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Enhanceddx22y2 pairing correlations in the two-leg Hubbard ladder
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The two-leg Hubbard ladder is characterized by the ratio of the inter- to intra-leg hoppingt' /t, the relative
interaction strengthU/t, and the electron filling. Here, using density matrix renormalization group and Monte
Carlo simulations, we examine the dependence of the pairing correlations on these parameters. We find that the
pairing correlations are enhanced when the top of the bonding quasiparticle band and the bottom of the
antibonding band are near the Fermi level. We present results on the single-particle spectral weight and the
antiferromagnetic correlations in order to explain this behavior.@S0163-1829~97!06636-8#
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One goal of numerical many-body calculations has b
to explore the qualitative properties of a given model,
particular, the nature of the dominant low-temperature a
ground state correlations. Clearly, a second goal is to de
mine how to optimize particular correlations in order to ga
further insight into the mechanism responsible for the co
lations, as well as to provide information which could
useful in the search for new materials with these correlatio
Recently, the two-leg Hubbard ladder has been shown
exhibit power lawdx22y2-like pair-field correlations.1–3 Here
we present a more detailed study of the dependence of t
pairing correlations upon the basic parameters of the mo
We also examine their relationship to the low-energy sing
particle spectral weight and the local antiferromagnetic c
relations.

The Hamiltonian for the two-leg Hubbard model wi
near-neighbor hopping is

H52t (
i ,ls

~cils
† ci 11ls1H.c.!2t'(

i ,s
~ci1s

† ci2s1H.c.!

1U(
il

nil↑nil↓ . ~1!

Herecils
† creates an electron with spins on thei th rung of

the lth leg, with i 51, . . . ,L and l51 or 2. The intraleg
one-electron near-neighbor hopping matrix element ist and
the interleg hopping ist' . The on-site Coulomb interactio
is U. We will measure energies in units oft so that the basic
parameters of the two-leg system become the hopping
isotropy t' /t, the ratioU/t of the interaction strength to th
intraleg hopping, and the average electron filling^n&
51/(2L)( i ,l^nil↑1nil↓&.

At half filling, with U/t.0, the two-leg Hubbard ladde
is found to have both a charge gap and a spin gap.2 Thus it is
insulating with exponentially decaying short-range antifer
magnetic correlations. When the ladder is doped away fr
half filling, the charge gap disappears, but a reduced spin
560163-1829/97/56~12!/7162~5!/$10.00
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remains for a range of doping andt' /t values. In addition,
dx22y2-like power-law correlations are observed.1–3 The in-
ternal structure of the pairs is illustrated in Fig. 1, in whi
we show the amplitude

^N2u~cr↑
† cr8↓

†
2cr↓

† cr8↑
†

!uN1& ~2!

for adding a singlet pair on near-neighbor sites along a
across the legs, calculated using the density matrix renorm
ization group~DMRG! method. Note thedx22y2-like change
in sign of this matrix element. HereuN1& is the ground state
with four holes relative to the half-filled band anduN2& is the
ground state with two holes on a 2316 ladder. ForU/t58
and t' /t51.5, thedx22y2-like structure of the matrix ele-
ment, Eq.~2!, extends over a regionur2r 8u of order four
rungs.

DMRG techniques4 have also been used to calculate t
ground state expectation value of the rung-rung pair-fi
correlation function,

D~ i , j !5^D~ i !D†~ j !&. ~3!

Here

D†~ i !5~ci1↑
† ci2↓

† 2ci1↓
† ci2↑

† ! ~4!

