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Polarization dependence of phonon and electronic Raman intensities in PrVO4 and NdVO4
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The polarization behavior of the phonon and electronic Raman intensities in PrVO4 and NdVO4 has been
measured. These experimental intensities are compared with the intensities predicted by a polarization-
dependent intensity theory. Good agreement was found between theory and experiment. The fitted values of the
ratio F1 /F2 for PrVO4 and NdVO4 were found to be 1.0 and 0.48, respectively. The relative values of theaq

t

parameters obtained from the fit were compared with theoretical values which were derived using both second-
and third-order theory, where the latter included the spin-orbit interaction. Axe’s second-order theory was
found to adequately explain the relative intensities of electronic Raman transitions in PrVO4 and NdVO4.
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I. INTRODUCTION

Raman scattering experiments between electronic st
of rare-earth~RE! ions in a crystal were reported by Houge
and Singh1 in 1963. The quantitative electronic Rama
theory incorporating Axe’s two-photon theory2 for RE ions
in crystalline hosts was subsequently developed by Kon
stein and Mortensen.3,4 Two-photon absorption~TPA! is a
process in which two photons are simultaneously absorb
When an incident photon is instantaneously absorbed by
atom and the second photon scattered, the process is c
electronic Raman scattering~ERS!. Both TPA and ERS have
been used complementarily to locate and determine the s
metries of crystal-field levels in various materials. Wh
TPA has been used to probe energy levels in the uv reg
ERS has provided information about the low-lying level5

With the aid of Axe’s theory, intensity calculations for tra
sitions between crystal-field levels of the 4f N ground con-
figuration of RE materials have been possible and becom
fruitful research area of quantitative two-photo
spectroscopy.6–8 Axe’s theory, however, was inadequate
explain TPA intensities of the Gd31 ion in Gd31:LaF3,
GdCl3, and Gd~OH!3 and of the Eu21 ion in Eu21:CaF2 and
Eu21:SrF2.

9–13 One reason why discrepancies exist betwe
theory and experiment in the materials reported above is
the leading matrix element of the two-photon second-or
tensor operating between the initial and final 4f N states is
exceedingly small for a 4f 7 system, such as Gd31 and Eu21.
This lack of agreement with theory prompted several wo
ers to extend the second-order theory of Axe to inclu
higher-order terms in the perturbation expansion. For
ample, Judd and Pooler11 developed a third-order perturba
tion theory, which includes the spin-orbit interaction, to a
count for the8S7/2→6PJ transition intensities of Gd31 ions.
Downer and Bivas10 later expanded Axe’s theory to th
fourth order to include both the spin-orbit and crystal-fie
interactions to explain the observed8S7/2→6PJ ,6DJ transi-
tion intensities of Gd31 ions in Gd31:LaF3. More recently,
560163-1829/97/56~13!/7974~14!/$10.00
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Smentek-Mielczarek14 included correlation contributions in
the third-order scheme.

Another test of Axe’s theory involves comparison b
tween the observed and calculated intensities of the e
tronic Raman transitions in RE doped crystals. Followi
Koningstein and Mortensen’s observation15,16that ERS spec-
tra display asymmetric features~e.g., I XZÞI ZY , where the
subscripts indicate the respective polarizations of the s
tered and incident photons measured in the crystal a
system17!, Beckeret al.6 showed that the ratioI XZ /I ZY may
provide a sensitive test for the second-order theory. This
tensity ratio is directly related to the ratioF1 /F2 ~defined
below!, which in turn depends on the properties of the p
ticular RE ion being considered. Nevertheless, Becker’s
tensive study of ERS in RE phosphate crystals yielded p
agreement between the observed and predicted asymm
ratios.6,7 This inadequacy of the second-order theory mo
vated further theoretical investigations in the third-order
gime by Smentek-Mielczarek.18 Even with the extension to
the third-order theory, only moderate agreement with o
served data was found.

Recently the two-photon theory has been expanded
expressions derived for the polarization-dependent inten
~PDI! behavior of the TPA transitions.19,20 The results can
also be applied to phonon scattering and to ERS. A tab
tion of the two-photon PDI functions for the 32 crystallo
graphic point groups has been given. PDI functions for tw
photon transition intensities had previously been reported
Bader and Gold.21 However, Bader and Gold’s PDI expres
sions contain a number of parameters which cannot be
dicted by their theory. For a particular symmetry, the n
theory gives PDI functions that can be tested. If Axe’s theo
is utilized, the two parametersF1 andF2 can be calculated
and compared with the values obtained from the empir
PDI behavior.

A more general method to obtain a fitted value for t
ratio F1 /F2 is possible. Previously this ratio was extract
from only two data points, namelyI XZ ~or I YZ for D2d sym-
7974 © 1997 The American Physical Society



l-
o
ar
ys

ni

d
fs

te

ni
o

O
ca

nt

-

ro
se

nl
tio

h
ic
0°
a
wa
st

d
RS
e

V4

o
at

-
n
4
3

te
e
ta

to
te
t
o

e-
ding

the

lar-
d
ve

non
on-
at-

the
lar-
ond-

be

ter
t-

ions
1%
on

en
ty

de
can

ely.
d
t.

out
red
the
za-

les

in

56 7975POLARIZATION DEPENDENCE OF PHONON AND . . .
metry! and I ZX ~or I ZY!.6–8 The new method, however, a
lows the extraction of the ratio from an unlimited number
data points associated with the intensities measured at
trary polarization angles with respect to the crystal axis s
tem.

In this paper the PDI behavior of phonon and electro
Raman transitions in the ground multiplets of Pr31 ions in
PrVO4 and of Nd31 ions in NdVO4 is reported and compare
with that predicted using the formalism developed in Re
19 and 20. The fitted values for the ratio ofF1 /F2 for Pr31

and Nd31 are given and compared with the values predic
using Axe’s theory, which takes into account the 4f N215d
orbital configuration. The relative intensities of the electro
Raman transitions originating in the ground multiplets
Pr31 and Nd31 ions are also compared with theory.

