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Exciton-phonon coupling in semiconductor quantum dots: Resonant Raman scattering
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We study the exciton-phonon coupling in spherical quantum dots~QD’s! of cubic semiconductors. Both the
Fröhlich and deformation interactions are considered with allowance for all types~LO, T2O, T1O, and SO! of
optical phonons. The matrix elements of one-phonon transitions between arbitrary exciton states, as well as the
selection rules, are determined. Features of different dynamic and optical effects in QD’s, e.g., the Jahn-Teller
effect, the vibrational resonances, the multiphonon absorption, and the resonant hyper-Raman scattering, are
discussed in brief, whereas the resonant Raman scattering~RRS! is studied in more detail. Analytical expres-
sions of the Raman cross section are obtained. Only the confined LO phonons with angular momentuml 50
are found to be active in the RRS due to the Fro¨hlich interaction, while the deformation coupling gives rise to
the Raman bands of LO, T2O, and SO phonons ofl 51. These conclusions are partly confirmed by the
experimental RRS spectra of CuBr nanocrystals in glass, where both the TO and LO phonon bands with
comparable intensities are observed.@S0163-1829~97!00136-7#
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I. INTRODUCTION

The nature of electron-phonon coupling and its role in
quasiparticle dynamics of semiconductor quantum dots1–7

~QD’s! are still of a great interest. The most extensively stu
ied effect of three-dimensional confinement is the size qu
tization of quasiparticle energy spectra.8–10 Another impor-
tant manifestation of the confinement effect is t
renormalization of interactions between all qua
particles3,7,10 and between quasiparticles and exter
fields.11 Since all three effects are superimposed, their th
retical and experimental elucidation is very difficult. The k
problem is the great number of QD’s with different sizes a
orientations of the crystallographic axes contained in the s
tems studied. The uncertainty of the QD size distribut
causes additional difficulties. That is why the methods
size-selective or resonant spectroscopy are very importa
studying the QD systems. Therefore, it is of great interes
the development of the methods of the resonance spec
copy of a single QD.

Currently, the resonant Raman spectroscopy is one
most powerful tools for studying the quantum confined s
tems and, in particular, the semiconductor QD’s,3,12–15where
straightforward information about phonon subsystem a
electron-phonon coupling in a QD is obtained. Such inf
mation is very important for understanding the physics o
confined system and the development of the improved
model. So far, longitudinal optical~LO! phonons and, to a
lesser extent, surface optical~SO! phonons have attracte
attention in the studies of QD’s in I-IIV, II-IV, and III-V
compounds. However, the RRS spectra of CuBr QD’s
ported in this paper show the transverse optical~TO!- and
LO-phonon bands with comparable intensities. This clea
indicates the important role of the deformation excito
phonon coupling in QD’s of cubic semiconductors. Thus
unified description of the Fro¨hlich and deformation coupling
of excitons with all types of optical phonons in nanocrys
560163-1829/97/56~12!/7491~12!/$10.00
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LO, T1O, T2O, and SO modes16 is of great interest. We
present here a solution of this problem for the spherical
in a weak confinement regime.8–10 It is assumed that the QD
material is the direct-gap semiconductor withTd or Oh sym-
metry and the excitons are located in a potential well w
infinitely high walls. The exciton subsystem is described
the effective-mass approximation for the well-known fou
band model of the semiconductor,17 i.e., 12 types of exciton
states18 are considered. For this case, the free exciton
phonon Hamiltonian, as well as the one-phonon and o
photon interaction Hamiltonian, are constructed. Then
derive analytical expressions for the interaction matrix e
ments and the selection rules for the one-quantum transit
and discuss the size dependence of the exciton-phonon
pling. Our theoretical results are general and can be used
studying the wide range of optical and kinetic effects in Q
systems, e.g., the Jahn-Teller effect and vibratio
resonance,7 the exciton-phonon scattering, the multiphon
light absorption, the resonant Raman scattering~RRS!, and
the resonant hyper-Raman scattering.19 An analysis of the
matrix elements of the exciton-phonon interaction from t
RRS standpoint shows that only LO phonons with the an
lar momentuml 50 contribute to the Raman process via t
Fröhlich coupling, whereas LO, T2O, and SO phonons with
l 51 are involved in the RRS through the deformation co
pling. It immediately follows that the TO and LO bands fir
observed in the CuBr QD resonant Raman spectra co
spond to, respectively, T2O phonons withl 51 and LO
phonons withl 50. Moreover, the shape of the RRS spec
between the T2O and LO bands indicates the existence
other lines in this region, e.g., those related to the LO and
phonons withl 51. Finally, we find expressions of the cros
sections of the RRS from the QD system in the weak c
finement regime and on their basis we briefly discuss
RRS excitation profiles in the range of the lowest-ene
exciton state. The analysis of the excitation profiles sho
7491 © 1997 The American Physical Society
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7492 56A. V. FEDOROV, A. V. BARANOV, AND K. INOUE
that, even in the case of the Fro¨hlich interaction, the RRS in
QD’s cannot be described in terms of the Huang-Rhys
rameters since there is not only the significant contribution
different scattering channels to the total amplitude, but a
the interference of these channels. Thus our analysis i
cates that the observed TO and LO bands correspond
respectively, the T2O phonons with the principal quantum
numbern51 and LO phonons withn51 andn52.

II. THEORY

A. Quantization of the optical vibrational eigenmodes
in semiconductor quantum dots

According to the theory of pure phonon modes in fin
ionic crystals,16 there are four types of optical phonons: tw
types of pure transversal divergence-free modes of freque
vT, pure longitudinal curl-free modes of frequencyvL, and
both curl- and divergence-free surface modes of freque
vS. Using the direct expressions of optical lattice eige
modes in semiconductor sphere,16 we can find the free-
phonon HamiltonianH0 and the relative displacement of io
pair u(r ),

H05(
A,x

\vx
AS ax

A†ax
A1

1

2D , ~1!

u~r !5(
A,x

Bx
A@Nx

A~r !ax
A1H.c.#, ~2!

where ax
A and ax

A† are the corresponding annihilation an
creation operators and theA and x indices denote, respec
tively, the type of mode (T1, T2, L, or S) and the set of
quantum numbers. For the LO and TO phonons, the s
scriptx includes the principal quantum numbern, the angu-
lar momentuml , and its projectionm. For the sake of sim-
plicity, we will also use the composite indexb5nl; then the
normalized constantsBx

L andBx
Ti for i 51 and 2 are

Bbm
L 5

1

jb j l 11~jb!S \

Rr̄ vb
L D 1/2

, ~3!

Bbm
Ti 5

1

j l 11~jb!S \

l ~ l 11!Rr̄ vb
Ti D 1/2

~4!

and the vectorsNx
L(r ) andNx

Ti(r ) are

Nbm
L ~r !5¹@fbm~r !#, ~5!

Nbm
T1 ~r !5curlF r

R
fbm~r !G , ~6!

Nbm
T2 ~r !5

R

jb
curl@Nbm

T1 ~r !#, ~7!

fbm~r !5 j l S jb

r

RDYlm~u,w!. ~8!