FIG. 1. Schematic drawing of the pair-wave function showi
the values of the off-diagonal matrix element^N2u(cr↑

† cr8↓
†

2cr↓
† cr8↑

† )uN1& for creating a singlet pair between near-neighb
sites.
7162 © 1997 The American Physical Society
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56 7163ENHANCED dx22y2 PAIRING CORRELATIONS IN THE . . .
creates a singlet pair across thei th rung. For technical rea
sons, the DMRG calculations are carried out for 23L lad-
ders with open boundary conditions. For this reason, to
tain information on the spatial decay of the pairin
correlations, we have averaged the pair-field correlat
function D( i , j ) over ~typically! six (i , j ) pairs with
l 5u i 2 j u fixed. This averaging procedure starts with sy
metrically placed (i , j ) values and then proceeds to sh
these to the left and right of center. Whenu i 2 j u approaches
the lattice size, the number of possible (i , j ) pairs is reduced
due to the proximity to the boundaries. Results forD(l
5u i 2 j u) computed in this way for 2316, 2324, and 2
332 lattices with t' /t51.4, U/t58, and ^n&50.875 are
shown in Fig. 2. The dotted line corresponds to a power-
decayl 21. As can be seen, there are clear finite size effe
when l approachesL. However, one can determine whe
this occurs by comparing ladders of increasing length. In
following, we will discuss results obtained for 2332 ladders
over distancesl <20, for which the end effects are negl
gible.

In Fig. 3 we showD(l ) versusl for various values of
t' /t with U/t58 and ^n&50.875. As this log-log plot
shows, the pair-field correlations exhibit behavior consist
with a power-law decay

D~ l !;
1

l u ~5!

for t' /t,1.6. Fort' /t51.6, D(l ) shows large oscillations
and markedly reduced strength which we believe is ass
ated with a transition to a phase in which the antibond
band is unoccupied. In Fig. 4 we show the exponentu versus
t' /t obtained from a linear least-squares fit of logD versus
log(l ) for l 51 to 18 at various fillings. Because of th
presence of some oscillations inD(l ) and the finite range o
l available, the values ofu thus obtained can only be roug
estimates, but they do allow one to examine the trend inu as
t' /t is varied. We find thatu initially decreases with increas
ing t' /t until t' /t becomes of order 1.3–1.4 forU/t58 and

FIG. 2. The rung-rung pair-field correlation functionD(l ) ver-
sus l for U/t58, t' /t51.4, ^n&50.875 on 23L ladders withL
516, 24, and 32. The dashed and the dotted lines vary asl 22 and
l 21, respectively.
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the fillings shown. For larger values oft' /t, we find that the
antibonding band is no longer occupied and the pairing c
relations rapidly collapse. Note that the value oft' /t at
which the minimumu occurs as well as the maximum
strength of the pairing correlations~smalleru corresponds to
stronger pairing! decreases as the system is doped away fr
half filling.

Another measure of the strength of the pair-field corre
tions, which we will use, is the average ofD(l ) for rung
separationsl 58 –12:

D̄[
1

5 (
l 58

12

D~ l !. ~6!

At a distancel 58, we have moved beyond the correlatio
length characterizing the size of a pair and are probing
pair center-of-mass correlations. Figure 5 showsD̄ versus
t' /t for U58 t at fillings ^n&50.75, 0.875, and 0.9375
Again, the pairing response is seen to initially increase w
t' /t, reach a peak value, and then rapidly fall off. The var

FIG. 3. D(l ) versusl for various values oft' /t with U/t
58 and^n&50.875.

FIG. 4. Exponentu versus t' /t for U/t58 at fillings ^n&
50.75, 0.875, and 0.9375.
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7164 56NOACK, BULUT, SCALAPINO, AND ZACHER
tion of D̄ with U/t is shown in Fig. 6. Here we see that th
peak value ofD̄ increases withU/t reaching a broad maxi
mum for U/t of order 3–8. In addition, the value oft' /t at
which the peak occurs shifts towards smaller values asU/t
increases. Also shown isD̄ calculated forU50 on the infi-
nite ladder, showing the strong enhancement of the pai
correlations for the interacting system over those of the n
interacting system. In Fig. 7 we show results on how
minimum value of the exponent,umin , varies as a function o
U/t at ^n&50.9375. Here,umin is obtained by varyingt' /t
while keepingU/t fixed.