II. EXPERIMENT

The samples used were single crystals grown at the
Ridge National Laboratory. The single crystals have typi
dimensions of 1 mm31 mm36 mm. The crystalsLVO4 (L
5La-Lu) haveD4h space group symmetry, with the trivale
L ion at aD2d symmetry site. In thex,y,z molecular axis
system, thez axis of this site is parallel to the crystallo
graphicc axis, which is theZ axis in theX,Y,Z crystal axis
system. Thex andy axes, which are the twofoldC2 axes, are
rotated about thez axis by 45° relative to theX andY crys-
tallographic axes.22,23

The excitation beam for the ERS experiment was p
duced by a Coherent Innova model 306 cw argon-ion la
All the polarization measurements reported for PrVO4 were
obtained using the 514 nm laser line, which was the o
nonresonant excitation wavelength. The 488 nm excita
line was used for intensity measurements in NdVO4. The
vertically polarized output of the laser was passed throug
Spectra Physics model 310-21 polarization rotator, wh
could vary the polarization of the beam arbitrarily over 36
An achromatic doublet lens with a focal length of 15 cm w
used to focus the beam onto the crystal. The power
adjusted so that a 50 mW beam was incident on the cry
usually with a beam diameter on the order of 200mm. The
sample was mounted inside an Oxford Instruments mo
CF1204 cryostat. The crystal was cooled to 4.2 K in all E
scans to avoid temperature broadening. The sample temp
ture was monitored by an Oxford Instruments model ITC
temperature controller. The scattered light was collected
an angle 90°. The collection optics used included a Nik
camera lens with a focal length of 5 cm and an achrom
doublet with a focal length of 33 cm. A polarization scram
bler and a Dove prism were placed after a polarization a
lyzer. The scattering signal was dispersed by a Spex 1
double monochromator and detected by a Hamamatsu R
photomultiplier tube. Slit widths were set at 250mm in all
scans, which allow a spectral bandpass of approxima
2.5 cm21. The signal was then amplified by a Stanford R
search model SR450 Preamplifier and measured by a S
ford Research model SR400 photon counter interfaced
PC computer. Phonon spectra were taken at both room
perature and low temperature to ensure proper alignmen
the crystal. Polarization leakage was negligible for all ph
non symmetries.
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The PDI spectra were obtained by the following proc
dure. A total of 45 scans were recorded, each correspon
to a polarization state (u1 ,w1 ,u2 ,w2), where u represents
the polar angle of the polarization vector measured from
z axis in the molecular coordinate system,w the azimuth
angle measured from thex axis in thexy plane, 1 the inci-
dent photon, and 2 the scattered photon. The incident po
ization angleu1 was initially set to 0°, while the scattere
polarization angleu2 was incremented for each successi
scan by 22.5°, from 0 to 180°. Thenu1 was incremented to
22.5°, and the process repeated untilu1 reached 90°. For
calibration purposes, a pair of electronic Raman and pho
scattering spectra with similar PDI curves were taken c
currently for each polarization state of the incident and sc
tered light. To calibrate the ERS intensities, the ratio of
predicted to the measured phonon intensity for each po
ization state was used to scale the ERS intensity corresp
ing to that state. The detailed calibration procedure can
found in Ref. 19.

The observed linewidths were fitted using the compu
programGRAMS. The electronic Raman transitions were fi
ted to Gaussian functions. For the phonon modes, funct
which were approximately 99.9% Gaussian and 0.
Lorentzian produced the best fits. The linewidths of phon
modes varied between 2 cm21 (Eg

1) and 20 cm21 (A1g
1 ). The

linewidths of the electronic Raman transitions were betwe
3 and 6 cm21. The maximum uncertainties for the intensi
measurements are about 5% for PrVO4 and 20% for NdVO4.

III. THEORETICAL ANALYSIS

A. Phonon Raman scattering

The PDI functions corresponding to a phonon mo
whose symmetry belongs to any of the 32 point groups
be found in Table I of Ref. 20. We denote bye1 ande2 the
incident and scattered unit polarization vectors, respectiv
Thus the notationa21 ~see below! refers to the scattered an
incident radiation, respectively, reading from left to righ
Taking into account the 45° rotation of the RE center ab
the Z axis and the scattering geometry, in which scatte
light is detected at 90° with respect to the incident beam,
polarization-dependent intensities are functions of polari
tion angles

u1 , u2 , w15245°, and w2545°, ~1!

whereu i andw i are the respective polar and azimuth ang
of the unit polarization vectorei with respect to thez axis in
the molecular coordinate system.

Noting that in nonresonant scattering, theaq
1 terms vanish

for all phonon modes, the expression for the intensities
D4h symmetry become

A1g mode:

ua21~A1g!u25cos2u1cos2u2S 2a0
01&a0

2

)
D 2

, ~2!
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7976 56AN-DIEN NGUYEN et al.
B1g mode: ua21~B1g!u25sin2u1sin2u2S a2
21a22

2

2 D 2

,

B2g mode: ua21~B2g!u250,

Eg mode: ua21~E1g!u25S a1
2

2 D 2

@sin2~u12u2!

1sin2~u21u1!#.

The polarization dependence of the phonon intensity c
responding to anEg phonon mode at fixed values ofu1 has
the following simplified forms:

ua21~u2,0!u25@~a1
2!2/2#sin2u2 , ~3!

ua21~u2 ,622.5°!u25@~a1
2!2/2#~0.85 sin2u210.15 cos2u2!,
r-

ua21~u2 ,645°!u25@~a1
2!2/2#,

ua21~u2 ,667.5°!u25@~a1
2!2/2#~0.85 cos2u210.15 sin2u2!,

ua21~u2 ,690°!u25@~a1
2!2/2#cos2u2 .

