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Electronic-structure calculations of praseodymium metal
by means of modified density-functional theory
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Electronic-structure calculations of elemental praseodymium are presented. Several approximations are used
to describe the Prf electrons. It is found that the low-pressure, trivalent phase is well described using either the
self-interaction corrected~SIC! local-spin-density~LSD! approximation or the generalized-gradient approxi-
mation~GGA! with spin and orbital polarization~OP!. In the SIC-LSD approach the Prf electrons are treated
explicitly as localized with a localization energy given by the self-interaction of thef orbital. In the GGA1OP
scheme thef -electron localization is described by the onset of spin and orbital polarization, the energetics of
which is described by spin-moment formation energy and a term proportional to the total orbital moment,Lz

2 .
The high-pressure phase is well described with thef electrons treated as band electrons, in either the LSD or
the GGA approximations, of which the latter describes more accurately the experimental equation of state. The
calculated pressure of the transition from localized to delocalized behavior is 280 kbar in the SIC-LSD
approximation and 156 kbar in the GGA1OP approach, both comparing favorably with the experimentally
observed transition pressure of 210 kbar.@S0163-1829~97!01136-3#
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I. INTRODUCTION

The series of lanthanide and actinide metals exhibit a
variety of structural phase transitions as a function of ex
nal pressure.1,2 In the pressure range 0–150 kbar, the
quence of hexagonal close-packed~hcp! structure→ Sm
structure→ double hexagonal close-packed~dhcp! structure
→ face-centred cubic~fcc! structure→ distorted fcc struc-
ture generally is observed,2,3 and understood in terms of
transfer of valence electrons fromsp into d character.4 At
higher pressures, volume collapse transitions are somet
observed for the earlier lanthanides and medium-heavy
tinides and attributed to the sudden delocalization off elec-
trons with associated increase in chemical binding.5–10

Praseodymium metal falls into this general pattern.
ambient conditions Pr attains the dhcp structure, but a
pressure around 40 kbar a structural phase transition to
fcc structure is observed, and at still higher pressures (;62
kbar! a distorted fcc structure is seen.8 These low-pressure
phases are all characterized by relatively high symme
and/or quite good packing ratios and no particular volu
collapse is associated with the phase transitions. It is
lieved that the f electrons are localized in these phas
which, for example, is corroborated by the fact that Y~being
trivalent but having nof electrons! exhibits the same se
quence of structures as the lanthanides and the hea
actinides.2 In contrast, atP;210 kbar Pr is observed to un
dergo yet another structural phase transition to
560163-1829/97/56~12!/7143~6!/$10.00
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a-uranium (a-U! structure accompanied by a 9–10 % vo
ume collapse.6–9 The a-U structure is thought to be assoc
ated with itinerantf -electron behavior, for which reason th
phase transition is believed to mark the onset off -electron
delocalization. Thus the crystallographic transition is like
to be driven by a simultaneous electronic phase transitio

Theoretical work using band structure calculations ba
on the local-spin-density~LSD! approximation to density-
functional theory has confirmed that in order to reprodu
the experimental equilibrium volume thef electrons should
not be treated as bandlike, but rather be kept as frozen
electrons.11,12 If itinerant f electrons are allowed for in the
calculations they contribute such large extra cohesion a
produce much too low equilibrium volumes. The LS
ground state of the lanthanide metals calculated in this w
is qualitatively wrong, due to the fact that the formalism do
not generally allow for a possible energy gain by localiz
tion. The generalized gradient approximation~GGA! does
not alter the situation, although the volumes of the itiner
phases are improved in comparison with LSD.13