From the results shown in Figs. 5–7, it is clear that
strength of the pairing correlations as measured byD̄, Eq.
~6!, depend sensitively ont' /t and the filling^n& as well as
on U/t. The fact thatD̄ decreases for large values ofU/t is
consistent with the variation of the exchange interactionJ
>4 t2/U and J'>4 t'

2 /U, which become weaker at larg

values ofU. It is interesting to note thatD̄ has its largest

FIG. 5. D̄ versust' /t for U/t58 at fillings ^n&50.75, 0.875,
and 0.9375.

FIG. 6. D̄ versust' /t for various values ofU/t at filling ^n&
50.9375.
g
-

e

e

value for intermediate couplingU/t. SinceJ' /J varies as
(t' /t)2, the interchain antiferromagnetic correlations are e
hanced relative to the intrachain correlations ast' /t in-
creases. Thez–z spin correlation function̂Mi ,1

z M j ,l
z &, where

Mi ,l
z 5ni ,l↑2ni ,l↓ , is shown for interchain (j 5 i , l52) and

intrachain (j 5 i 11, l51) nearest neighbor sites in Fig. 8
Thus bothU/t andt' /t enter in determining the strength an
anisotropy of the exchange couplings and the local struc
of the antiferromagnetic correlations on the ladder. The
derlying pairing interaction is clearly associated with the
short-range antiferromagnetic correlations.

In addition, and of particular importance, the ratiot' /t,
the filling ^n&, and the interaction strengthU/t determine the
energy and momentum structure of the single-particle sp
tral weight

A~k,v!52
1

p
ImG~k,v!. ~7!

FIG. 7. Minimum value of the exponent,umin , versusU/t at
filling ^n&50.9375.

FIG. 8. The inter- (j 5 i , l52) and intra-chain (j 5 i 11, l
51) near-neighbor magnetic correlation function^Mi ,1

z M j ,l
z & ver-

sust' /t for ^n&50.875 andU/t58.
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56 7165ENHANCED dx22y2 PAIRING CORRELATIONS IN THE . . .
Results forA(k,v), obtained from a maximum entropy an
lytic continuation of Monte Carlo data for a 2316 lattice
with periodic boundary conditions, are shown in Fig. 9 f
U/t52 and in Fig. 10 forU/t54.5 Here, we have chose
^n&50.94, the filling at which the pairing correlations ha
the maximum strength in Fig. 5, and a temperatureT
50.125t, which is sufficiently low to ensure that the ban

FIG. 9. Single-particle spectral weightA(k,v) versusv at dif-
ferent values ofk for U/t52, ^n&50.94 and a temperatureT/t
50.125. Here results are shown for~a! t' /t51.6, ~b! 1.8, and~c!
2.0. The bonding (k'50) and antibonding (k'5p) branches are
superimposed on the density plot, with the indicated symbols m
ing the positions of peaks associated with each band. Area
darker shading correspond to areas of higher relative spe
weight. The dotted lines indicate the position of the noninteract
(U50) bands and the solid line atv50 indicates the Fermi level
structure would not shift at still lower temperatures.~Note
that ^n& is a measured quantity in the grand canonical Mo
Carlo simulations, and is thus not fixed as in the DMR
calculations for which the number of particles is definite!
We show data for thek'50 ~bonding! and k'5p ~anti-
bonding! branches superimposed in a density plot in wh
the density of the shading represents the relative amoun
spectral weight and is plotted as a function of the moment
along the chains,k, and the energyv. Although the resolu-
tion is limited by the finite temperature and statistical erro

k-
of
ral
g

FIG. 10. Single-particle spectral weightA(k,v) versusk andv
plotted as in Fig. 9 for the same parameters as in Fig. 9, except
U/t54 and ~a! t' /t51.4, ~b! 1.6 and ~c! 1.8. The dotted lines
indicate the position of the noninteracting (U50) bands and the
solid line atv50 indicates the Fermi level.
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7166 56NOACK, BULUT, SCALAPINO, AND ZACHER
one can see coherent, dispersive bonding, and antibon
bands.