A particularly interesting case for theEg mode occurs
whenu1545° as the scattering intensity is a constant, ind
pendent ofu2 , and vice versa. This can be conveniently us
as a guide to check the alignment of the crystal sample
both room and low temperatures.

B. Electronic Raman scattering

The general formula for the polarization dependence
the Raman scattering tensora21 ~wherea21 is now defined
for ERS and is different from thea21 described in Sec. III A
for phonon scattering! is given by20
a215S 2
1

)
D @n2n11m2m11 l 2l 1#a0

~0!1S 2
1

A6
D @22n2n11m2m11 l 2l 1#a0

~2!1
1

2
@~n2m11m2n1!i 2~n2l 11 l 2n1!#a1

~2!

1
1

2
@~n2m11m2n1!i 1~n2l 11 l 2n1!#a21

~2!1
1

2
@~ l 2l 12m2m1!2~ l 2m11m2l 1!i #a2

~2!1
1

2
@~ l 2l 12m2m1!

1~ l 2m11m2l 1!i #a22
~2!1

i

2
@m2l 12 l 2m1#a0

~1!1
1

2
@~m2n12n2m1!i 1~n2l 12 l 2n1!#a1

~1!

1
1

2
@~2m2n11n2m1!i 1~n2l 12 l 2n1!#a21

~1! . ~4!

In Eq. ~4!, theaq
(t) terms~t50,1,2 andq522,21, . . . ,2! are the irreducible second-rank tensors, and

~ l i ,mi ,ni !5~sinu icosw i ,sinu isinw i ,cosu i !. ~5!

The initial and final crystal-field levels can be written in terms of Russell-Saunders coupled wave functions:

u i &5 (
aSLJJz

a~ i ;n fNmSLJJz!un fNmSLJJz&, u f &5 (
a8S8L8J8Jz8

a8~ f ;n fNm8S8L8J8Jz8!un fNm8S8L8J8Jz8&, ~6!

The second-order expression for the ERS amplitude corresponding to the transition between statesu i & andu f & is given by3,4

^ i uaq
~ t !u f &5Ft

ERS (
aSLJJz

(
a8S8L8J8Jz8

a~ i ;n fNmSLJJz!a8~ f ;n fNm8S8L8J8Jz8!^n fNmSLJJzuUq
~ t !un fNm8S8L8J8Jz8&, ~7!

where

^n fNmSLJJzuUq
~ t !un fNm8S8L8J8Jz8&5~21!2J81S1L81t2Jz@~2J811!~2J11!#1/2S J

2Jz

t
q

J8
Jz8

D HL
J8

J
L8

S
t J

3^SLuuU~ t !uuSL8&d~S,S8!, ~8!
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TABLE I. Crystal-field energy levels and wave functions for the ground multiplet of Pr31 in PrVO4.

Energy
(cm21)a

Energy
(cm21)b Symmetry Wave function(J,Jz

a(J,Jz)
2S11LJ(Jz)

a

0 0 G3 0.713H4(2)10.713H4(22)
35 G1 0.533H4(4)10.533H4(24)10.673H4(0)
85 84 G5 0.923H4(61)10.373H4(73)

171 G2 0.713H4(4)20.713H4(24)
195 G4 0.713H4(2)20.713H4(22)
343 G1 0.473H4(4)10.473H4(24)20.753H4(0)
409 342 G5 20.923H4(73)10.373H4(61)

aFrom Ref. 24.
bObserved energy levels for PrVO4 from the ERS spectra.
x-
n-

i

en
and

Ft
ERS5~21! t (

n fN21n8 l 8
7~2l 811!S 3

0
1
0

l 8
0 D 2

3^n f ur un8l 8&2~2t11!1/2H1
3

3
1

l 8
t J

3F 1

El 82\v i
1

~21! t

El 81\vs
G . ~9!

In Eq. ~9! n8l 8 is the orbital quantum number of the e
cited state level,El 8 is the difference in energy between co
figurationsn8l 8 andnl, and\v i and\vs are the respective
energies of the incident and scattered photons. Since the
tial state is from anf N configuration, only opposite parityd
or g configurations can contribute to the ERS scattering t
sor. It is instructive to examine the explicit expressions ofF1
and F2 . Making the approximationsv i'vs5v and v i
!El 8 we have

F1
ERS527~3!1/2 (

4 f N21n8 l 8
~2l 811!^4 f ur un8l 8&2

3S 3
0

1
0

l 8
0 D 2H1

3
3
1

l 8
1 J 2\v

El 8
2 ,

and
ni-

-

F2
ERS57~5!1/2 (

4 f N21n8 l 8
~2l 811!^4 f ur un8l 8&2

3S 3
0

1
0

l 8
0 D 2H1

3
3
1

l 8
2 J 2

El 8
. ~10!

We now compare separately the contributions of thed
andg orbital configurations.

For thed orbitals:

F1d
ERS5

A6

A7
(

4 f N215d
^4 f ur u5d&2

2\v

Ed
2 ,

and

F2d
ERS5

3&

A35
(

4 f N215d
^4 f ur u5d&2

2

Ed
. ~11!

For theg orbitals:

F1g
ERS52

2)

A14
(

4 f N215g
^4 f ur u5g&2

2\v

Eg
2 ,

and

F2g
ERS5

2A5

3A14
(

4 f N215g
^4 f ur u5g&2

2

Eg
. ~12!
TABLE II. Crystal-field energy levels and wave functions for the ground multiplet of Nd31 in NdVO4.

Energy
(cm21)a

Energy
(cm21)b Symmetry Wave function(J,Jz

a(J,Jz)
2S11LJ(Jz)

c

0 0 G7 0.774I 9/2(1/2)20.614I 9/2(27/2)
108 101 G7 20.774I 9/2(27/2)20.604I 9/2(1/2)
175 169 G6 0.834I 9/2(3/2)20.534I 9/2(25/2)
219 178 G7 20.984I 9/2(9/2)10.172H29/2(9/2)
437 G6 20.834I 9/2(25/2)20.524I 9/2(3/2)

aFrom Ref. 25.
bObserved energy levels for NdVO4 from the ERS spectra.
cFrom Ref. 25. Only half of the Kramers’ doublet is listed.
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Assuming the degeneracy of theg andd orbital configu-
ration energy levels, the ratioF1 /F2 is given by the relation

t5
F1

F2
5

F1d1F1g

F2d1F2g
5
)

A5
\v

~1/Ed
22R/Eg

2!