Recent developments in electronic structure schemes
ing orbital polarization14 ~OP! and self-interaction
corrections15,16 ~SIC! have provided frameworks for the de
scription of the transition from localized to delocalized b
havior of thef electrons. In the orbital polarization schem
the f electrons are treated as band states, but a term is a
to the total energy functional to improve the description
the intra-atomic interaction energies. This term lowers
energy of one-electron states of a given spin and with a la
7143 © 1997 The American Physical Society
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ml quantum number, thus facilitating the formation of si
nificant spin and orbital moments. At large volumes, wh
f -electron states have little overlap with their neighbors
complete spin and orbital polarization is favorable, and a
consequence of the filledf subbands thef electrons do not
contribute to the cohesion. Upon compression, the increa
f -electron hopping matrix elements favor band format
and the orbital polarization decreases gradually until eve
ally the f electrons exhibit full itinerant behavior. In appl
cation to Ce~Ref. 14! a Maxwell type instability loop was
observed in the calculated pressure-volume curve giving
to a first-order transition from localized to delocalize
f -electron behavior. The calculated transition takes place
somewhat too negative pressure compared to the experim
tally observedg→a transition. When the same theory
applied to Pr, a similar decrease of the orbital momen
observed at a volume corresponding to the experimental
ume of the localization-delocalization transition, howev
not with a Maxwell loop in the pressure-volume relatio
The orbital polarization scheme has been very successf
describing the orbital moment formation in systems like u
nium compounds17 as well as the magnetocrystalline aniso
ropy of 3d metals,18 where thef and d electrons, although
correlated, are best described as delocalized.

In the self-interaction corrected LSD formalism19,20 ~SIC-
LSD! the energy of a localizedf electron is corrected for the
spurious self-interaction inherent in the LSD formalism. Th
provides an energy functional, which may be minimized
ther by a set of delocalized Bloch states or by a set of st
of which at least some are localized, i.e., of non-Bloch for
By comparing the two competing minima of the SIC-LS
total energy functional one may discuss the two sides of
localized-delocalized transition. Applied to Ce~Refs. 15, 16,
and 20! the SIC-LSD scheme has been very successfu
describing theg→a phase transition, even at finite temper
ture. The SIC-LSD approach has recently been applied t
~Ref. 21! at the experimental lattice constant and was fou
to improve the description of the Fermi surface of Pr. In t
study the drastic improvement of the SIC-LSD approa
compared to the LSD was due to the fact that the occupie
f states are removed from the Fermi level.

In comparison to the orbital polarization scheme the m
ment formation energy of anf electron in Ce is;2 times
larger in SIC-LSD (;264 mRy in SIC-LSD compared to
;230 mRy in the orbital polarization scheme!. These mo-
ment formation energies do not represent the total ene
change when a system undergoes a delocalizat
localization transition, since the loss in band formation e
ergy is a balancing contribution. The fact that t
localization-delocalization transition pressure is somew
too low in the orbital polarization scheme (;250 kbar!
~Ref. 14! but about right in the SIC-LSD theory (;27 kbar!
~Refs. 15, 16, and 20! suggests that for Ce the magnitude
the localization energy in the latter scheme is essentially
rect. The functional dependence of the localization energy
the number of f electrons is quite different in the tw
schemes, being approximately linear in SIC-LSD and sca
like the sum of the square of the spin and orbital angu
momentum in the orbital polarization energy. A third calc
lational scheme often used to describe orbital polariza
and localization effects is the LDA1U theory,22 where a
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Hubbard-like term is added to the LSD Hamiltonian. Th
scheme has been applied successfully to well-localized
tems like NiO ~Ref. 23! and KCuF3,24 but in view of the
large value of the added term it will overestimate the te
dency to localization, i.e., it is only applicable to wel
localized systems but less appropriate for systems on
borderline. There is some uncertainty in determining
compensating term in the LDA1U energy functional, so the
localization energy for a Cef electron in this scheme is no
easy to assess. The LDA1U calculations of Ref. 25 showed
that aU value of 5–6 eV is appropriate for Ce, if a loca
moment shall be formed at theg-phase volume but not at th
a-phase volume. This is also theU value generally accepte
from photoemission experiments.26 However, Sandalov
et al.27 elaborated on this and found that in a more realis
implementation a localization of thef states was found at a
lower value of the HubbardU, ;3 eV. If one believes that
thea phase of Ce has delocalizedf states one must conclud
that the LDA1U overestimates the tendency to localizatio
Although it has not been investigated in detail it is likely th
within the LDA1U approach the 4f states of Ce are essen
tially localized up to several hundred kilobars.

In the present work we have undertaken the investiga
of the structural phase transition of Pr, observed to occu
210 kbar, using the SIC-LSD and orbital polarizatio
schemes and find that both schemes are adequate fo
low-pressure localized phase, while the high-pressure d
calized phase is best described with the GGA. In Sec. II
SIC-LSD and OP schemes are briefly described, while S
III presents the results of our calculations together with
discussion.