In Eqs.~3!–~8!, R is the QD radius,jb5jnl is thenth root of
the spherical Bessel functions ofl th order, j l(jnl)50,
-
f
o
i-

to,

cy

cy
-

b-

Ylm(u,w) is the spherical harmonic, andr̄ is the reduced
ionic mass of the unit cell. It should be noticed that for T
phonons the minimum value of the angular momentuml is 1
and for LO phonons it is 0. As for the eigenfrequencies
LO and TO vibrations, in general, within the framework
the above theory,16 all the LO phonons have the same fr
quencyvL and all the TO phonons havevT. To allow for a
possible frequency dispersion, we have introduced the p
nomenological frequenciesvb

L , vb
T1 , and vb

T2 to Eqs.~1!–
~4!. For the SO phonons the subscriptx denotes both the
angular momentuml and its projectionm. In this case, simi-
lar to the TO phonons, the minimum value ofl is 1. The
normalized constantBx

S and the vectorNx
S(r ) are given by

Bl
S5S \

2lR r̄ v l
SD 1/2

, ~9!

Nx
S~r !5¹F S r

RD l

Ylm~u,w!G ~10!

and the frequencies of surface modes are presented by

v l
S5vTF «0l 1«M~ l 11!

«`l 1«M~ l 11!G
1/2

, ~11!

where«0 and«` are the static and the high-frequency diele
tric constant and«M is that of the surrounding medium.

B. Energy spectra and wave functions of free excitons

To discuss the exciton-phonon interaction in QD’s, w
should consider the corresponding energy spectra and w
functions of free excitons. For the four-band model of sem
conductors, including the doubly degenerate conduct
band (c) and twofold degenerate bands of heavy (h1), light
(h2), and spin-orbit-split (h3) holes, we should introduce 1
electron-hole pair states,18 which, using the basis of couple
moments,20 i.e.,

uw̃1~2!
c &5Uc,

1

2
,6

1

2L , uw̃ 1~2!

h1 &5Uh1 ,
3

2
,6

3

2L ,

uw̃1~2!

h2 &5Uh2 ,
3

2
,6

1

2L , uw̃1~2!

h3 &5Uh3 ,
1

2
,6

1

2L , ~12!

are determined by the expressions

uc̃ 1
1&5uw̃ 1,1

c,h1&, uc̃ 1
2&5uw̃ 1,1

c,h2&, uc̃ 1
3&5uw̃ 1,1

c,h3&,

uc̃ 2
1&5uw̃ 1,2

c,h1&, uc̃ 2
2&5uw̃ 1,2

c,h2&, uc̃ 2
3&5uw̃ 1,2

c,h3&,
~13!

uc̃ 3
1&5uw̃ 2,1

c,h1&, uc̃ 3
2&5uw̃ 2,1

c,h2&, uc̃ 3
3&5uw̃ 2,1

c,h3&,

uc̃ 4
1&5uw̃ 2,2

c,h1&, uc̃ 4
2&5uw̃ 2,2

c,h2&, uc̃ 4
3&5uw̃ 2,2

c,h3&,

whereuw̃ i , j
a,b&5uw̃ i

a&uw̃ j
b&. In Eqs.~12!, the kets correspond to

the Bloch amplitudes and the first and second half-inte
indices in the kets are equal to the total momentum~i.e., the
sum of angular and spin momenta! and its projection. As-
suming that for our basis@Eqs. ~12!# the electron and hole
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56 7493EXCITON-PHONON COUPLING IN SEMICONDUCTOR . . .
bands are parabolic with the effective massesmc , mh1
, mh2

,

and mh3
and taking into account the Coulomb interacti

between quasiparticles of the electron-hole pair, we ob
12 types of exciton states, which can be naturally classi
into three groups. Every group involves four types of excit
states related to one of the three hole bands, so that
energy spectra and the envelope wave functions for ev
foursome coincide. For the sake of convenience, we call
excitons of corresponding groups heavy, light, or spin-or
split excitons. Furthermore, we assume that excitons are
cated in a spherical potential well with infinitely high wall
so that in the weak confinement regime their energy spe
and wave functions are

En
~ i !5Ei1RyiF2

1

n2
1

m i

M i
S jn8 l 8

di
D 2G , ~14!

E1~2!5Eg , E35Eg1Dso , ~15!

uC̃ j ,n
i &5Cn

i ~r ,R!uc̃ j
i &, ~16!

where i 51,2,3, j 51, . . . ,4, the subscript
n5$n8,l 8,m8;n,l ,m% denotes the set of the principal qua
tum number, the angular momentum, and its projection
the translational (n8,l 8,m8) and relative (n,l ,m) motion of
the exciton, Mi5mc1mhi

, m i5mcmhi
/Mi , di5R/Ri

ex ,

Ri
ex5\2«0 /(m ie

2), Ryi5m ie
4/2«0

2\2 is the exciton Ryd-
berg,Eg andDso are the energy gap and spin-orbit splittin
in the bulk material, andjnl have been defined in Sec. II A
Then, using the composite indicesb85n8l 8 andb5nl, the
envelope wave function in Eq.~16! can be expressed as

Cn
i ~r ,R!5wbm

i ~r !Cb8m8~R!, ~17!

where Cb8m8(R) is the wave function of translationa
motion8 andwbm

hi (r ) is the hydrogenlike wave function21 of
relative motion for the negative energy spectrum

wbm
i ~r !}expS 2

r

nRi
exD . ~18!

It should be noted that we do not allow for the confinem
effect on the exciton relative motion. Using the above de
nitions and introducing the annihilation and creation ope
tors bk,n and bk,n

† with the composite indexk5 i j , where i
and j label the group of states and the state number ini th
group, the free-exciton Hamiltonian can be written as

Hex5(
k,n

En
~ i !S bk,n

† bk,n1
1

2D . ~19!

In order to calculate the matrix elements of optical tran
tions, we should also consider the interaction Hamilton
Hint describing the one-photon generation and recombina
of excitons in the dipole approximation. We will use theA–p
representation for the exciton-photon interaction, wh
A5Ae is the vector potential of the light wave with th
amplitudeA and the polarization vectore and p52 i\¹ is
the electron momentum operator. ThenHint is given by
in
d

n
he
ry
e
-
o-

ra

r

t
-
-

-
n
n

e

Hint5 (
k,n,l

~Lk,nbk,n
† cl1H.c.!, ~20!

wherecl is the annihilation operator of photon and

Lk,n5 id l 8,0dm8,0d l ,0dm,0

eA

\c

~2di !
3/2PEk

A3pn8n3/2
, ~21!

with

E1,j5S A3e11

0

0

A3e21

D , E2,j5S A2e0

e21

e11

A2e0

D , E3,j5S 2e0

2A2e21

A2e11

e0

D .

~22!

In the above equations,e6157(ex6 iey)/A2, e05ez are
the cyclic covariant components of the polarization vect
P5\2^Su]/]zuZ&/m0, and m0 is the free-electron mass
From Eq.~21! it follows that the selection rules for the one
photon generation and recombination of excitons are of
form l 85 l 5m85m50.