~3/5Ed1R/3Eg!
, ~13!

where

R5
u^4 f ur u5g&u2

u^4 f ur u5d&u2 . ~14!

The expression for the ERS amplitude can be expande
the third order to include the spin-orbit interaction. The irr
ducible scattering tensor corresponding to the third-or
spin-orbit interaction has the form11

~aq
~ t !!3rd5H~ t !~a†a!q

~0t !t~a†a!~11!01(
l

G~ t,l!~a†a!q
~1l!t ,

~15!

wherea†, a represent creation and annihilation tensors, a
t50, 1, or 2.H(t) and G(t,l) have the following expres
sions forl 53 andl 852:

H~0!5
6z f

Ed f
2 ~ f ur ud!2, H~1!5

2A6z f

Ed f
2 ~ f ur ud!2, ~16!

H~2!5
6A6z f

5Ed f
2 ~ f ur ud!2,

G~0,1!5
~6z f24zd!

A14Ed f
2 ~ f ur ud!2,

G~1,1!5
2z f

A14Ed f
2 ~ f ur ud!2,

TABLE III. Matrix elements of the irreducible ERS tensors ca
culated in the second order for the3H4 ground multiplet of Pr31 in
PrVO4.

Transitions aq
t 5^ i uaq

(t)u f &

0-35 a2
25a22

2 50.118F2

0-84 a1
250.031F2 , a1

1520.346F1

0-171 a2
25a22

2 50.050F2

0-195 a0
150.261F1

0-343 a2
25a22

2 520.062F2

0-409 a1
250.145F2 , a1

150.122F1
in
-
r

d

G~1,2!5
~5z f24zd!)

A70Ed f
2 ~ f ur ud!2,

G~2,1!5
~218z f18zd!

A1400Ed f
2 ~ f ur ud!2,

G~2,2!5
23A42z f

70Ed f
2 ~ f ur ud!2,

G~2,3!5
3A42~z f2zd!

35Ed f
2 ~ f ur ud!2.

The first term on the right-hand side of Eq.~15! is a scalar
product of coupled tensors. Since this term can connect n
identical initial and final states, the matrix elementa0

(0) no
longer vanishes. Fort50, a0

(0) can be decomposed into tw
terms:

a0
~0!5S001S01, ~17!

where

S005H~0!~a†a!0
~00!0~a†a!~11!0

and ~18!

S015G~0,1!~a†a!0
~11!0.

Since the eigenvalue of (a†a)0
(00)0 is 2N(14)21/2 when

coupling states~l NSLJJzu andu l NS8L8J8Jz8!, the first term of
a0

(0) becomesN(14)21/2H(0)W0
(11)0, where Wq

(1l)t repre-
sents the standard sum of single-particle double-tensor
erators.

The total third-order spin-orbit contribution for the ca
t50 is given by

TABLE IV. Matrix elements of the irreducible ERS tensors ca
culated in the second order for the4I 9/2 ground multiplet of Nd31 in
NdVO4.

Transitions (cm21) aq
t 5^ i uaq

(t)u f &

0-108 a0
250.0395F2 , a0

1520.259F1

a1
250.000F2

a1
150.229F1

0-175 a1
2520.004F2 , a1

150.432F1

a2
2520.053F2 , a22

2 50.045F2

0-219 a1
250.041F2 , a1

150.175F1

0-437 a1
2520.046F2 , a1

1520.003F1

a2
2520.015F2 , a22

2 520.029F2
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~ l NSLJMu~a0
0!3rdu l NS8L8J8M 8!5~ l NSLJMuS001S01u l NS8L8J8M 8!

5F N

A14
H~0!2G~0,1!G ~21!J2MS J

2M
0
0

J8
M 8 D ~ l NSLJiW~11!0i l NS8L8J8!. ~19!

For t51 andl50,1,2,aq
(1) contains three terms:

aq
~1!5S101S111S12, ~20!

where

S105H~1!~a†a!q
~01!1~a†a!~11!05H~1!W~11!0A3

2 Uq
~1! ,

S115G~1,1!~a†a!q
~11!1, and S125G~1,2!~a†a!q

~12!1. ~21!

The total third-order spin-orbit contribution for the caset51 is given by

~ l NaSLJMuS101S111S12u l Na8S8L8J8M 8!5~21!J2MS J
2M

1
q

J8
M 8 D †

A3
2 H~1!@J8#21/2~ l NaSLJiU~1!i l NaSLJ!

3~ l NaSLJiW~11!0i l Na8S8L8J8!2G~1,1!~ l NaSLJiW~11!1i l Na8S8L8J8!

2G~1,2!~ l NaSLJiW~12!1i l Na8S8L8J8!‡ ~22!

For t52 andl50,1,2,3,aq
(1) contains four terms:

aq
~2!5S201S211S221S23 ~23!

where

S205H~2!~a†a!q
~02!2~a†a!~11!05H~2!W~11!0A5

2 Uq
~2! ,

S215G~2,1!~a†a!q
~11!2, S225G~2,2!~a†a!q

~12!2, and S235G~2,3!~a†a!q
~13!2. ~24!

The total third-order spin-orbit contribution for the caset52 is given by

~ l NaSLJMuS201S211S221S23u l Na8S8L8J8M 8!

5~21!J2MS J
2M

2
q

J8
M 8 D FA5

2 H~2!@J8#21/2(
a9L9

~ l NaSLJiU~2!i l Na9SL9J8!~ l Na9SL9J8iW~11!0i l Na8S8L8J8!

