8+ 16266009836219250117042 N6
+1680110485364468843396098+ 135412027062997840729608
+8310816170333932730782°+ 3740902625186624209R8"+ 116105777571134353838
+221417841624576528°+ 19503045104497%°,
Q.AN)=[NY(2+N)7(44+N)>(6+N)3(8+ N)(10+ N)(12+ N)(14+ N)(16+N)],
P.s(N)=2572388703341675057536774963205490736170060339298371570237M40
+43796670623562957884343548116882 77303567951895449138364885762038
+95548299048089222809389289701876 879331636777954394318435254271960
+62545915390216999722264186322844 35230613934491521368624396763436
+15973672241073317214443064524886 5893763588513416006604717555M12
+178193832842090728400599764 128+ 443123815657823481150734270K64
+90718772919030060642397093888+ 15263570363942602009559728 N8
+2101040498701978693594644480+ 234786621711017546808623 N2
+21051290105729759459909685+ 148868739880231360257334Y
+80970359711362371464 %+ 3260391296463194638582°+ 913325930766871663BK°
+158545593797225126/1+ 128157047294515252,

Q15(N)=[ N2+ N)8(4+N)5(6+N)3(8+N)?(10+N)(12+ N)(14+ N)(16+N)],
P.o(N)=520527886328068273962166203187266a749183693996694118876045283164160
+109582272948801525556880262442254836217183844847876909036683987962036¢24
+30363721861176353230823858133113N1:6318623201782342139999786300505849856
+26071619183446367536800605517591]72170612466646866123258351499345920000

+90865282244658787790113572743282688 398725061981293524055578836027310D8
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+1454044849801465540434028811701468- 4432300312360025476927537500389876
+1133319302547227211245680376152084 243448915477811586916826247858158
+43918918357133136140237469761836+ 6639480636550034104300448022533
+837607666325787232458235133852+ 87611473125485396587006050804
+7527667957445546882492902406+ 524442821114449492810753084
+29092566833509407917197N%P+ 1252063771597395462270464+ 40211990416209732975 168
+905135613785367281488%+ 127132078443482609R8*+ 836941104146227 5>,

Q19(N)=[N¥¥(2+N)®(4+N)>(6+N)3(8+N)3(10+ N)(12+N)(14+ N)* (16+ N)(18+N)],
P,o(N) =364364216507000739048781032456192082252329259029149292981685059584000
+ 76083681936599842944080711722519 M681501785652065328905415521984080510676
+20910856361152669370412256217782026242185466580009965172298815007619022848
+17811693272339719759940971039345868801161037087306635416601822682842923008
+6159798272573217482835430724211888269288340608252471172568439091888128
+97846798796078803878757697178304%' 2 29722035105904835928282451265191¢56
+7574320184022150171504972296353840- 162183822953981947516457942070062
+291695540794512596709162178707456+ 4397072927974908759151308957286%
+5532179700179033378083069755892+ 577189034334496978087219724R48
+49475950475711816867430146048+ 3439398747885949967063019580
+190409861888427839784282N%+ 817950144649945982117990% + 262250369249432974358(4 &
+58938402229776839068W6°+ 82665562945029918484%+ 543508305591050248°,
Q.o N)=[N?%(2+N)®(4+N)>(6+N)3(8+N)3(10+ N)(12+ N)(14+ N)(16+N)(18+N)],
P,1(N)=5083700620556224094232614007943987200
+339141341175173610864896372718226686800696001165323133933663008114131704RF76
+212205053297461934520059773697327628588297302260175368795310942213050101398852
+31302523799527607823813849591164226R54825737109407032196795489547926768294R676
+169521259776501752389863842493350548536091050364189862954461189550890408738616
+4038428913359744963157643714542908AP1214925093338861197964526532185281 2656684
+4624921344106584117426507259006156806 1206502137461352640448773722200342628
+265539261406447751129975093315960852 49329783084003642191028020556726272
+772607160344947448903300222091 2645 1017253236852422389810623529254912
+112062128851825470502997024882688 10257273964318892809997578702848

+772575678470520098133370336RE8+ 47249856261231012352546619859

8237
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+2303551580831028822666004RF4+ 872065630666768866050104F7
+246547189031591772120798%+ 4888048398104696035328%"
+605018274981696275286°+ 351147123079952179F°,
Q,1(N)=[N?Y(2+N)®%(4+N)5(6+N)3(8+N)3(10+ N)(12+ N)(14+ N)(16+ N)(18+ N)(20+N)],
In particular, forN=0 we have(in terms of the variablgg= B/N)
wo(0,8) =8B+ 12832+ 14168 3+ 135683 *+ 11933 >+ 9957443 5+ 799996 (B 7
+ 62553792 8+ 4788316248 °+ 3605380258 10+ 26779855708 11+ 196722717508 12
+1431514450233 13+ 1033436595064 14+ 74089380717928 1%+ 527994918966848°
+37427818554667127+ 26407888779849448'8+ 1855447206507698(-

+129879413846271328F°+ 90605502249571492B8 + - - -
For N=1 we have

wo(1,8)=8B+ 1283+ 4240/33°+ 40448/FB*+ 1767376/18°+ 43862656/4B°
+488322112/68" +18867219968/318°+ 1282950553456/2835 + 47619744077056/141 B3°
+766490179148608/31185%'+ 83121960882597376/46 7785+ 7733317943660749472/6081(5'5
+384090193673880221312/42567835+ 8114589875096001385568/127702B75
+283873458550660118340608/6385128%5- 2582349138528384648119632/8349783Y5
+2091109673217277557956275456/9769246@B3%5 995381021756635176086923648/674966 1535
+9390942009659704730085453139456/9280784638%25
+103702876796861733353936997485984/149920367 785125 - .
For N=2 we have
wo(2,8) =48+ 3282+ 353/28°+ 84083* + 87803/248°+ 361583/248°+ 45760537/768"
+10981361/48°+ 13182440203/15368° + 72831253657/230481°+ 12683037443293/1105988"
+284019102193/69122+ 9021584611263989/61931525+ 12677663451078517/2477268)
+14140352065765261559/7927234B80+ 3059349574632028919/4954521336
+18189403258792144757629/8561413328'86- 155619395578992358690693/21403533318%60
+42399131891951527511159177/171228266498500
+17971503390357918425668499/21403533312800

+ 42732931884265421640555487423/150680874516487690 .
For N=3 we have

wo(3,8)=8/38+ 128/982+ 784/153°+ 67072/40B*+ 4081648/850B° + 167636864/127575°
+944026304/273375' + 16849951744/19136 85 + 4153759481008/18944883%

+1065794492624896/1989213188+ 1166772237247486528/9050920003825
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+8314233519972990976/27152760009375- 175799675893471696544/244374840084875
+409170117445661176448/24437484008487% 3613059270200364483884384/934733763322734575
+173915360520409186670373376/196294090297774 7875
+31611058478034436738314658288/156642684057623828%5625
+8438325986405406805596333786112/184614591925056652 71834375
+21963940464232232523449671606261888/213229853673440433908283125
+147820593539967981852844467017440256/639689561020321301724889375

+2071607179815945880528993224873734816/401259815549110634718 1840625 .
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