II. DETAILS OF CALCULATIONS

In the SIC-LSD approximation19,20one subtracts from the
LSD total energy functional the self-Coulomb and se
exchange-correlation energy for each occupied electron s

ESIC@$ca%#5(
a

^cau2Duca&1U@n#

1Exc
LSD@ n̄ #1Vext@n#2(

a
da , ~1!

where

da5U@na#1Exc
LSD@ n̄a#. ~2!

Here, ESIC is written as a functional of a set ofN oc-
cupied orthonormal single-electron wave functionsca .
n̄ is the total spin density of the system,n̄ (r )5

„n↑(r ),n↓(r )…,n(r )5n↑(r )1n↓(r ), and n̄a is the spin den-
sity of the ath state.U@n# and Exc

LSD@ n̄ # are the Coulomb
and the exchange-correlation energies of the electron
respectively, whileVext@n# denotes the interaction energ
with the lattice of ions.

The last term in Eq.~1! represents the self-interactio
correction, where for each occupied orbitalca the Coulomb
and exchange-correlation energies of the corresponding
densityn̄a are subtracted. As written in Eq.~1!, ESIC appears
to be a functional of the set of occupied orbitals rather th
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of the total spin density only, likeELSD. By a reformulation
it may be shown19,28 that ESIC can in fact be regarded as
functional of the total spin density only. In periodic solid
the SIC-LSD constitutes an extension of LSD in the se
that the set of Kohn-Sham orbitals which minimizeELSD also
provide a local minimum ofESIC.29 The question is whethe
a set of single-particle states, not all of Bloch form, exi
such thatESIC has a lower energy when evaluated with the
orbitals. When this occurs, the self-consistent value of
self-interaction represents the localization energy for t
particular orbital, which has to be balanced by the loss
band formation energy. For the actual implementation of
minimization of the SIC-LSD energy functional the reader
referred to Ref. 20. The details of the present calculati
were identical to those used for Ce in Ref. 20. In particu
the electron eigenstates were expanded in a double t
binding linear-muffin-tin orbitals~LMTO! basis set.30 In this
way the 5s and 5p semicore states of Pr as well as 6s and
6p hybridization may be described. In addition, the atom
sphere approximation~ASA! was applied for the SIC-LSD
calculations, i.e., the crystal volume is divided into sligh
overlapping atom-centered spheres, inside which the po
tial is taken spherically symmetric. The full-potential LMT
method,31,32 which does not invoke this approximation, wa
applied for thea-U structure and for the calculations usin
the GGA to the exchange-correlation energy.

In the orbital polarization scheme,14 a term

EOP52
1

2
E3Lz

2 ~3!

is added to the LSD total energy functional. Here,E3 is the
Racah parameter, related to the well-known Slater integ
Fk :33

E35~5F216F4291F6!/3, ~4!

while Lz is thez component of the total angular momentum
The origin of the OP energy is from simple consideratio
over the electrostatic and exchange energies of the var
terms of incompletely filled shells in the Hartree-Fock a
proximation, where it is observed that the lowest multip
~i.e., maximalS andL, according to Hund’s first two rules!
of a given configuration (f n) is lower than the mean energ
of that configuration, the Grand Bary Center, by appro
mately EOP.33,34 Therefore the rationale of introducing th
OP energy correction is that this atomic term energy diff
ence is not represented by standard LSD or GGA calc
tions. In analogy with Stoner theory of spin magnetism35

where a term2 1
4 ISz

2 describes the extra exchange ener
associated with spin polarization, the energy functional

the orbital polarization is2 1
2 E3Lz

2 . The spin magnetic inter
action energy is of course inherent in the LSD ene
functional.35 In the OP scheme the onset of localization
signaled by the formation of a large spin and orbital mome
when the intra-atomic interaction energies~in this case the
spin polarization andEOP terms! dominate over the inter
atomic interactions~i.e., the hopping integrals!, leading to
one or several levels being pulled below the Fermi level, a
consequently becoming completely filled. These levels t
represent a localized situation, since for filled bands a Bl
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and Wannier representation are equivalent. A similar reas
ing has been used in previous studies of systems with
filled shells, where the onset of spin polarization represe
the onset of localization.36 In the two theoretical method
used in the present paper localization is described in
same way, although at first sight the mechanisms for driv
localization seem somewhat different. The common sig
ture of localization in the SIC-LSD and OP schemes is
occurrence of one or several narrow electron states, wh
are completely filled and drawn away from the Fermi lev