2G~2,1!~ l NaSLJiW~11!2i l Na8S8L8J8!2G~2,2!~ l NaSLJiW~12!2i l Na8S8L8J8!

2G~2,3!~ l NaSLJiW~13!2i l Na8S8L8J8!G . ~25!

TABLE V. Energies (cm21) and symmetry irreducible representations of the Raman-active phonons in PrVO4 at 297 and 4.2 K. ~-!
indicates not observed.

Temp. Eg
1 B1g

1 Eg
2 Eg

3 B1g
2 B2g

1 A1g
1 Eg

4 B1g
3 B1g

4 Eg
5 A1g

2

297 K 113 122 150 233 261 381 - 470 792 805 869
4.2 K 116 115 152 231 260 377 - 469 797 807 872
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Since the ERS amplitude corresponding to the third-or
spin-orbit contribution can be expressed in terms of
second-rank irreducible tensors@Eq. ~15!#, its polarization-
dependent form is the same as that of the second order.
can therefore just add̂i uaq

(t)u f & calculated in the third order
to the second-order values and square the value of^ i ua21u f &
@Eq. ~4!# to obtain the ERS intensity calculated up to th
third order involving spin-orbit coupling.

The wave functions for Pr31 ions in PrVO4 are shown in
Table I. These wave functions were obtained from a crys
field calculation using the crystal-field parameters given
Andronenkoet al.24 The wave functions for Nd31 ions in
NdVO4 listed in Table II were given by Tanner an
Edelstein.25 These wave functions were obtained from
crystal-field fit using the observed energy levels of Nd31 ions
diluted in YVO4:Nd31. The calculated nonzero values fo
the matrix elements ofaq

(t) for Pr31 ions in PrVO4 and Nd31

ions in NdVO4 are shown in Tables III and IV, respectively
A particular electronic Raman transition of interest

PrVO4 is the first G3-G5 transition at 85 cm21. The
polarization-dependent ERS intensity corresponding to
transition is proportional to

ua21~G3→G5!u2

5 1
4 $@a1

2sin~u21u1!1a1
1sin~u22u1!#2

1@a1
1sin~u21u1!1a1

2sin~u22u1!#2%

1 1
4 $@a21

2 sin~u21u1! 2a21
1 sin~u22u1!#2

1@2a21
1 sin~u21u1!1a21

2 sin~u22u1!#2%,

~26!

FIG. 1. Low-temperature, unpolarized ERS spectrum of PrV4

with 514 nm excitation.
r
e

e

l-
y

is

where the left-hand side of Eq.~26! denotes the squared ER
amplitude for the transition, and theaq

t terms denote the
matrix elements of theaq

(t) tensors,̂ G3uaq
(t)uG5&.

Noting the fact that the squared amplitude must be
same for electronic Raman transitions coming from a sing
to each state of the doubly degenerate level,20 Eq. ~26! be-
comes

ua21~G3→G5!u25 1
2 $@a1

2sin~u21u1!1a1
1sin~u22u1!#2

1@a1
1sin~u21u1!1a1

2sin~u22u1!#2%.

~27!

If we define

a5
a1

2

a1
1 52

a21
2

a21
1 520.09

F2

F1
5

20.09

t
, ~28!

the squared amplitude of the scattering tensor for the tra
tion becomes

ua21~G3→G5!u25
~a1

1!2

2
$@sin2~u21u1!1sin2~u22u1!#

3~a211!14a sin~u21u1!

3sin~u22u1!%. ~29!

We now keepu1 fixed at values incremented by 22.5° an
determine the scattered intensity with respect tou2 . For each
value ofu1 ,

ua21~0,u2!u25@~a1
1!2#~a11!2sin2u2 ,

ua21~622.5°,u2!u25@~a1
1!2#@0.85~a11!2sin2u2

10.15~a21!2cos2u2#,

ua21~645°,u2!u25
@~a1

1!2#

2
~a21122a cos2u2!,

ua21~667.5°,u2!u25@~a1
1!2#@0.85~a21!2cos2u2

10.15~a11!2sin2u2#,

ua21~690°,u2!u25@~a1
1!2#~a21!2cos2u2 . ~30!

The polarization-dependent ERS intensity for theG7-G7
transition at 101 cm21 in NdVO4 is proportional to

ua21~G7→G7!u25~a0
1!2sin2u1sin2u21 2

3 @2~a0
2!21~a0

0!2#

3cos2u1cos2u21 1
4 ~a1

1!2@sin2~u21u1!

1sin2~u22u1!#. ~31!

IV. PrVO 4 EXPERIMENTAL RESULTS AND DISCUSSION

Table V lists all the phonon modes observed for t
PrVO4 crystal at room temperature and at 4.2 K. These p
non modes were assigned based on their PDI behavior
scribed in Eqs.~2!. Figure 1 shows the unpolarized spectru
for the phonon and electronic Raman transitions in PrV4
between 30 and 450 cm21, which were recorded at 4.2 K



56 7981POLARIZATION DEPENDENCE OF PHONON AND . . .
FIG. 2. Low-temperature polarization dependence of the intensity of theEg
5 phonon of PrVO4 with 514 nm excitation. Solid lines

represent the fitted curves using Eqs.~3!; crosses represent the experimental data.
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The
nic
using the 514 nm excitation line. The capital Roman symb
represent the phonon modes, and the capital Greek le
represent the electronic Raman transitions. Only two e
tronic levels at 84 and 344 cm21 were observed, both o
which were assigned to the symmetry representationG5 , as
their intensities were strongest inXZ andZY scans. ‘‘XZ’’
and ‘‘ZY’’ correspond to the polarization states~u150, u2
590! and~u1590, u250!, respectively. The assignment fo
the first doublet transition is in good agreement with repor
fluorescence data,26 in which the first doublet level was as
signed at 84 cm21. Our assignment for the second electron
Raman transition, however, disagrees with the predicted
signment given by Andronenkoet al.24 Based on their as
signments, a single transition should have appeared at
proximately 343 cm21, and a second doublet transitio
should have been observed at 409 cm21. Our theoretical as-
signments using a crystal-field calculation with the cryst
ls
rs

c-

d

s-

p-

-

field parameters given by Ref. 24 showed that the first a
second doublet transitions would be located at 70 cm21 and
373 cm21, respectively. The difference in energy levels b
tween theory and observation should not be overemphasi
as we note that the crystal-field parameters used to calcu
the energy levels come from a crystal-field fit which includ
only two empirical energy levels. No other electronic lin
were found in either polarized or unpolarized scans using
488, 496, and 501 nm excitation lines.

