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Splitting rules for spectra of two-dimensional Fibonacci quasilattices
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In the framework of the single-electron tight-binding on-site model, after establishing the method of con-
structing a class of two-dimensional Fibonacci quasilattices, we have studied the rules of energy spectra
splitting for these quasilattices by means of a decomposition-decimation method based on the renormalization-
group technique. Under the first approximation, the analytic results show that there exist only six kinds of
clusters and the electronic energy bands split as typeY and consist of nine subbands. Instead of the on-site
model, the transfer model should be used for the higher hierarchy of the spectra, the electronic energy spectra
split as typeF. The analytic results are confirmed by numerical simulations.@S0163-1829~97!07934-4#
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I. INTRODUCTION

In recent years, much attention has been paid to the
vestigation of the electronic properties of quasilattices, es
cially the energy spectrum structure, which is an import
aspect in the physical properties of quasicrystals. It is ge
ally known that for one-dimensional~1D! Fibonacci quasic-
rystals, the band structure, which is a Cantor-like set, sh
a peculiar self-similarity.1–5 For 2D Penrose lattices the ele
tronic energy spectra are much more complicated than
1D one, even though there is also a geometric hierarch
structure.6 Choy7 computed the density of states for a tigh
binding model numerically by the continued-fraction recu
sion method. Odagaki and Nguyen8 studied numerically the
electronic structure for three patterns of Penrose tiling w
up to 426 vertices. Odagaki9 gave numerical evidence tha
indicates the existence of a central peak with side gaps in
tight-binding electronic spectra with one type of interactio
For the 2D Fibonacci quasilattices with one kind of atom a
two kinds of bond lengths, Ueda and Tsunetsugu10 investi-
gated the energy spectrum and conductance numeric
Ashraff, Luck, and Stinchcombe11 studied the energy spec
trum, density of states, and dynamical response function
lytically and their results have been confirmed by numeri
simulations. As for the decimation technique, Odagaki12 ap-
plied it to 1D quasicrystals to obtain the energy bands, d
sity, and integrated density of states. By means o
decomposition-decimation~DD! method, Fu and Lin13 inves-
tigated the rules of electronic energy spectra splitting. Ho
ever, the studies of the properties of electronic energy spe
of 2D Fibonacci quasilattices with three kinds of atoms a
one kind of bond length, as far as we know, have not b
reported yet.

For 1D Fibonacci quasilattices, by using the weak-bo
approximation, Niu and Nori14 applied the renormalization
group technique to investigate the electronic energy spe
on the basis of which Liu and Sritrakool15 developed a DD
method to study the branching rules of energy spectra for
Fibonacci chain, which gives a clear and simple physi
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picture of the electronic energy spectra. The advantage o
DD method is that it allows one to carry the calculation up
a very big cluster to obtain the spectra structure of hig
hierarchies without the difficulty that usually plagues hig
order perturbation calculation. By means of this method,
this paper we mainly study the law of electronic energy sp
tra splitting for the 2D Fibonacci quasilattices with thre
kinds of atoms and one kind of bond length. In Sec. II, w
introduce the construction method of the quasilattices un
study. In Sec. III, by means of the DD method, the electro
energy spectra structure is studied. We find that it splits i
nine subbands, each of which can be studied by the tran
model. In Sec. IV, we study the influence of different atom
on the electronic energy spectra analytically. Section V i
brief summary.

FIG. 1. 2D Fibonacci quasilattices with three kinds of atoms a
one kind of bond length.
8054 © 1997 The American Physical Society
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II. CONSTRUCTION OF THE SPECIAL 2D FIBONACCI
QUASIPERIODIC SYSTEM

The normal 2D Fibonacci quasiperiodic system has a
work form constructed by 1D Fibonacci chains in vertic
and horizontal directions. The special 2D Fibonacci quasi
tices under study are different from the normal one. They
not formed by one kind of atom and two kinds of bon
lengths, but three kinds of atoms and one kind of bo
length, for which every chain is still constructed by tw
kinds of atoms and forms a 1D Fibonacci chain. This kind
2D Fibonacci quasilattice can be constructed in the follow
way. ~i! Create two Fibonacci chains in the same way alo
the X and Y axes, respectively.~ii ! By means of genera
multiplication, we obtain the following:~long!3~long!5A
atoms, ~short!3~short!5B atoms, and ~long!3~short!
5~short!3~long!5C atoms. So we can get the quasilattic

