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Molecular-dynamics study of self-diffusion in Na: Validity of transition-state theory
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~Received 10 March 1997!

A molecular-dynamics study of self-diffusion in Na is performed based on volume-dependent pair potentials
constructed from second-order pseudopotential perturbation theory. It is shown that the migration energy of
monovacancies as deduced from mean-square displacements agrees well with the migration energy predicted
by the transition-state theory. The contributions of thermally excited Frenkel pairs to self-diffusion and specific
heat at high temperatures is estimated.@S0163-1829~97!09237-0#
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One of the most popular theories for atomic jump fr
quencies is the transition-state theory, which was applie
solid-state problems first by Wert and Zener1 and, subse-
quently, by Vineyard.2 The key assumption of this theory
that for calculating the classical jump frequencyn of atoms
in a crystal, it is not necessary to follow explicitly their tra
jectories but thatn can be obtained by means of a statistic
mechanics description in the configurational space of
3(N21) coordinates and the 3(N21) momenta of all the
atoms in the system. It is nota priori obvious that this as-
sumption is admissible for at least three reasons:~i! The
probability distributions describe the statistics of the config
rations only on a coarse-grained scale in the configura
space.~ii ! For this coarse-grained scale the distributions
constructed in such a way that they yield the correct ther
averages of thermodynamic variables. This does not gua
tee that they yield correct statistical results also for dyna
cal variables.~iii ! During the derivation of the probability
distributions a Markovian approximation is performed.
spite of the resulting ample criticism of the transition-sta
theory the various extensions of the theory and the deve
ment of alternative theories3,4 the conventional version of th
theory is still successfully applied to describe diffusion
properties in many systems. For definiteness, we cons
here the jumps of neighboring atoms into an adjacent lat
site. This leads to ‘‘vacancy migration,’’ which in man
crystals is the dominant process of self-diffusion. T
present note is concerned with testing, by means of mole
lar dynamics simulations, two aspects of the transition-s
theory in its original form:~i! Within the framework of the
transition-state theory the Arrhenius law

n5n0expS 2
EM

kBTD , ~1!

where bothn0 andEM are independent of the temperatureT,
and kB denotes Boltzmann’s constant, is derived under
assumptionEM@kBT. It is generally assumed5 that Eq.~1!
should hold to a good approximation ifEM is at least three
times larger thankBT. Does Eq.~1! hold also if EM is not
much larger thankBT? ~ii ! Provided that the above discuss
inequality holds, the migration energyEM in transition-state
theory is given by the difference in potential energy for tw
totally relaxed static configurations, the first one with t
considered atom in the saddle point configuration betw
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the initial and the final state of the jump and the other w
the atom at the initial potential minimum. Is this correct al
for small values ofEM/kBT? For the test, two types of cal
culations are performed: First, the energies of the fully
laxed static configurations with the considered atom in
saddle point configuration and the initial configuration a
determined, yielding the ‘‘static’’ migration energyETST

M .
Second, we go back to the original definition~1! of the mi-
gration energy which does not involve any model or appro
mation and determine the ‘‘dynamical’’ migration energy a
cording to EM52kB] lnn/](1/T). In principle we could
perform this test for any model system with interatomic p
tentials which yield a low migration energy. Instead, we co
sider a model potential which represents as accurately
possible the case of bcc Na. In Na, self-diffusion is dom
nated at least at intermediate temperatures by a mon
cancy mechanism with a formation energyE1V

F which is
much larger than the migration energyE1V

M ~as in the case of
Li6!: The most recent ab initio pseudopotential
calculations7,8 yield E1V

F 5(0.3460.02) eV and
DE1V,TST

M 5(0.0560.01) eV and hence an activation ener
for self-diffusion via monovacancies of 0.39 eV in very goo
agreement with the lower activation energy~0.37 eV! found
by Mundy9 by a fit of two exponentials to the self-diffusio
data from tracer experiments. Since the melting tempera
is 371 K it becomes obvious that in the high-temperat
diffusion experiments the ratioDE1V,TST

M /kBT is smaller than
2 so that the above assumption is not fulfilled. Insofar
represents an interesting test for the validity of the conv
tional transition-state theory in a system with low migrati
energy. Furthermore, the molecular dynamics simulation
answer the question whether there are in addition to
monovacancy mechanism other contributions to s
diffusion and specific heat at high temperatures in Na.