For calibration purposes, PDI spectra have been recor
for the phonon mode at 807 cm21. It was selected because
exhibits similar polarization behavior to the electronic R
man transition at 84 cm21 and it also has a comparativel
large oscillator strength. PDI ERS spectra were obtained
the first doublet transition at 84 cm21, whose intensity is
strong enough for reliable polarization measurements.
phonon lines in Fig. 1 are located away from the electro
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FIG. 3. Low-temperature polarization dependence of the intensity of the electronic Raman transition at 84 cm21 of Pr31 in PrVO4 with
514 nm excitation. Solid lines represent the fitted curves using Eqs.~30!; crosses represent the calibrated data.
o

th
w

by
he
-

m
di
d

the
rved
ctra
ted
sor

ap-
he

t
ing
line at 84 cm21 and do not seem to show an electron-phon
coupling effect.

The ERS intensities were calibrated and fitted using
calibration procedure described in Ref. 19. Figure 2 sho
the polarization-dependent intensities of theEg

5 phonon
mode at 807 cm21 and its predicted intensities described
Eqs.~3!. Figure 3 displays the calibrated PDI curves for t
electronic Raman transition at 84 cm21 and the correspond
ing fitted curves given in Eqs.~30!. The fitted value ofa
5a1

2/a1
1 appearing in the PDI functions was obtained fro

the least-squares fit of the ERS data to the correspon
functions given in Eqs.~30!. The observed and predicte
n

e
s

ng

data in Figs. 2 and 3 were scaled in such a way that
maximum values of the predicted data are 100. The obse
data for the polarization-dependent ERS and phonon spe
agree well with prediction. Good agreement was expec
since the polarization-dependent form of the scattering ten
described in expression~27! has been obtained purely from
group theoretical considerations. The Judd-Ofelt-Axe
proximation was not introduced until the evaluation of t
ratio a1

2/a1
1 in terms of t5F1 /F2 , which appears later in

Eq. ~29!.
Two fitted values ofa1

2/a1
1 for the doublet transition a

84 cm21 were extracted from the least-squares analysis us



.

56 7983POLARIZATION DEPENDENCE OF PHONON AND . . .
TABLE VI. Comparison between calculated and observed relative line strengths of electronic Raman transitions in the3H4 ground
multiplet of Pr31 in PrVO4 for the caset51.03. Estimated maximum uncertainties for the intensity measurements are less than 5%~-!
indicates not observed.

Transitions (cm21) ZZ polarized XY polarized XZ polarized ZY polarized
Cal.a Exp. Cal. Obs. Cal. Obs. Cal. Obs. Cal. Obs.

35 - 0 - 0.18 - 0 - 0 -
85 84 0 - 0 - 0.70 0.71 1.0 1.0

171 - 0 - 0 - 0 - 0 -
195 - 0 - 0.23 - 0 - 0 -
343 - 0 - 0.05 - 0 - 0 -
409 344 0 - 0 - 0.47 0.25 0.002 -

aFrom Ref. 24, see Table I.
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a total of 45 data points. These fitted values are the quad
solutions of Eq.~29! and were found to be20.0865 and
211.57. The corresponding values oft are 1.04 and 0.0078
respectively. Including only thed configuration and assum
ing thatEd~Pr31!550 000 cm21 and\v520 000 cm21, the
calculated values fora5a1

2/a1
1 andt are20.175 and 0.52,

respectively. The fact that one of the fitted values oft ~and
a! only differs by a factor of 2 with the prediction from th
second-order perturbation theory of Axe demonstrates
dominance of thed configuration in accounting for the two
photon intensities in PrVO4.

Table VI compares the observed and predicted rela
line strengths for the caset51.03. It is clear that a valuet
>1 accounts for the relative line strengths observed and
plains the absence of most of the other electronic Ram
transitions originating in the electronic ground state.

From the analysis above we conclude that the value oft is
most likely near unity. The other value oft coming from the
fit does not account for the observed intensities and is t
considered nonphysical. This result is not in agreement w
the earlier results of Beckeret al.,6,7 for TmPO4, who re-
ported thatt5F1 /F2;0. From the deduced small value fo
t, Beckeret al. suggested that the excitedg configuration
may make an important contribution to two-photo
intensities.27 As can be seen from Eq.~13!, if only the
d-orbital configuration is taken into account, and using
values ofR andEd given by the Hartree-Fock calculation fo
the free ion, the ratioF1 /F2 is approximately 0.25 for the
Tm31 ion, which is an order of magnitude larger than th
empirical values. Beckeret al. asserted that a value of mag
nitude 20.03 for this ratio can only be obtained when t
second term in the numerator of Eq.~13! is comparable to
the first term, which suggests that theg-orbital configuration
might play an important role in two-photon processes. In
analysis for PrVO4 the contribution from thed-orbital con-
figuration alone is sufficient to account for most transiti
intensities in the ground multiplet and for the PDI behav
tic

e
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x-
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r

r

r

of the electronic Raman transition at 84 cm21 in PrVO4.
It remains to consider other possible contributions to

ERS intensities. These contributions include third- a
fourth-order interactions such as spin-orbit, crystal-fie
ligand polarization, and electron-correlation interactions. U
ing the spin-orbit parameter for the Pr31 ion in YPO4,

28 we
have computed the third-order spin-orbit contribution for t
electronic Raman transitions in the ground multiplet. The
contributions turn out to be at most an order of magnitu
smaller than the second-order contributions and there
would not significantly affect the results obtained above. F
the Pr31 ion both the small third-order term
^3H4iU (2)W(11)0i3H4& compared with the second-order ter
^3H4iU (2)i3H4& and the relatively small spin-orbit consta
are the reasons for the small magnitude of the third-or
term relative to the second-order contribution. Table V
compares the third-order spin-orbit contribution to t
second-order contribution for the doublets at 84 a
344 cm21.