C. Exciton-phonon interaction in the quantum dot

1. Fröhlich coupling

According to Sec. II A@Eqs. ~5! and ~10!#, only LO and
SO phonons induce the electric fields defined by the sc
potentialsFL(r ) andFS(r ), respectively:

FL~r !5(
b,m

f b
L@fbm~r !abm

L 1H.c.#, ~23!

FS~r !5(
l ,m

f l
SF S r

RD l

Ylm~u,w!alm
S 1H.c.G , ~24!

where

f b
L5

1

jb j l 11~jb!
F4p\vb

L

R S 1

«`
2

1

«0
D G1/2

, ~25!

f l
S5

Al«`v10
L

«`l 1«M~ l 11!F2p\

v l
SR

S 1

«`
2

1

«0
D G 1/2

. ~26!

As is well known,22,23 the potential energy of the exciton i
the electric field induced by LO and SO phonons is

VL~S!52e@FL~S!~re!2FL~S!~rh!#, ~27!

where re and rh are the electron and hole coordinates, a
the operator of the Fro¨hlich coupling can be written as

HF5(
A,k

(
n2 ,n1 ,x

FVi
A,xS n2

n1
D ax

Abk,n2

† bk,n1
1H.c.G . ~28!

In Eq. ~28!, as is customary when the Fro¨hlich coupling is
considered, we neglect the interband matrix elements of
potential energy@Eq. ~27!#. Because of this, the operatorHF
gives rise to transitions between the exciton states belon
to the common type, i.e., it is diagonal for the indicesi and
j . Extending the results of our recent studies of po
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7494 56A. V. FEDOROV, A. V. BARANOV, AND K. INOUE
exciton-LO-phonon coupling7 to the interaction of excitons
with SO phonons and taking into account 12 types of ex
tons, we obtain the matrix elements of the Fro¨hlich coupling
in the forms

Vi
L,xS n2

n1
D 52

e fx
L

Ap~2l 11!
aS l 28 ,l 2

l 18 ,l 1
D dm,m22m11m

282m
18

3 (
p,s50

`

i p1s2 l~2p11!~2s11!I b
28 ;b

18
b;p

Jb2 ;b1

b;s; i

3T
l
18 ,m

18 ;p,m
282m

18

l 28 ,m28 T s,m22m1 ;p,m
282m

18
l ,m

3T l 1 ,m1 ;s,m22m1

l 2 ,m2 , ~29!

Vi
S,xS n2

n1
D 52

e fl
SA~2l 11!!

Ap
aS l 28 ,l 2

l 18 ,l 1
D dm,m22m11m

282m
18

3 (
p,s50

l 5p1s

@~2p!! ~2s!! #2 1/2I b
28 ;b

18
p

Jb2 ;b1

s; i

3Cp,m
282m

18 ;s,m22m1

l ,m

3T
l
18 ,m

18 ;p,m
282m

18

l 28 ,m28 T l 1 ,m1 ;s,m22m1

l 2 ,m2 , ~30!

where

aS l 28 ,l 2

l 18 ,l 1
D 5F ~2l 111!~2l 1811!

~2l 211!~2l 2811!
G 1/2

; ~31!

the Clebsch-Gordan coefficients24 Cl 2 ,m2 ; l 1,m1

l ,m and their com-

binations

T l 2 ,m2 ; l 1 ,m1

l ,m 5Cl 2,0;l 1,0
l ,0 Cl 2 ,m2 ; l 1,m1

l ,m , ~32!

which determine completely the selection rules for exci
transitions due to the Fro¨hlich interaction in QD; the con-
stants

I b
28 ;b

18
b;p

5E
0

1

dy y2
j p~yjb! j l

28
~yjb

28
! j l

18
~yjb

18
!

j l
2811~jb

28
! j l

1811~jb
18
!

, ~33!

I b
28 ;b

18
p

5E
0

1

dy yp12
j l

28
~yjb

28
! j l

18
~yjb

18
!

j l
2811~jb

28
! j l

1811~jb
18
!

~34!

are connected with the radial parts of the wave functio
Cb8m8(R) @Sec. II B, Eq.~17!# describing the translationa
motion of an exciton; the quantities

Jb2 ;b1

b;s; i 5R3E
0

h
dxx2Fb2

i ~xR!Fb1

i ~xR!@ j s~r i
hjbx!

2~21!sj s~r i
ejbx!#, ~35!

Jb2 ;b1

s; i 5R3@~r i
h!s2~2r i

e!s#E
0

h
dx xs12Fb2

i ~xR!Fb1

i ~xR!

~36!
i-

n

s

are expressed in terms of the radial hydrogenlike wave fu
tions Fb

i (x) ~Ref. 21! describing the relative motion of th
electron and hole;r i

h5mhi
/Mi andr i

e5mc /Mi ; and the up-

per integral limith is a certain number from 1 to 2. Theh
uncertainty in Eqs.~35! and ~36! arises because the max
mum distance between the electron and hole in the QD
radiusR lies in the rangeR– 2R. In the following estimates
we assume thath is equal to 1. From Eqs.~35! and~36! we
notice thatJb2 ;b1

b;s; i and Jb2 ;b1

s; i do not vanish for the even

values ofs only due to the difference betweenmc andmhi
.

According to the properties of the Clebsch-Gordan coe
cients, the evens corresponds to transitions between su
exciton states whose angular momenta connected with
relative motion of the electron and hole have the same pa
i.e., l 11 l 252t with the integert. From this it immediately
follows that the diagonal part of the Fro¨hlich coupling does
not vanish providedmcÞmhi

. Due to the availability of the
diagonal matrix elements, the exciton-phonon interaction
QD’s, to some extent, looks like the electron-vibrational co
pling in a molecule or impurity center, so that the notio
inherent in these local systems can be used to describe
QD’s.

Let us consider in detail the Fro¨hlich matrix elements
controlling some optical processes and the Jahn-Te
effect7,25 in QD’s allowing for the number of low-energy
exciton states. From the viewpoint of the RRS, the exci
states withl i85 l i50 allowed at the one-photon transitions
the dipole approximation@Eq. ~21!# are of great interest and
we denote them asna(ni8 ,ni)5$ni8,0,0;ni ,0,0%. From Eqs.
~29!–~36!, it is easily obtained that only matrix elemen
involving LO phonons withl 50 do not vanish for such
states

Vi
L,xS na~n28 ,n2!

na~n18 ,n1!
D 52

e fx
L

Ap
d l ,0dm,0I n

28,0;n
18,0

n,0;0
Jn2,0;n1,0

n,0;0;i .

~37!

In the case of phonon-assisted absorption and lumin
cence, as well as the resonant hyper-Raman scattering19,26

the matrix elements betweenna(ni8 ,ni) states and those for
bidden at the one-photon transitions@e.g., nb(b i8 ,mi8)
5$b i8 ,mi8 ;1,0,0% and nc(b i ,mi)5$1,0,0;b i ,mi%# play an
important role. The characteristic matrix elements of the
types are given by

Vi
L,xS nb~b8,m8!

na~1,1!
D 52

e fx
L

Ap
d l ,l 8dm,m8I b8;1,0

b; l J1,0;1,0
b;0;i ,

Vi
S,xS nc~b2 ,m2!

na~1,1!
D 52

e fl
S

2Ap
d l ,l 2

dm,m2
Jb2 ;1,0

l ; i . ~38!