A volume-dependent pair potential constructed fro
second-order pseudopotential perturbation theory accor
to Rasolt and Taylor10 is used with an exponential damping11

of the long-range oscillatory behavior and a cutoff radius
13.5 Å, which is about half the extension of the supercell.
the simulations a cubic supercell containing 686 lattice s
is used, and periodic boundary conditions are applied
should be noted that this form of the pair potential is not a
to describe really accurately the defect energetics of real
For instance, the vacancy formation energy was only ab
7771 © 1997 The American Physical Society
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half the value found by theab initio calculations, and the
vacancy migration energy appeared to be about 30 % la
than theab initio value~see below!. Furthermore, the calcu
lated pre-exponential factor for the diffusion coefficient~see
below! appears to be by a factor of about 2 larger than
value obtained by Mundy9 ~see above! from his tracer ex-
periments. Insofar, our pair potential is not able to yie
highly reliable quantitative results for Na. It thereby shou
be noted that the potential does not contain any fit param
which could be adjusted to experimental data in order
avoid the deviations between theory and experiment. H
ever, for the test of the transition-state theory this does
matter: It is not the purpose of the present paper to test
transition-state theory just for Na, but we want to investig
the validity of this theory in general for systems for whic
the migration energy is not much larger thankBT, and the
model system defined by our pair potential belongs to
class of systems.

The molecular-dynamics simulations are based on
Nosé-algorithm,12 which allows us to prescribe temperatu
T and pressurep. For an investigation of vacancy migratio
a single vacancy is introduced in the supercell and then
mean-square displacement of all the atoms,

^r 2~ t !&5
1

N (
i 51

3N

@qi~ t !2qi~0!#2, ~2!

is calculated~an example is given in Fig. 1!, thereby taking
into account only the diffusional jumps and neglecting t
thermal vibrations around the lattice positions. The diffus
coefficientDMD}na2 (a denotes the lattice constant! then is
obtained from

DMD5
^r 2~ t !&

6t
. ~3!

The system becomes unstable at about 340–350 K. We
termined the quantityDMD only up to T5300.6 K because
for higher temperatures, a spontaneous formation of Fre
pairs occurs~see below! and their contribution toDMD can-
not be strictly separated from the vacancy contribution.

FIG. 1. Mean-square displacement of all atoms in a super
containing 686 sites and one vacancy forT5270 K andp50 Pa.
The line represents a least-mean-square fit.
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Figure 2 represents the potential energyF as function of
the static displacement of an atom from the initial statei into
the final position f at a nearest-neighbor vacancy alo
^111& through the saddle points half way, the system being
fully relaxed for each position of the atom. The static migr
tion energy as given by the difference in the potential en
gies between the saddle point s and the initial state of
jump is E 1V,TST

M 5(72.060.2) meV. The temperature depe
dence of the diffusivity is shown in Fig. 3. The full lin
corresponds to a least-mean-square fit, yielding via Eq.~3!
the dynamical migration energy ofE1V

M 5(76.865.8) meV,
in good agreement with the static value. Obviously, t
transition-state theory yields a reliable prediction for the m
gration energy although the ratioDE 1V

M /kBT decreases below
the value of 3 when increasing the temperature up to 300
It should be noted that Willaime and Massobrio13 performed
a similar comparison of the static and the dynamic migrat
energy for the case of bcc-Zr~for which DE1V,TST

M /kBT is
also about 2–3! and also found good agreement.

ll FIG. 2. The potential energy of the supercell as function of
static displacement of an atom into a nearest-neighbour vaca
along^111& from the initial sitei over the saddle points to the final
site f .

FIG. 3. Temperature dependence ofDMD with 2s error bars
estimated vias/DMD51/Az, wherez is the total number of diffu-
sional jumps during the simulation time.
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For temperatures larger than 300 K we observe the sp
taneous formation of Frenkel pairs, i.e., an atom is displa
from its original lattice site, leaving back a vacancy and
second-nearest neighbor atom~i.e., alonĝ 100&) on an inter-
stitial site. The vacancy and the interstitial atom separ
from each other and migrate for some time more or l
independently until they meet again and recombine. S
processes were found already by Doan and Adda14 in their
molecular dynamics simulation of Na. It should be noted t
this process, which is a succession of individual jump eve
of the two constituents of the Frenkel pair, is different fro
the ring mechanism introduced by Zener15 ~see also Ref. 5!,
which represents a cooperative motion of two or more ato
in a ring. ~It has been demonstrated byab initio
calculations16 that in Na the activation energy for a dire
exchange of two atoms is by a factor of about 4 larger th
the vacancy formation energy!. To investigate the formation
and diffusion of the Frenkel pairs we perform molecular d
namics simulations forT.300 K for a supercell without
vacancy. The ‘‘fingerprint’’ of the formation and diffusion o
the Frenkel pair is the sudden increase of the mean-sq
displacement, followed by a longer period for which nothi
happens after the recombination of vacancy and interst
atom ~Fig. 4!. Our objective is to compare the contribution
of vacancies and of Frenkel pairs to the total diffusion co
ficient. The contribution of the Frenkel pairs,DFP