Although we were not able to compute the third- a
fourth-order contributions of other interactions, we do n
expect significant changes in our analysis given thus
First, the PDI behavior will look exactly the same whe
higher-order terms are added into the second-order te
This is because the PDI function for the transition at 84 cm21

depends on only one variable, namelya5a1
2/a1

1, which is
related to t5F1 /F2 . Adding higher-order terms only
changes the computed values ofa andt, but the general PDI
expression for this transition will be the same. Secondly,
noted above, unless the second-order term is neglig
small, which is not the case for the Pr31 ion, in general the
contributions to the ERS intensities would decrease rap
beyond the second order, therefore the values ofa and t
should not be very different from the second-order valu
when higher-order terms have been added. This is not
case for the Gd31 ion, whose leading contribution to two
O
TABLE VII. Relative magnitude of third-order spin-orbit to second-order contributions for electronic Raman transitions in PrV4.

Transitions
(cm21) (a1

2)3rd/(a1
2)2nd (a1

1)3rd/(a1
1)2nd (a1

2/a1
1)2nd (a1

2/a1
1)tot (a1

2/a1
1)fitted t2nd tfitted

84 20.036 20.072 20.175 20.181 20.089 0.52 1.04
344 20.036 20.072 2.32 2.40 1.00 0.52 1.20
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TABLE VIII. Energies (cm21) and symmetry irreducible representations of the Raman-active phonons in NdVO4 at 297 and 4.2 K. ~-!
indicates not observed.

Temp. Eg
1 B1g

1 Eg
2 Eg

3 B1g
2 B2g

1 A1g
1 Eg

4 B1g
3 B1g

4 Eg
5 A1g

2

297 K 113 123 148 237 260 375 381 - 472 795 808 871
4.2 K 111 121 151 242 259 378 380 - 473 797 810 873
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photon intensities is zero in the second order. In this cas
adding the third- or higher-order contributions drasticall
changes the result as demonstrated by Downeret al.9,10

V. NdVO4 EXPERIMENTAL RESULTS AND DISCUSSION

The observed phonon modes in NdVO4 are listed in Table
VIII. All the phonon modes except theB2g

1 mode were
clearly identified from their polarization behavior. According
to Eqs.~2!, a phonon mode ofB2g character cannot be ob-
served for the scattering geometry used in these experime
At room temperature, however, a weak line was observed
375 cm21 in the XY scan, while no feature appears betwee
375 and 385 cm21 in the XZ and ZY scans. At 4.2 K the
observed linewidth of theA1g

1 mode at 380 cm21 is unusually
large in an unpolarized scan, which is attributed to two s
perimposed phonon modes separated by approximat
2 cm21. From these observations we assign the Raman li
at 378 cm21 to B2g

1 whose observed intensity may arise from
imperfect crystal orientation. TheEg

4 mode has never been
observed. Polarized Raman spectra of NdVO4 were recorded
at room temperature and at 4.2 K using the 488 nm excit
tion line. Figure 4 shows the unpolarized spectrum for th
Raman transitions between 90 and 490 cm21 in NdVO4,
taken at 4.2 K using laser excitation at 476 nm. The lin
appearing at 358 cm21 in Fig. 4 is absent in unpolarized

FIG. 4. Low temperature unpolarized ERS spectrum of NdVO4

with 476 nm excitation.
e,

ts.
at
n

-
ly
e

a-
e

e

spectra using other laser excitation lines and therefore is
signed as an extraneous feature.

Three electronic Raman transitions were observed and
beled by their symmetry irreducible representations in Fig
These lines were assigned according to their PDI beha
determined by Eq.~4! and Table IV. For example, the inten
sity of the first transition at 101 cm21 is strongest whenu1
5u2590° and weakest, but not zero, whenu15u250°.
This is consistent with the firstG7→G7 transition predicted
to be at 107 cm21. Similarly, we assigned the second an
third electronic lines to theG7→G6 andG7→G7 transitions,
predicted to be at 175 cm21 and 219 cm21, respectively.

PDI spectra have been recorded for theA1g
2 mode at

875 cm21 and for the observed electronic Raman transit
at 101 cm21. In this case phonon intensities were not used
calibrate the ERS intensities because the polarization cu
of all the phonon modes were considerably different fro
those of the electronic Raman transition. Figures 5 an
display the respective experimental PDI behavior of theA1g

2

mode and the electronic Raman transition at 101 cm21. The
predicted curves from Eqs.~2! and ~31! are also shown.

A least-squares fit of the intensity data of the electro
Raman transition at 101 cm21 was performed. Sincea1

250
for this transition, we could only obtain the fitted values f
a1

1/a0
1, a1

1/a0
2, anda0

1/a0
2. Using the second-order expre

sions of aq
t in terms of Ft ~Table IV!, two values oft

5F1 /F2 could be extracted from the fitted values ofa1
1/a0

2

anda0
1/a0

2. These values oft were in turn compared with the
predicted values, which were obtained from the second-o
theory of Axe including only thed configuration. The fitted
value ofutu is found to be approximately 0.48, compared to
predicted value oft50.43, assumingEd560 000 cm21 and
\v520 000 cm21 @Eq. ~13!#. The fitted and calculated val
ues fora1

1/a0
1 differ by less than 10%. All these values a

compared in Table IX for the transition at 101 cm21.
The other two observed electronic Raman transitions

weaker intensities and were spectrally close to each o
and to the strongEg

2 phonon mode at 151 cm21, which made
it very difficult to perform accurate intensity measuremen
As a result their recorded intensities were not used in the
analysis of NdVO4.