FIG. 2. Six kinds of clusters in the first renormalization proc
dure: ~a! isolatedA atom,~b! diatomicA molecules,~c! four-atom
A molecules,~d! isolated B atom, ~e! isolated C atom, and~f!
diatomicC molecules.
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with three kinds of atoms, as shown in Fig. 1. In order
simplify the problem and enlarge the computed system,
choose the quasilattices with fourfold central rotational a
mirror symmetry, by which the Fibonacci chains along theX
andY axes have the same order.13

III. SPLITTING RULE OF SPECTRA

A. Numerical simulations of spectra

In the framework of the single-particle tight-bindin
model, atomic orbitals are located at the center of the c
The Hamiltonian reads simply

H5(
i

u i &Ei K iU1( 8
i , j

U i L t i j ^ j u, ~1!

where u i & is the i th Wannier state.S i , j8 is the sum over the
nearest-neighbor atoms, andt is the transfer-matrix element
In the first approximation, we assume that the transfer-ma
elementt i j is the same (21) for all pairs of atoms that are
nearest neighbor with each other and zero otherwise.Ei is
the site energy, which can be different for different kinds
atoms. Here we assumeEA525.0 for A atoms,EB55.0 for
B atoms, andEC53.0 for C atoms, respectively. Figure
shows the numerical results of electronic energy spectra

-

FIG. 3. Electronic energy spectra of the 2D Fibonacci quasilattices vs atom number with 2916 atoms.EA525.0, EB55.0, EC53.0,
and t521.0. There are nine subbands in the system.
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B. Analytic results of spectra

If we assume first that there is no interaction among
atoms ~i.e., t i j 50!, then there are three kinds of isolate
atoms in the system and three highly degenerate ene
EB , EC , andEA exist. If we assume that there is an inte
action only between the nearest-neighbor atoms, then the
Fibonacci quasilattice should contain only six kinds of is
lated clusters, i.e., the isolatedA atoms, diatomicA mol-
ecules, four-atomA molecules, isolatedB atoms, isolatedC
atoms, and diatomicC molecules~see Fig. 2!. Among the
factors that influence the spectra splitting, the most sign
cant effect is the resonant coupling of the same kind of
oms. For different kinds of atoms the interaction is so we
that it can be regarded as a perturbation. In this case, t
are nine energy levels in the first-order approximation:E1
5EB for the isolatedB atoms;E25EC2t and E45EC1t
for the diatomicC molecules;E35EC for the isolatedC
atoms;E55EA22t, E95EA12t, and the double degene
ate energy levelE75EA for the four-atomA molecules;E6
5EA2t and E85EA1t for the diatomicA molecules; and
E75EA for the isolatedA atoms. We denote this kind o
structure as typeY. The result of numerical simulation
which confirms the above analysis, is shown in Fig. 3.

The next step is to consider the further branching of
main subbands. By the DD method, we regard an eigens
and its corresponding ‘‘molecule’’ as a ‘‘superatom’’ with
definite energy, i.e., now there are six kinds of these sup
toms, each of which forms a new 2D subquasilattice. T
idea will be applied repeatedly in studying the branch
rules of spectrum. Applying this idea to the present case,
could decompose the original 2D Fibonacci lattice into
Fibonacci sublattices with associated renormalized ‘‘site
ergy’’ and ‘‘transfer-matrix elements.’’

In fact, because of the symmetry of the energy spectr
the second and fourth subbands, the fifth and ninth subba
and the sixth and eighth subbands are identical. Theref
only six kinds of main subbands exist.

FIG. 4. 2D subquasilattice ofC atoms.
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1. A atoms’ energy spectra
(the fifth to ninth subbands: E5– E9)

Just like the isolatedB atom clusters, the subquasilattice
constructed byA atoms are also the normal 2D Fibonac
quasilattices with one kind of atom and two kinds of bo
lengths. Therefore, the fifth to ninth subbands will furth
split as typeF, in which the fifth and ninth sub-subband
further split as typeF, the sixth and eighth as typeF2 , and
the seventh as typeF0 .13

2. B atoms’ energy spectra (the first subband: E1)

In second-order approximation, the interactions betwe
atoms with the same energy is the dominant factor to af
the spectra splitting of the subband; the interactions betw
the different kinds of atoms or between atoms with differe
levels can be regarded as perturbations. The first subb
structure is determined by the isolatedB atom subquasilat-
tice, which is just the normal 2D Fibonacci quasilattice w
one kind of atom and two kinds of bond lengths, the ene
spectrum properties of which have been studied by Fu
Liu.13 It is found that the spectra split into five as typeF.