Notice that the Fro¨hlich coupling between thena and nb
states does not vanish for the transitions involving only L
phonons, whereas, for thena and nc states, transitions in-
volving both LO and SO phonons are possible. These ma
elements also describe two important effects resulting fr
the vibrational resonance between the initial and final ex
ton states. Indeed, if the energy gapEnb

( i )2 Ena

( i ) or Enc

( i )2 Ena

( i )
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56 7495EXCITON-PHONON COUPLING IN SEMICONDUCTOR . . .
equals the phonon energy\vL or \v l
S , the exciton-phonon

interaction is resonant, which will induce renormalization
vibrational frequencies and formation of exciton-vibration
complexes as in the bulk materials.27 Moreover, a double
optical-vibrational resonance at the optical generation of
citons is possible due to the same vibrational resonance

Finally, let us consider the Fro¨hlich coupling from the
viewpoint of the Jahn-Teller effect, which can be realized
the degenerate exciton states. For simplicity, we restrict o
selves to the threefold statesnb(1,1,mi8) and nc(2,1,mi).
From Eqs.~29! and ~30! it follows that the exciton in both
states can interact with the nondegenerate (l 50) and five-
fold degenerate (l 52) LO phonons. In addition, the excito
in the nc(2,1,mi) state interacts with the fivefold degenera
( l 52) SO phonons. However, it is evident that only t
fivefold degenerate phonons are active in the Jahn-Telle
fect and corresponding matrix elements are given by

Vi
L,xS nb~1,1,m28!

nb~1,1,m18!
D 5

e fn2
L

Ap
I 1,1;1,1

n,2;2 J1,0;1,0
n,2;0;i Ŵm , ~39!

Vi
S,xS nc~2,1,m2!

nc~2,1,m1!
D 5

e f2
S

2Ap
J2,1;2,1

2;i Ŵm , ~40!

where

Ŵ25Ŵ22
1 5A6

5S 0 0 1

0 0 0

0 0 0
D ,

Ŵ152Ŵ21
1 5A3

5S 0 21 0

0 0 1

0 0 0
D , ~41!

Ŵ05A1

5S 1 0 0

0 22 0

0 0 1
D .

In Eqs.~41! the subscripts are the projections of the phon
angular momentum and the column~row! numbering from
top to bottom~from left to right! corresponds to the projec
tions of the exciton angular momentum related to the tra
lational @Eq. ~39!# or relative @Eq. ~40!# motion. It can be
shown that Eqs.~39! and~40! are reduced to theT^ d prob-
lem well known in the vibronic interaction theory of th
molecular and impurity systems.28 We emphasize that thi
dynamic Jahn-Teller effect gives rise to the exciton-phon
complex with the multisheet adiabatic potential.

2. Deformation coupling

As is well known,17 the deformation potential induced b
the optical phonons near the center of the Brillouin zone
cubic semiconductors has only off-diagonal matrix eleme
involving the heavy (h1) and light (h2) hole states. Thus
only transitions between the heavy exciton and light exci
states are possible in this case. Taking into account our
citon basis @Eq. ~13!# and assuming that the conditio
f
l

x-

r-

f-

n

s-

n

n
ts

n
x-

ur1
e2r2

eujb,1 is satisfied, the operator of the excito
phonon deformation coupling can be represented as

HD5 (
A,k2 ,k1

(
n2 ,n1 ,x

F S Ŝk2 ,k1
•Ui 2 ,i 1

A,x S n2

n1
D D

3ax
Abk2 ,n2

† bk1 ,n1
1H.c.G , ~42!

whereŜ is the vector 838 matrix with the cyclic covariant
components

@Ŝ#1152@Ŝ#21
1 52S 0 0 s2 0

0 0 0 s2

s1 0 0 0

0 s1 0 0

D , ~43!

@Ŝ#05S 0 0 s3 0

0 0 0 s3

s3 0 0 0

0 s3 0 0

D ~44!

in terms of the quasiblocks

05S 0 0

0 0D , s15S A2 0

0 0
D , ~45!

s25S 0 0

0 2A2
D , s35S 0 i

2 i 0D ~46!

and the row and column numbering in Eqs.~43! and ~44!

corresponds to the statesuc̃ 1
1&, . . . ,uc̃ 4

1&,uc̃ 1
2&, . . . ,uc̃ 4

2&
defined in Sec. II B@Eq. ~13!#. In Eq. ~42! the cyclic cova-
riant components ofU vectors are given by

FUi 2 ,i 1
A,x S n2

n1
D G

l

5
ipx

AD0

Ap~2l 11!
aS l 28 ,l 2

l 18 ,l 1
D

3dm,m22m11m
282m

182l

3 (
p,s50

`

i p1s2 l~2p11!~2s11!

3I b
28 ;b

18
b;p

Zb2 ;b1

b;s; i 2 ,i 1T
l
18 ,m

18 ;p,m
282m

18

l 28 ,m28

3T l 1 ,m1 ;s,m22m1

l 2 ,m2 @Ps,m22m1 ;p,m
282m

18
l ,m;A

#l ,

~47!
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FUi 2 ,i 1
S,x S n2

n1
D G

l

5
pl

SD0

Ap~2l 11!
aS l 28 ,l 2

l 18 ,l 1
D dm,m22m11m

282m
182l

3 (
p,s50

l 21
~2l 11!!!

~2s11!!! ~2p11!!!
~2p11!~2s11!

3I b
28 ;b

18
p

Zb2 ;b1

s; i 2 ,i 1T
l
18 ,m

18 ;p,m
282m

18

l 28 ,m28

3T l 1 ,m1 ;s,m22m1

l 2 ,m2 @P s,m22m1 ;p,m
282m

18
l ,m;L

#l ~48!

whereA5L,T1 , andT2; l511,21, and 0;D0 is the con-
stant of the deformation potential for bulk semiconduct
the combinations of the Clebsch-Gordan coefficie
@Pl 2 ,m2 ; l 1 ,m1

l ,m;L #l are given in Appendix; theZb2 ;b1

b;s; i 2 ,i 1 and

Zb2 ;b1

s; i 2 ,i 1 values are determined by the expressions

Zb2 ;b1

b;s; i 2 ,i 15R3E
0

h
dxx2~21!sj s~Ar1

er2
ejbx!

3Fb2

i 2 ~xR!Fb1

i 1 ~xR!, ~49!

Zb2 ;b1

s; i 2 ,i 15R3~2Ar1
er2

e!sE
0

h
dx xs12Fb2

i 2 ~xR!Fb1

i 1 ~xR!,

~50!

and the constantspx
A are given by

px
L5

jbBbm
L

R
, px

A15
Bbm

A1

R
~A15T1 ,T2 ,S!. ~51!