III. RESULTS

In Figs. 1 and 2 the calculated total energy of praseo
mium is shown as a function of atomic volume. In Fig. 1 tw
curves show the positions of the two local minima of t
SIC-LSD energy functional in the fcc structure, which co
respond to localized or delocalizedf electrons, respectively
In the latter case, the SIC-LSD approximation is identical
the LSD approximation. The third curve in Fig. 1 represe
the energy of Pr calculated in thea-U structure with the LSD
approximation, i.e., also with thef electrons treated as delo

FIG. 1. Total energy of praseodymium~in mRy/atom, with an
arbitrary energy offset! as a function of atomic volume~in Å 3). The
curve marked SIC-LSD~fcc! corresponds to the calculation in th
fcc structure with two localizedf electrons per atom, while the
curves marked LSD~fcc! and LSD(a-U! correspond to itinerantf
electrons, in the fcc anda-U structures. The arrow indicates th
position of the experimental equilibrium volume.

FIG. 2. Same as Fig. 1 but with the GGA and GGA1OP ap-
proach.
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calized. Due to the relatively low symmetry of thea-U struc-
ture, the total energy of this phase cannot be accurately
culated within the ASA. Therefore thea-U curve of Fig. 1
was produced by calculating the total energy difference
tween thea-U structure and the fcc structure with the fu
potential LMTO method,31 and adding this quantity to th
fcc LSD total energy as calculated in the ASA.

The lowest total energy is found for the SIC-LSD curv
i.e., when thef electrons are treated as localized and s
interaction corrected. The equilibrium volume isV0

theor532.0
Å 3, which should be compared to the experimental va
V0

expt534.6 Å3.37 The magnitude of the self-interaction co
rection at the eqilibrium volume isda565 mRy@cf. Eq.~1!#
per f electron, so that the localization energy gain is2130
mRy per Pr atom. This gain is counteracted by the loss
band formation energy,112 mRy per atom, so that the ne
energy difference between the SIC-LSD and the L
minima at the eqilibrium volume is2118 mRy per atom.
The theoretical bulk modulus isB0

theor5289 kbar, which
compares favorably with the experimental value
B0

exp5306 kbar.38 The pressure derivative of the bulk mod
lus is B08

theor52.8. In the present study we ignore the actu
dhcp ground state structure of Pr at ambient pressure, s
our main focus is on the large volume collapse localizati
delocalization transition. The total energy versus volu
curves of the trivalent dhcp, fcc, and distorted fcc phases
bound to lie very close, since the volume changes on tra
tions are rather small, so we have chosen them to be re
sented by the single fcc total energy curve of Fig. 1.

For the dense phase it is seen that thea-U structure is
considerably more favorable than the fcc phase when thf
electrons are considered to be itinerant, in accord with
fact that this structure often appears in itinerantf -electron
metals. As recently explained,39 this originates from a sym
metry breaking~Jahn-Teller/Peierls-like! mechanism, where
electron states which are degenerate in the high symm
phase may become nondegenerate in a crystal with lo
symmetry. One or several of the degenerate states are
lowered whereas others are raised in energy. If the st
being raised in energy end up above the Fermi level,
system will gain energy from the bands which are lowe
and lose no energy from the states which have moved ab
the Fermi level, i.e., a net energy gain is achieved. It w
demonstrated that this mechanism is operational in all me
with narrow bands in the vicinity of the Fermi level, be
itinerant f -electron systems or normalspd metals at artifi-
cially expanded lattice constants.39

The parameters of Pr in thea-U structure were taken to
be equal to those of U, i.e., neither theb/a andc/a ratios nor
the internal displacement parameter were optimized.
structural parameters,b/a and c/a, derived experimentally
for Pr ~Ref. 7! do not differ substantially from those of U
used here. Such an optimization is feasible but computat
ally demanding. It will lead to a total energy curve for th
dense phase, which lies somewhat lower than the curv
Fig. 1, but the energy gain on optimization is modest co
pared to thea-U–fcc energy difference.

Recently, it was demonstrated that the GGA substanti
improves the equilibrium volume inf -electron systems,13 in-
cluding thea phase of Ce, and one may hope that a be
al-
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description of the collapsed phase of Pr may also
achieved within the GGA. To investigate this we calculat
the total energy of Pr with the GGA, as shown in Fig. 2.
this figure the localized phase of Pr is described with the O
which quite similarly to the SIC-LSD approach leads to
zero-pressure volume of 30.0 Å3. The equation of state o
the a-U structure is considerably improved by the GG
functional, as will be discussed below and may be seen,
instance, by the fact that the minimum of the total ener
curve for thea-U structure is found at almost 10% large
volume ~at 21.8 Å3, instead of 20.0 Å3).