We can now use the fitted value oft from the transition at
101 cm21 to predict the intensities of the other transitions
the 4I 9/2 ground multiplet. Table X compares the predict
and observed relative intensities for different transitions
the caset50.48. The agreement between theory and exp
ment is good for all transitions in the4I 9/2 ground multiplet
of NdVO4. As was the case of PrVO4, this agreement show
the second-order theory of Axe is sufficient. Since more n
vanishingaq

t parameters are associated with a transition
tween two Kramers’ states than with a transition betwe
two non-Kramers’ states, ERS measurements on Kram
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FIG. 5. Low-temperature polarization dependence of the intensity of theA1g
2 phonon mode of NdVO4 with 488 nm excitation. Solid lines

represent the fitted curves using Eqs.~2!; crosses represent the experimental data.
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ions ~such as Nd31! provide a stronger test of Axe’s theory
Table XI shows the relative magnitude of the third-ord

spin-orbit contribution relative to the second-order contrib
tion. As in the case of PrVO4, the third-order spin-orbit con
r
-

tribution was found to be relatively small compared to t
second-order contribution, and the calculated values foraq

t

only changed slightly when the third-order term was
cluded. For Kramers’ ions, it might be expected that
ity

TABLE IX. Comparison of the fitted and calculated values for the relative magnitudes ofaq

t ’s for the
electronic Raman transition in NdVO4 at 101 cm21. Estimated maximum uncertainties for the intens
measurements are about 20%.

Transition
(101 cm21) a0

0 a1
2 (a0

1/a1
1)2 (a0

1/a0
2)2, t (a1

1/a0
2)2, t

Fitted values 0 0 0.73 10.2,60.49 7.4,60.47
Calculated values 0 0 0.78 8.0, 0.43 6.2, 0.43
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FIG. 6. Low-temperature polarization dependence of the intensity of the electronic Raman transition at 101 cm21 for Nd31 in NdVO4

with 488 nm excitation. Solid lines represent the fitted curves using Eq.~31!; crosses represent the experimental data.
n
t

n-
tive
u-
G7→G7 transitions would have different PDI curves whe
higher-order terms are taken into account, because of
presence of thea0

0 term. For Nd31 ions in NdVO4, however,
a0

0 vanishes due to the negligibly smallJ mixing in the states
he
of the ground multiplet and the PDI curves will be u
changed when higher-order terms are included. The rela
magnitude of third-order spin-orbit to second-order contrib
tions is numerically
TABLE X. Comparison between calculated and observed relative electronic Raman transition intensities in the4I 9/2 ground multiplet of
Nd31 in NdVO4 for the caset50.48. Estimated maximum uncertainties for the intensity measurements are about 20%.~-! indicates not
observed.

Transitions (cm21) ZZ polarized XY polarized XZ polarized ZY polarized
Cal.a Exp. Cal. Obs. Cal. Obs. Cal. Obs. Cal. Obs.

107 101 1.0 1.0 7.6 7.5 3.0 2.5 3.0 2.6
175 169 0 0 0.015 0 10 7.5 11.2 7.9
219 178 0 0 0 0 3.8 4.5 1.9 2.2
427 - 0 - 0.48 - 0.60 - 0.50 -

aFrom Ref. 25, see Table II.
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~a0
0!3rd50.0,

~a2
2!3rd

~a2
2!2nd5

~a1
2!3rd

~a1
2!2nd5

~a0
2!3rd

~a0
2!2nd5

^9I 9/2i~a2!3rdi9I 9/2&

^9I 9/2i~a2!2ndi9I 9/2&
50.036,

and

~a1
1!3rd

~a1
1!2nd5

~a0
1!3rd

~a0
1!2nd5

^9I 9/2i~a1!3rdi9I 9/2&

^9I 9/2i~a1!2ndi9I 9/2&
50.0395

for all transitions in the4I 9/2 ground multiplet of the Nd31

ion in NdVO4.

VI. CONCLUSION

We have reported PDI measurements for the pho
modes and electronic Raman transitions in the ground m
tiplets of Pr31 and Nd31 ions in vanadate crystals. The agre
ment between the relative intensities predicted by
second-order theory and those measured experimentally
very good. The third-order spin-orbit contribution was fou

TABLE XI. Relative magnitudes of theaq
t parameters for the

electronic Raman transition in NdVO4 at 101 cm21. The calculated
values include both the third-order spin-orbit and second-order c
tributions.

Transition
101 cm21

„(a0
1)/(a1

1)…2
„(a1

1)/(a0
2)…2

„(a0
1)/(a0

2)…2

Fitted 0.73 7.4 10.2
Calculated~total! 0.78 6.28 8.05
er

E
m

y
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n
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n
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e
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to be approximately an order of magnitude less than
second-order contributions in both cases and therefore
not affect the results obtained from second-order calcu
tions. The best fitted values oft for PrVO4 and NdVO4 were
1.0 and 0.48, respectively. These values were in cont
with the considerably smaller fitted values fort in
Er31:YPO4 and Tm31:YPO4 reported by Beckeret al.6,7 The
near unity values oft in the case of Pr31 and Nd31 ions in
vanadate crystals have confirmed the validity of Axe
theory when only thed configuration is included in calculat
ing the ERS intensities.

The use of the PDI technique has proved to be import
in determining the symmetries and origins of the ERS sp
tral lines. The PDI theory20 predicted the intensities of one o
the electronic Raman transitions in PrVO4, whose line
strength was sufficiently strong for accurate intensity m
surements. The factor of 2 difference between the obser
value oft and the value oft predicted by theory may be du
to a lack of accurate wave functions for the ground multip
of PrVO4. There was excellent agreement between the
and experiment for NdVO4.
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