Similarly to the case of the Fro¨hlich coupling, the selection
rules of exciton-phonon transitions via the deformation c
pling are completely determined by combinations of t
Clebsch-Gordan coefficients@Eqs. 47! and~48!#; however, in
contrast to the former case, transitions induced by defor
tion coupling give rise to the conversion of heavy excitons
the light ones and vice versa.

Let us consider in detail the matrix elements of deform
tion coupling from the viewpoint of the RRS. As noted
Sec. II C 1, thena(ni8 ,ni) states are of interest for the RRS
These states have the zero angular momentum conne
with both the translational and relative motion of exciton
From Eqs.~47! and ~48! it follows that only the matrix ele-
ments involving threefold-degenerate LO, SO, and T2O
phonons withl 51 do not vanish in this case:

FUi 2 ,i 1
A,x S na~n28 ,n2!

na~n18 ,n1!
D G

l

5UAdm,2ld l ,1I n
28,0;n

18,0
n,1;0

Zn2,0;n1,0
n,1;0;i 2 ,i 1 ,

~52!

FUi 2 ,i 1
S,x S na~n28 ,n2!

na~n18 ,n1!
D G

l

5USdm,2ld l ,1dn
28 ,n

18
Zn2,0;n1,0

0;i 2 ,i 1 ,

~53!

whereA5L or T2 and
;
s

-

a-
o

-

ted
.

UA~S!5
D0

A3p
3H pn1

L

2pn1
T2

3p1
S/2.

~54!

The peculiarity of coupling with SO phonons is that the pr
cipal quantum number of translational motion is conserved
the exciton-phonon transitions (n285n18) @Eq. ~53!#. In prin-
ciple, the integralsZn2,0;n1,0

n,1;0;i 2 ,i 1 andZn2,0;n1,0
0;i 2 ,i 1 dependent on the

QD radius can be exactly calculated for any particular se
indices. To illustrate this dependence, let us consider
simplest case for n25n151. Using the notations
d125d11d2 and Ãn5jn1Ar1

er2
e, we can representZ1,0;1,0

0;i 2 ,i 1

andZ1,0;1,0
n,1;0;i 2 ,i 1 as

Z1,0;1,0
0;i 2 ,i 15

8~d1d2!3/2

~d12!
3

$12e2d12@11~11d12!
2#%,

Z1,0;1,0
n,1;0;i 2 ,i 15

4~d1d2!3/2

Ãn@~d12!
21~Ãn!2#

H 2Ãnd12

~d12!
21~Ãn!2

2e2d12F S d121
~d12!

22~Ãn!2

~d12!
21~Ãn!2D sinÃn

1S Ãn1
2Ãnd12

~d12!
21~Ãn!2D cosÃnG J . ~55!

From Eq. ~55! it is obvious that the size dependence
exciton-phonon coupling is a complicated function of t
QD radiusR even in this simplest case. However, the situ
tion is slightly simplified if we can disregard the exponent
parts inZ1,0;1,0

0;i 2 ,i 1 andZ1,0;1,0
n,1;0;i 2 ,i 1 ,

Z1,0;1,0
0;i 2 ,i 15

8~m1m2!3/2

~m11m2!3
5const~R!, ~56!

Z1,0;1,0
n,1;0;i 2 ,i 15

8d12~d1d2!3/2

@~d12!
21~Ãn!2#2

. ~57!

A possibility to neglect the exponential parts is directly co
nected with the criterion of a weak confinement regime.
deed, within the framework of the weak confineme
approximation,8 the exponential corrections for the excito
energy spectrum and wave functions are neglected and th
fore their account in the matrix elements of exciton-phon
coupling is beyond the scope of this approximation. It sho
be noted that caution is required in using expressions sim
to Eqs.~56! and ~57! in the quantitative analysis of exper
mental data since the criterion of the weak confinement
proximation should be verified in each particular case.
follows from Eqs.~56! and ~51!, the matrix elements of the
deformation coupling with SO phonons involved in the RR
are proportional toR23/2. As seen, the matrix elements of th
deformation coupling with LO and T2 O phonons reveal a
similar dependence atR→`.



th

th
a

ito
th

s

e

e
i

c
io

ro

t
e
la

nt

vy

g

ling

he

ut

of
by
a
r-
sly,

D
al-
, of
ori-
ec-
x-

56 7497EXCITON-PHONON COUPLING IN SEMICONDUCTOR . . .
3. Size dependence of exciton-phonon coupling

Equations~35!, ~36!, ~49!, and ~50! show that the size
dependence of exciton-phonon coupling is determined by
complicated functions of the QD radiusR. Explicit forms of
these functions depend on the exciton states involved in
matrix elements of corresponding transitions. The forms
particularly controlled by the parameters, which should sat-
isfy the conditionsu l 22 l 1u,s, l 21 l 1, wherel i is the angu-
lar momentum of exciton relative motion. In principle, theR
dependence of matrix elements for each couple of exc
states should be considered in its own right, but within
framework of the exponential approximation~see Sec.
II C 2! we can obtain the following general results in the ca
R@Ri

ex : Matrix elements of the Fro¨hlich interaction are pro-
portional toR25/2 for LO phonons ats50 andR2s21/2 for
LO and SO phonons atsÞ0, whereas matrix elements of th
deformation interaction are proportional toR2s23/2 for LO,
SO, T1O, and T2O phonons. It immediately follows that th
size dependences of exciton-phonon matrix elements
volved in the different optical processes differ. This fa
should be taken into account in the qualitative interpretat
of experimental data.

D. Cross section of resonant Raman scattering

The differential cross section of the resonant Raman p
cess for incident light with the frequencyV0 and scattered
light with the frequencyV1is given by

d2sF~D !

dQ1dV1
5S 2eP

p\cD 4S «V1

«V0

D 1/2S 2V1

3V0
D 2

JF~D ! , ~58!

where the subscriptsF andD denote, respectively, the Fro¨h-
lich and deformation exciton-phonon couplings,Q1 is the
solid angle, and«V1

and «V0
are the dielectric constants a

the light frequency. From Sec. II C 1 it follows that, in th
dipole approximation, only the LO phonons with the angu
momentuml 50 are involved in the RRS due to the Fro¨hlich
coupling. Consequently, we can write the factorJF for
Stokes scattering as

JF5
e2

p (
n

d~V02V12vn0
L !~Nv

n0
L 11!~ f n0

L !2

3u3~e1•e02e1ze0z!M1,n1~e1•e013e1ze0z!M2,n

12~e1•e0!M3,nu2, ~59!

wheree0 ande1 are the polarization vectors of the incide
and scattered light;Nv

n0
L 5@exp(\vn0

L /T)21#21; T is the tem-

perature in energy units; the contributions from the hea
light, and spin-orbit-split excitons are determined as

Mi 1 ,n5di 1
3 (

n1 , . . . ,n28

I n
28,0;n

18,0
n,0;0

Jn2,0;n1,0
n,0;i 1

n18n28~n1n2!3/2

3~E
na~n28 ,n2!

~ i 1!
2\V12 i\g

na~n28 ,n2!