3. C atoms’ energy spectra
(the second to fourth subbands: E2– E4)

The subquasilattice ofC atoms, as shown in Fig. 4, i
different from the normal 2D Fibonacci one. Its spectra
not split as typeF, but as follows.

(a) Isolated C atoms’ energy spectra (the third subban
F3). This subband is formed by the degenerate energy le
E5EC of the isolatedC atoms. Only two kinds of clusters
shown in Fig. 5 exist in the subquasilattice:~a! isolatedC
atoms and~b! isolatedC clusters, with anA atom interven-
ing between every two such clusters. The subband spect
~a! clusters do not split, but remain to be the highly dege
erate levelE5EC . This kind of atom amounts to one-fifth o
the total. For the~b! cluster, because of the equivalence
the four C atoms, we haveE15E25E35E4 . Perturbed
weakly by the centralC atoms, the energy level decreases
Ei5EC1tA ~i 51,2,3,4; tA,0!. The atoms in this kind of
cluster amount to four-fifths of the total. The subband
isolatedC atoms splits in the way of one into two as typ
YC .

For the isolatedC atoms shown in Fig. 5~a!, its subquasi-
lattice is the same as the second subquasilattice of the

FIG. 5. Coupling interactions between isolatedC atoms.
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atomicC molecules. So its subbands split as typeYCC ~one
into seven!. The subquasilattice of the next-nearest-neighb
C clusters is the normal 2D Fibonacci quasilattice again. I
subbands split as typeF ~one into five!.

(b) Diatomic C molecules’ energy spectra~the second
and fourth subbands: E2 and E4). This subband is formed
by the degenerate levelE5EC6t of diatomicC molecules.
In performing the decomposition-decimation procedure f
the diatomic molecule degenerate states, we have to inve
gate seven types of coupling interactions, which are show
in Figs. 6~a!–6~g!. For the strong interaction between the
superatoms with the same state~i.e., diatomicC molecules,
diatomic A molecules, etc.! we choose matrix elementts5
21.0. We choosetw520.1 for the weak interaction be-
tween superatoms with different states. By means of t
decomposition-decimation procedure we have calculated
seven renormalized transfer-matrix elements correspond
to the seven types of coupling interactions studied. By th
order shown in the Fig. 6, they are, respectively,

Ta5tw
2 /2, Tb50, Tc5Ta/2ts , Td522Ta/2ts ,

Te50, Tf50, Tg50. ~2!

Therefore, the second and fourth subbands split as typeYCC
~one into seven!,

E15EC61, E2,35EC6t6Ta , E4,55EC6t6TC ,

E6,75EC6t6Td . ~3!

Figure 3 shows the energy spectra of isolatedC atoms and
diatomicC molecules.

For the supermolecules ofC shown in Figs. 6~a!, 6~c!,
and 6~d!, all of their subquasilattices form Fibonacci quas
lattices again. The first and seventh, second and sixth, a
third and fifth subbands of theYCC spectra split as typeF.
We do not know yet how the fourth subband splits becau
of its complicated structure. Summing up all of the resul
obtained, we finally obtain the whole spectrum structure f
the 2D Fibonacci quasilattices with three kinds of atoms a
one kind of bond length, which is schematically shown i
Fig. 7.

FIG. 6. Coupling interactions between diatomicC molecules.
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IV. INFLUENCE ON THE ENERGY SPECTRA

The number and the polarity of each kind of atom in t
quasillatice studied are quite different. The number ofB at-
oms is small and the polarity is very weak, so its interact
with other kinds of atoms can be treated as a perturbat
On the other hand, the number ofA and C atoms is quite
large and the polarity is very strong, especially for the
atomicC molecules, the interaction of which is dominant.

A. Change of the position of energy spectra

1. Downward shift of energy spectra of A atoms

The ‘‘bare energy’’ ofA atomsEA525.0, but numerical
calculation shows that the center of the corresponding s
band is located atEA525.25, i.e., the energy level shift
downward. Now we present the details of the calculati
The Hamiltonian of the isolatedA atoms shown in Fig. 2~a!
can be written as

H5S EC

0
21
0
0

0
EC

21
0
0

21
21
EA

21
21

0
0

21
EC

0

0
0

21
0

EC

D . ~4!

The secular equation is

lI 2H50, ~5!

where I is a unit matrix. When we chooseEA525.0 and
EC53.0, by formula~5! we get the energy eigenvalues

l525.472 136,3.0,3.0,3.0,3.472 136 1. ~6!