MD , is di-
rectly given via Eq.~3! by the mean-square displaceme
obtained from the molecular dynamics simulation for the
percell without vacancy. In contrast, the contribution of t
vacancies,D1V

MD , must be calculated as

D1V
MD5D1V

MD~C51/686!•
C1V

eq

1/686
, ~4!

where D1V
MD(C51/686) is obtained via Eq.~3! from the

simulation for a supercell containing 686 sites and one
cancy, andC1V

eq is the concentration of monovacancies
thermal equilibrium,

C1V
eq5exp~S1V

F /kB!exp~2E1V
F /kBT!. ~5!

FIG. 4. Mean-square displacement of all atoms in a super
(T5310 K, p50 Pa! due to the spontaneous formation of Frenk
pairs. The line represents a least-mean-square fit.
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HereS1V
F andE1V

F denote the vacancy formation entropy a
energy, which we calculate for the model system defined
our volume-dependent pair-potential on the lines descri
in Ref. 6. The numerical results for the diffusion coefficien
may be represented byD1V/FP

MD 5D1V/FP
0 exp(2E1V/FP/kBT)

with D051.1531026 m2 s21 ~4.02 m2 s21) and activation
energyE50.25 eV ~0.72 eV! for monovacancies~Frenkel
pairs!. The large pre-exponential factorD0 for the Frenkel
pairs is in the present calculation responsible for an app
ciable contribution of the Frenkel pairs to the total diffusio
~Table I!, in spite of the fact that the activation energyEFP is
by about a factor of 2.9 larger than that for vacancies,E1V .
However, we must recall that the pair potential used~which
is the same as the one of Doan and Adda14! yields a vacancy
formation energy which is by about a factor of 2 smaller th
the value obtained byab initio calculations. If we scaled the
pair-potential by a factor ofp to obtain the correct vacanc
formation energy, the activation energies would also scale
a factor ofp, whereas the formation and migration entropi
should remain roughly constant. They would not change
all in a high-temperature quasiharmonic approximatio
Thus, the ratio of the diffusion coefficients of Frenkel pa
and vacancies would be proportional to exp@2p(EFP
2E1V)/kBT], yielding the scaled ratios given in Table
which are extremely small.

The excitation of atomic defects yields an anharmo
contribution to the specific heat. Ascribing this contributio
to the thermal generation of monovacancies, Martin17 ob-
tained a formation energy for vacancies in Na
(0.3560.05) eV close to the above quoted result from theab
initio calculation.7,8 From our molecular-dynamics simula
tions we have estimated the contribution of Frenkel pairs
the specific heat. For the unscaled pair-potential the effec
the Frenkel pairs is comparable to the monovacancy con
bution for temperatures close to the melting point, wher
for the scaled pair-potential the contribution of the Fren
pairs is negligibly small.

From the preceding discussion we conclude the follo
ing: The contributions due to the appearance of Frenkel p
in thermal equilibrium at high temperatures to both se
diffusion and specific heat are characterized by distinc
higher pre-exponential factors and higher activation energ
than those due to vacancies. They could therefore be ea
recognized if they became significant well below the melti
temperature. The strong increase of the specific heat
served in some refractory body-centred cubic metals~see,
e.g., Ref. 18! at elevated temperatures might be caused
this mechanism. In Na the high-temperature formation
Frenkel pairs can give rise to observable effects only v

ll
l

TABLE I. The ratios and the scaled ratios~see text! of the
contributions of Frenkel pairs and monovacancies to the diffus
coefficient.

T @K# DFP
MD/D1V

MD D FP
MD/D1V

MD scaled

300 (1.861.3)31022 5.2310210

310 (8.362.0)31022 1.731029

320 (14.962.5)31022 5.131029

325 (15.862.3)31022 8.631029

330 (22.563.1)31022 1.431028
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close to the melting point, where they would be difficult
identify. Evidence for an additional contribution to the se
diffusivity of solid Na close to the melting point has bee
found by Mundy9 by fitting a superposition of three Arrhen
ius laws to data from tracer self-diffusivity measurements
-

.

It

remains to be seen whether this contribution is to be att
uted to the Frenkel-pair mechanism.

Part of the calculations have been performed at the HL
of the Forschungszentrum Ju¨lich ~KFA!.
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