~ i 1!
!21

3~E
na~n18 ,n1!

~ i 1!
2\V02 i\g

na~n18 ,n1!

~ i 1!
!21; ~60!
e

e
re

n
e

e

n-
t
n

-

r

,

and g
na(n18 ,n1)

( i 1)
is the inverse lifetime of the correspondin

intermediate state. In the case of the deformation coup
~Sec. II C 2!, the threefold degenerate LO, T2O, and SO
phonons withl 51 are involved to the RRS and hence t
factor JD for Stokes scattering is given by

JD5JD
L 1JD

T21JD
S , ~61!

where forA5L andT2

JD
A5

D0
2

p (
n

d~V02V12vn1
A !~Nv

n1
A 11!UA

2$@~e1xe0y

1e0xe1y!224e1z
2 e0z

2 #uMA,n
V1 ,V01MA,n

V0 ,V1u2

14e1z
2 uMA,n

V1 ,V0u214e0z
2 uMA,n

V0 ,V1u2

18e1ze0z~e1•e0! Re~MA,n
V1 ,V0@MA,n

V0 ,V1#* !%, ~62!

the JD
S is determined by a similar expression, but witho

the summation overn, and

MA,n
V1 ,V05~d1d2!3/2 (

n1 , . . . ,n28

I n
28,0;n

18,0
n,1;0

Zn2,0;n1,0
n,1;0;2,1

n18n28~n1n2!3/2

3~E
na~n28 ,n2!

~2!
2\V12 i\g

na~n28 ,n2!

~2!
!21

3~E
na~n18 ,n1!

~1!
2\V02 i\g

na~n18 ,n1!

~1!
!21, ~63!

MS
V1 ,V05~d1d2!3/2 (

n1 ,n2 ,n18

Zn2,0;n1,0
0;2,1

~n18!2~n1n2!3/2

3~E
na~n18 ,n2!

~2!
2\V12 i\g

na~n18 ,n2!

~2!
!21

3~E
na~n18 ,n1!

~1!
2\V02 i\g

na~n18 ,n1!

~1!
!21. ~64!

The total spectrum of the RRS is the sum of contributions
the Fröhlich and deformation coupling, i.e., it is described
the quantityJ5JF1JD . The reason is that the RRS vi
the Fröhlich and deformation couplings involves the diffe
ent phonons and these channels do not interfere. Obviou
Eqs.~59! and~62! correspond to the RRS from a single Q
or system of QD’s with the same orientations of the cryst
lographic axes. In the case of randomly oriented systems
interest is the RRS cross section averaged over the QD
entations, provided the angle between the polarization v
tors e0 and e1 is fixed. The averaged cross section is e
pressed by Eq.~58!, where the factorsJF and JD are
replaced with
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J̃F5
e2

p (
n

d~V02V12vn0
L !~Nv

n0
L 11!~ f n0

L !2

3S 3

5
@117~e1•e0!2#uM1,n1M2,nu214~e1•e0!2

3$uM3,nu212 Re~M1,n@M3,n#* 1M2,n@M3,n#*

22M1,n@M2,n#* !% D , ~65!

J̃D
A5

D0
2

3p(
n

d~V02V12vn1
A !~Nv

n1
A 11!UA

2

3H 8@~e1•e0!221#Re~MA,n
V1 ,V0@MA,n

V0 ,V1#* !

1
1927~e1•e0!2

5
uMA,n

V1 ,V01MA,n
V0 ,V1u2J . ~66!

Equations~65! and ~66! show that, in the general case, th
RRS signal depends in a complicated manner on both
incident light parameters and the inherent QD ones. Ne
theless, relatively simple expressions can be written for
RRS involving the lower-energy exciton states. Let us c
sider particular RRS cross sections. First of all, we sh
suggest that the generation energy of the spin-orbit-split
citons is lower than those of the heavy and light excitons.
example of such a situation is theZ3-exciton band of CuCl
QD’s. In addition, we assume that the spin-orbit splittingDso
is sufficiently large to neglect interference of the spin-orb
split excitons and the heavy~light! ones. Then, if the inciden
light falls into theZ3 band, the RRS cross section is dete

mined only by the Fro¨hlich coupling and the factorJ̃F can
be estimated as

J̃F54~e1•e0!2
e2

p (
n

d~V02V12vn0
L !~Nv

n0
L 11!

3~ f n0
L !2uM3,nu2. ~67!

In the opposite case, when the generation energies of
heavy and light excitons are lower than those of the sp
orbit-split excitons, the situation is more complicated. T
Z1,2-exciton band of CuBr QD’s is a typical example of th
situation. If Dso is sufficiently large to neglect the interfe
ence with the spin-orbit-split excitons, the RRS cross sec
in the case of the resonance with theZ1,2 band is determined
by both the Fro¨hlich and deformation couplings. To simplif
the problem we suppose that the effective massesmh1

and

mh2
are approximately equal. Probably, this approximation

not bad to interpret the RRS spectra obtained by us for C
QD’s. Substitutingmh1

5mh2
in Eqs. ~65! and ~66!, we ob-

tain

J̃F5
4

5
@31~e1•e0!2#

e2

p (
n

d~V02V12vn0
L !~Nv

n0
L 11!

3~ f n0
L !2uM1,nu2, ~68!
e
r-
e
-
ll
x-
n

-

-

he
-

n

s
r

J̃D
A5

4

5
@31~e1•e0!2#

D0
2

p (
n

d~V02V12vn1
A !

3~Nv
n1
A 11!UA

2 uMA,n
V1 ,V0u2, ~69!

which we use in the analysis of experimental data in the n
section.

III. EXPERIMENTS AND RESULTS

The RRS spectra of CuBr QD’s at 2 K excited in the
region of theZ1,2-exciton band were obtained~Fig. 1!. We
used the same sample, which was examined with the t
photon excitation in Ref. 19, i.e., CuBr nanocrystal in t
silicate glass matrix with the average radiusR053.2 nm. In
this case, one can assume that the weak confinement re
is realized for the lower-energy states of the heavy and li
excitons since the Bohr radius of the heavy excitonR1

ex in
the bulk CuBr is 1.25 nm and the effective massesmh1

and

mh2
have close values. The RRS was excited by the pul

second-harmonic radiation of a tunable Ti-sapphire la
pumped by aQ-switch YAG laser ~where YAG denotes
yttrium aluminum garnet!. The average power lower than
mW was used with the peak power of 30 W, the pulse wid
30 ns, and the repetition rate 3 kHz. Secondary emission