The Hamiltonian of theA four-atom molecule shown in Fig
2~c! is

FIG. 7. Electronic energy structure of the total electron
spectra.
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0
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0
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0

21
EA
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0
1

0
0
0
0
0
0
0
0

21
EC

1
0

0
0
0
0
0
0
0
0
0

21
EC

1

21
0

21
0
0
0
0
0

21
0
1

EA

2 , ~7!

whereEA525.0 andEC53.0. We obtain the eigenenergies

l527.216 990 8,25.246 157 5,25.246 157 3,

23.274 917 4,2.0,2.130 457 2,2.130 457 4,2.216 990 6,4.0,4.115 700 2,4.115 700 2,4.274 917 4. ~8!
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From formulas~6! and ~8!, we see that the center of th
energy spectra ofA atoms shifts downward fromEA5
25.0 because of the interaction withC atoms. Although the
number ofC atoms is a little more than that ofA atoms, the
proportion of diatomicC molecules with strong polarity in
the totalC atoms is much larger than that ofA atoms. This is
the reason why theA atoms’ energy spectra shift downwar

2. Upward shift of energy spectra of B atoms

The bare energy ofB atomsE55.0, but by calculation the
center of the corresponding subband isEB56.35. The shift
comes from the repelling interactions betweenC and A at-
oms, especially fromC atoms. The Hamiltonian of the iso
latedB atoms shown in Fig. 2~d! is

H5S EC

0
21
0
0

0
EC

21
0
0

21
21
EB

21
21

0
0

21
EC

0

0
0

21
0

EC

D , ~9!

whereEC53.0 andEB55.0. We obtain eigenenergies

l51.763 932 1,3.0,3.0,3.0,6.236 068 0. ~10!

The number ofC atoms is much larger than that ofB
atoms and two-thirds of theC atoms are in the form o
diatomicC molecules and only one-third of theC atoms are
isolated, but all ofB atoms are isolated. Repelled by th
large number ofC atoms with strong polarity, the spectra
B atoms shift upward obviously.

B. Change of the shape of energy spectra

The interactions between atoms change not only the p
tion of electronic energy subbands, but also the symmetr
the energy spectra structure.
i-
of

1. Energy spectra of B atoms (five subbands)

In the second hierarchy energy spectra ofB atoms split as
type F: B215F, B225F2 , B235F0 , B245F2 , and B25
5F. Repelled by the large number of strongly polarized
atomicC molecules, the shape of the third hierarchy ene
spectra ofB atoms is changed. The lower the energy spec
the narrower the gaps of the energy spectra and the sm
the number of atoms.

Some of the superatoms with lower energy in the third
higher hierarchies are excited to higher-energy levels. T
breaks the symmetry of the energy spectra in the th
fourth, and higher hierarchies. The top part of the ene
spectra ofB atoms splitting is wider than those of the botto
one.

2. Energy spectra of A atoms (five subbands)

This is just like the case ofB atoms. Because of the num
ber of A atoms being smaller than that ofC atoms and its
polarity much stronger, the symmetry of the energy spectr
structure is not broken seriously.

3. Energy spectra of C atoms

The number of diatomicC clusters is two times that of the
isolatedC atoms, so the energy spectra of isolatedC atoms
are condensed about the center and its energy spectra
slightly split. On the other hand, the self-interactions b
tween diatomicC molecules are stronger; they are very clo
to those between the isolatedC atoms. This phenomenon i
like the formation of hybridized orbit, so the energy spe
trum picture is quite different from the standard one.

V. SUMMARY

We have presented the construction method of the
Fibonacci quasilattices with three kinds of atoms and o
kind of bond length. Even though three different kinds
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atoms exist in the quasilattice, every chain is composed
only two kinds of atoms.

By means of the DD method based on t
renormalization-group technique, we analyzed the splitt
rules of every subband. The way of splitting of the ener
spectra is mainly determined by the resonant coup
among the states with the same energy. The quasilattic
composed of six kinds of clusters~i.e., ‘‘superatoms’’!. In
the first hierarchy, the electronic energy spectra split i
nine subbands. For the second hierarchy, all of the subb
split as typeF ~one into five!. Those of isolatedC atoms and
hy
of

g
y
g
is

o
ds

diatomic C molecules split as typeYC and YCC , respec-
tively. For the whole system, the interaction among the th
kinds of atoms changes the position of the electronic ene
spectra. The repelling effect ofC atoms is important becaus
atomC has the highest population among the three kinds
atoms and two-thirds of them form diatomicC molecules. It
causes the energy spectra ofB atoms to move upward sig
nificantly and the energy spectra of the isolatedC atoms are
condensed closely about the center with very small ga
while the energy spectra ofA atoms shift downward as a
whole.
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