The common tangents in Figs. 1 and 2 define the tra
tion pressure from localized to delocalizedf -electron behav-
ior, which is calculated to beP1

theor5280 kbar in the SIC-
LSD calculation of Fig. 1 andP2

theor5156 kbar in the
GGA1OP calculation of Fig. 2. The experimental transitio
pressure isPexpt5210 kbar. The high and low volumes o
each side of the transition are in the SIC-LSD approa
V1h

theor519.9 Å3 and V1l
theor516.4 Å3, corresponding to a

17.6% volume collapse and in the GGA1OP approach
V2h

theor520.7 Å3 and V2l
theor518.4 Å3, corresponding to an

11% volume collapse. Experimentally, the same quanti
are Vh

expt521.7 Å3 and Vl
expt519.7 Å3 with a volume col-

lapse of 9.3%.9

The calculated pressure-volume curves from the SIC-L
and OP-GGA approximations are shown in Fig. 3 and co
pared to experimental data.9 From Fig. 3 it is seen that the
SIC-LSD formalism provides a fairly accurate description
the low-pressure phase of praseodymium, while the hi
pressurea-U phase is less accurately described, but grea
improved by the GGA. In the SIC-LSD approach the qua
tative features of the localization-delocalization transition
thus reproduced, but the transition pressure is too large,
the volume collapse is almost twice as large as obser
experimentally.

In the GGA1OP approach the transition pressure is t
low, and the volume for which the transition occurs is al
somewhat too low. However, the volume collapse is ab
correct. The difference from the SIC-LSD results is par
due to the larger volume of thea-U structure in the GGA
and partly due to a lower localization energy compared to
SIC-LSD approach. In the SIC-LSD approach the mom
formation energy is 118 mRy as compared to 80 mRy in

FIG. 3. Equation of state of praseodymium, based on the ca
lations of Figs. 1 and 2. The volume is in Å3, and the pressure in
kbar. Experimental data from Ref.@9# are marked with •.
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GGA1OP scheme. When inspecting the 4f localized phase
we note that the SIC-LSD approach reproduces the exp
mental equation of state slightly better than the GGA1OP
theory.

IV. CONCLUSIONS

In summary, we have reproduced the observed transi
in elemental praseodymium from a low-pressure clo
packed phase to a more open high-pressure structure.
explain this phenomenon as due to a localizatio
delocalization transition of the 4f electrons, where at suffi
ciently large 4f wave function overlap the kinetic energ
gained in the band formation becomes larger than the lo
moment formation energy. This conclusion was reached
means of two different, commonly used approaches for c
recting LDA theory in describing localization-delocalizatio
transitions. The two approaches seem at first sight quite
ferent in nature but yield the same qualitative results, wit
decent description of the observed volume collapse of
metal. The volume collapse is in both theories explained
due to an onset of delocalized 4f -electron behavior. There
are some differences in the quantitative results from the
theoretical schemes, as is also the case in Ce metal. H
ever, one conclusion to be drawn from this study is that b
theoretical approaches describe the localized phase as h
a set of levels at low energy, away from the Fermi level. T
location of these levels is quite different in the two a
proaches. However, this energy is not a very meaning
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quantity in any case—rather the kinetic, potential, and
change and correlation energies are the important fact
These terms are very similar in the two approaches, wh
may be seen from the moment formation energy which d
fers by some 40 mRy. In the volume interval where the tra
sition occurs a shift of the total energy curve by this amo
does not have a dramatic influence on the qualitative in
pretations, but may cause the discrepancies in the calcul
transition pressures.

The origin of the OP correction is intimately connected
the different angular behavior of the different (l ,ml) orbital
states, and from this it follows that the Coulomb and e
change energy is minimized for a population of states wh
is given by Hund’s rules. This mechanism should be poss
to capture also in a SIC formalism if it could be applied to
potential with full angular behavior. Such a theory whic
both accounts for the atomic multiplet energy and descri
properly the Hubbard-like Coulomb correlations wou
clearly be an extension of this work. This could possib
account for the remaining discrepancies between theory
experiment.
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