FIG. 1. RRS spectra in the system of CuBr QD’s with the a
erage radius 3.2 nm for a number of incident photon energies~as
denoted!. The frequency origin corresponds toD5V02V150.
The bands denoted as TO, LO,P, and HL are assigned to TO
phonons, LO phonons, band-edge luminescence, and hot lum
cence, respectively. The experimental spectral resolution is
cm21. The inset shows the optical density of the sample; the ve
cal lines correspond to the incident photon energies. Measurem
were made at 2 K.
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collected in backscattering geometry, dispersed by a U1
Jobin Ivon double monochromator, and detected by a ga
photomultiplier. Absorption of the incident and scatter
light was not taken into account. The secondary emiss
spectra excited by different wavelength are shown in Fig
as a function of the Raman shift as well as the correspond
one-photon absorption spectrum. Several bands are obse
in the spectra. Although the spectral resolution of these m
surements~10 cm21) is not sufficient for exact determina
tion of the band positions, it is clearly seen that along w
the broad band-edge luminescence and periodic struc
with distance between peaks of 165 cm21, which was as-
signed in Ref. 19 to the hot luminescence of the coup
exciton-LO-phonon states, two overlapping bands with
Stokes shift of 130–180 cm21 are observed in all spectra
As seen from the RRS spectrum with spectral resolutio
cm21 ~Fig. 2! these bands are narrower than others and h
Stokes shift of 140 cm21 and 170 cm21. It is reasonable to
suppose that these bands correspond to the Raman scat
by TO and LO phonons. This assignment is evident beca
their Stokes shifts are close to those of one-phonon TO
LO bands in the preresonant Raman spectrum of the b
CuBr at 77 K.29,30 A detailed analysis of the RRS spectra
CuBr dots with sufficient spectral resolution will be don
elsewhere; here it is important to note that the TO and
phonon bands have comparable intensities in the RRS s
tra of CuBr QD’s in the weak confinement regime.

According to the theory of the exciton-phonon interacti
~Secs. II C 1 and II C 2!, only LO phonons with angular mo
mentuml 50 and LO, T2O, and SO phonons withl 51 con-
tribute to the RRS via, respectively, the Fro¨hlich and defor-
mation couplings. Thus we can assign the experiment
observed LO and TO bands to the LO phonons withl 50 and
T 2O phonons withl 51. The shape of the LO band~Fig. 2!
allows assumption that there are some additional bands
tween LO and T2O ones. So we predict that such ban
related to LO and SO phonons withl 51 can be observed in
the RRS spectra measured with sufficient spectral resolu

Theoretical analysis of the RRS excitation profiles allo
us to identify the exciton states involved in the RRS proc
in QD’s and to find the mode composition of LO and T2O
bands, i.e., the principal quantum numbersn of phonons. Let

FIG. 2. RRS spectrum for the spectral resolution 5 cm21. All
other parameters are the same as in Fig. 2.
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us assume that the effective masses of the heavy and
holes are equal and, consequently, the corresponding ex
states are degenerated in energy. Then the RRS cross se
is given by Eqs.~68! and ~69!. The composite matrix ele
mentsM1,n and MT2 ,n

V1 ,V0 @Eqs. ~60! and ~63!# consist of the

sum of terms having physical meaning of the scatter
channels. Every channel has two resonant denomina
which cause the incoming resonance~IR! and outgoing reso-
nance~OR! in the RRS excitation profile with the relativ
energy shifted byDOI5E

na(n28 ,n2)

(1)
1\vb

A2E
na(n18 ,n1)

(1)
.

The spectral separation of the IR and OR depends on
relationship betweenDOI /\ and the inverse lifetimes of the
resonant exciton statesg

na(n28 ,n2)

(1)
andg

na(n18 ,n1)

(1)
. The values

g are, as a rule, unknown and, furthermore, the main mec
nisms of the broadening for exciton states are subject to
cussion. In our opinion, for QD systems embedded an a
electric medium, the interaction of QD’s with acoustic
phonons of the surrounding material is very important
both the broadening of exciton states and the lifetime
optical phonons in QD’s. This is caused by the fact th
acoustical phonons of dielectric medium, unlike the inn
phonons of QD’s, have a continuous energy spectrum. H
ever, a detailed discussion of this problem is beyond
scope of our paper and will be done elsewhere. Here

FIG. 3. Exciton profiles of the RRS due to the deformati
coupling with T2O phonons calculated with different inverse life
time g of exciton states in the CuBr QD with the radius 3.2 n
Dotted and solid lines correspond to the cases when\V02\V1

equals the energy of phonons with, respectively,l 51, n51 and
l 51, n52. All energy parameters were normalized with respec
the LO-phonon energy. Arrows mark positions of the lowest-ene
incoming ~IR! and outgoing~OR! resonances.
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assume that theg ’s are the phenomenological paramete
having the same values for all exciton states. It should
emphasized that the same resonant denominator appea
the expression for a great number of channels; however,
all of them contribute significantly to the magnitudes of t
IR or OR. The relative contribution of one channel or a
other to the specific IR or OR is determined by the mat
elements of exciton-phonon and exciton-photon coupl
and the second energy denominator. According to Eqs.~68!
and ~69!, the different RRS channels can interfere constru
tively or destructively and hence their phase relationships
important for the magnitudes of the IR and OR.

Of most interest in our experimental study are the R
excitation profiles in the region of the lowest-energy IR a
OR related to the exciton stateEna(1,1) . Spectral positions of
the IR and OR are determined by the energy denomina
Ena(1,1)2\V02 i\g and Ena(1,1)2\V01\vb

A2 i\g, re-
spectively. For numerical calculations we used the QD rad
of 3.2 nm (d152.56) and the following parameters of bul
CuBr: R1

ex51.25 nm, Ry15105 meV, me50.28m0, and
mh1

51.4m0.
It was found that the excitation profile of the RRS invol

ing T2O phonons withl 51, n51 ~Fig. 3! is formed by three
channels whose diagramsa, b, and c are shown in Fig. 4.
The magnitudes of the IR and OR are different because
the interference of the channels. The interference is dest
tive for the IR and constructive for the OR. In the case o
high-g value, the IR and OR cannot be resolved and a
result we have only one spectral peak. The spectral posi
of this peak is shifted to the higher-energy side from
position in the absence of interference. At the same time,
magnitudes of excitation profiles for T2O phonons with
n.1 are very small compared to that withn51, as seen
from Fig. 3, where the excitation profile of the RRS invol
ing T2O phonons withl 51, n52 is also plotted.

The situation is more complicated for the excitation pr
files of the RRS involving LO phonons withl 50, n51 and

FIG. 4. Diagrams of the RRS channels that significantly contr
ute to the process amplitudes in the range of the lowest-energ
and OR. Solid and dotted arrows correspond to, respectively, o
photon and one-phonon transitions.E0 is the energy of the QD
ground state.
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l 50, n52. In the former case, the channelsa, b, c, d, ande
~Fig. 4! significantly contribute to the excitation profile
while in the latter case, instead of the channelsd ande, the
f and g channels should be taken into account. Since
channels involving the off-diagonal Fro¨hlich matrix elements
(b, c, d, e, f , and g) noticeably contribute to the Rama
intensity and strong interference between them exists,
RRS cannot be described in terms of the Huang-Rhys par
eters. The excitation profiles corresponding to these case
shown in Fig. 5, from which we see that the magnitude of
IR for phonons withn51 is much higher that withn52,
whereas both magnitudes of the OR are of the same or
This indicates that the excitation profile for phonons w
n52 is much more asymmetric than that withn51 and
hence, in the case of a highg, a peak position of the firs
profile is shifted to the higher-energy side from that of t
second profile. As for LO phonons withl 50, n.2, our
calculations show that the excitation profiles of the RRS
volving these phonons have very small magnitudes co
pared to those mentioned above.