The spectral weight distribution clearly evolves witht' /t
for both values ofU/t. For U/t52, the width and dispersion
of the bands follow quite closely those of the noninteracti
U50, bands, which are indicated by dotted lines in Fig.
As t' /t increases from 1.6 to 2.0, the peaks in the bond
and antibonding spectral weight at the Fermi surface m
towards a momentum separationDk5(p,p), where scatter-
ing from the short-range antiferromagnetic correlations
become most effective. The point at which the bottom of
antibonding band is just at the Fermi level,t' /t51.8 @Fig.
9~b!# agrees well with the position of the peak inD̄ in the
U/t52 curve in Fig. 6. Att' /t51.8, there is large amoun
of single-particle spectral weight near the Fermi level in
bonding band neark5p and in the antibonding band nea
k50. At larger values oft' /t, the antibonding band pulls
away from the Fermi energy, leaving only the bonding ba
with spectral weight at the Fermi energy, as shown in F
9~c! for t' /t52.0. We believe that it is the variation in spe
tral weight with t' , coupled to antiferromagnetic fluctua
tions which are strongly peaked near (p,p) that is primarily
responsible for the peak inD̄ versust' /t.

As shown in Fig. 6, as the on-site coupling is increased
U/t54, the value oft' /t at whichD̄ peaks shifts to smalle
values. This is due to narrowing of the quasiparticle ba
relative to theU50 bands for largerU. In Fig. 10, we ex-
hibit the single-particle spectral weight att' /t51.4, 1.6, and
1.8, values which bracket the peak inD̄, which occurs at
t' /t51.6. As in Fig. 9, one can clearly see that the maxim
spectral weight at the Fermi level in the antibonding band
k50 and the bonding band atk5p occurs just at the value
of t' /t associated with the peak. One can also see additi
structures in both bands, which are reflections of the por
of each band below the Fermi level about the Fermi lev
These structures, present due to stronger antiferromag
correlations at the largerU/t value, are remnants of feature
that would be generated by the halving of the Brillouin zo
in an antiferromagnetically ordered state. Both bands
flattened relative to theU50 bands near the Fermi level, i.e
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at k50 in the antibonding band and atk5p in the bonding
band, especially fort' /t51.6 which is shown in Fig. 10~b!.
As a result of this, there is large amount of single-parti
spectral weight near the Fermi level. This behavior is sim
to the buildup of spectral weight near (p,0) observed in
simulations of the two-dimensional Hubbard model dop
near half filling.6,7

As we have discussed, the enhancement in the streng

the pairing correlations shown by the peak inD̄ arises from
the overlap of peaks in the bonding and antibonding spec
weights which are separated by a large momentum trans
It has been proposed that Van Hove singularities in the b
structure can lead to such an enhancement.8,9 However, we

believe that one should view the peak inD̄ as arising from a
many-body enhancement of the spectral weight. In parti
lar, a Van Hove band-structure singularity would be reflec
in other quantities such as a peak in the magnetic susc
bility x, which is not seen. Rather, the structure of the sing
particle spectral weight is altered by the strong short-ra
antiferromagnetic correlations. In this way, the dressed q
siparticles can give rise to a peak inD̄ without leading to a
corresponding structure in the magnetic susceptibilityx.

These results show that near half filling, the strength
the pairing correlations depends sensitively upont' /t and
the band filling as well asU/t. The optimum value ofD̄
occurs for intermediate values ofU/t and for ^n& near half
filling with t' /t.1.5. We find that for these values, there a
strong interchain antiferromagnetic correlations and a la
single-particle spectral weight at the Fermi surface points
the bonding and antibonding bands.
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