As follows from the above discussion, the LO band in t
experimental RRS spectra of CuBr dots is likely to be
superposition of the contributions from the LO phonons w
l 50, n51 and l 50, n52, whereas the T2O band can be
assigned to the T2O phonons withl 51, n51.

The size distribution of QD’s causes two modifications
the above results. First, the excitation profiles of the RRS
broadened in the ordinary way since the resonant condit

-
IR
e-

FIG. 5. Calculated exciton profiles of the RRS due to the Fr¨h-
lich coupling with LO phonons. Dotted and solid lines correspo
to the case when\V02\V1 equals the energy of phonons wit
l 50, n51 and l 50, n52, respectively. All other parameters a
the same as in Fig. 3.
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are realized for any incident photon energy falling into t
one-photon absorption band. Therefore, the excitation p
files should look, in a certain sense, like a size-distribut
function of QD’s. Second, several resonances related
QD’s with different radii can be simultaneously realized f
fixed incident photon energy. Indeed, if the lowest-energy
for a QD with the radiusRIR exists at the photon energ
\V0, then the lowest-energy OR occurs at the same\V0 for
a QD with the radiusROR.RIR , i.e.,

ROR5R1
exF S R1

ex

RIR
D 2

2
1

p2

M1

m1

\vb
A

Ry1
G21/2

. ~70!

Similarly, the radii of QD’s can be found, for which the I
and OR correspond to other exciton states. The calcul
value ofROR is 22 nm for LO phonons and 7.3 nm for T2O
phonons, respectively, ifRIR5R053.2 nm and therefore the
second size effect is negligible in our case for any reason
size-distribution function of QD’s. The discussion of siz
distribution effects in more detail will be reasonable only
additional experimental data are obtained, which we will
later.

IV. DISCUSSION

In this paper we developed the theory of the Fro¨hlich and
deformation exciton-phonon couplings involving all th
types of optical phonons~LO, T1O, T2O, and SO phonons!
for spherical QD’s of a cubic semiconductor in the we
confinement regime. Analytical expressions of the coupl
matrix elements and the selection rules for the one-pho
transitions between arbitrary exciton states were obtained
addition, the size dependence of the exciton-phonon inte
tion in the asymptotic limit was discussed.

Let us compare briefly our results and the existing th
ries. Previously, the Fro¨hlich interaction between exciton
and LO phonons in the weak confinement regime was c
sidered in Refs. 4, 7, and 31. Analytical expressions of
matrix elements of the Fro¨hlich coupling, calculated in Refs
7 and 31, are a particular case of the more general equa
~29!. Since only numerical calculations of the Huang-Rh
parameter were carried out in Ref. 4, a direct comparison
our results with those in Ref. 4 is difficult. However, tw
points should be emphasized. First, the statement4 that the
nonvanishing coupling constant in the region of the Q
sizes, where the Huang-Rhys parameter increases with
creasing QD radius, can be obtained only with allowance
the valence-band mixing is not valid. Indeed, we have sho
that the matrix elements of the Fro¨hlich interaction for tran-
sitions between exciton states with the same parity conc
ing a relative motion and the diagonal matrix eleme
among them are nonzero due to the Coulomb interac
between the electron and hole and the lack of the wave
tor conservation law. In this sense, the QD systems look
the molecular or impurity ones. Furthermore, the diago
matrix elements of the Fro¨hlich interaction are nonzero eve
in the strong confinement regime so long as a spherical
tential well with finitely high walls is considered.32 Second,
the numerical calculations of the Huang-Rhys paramete
the range of large QD sizes4 cast serious doubt on the valid
ity of their results because those calculations show that
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Huang-Rhys parameter increases with the increase of
radius and tends to some nonzero constant forR→`. To
prove such a size dependence, the Huang-Rhys paramet
bulk semiconductors was estimated in Ref. 4. However,
wave-vector conservation law fulfilled in bulk crystal wa
not taken into account. Allowance for this law should lead
the zero value of the above constant.

As for the deformation coupling of excitons with optic
phonons, we developed the theory of this interaction in
weak confinement regime. Analyzing the deformation co
pling, we have assumed that in the cubic semiconductor
exciton-phonon interaction via the deformation potent
does not vanish only because of the degeneracy of the
lence bands of heavy and light holes. In this case, the e
trons and spin-orbit-split holes do not interact with optic
phonons and therefore TO and SO phonons are not activ
both the RRS and luminescence at excitation of CuCl dot
theZ3-exciton band. In contrast, the deformation coupling
optical phonons with heavy and light holes leads to the ma
festation of the Raman bands corresponding to all type
optical phonons at excitation of CuBr QD’s in th
Z1,2-exciton band.

A comparison of the experimental RRS spectra of Cu
dots with the predictions of the developed theory allows
to assign the observed Raman bands to the LO phonons
l 50, n51 andl 50, n52 and the T2O phonons withl 51,
n51, respectively. A theoretical analysis of the RRS exci
tion profiles showed that the RRS by a QD system canno
described in terms of the Huang-Rhys parameters due to
significant contribution of different scattering channels a
their interference.

Finally, from our theoretical and experimental results w
predicted the possibility of the observation of some ad
tional bands that should be located between LO and T2O
bands. Noteworthy is that such bands correspond to LO
SO phonons withl 51
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APPENDIX

The combinations of the Clebsch-Gordan coefficients
termining selection rules for exciton-phonon transitions
the case of the deformation coupling are

@Ps,ms ;p,m
p8

l ,m;L
#115~11dm,0!@a~ l ,2m!T s,ms ;p,m

p8
l 21,m11

2a~ l 12,m!T s,ms ;p,m
p8

l 11,m11
#, ~A1!

@Ps,ms ;p,m
p8

l ,m;L
#215~12dm,0!@a~ l ,m!T s,ms ;p,m

p8
l 21,m21

2a~ l 12,2m!T s,ms ;p,m
p8

l 11,m21
#, ~A2!

@Ps,ms ;p,m
p8

l ,m;L
#05b~ l ,m!T s,ms ;p,m

p8
l 21,m

1c~ l ,m!T s,ms ;p,m
p8

l 11,m
,

~A3!
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@P
s,ms ;p,m

p8

l ,m;T1 #1152221/2~11dm,0!

3A~ l 2m!~ l 1m11!T s,ms ;p,m
p8

l ,m11
,

~A4!

@P
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p8

l ,m;T1 #215221/2~12dm,0!

3A~ l 1m!~ l 2m11!T s,ms ;p,m
p8
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,
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p8

l ,m;T1 #052mT s,ms ;p,m
p8

l ,m
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where

a~ l ,m!5
A~ l 1m!~ l 211m!

A2~2l 21!
, b~ l ,m!5

A~ l 1m!~ l 2m!

2l 21
;

~A10!
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A~ l 111m!~ l 112m!

2l 13
. ~A11!
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