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Quantum Hall Skyrmions with higher topological charge
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We have investigated quantum Hall Skyrmions at filling facterl carrying more than one unit of topo-
logical, and hence electric, charge. Using a combination of analytic and numerical methods we find the
counterintuitive result that when the Zeeman energy is tuned to values much smaller than the interaction
energy[ gugB/(e% €/)<8.4x 10" %], the creation energy of a charge two Skyrmion becomes less than twice
the creation energy of a charge one Skyrmion, i.e., Skyrmions bind in pairs. The doubly charged Skyrmions are
stable to further accretion of charge and exhibit a 10% larger spin per unit charge than charge one Skyrmions
which would, in principle, signal this pairingS0163-18207)06335-2

Ferromagnetic quantum HalQH) systems have quasi- apove and determing,. Finally, we discuss the prospects
particle excitations, “Skyrmions,” that involve a texturing for observing this effect in experiments_

of the spins: There is now strong experimental evidence that
the lowest energy charged excitations at filling facier 1
are Skyrmiong®

A smooth texturing of the spins can be described by an The long-wavelength physics of the spin degrees of free-
effective nonlinears model[see Eq.(1) below] where the dom in ferromagnetic QH states is described by the effective
spin is represented by a unit vecto(r). Skyrmions are to- Lagrangian density
pological excitations characterized by an integer topological

EFFECTIVE o MODEL

chargeZ= [drq(r), whereq=n-(d,nx dyn)/4m is the topo- Lei=3pAN)-dn—32pS(VN)2+3gpugn-B

logical (Pontryagin density;Z is the winding number of the ) ,

mappingn(r) from the compactified planeSt) to the target _ e_J a2 q(ra(r’) o
space of thes model (S,). A characteristic feature of QH 2e [r—r’] '

Skyrmions is that the topological density is proportional to

the deviation of the electron densjiyfrom its uniform value  Here A is the vector potential of a unit magnetic monopole,
p:q=v(p—p). Thus, atv=1, Skyrmions with topological p® is the spin stiffnes§p®= e2/(16\/ﬁe/) for v=1], e is
chargeZ carry electric charge-Z|e|. the dlelgctrlc constant gnd the magnetic Igngth. .

Up till now only Skyrmions with charge one have been Th? first two terms INCeq are the leading terms in the
considered for the natural reason that one would expect Co@fslg'ﬁv:ﬁgﬁgefogf at?])é fe:;g?;ﬁ?r:s:rﬁr;gipgnm??ggigt t%f the
lombically repelling Skyrmions to disfavor charge aggrega—Charge Z Skyrmions o? arbitrary size\ Land energy
tion. In this paper we study Skyrmions at1 with higher

; ) U A E,=4m|Z|ps8
charge and find that this expectation is violated for extremely The Zeeman and Coulomb terms Ay, break the scale

small values of the Zeeman energy where the Skyrmions arg, 4 iance and their competition sets the size and energy of

large objects. More precisely, we find that a charge tWQnhe skyrmions and modifies the detailed form of their pro-
Skyrmion has lower energy than a pair of charge one Skyrfiies: these now depend on the dimensionless ratio

mions for§'<§C=8.4>< 10°°, whereﬁzg,u.BB/('eZ/e/) IS g=(gueB)/(e¥e/?) of the Zeeman energy to the Coulomb
the dimensionless Zeeman energy. This implies that the inenergy. An ansatz for a Skyrmion with topological chaZge

teraction between two Skyrmions, which must be repulsiveyhich leads to a rotationally invariant topological density, is
at long distances on account of their electric charges, has an

attractive core in a region where their identities are no longer  n =./1—%(r)cogz6), n,=\1—f(r)sin(Z6),

distinct. We also find that Skyrmions with charge three and Y

higher are energetically disfavored at all valuesgof n,=f(r) )
We begin with variational estimates of the Skyrmion en- ‘ '

ergies for various topological charges at snmlthat were ~ wheref obeys the boundary conditiori¢0)=—1,f()=1.

the motivation for this work. We then study the Skyrmions The topological density isj=(Z/4wr)df/dr. The Skyrmi-

numerically, both in the effectiver model by integrating the ons in the scale-invariantoc model are given by

equations of motiofi, and more microscopically using a f(r)=[(r/\)??—4]/[(r/\)?*+4]. ForZ>1, their topologi-

Hartree-Fock schemfe.These establish the result quoted cal density has a hollow core.
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Substituting Eq(2) in the action(1) and minimizing leads sions is not on completely rigorous footing at present. So it
to a nonlinear, nonlocal integro-differential equation for follows that while the pair binding should be present only at

Below, we discuss results obtained by numerically integratsmall g, a reliable estimate of the critical. requires the
ing this equation using a relaxational technifugut firstit  more accurate computations of the Skyrmion energies re-
is instructive to consider approximate solutions at sngall ported below.
the details are discussed elsewhefeor Z>1 we take the
solution to be of the form of the scale-invariast model HARTREE FOCK
solution with an optimized scale paramekerThis yields
We complement the effective action calculations by the
)\:0.780/5*1’3 and Hartree-Fock method introduced by Ferégal.” For Skyr-

mions with topological charg& the Hartree-Fock wave
2
e a —~
_ 1/3
E 6/{2 \/;2+2.869
Z-1

function is fixed by requiring it to be in the lowest Landau
(Z2=2), level and by the symmetries of the classical solut@rto be
— /Sy — 113 .
A=1.2979 and |llf>:r£[o (umc;‘nTJrvmc;HZl)p]:[O cp |0y if  Z>0,
e? \/; ~
_ = K 1/3
E 6/{3 32+4.829

A=1.75g" ¥ and

e? m ~1/3

14 V37 721 (Z=4), (3)  lowest Landau level. We choose,, v, real and require
un,— 1 asm—oe. The coefficients,,,v,, are determined by

for the lowest three values @. Note that the energy per unit numerically iterating the Hartree-Fock equations until a self-

charge is the same for thg independent piece as is appro- consistent solution is found. ObviousiyW) has electric

priate for solutions of the scale-invariant probfewhile for ~ charge ;Z|e1l relative to the polarized groundstate

the g dependent piece it increases monotonically with [Wo)=111_oCrm;|0). Skyrmions with charg&<0 are often

Hence, there is no binding between this set of Skyrmions. ref_erred to as ant|—_S!<yrm|ons. In the a(_:tual numerlca_l calcu-
However, this procedure runs into trouble with the-1 ~ 1&tion we have a finite number of particles=<N, and im-

Skyrmion, where the scale-invariant solution yields a ZeeP0S€Un=1 (or uy=uy_;=1; see below

man energy that diverges logarithmically with system size

for any A. This can be fixed by matching the scale-invariant RESULTS

solution onto the exact asymptotic solution in the outer re-

gion, which decays exponentially with a lengttr’'g ~*2 As

a consequence we get logarithmically modified

expressions;?’

(2=3), -
|\If):m1:_[_z(umcLT+vmcIn+Zl)|O) if z<0, (5

where |up|?+|vm?=1, Ccmy|0)=0 andc! creates elec-

trons with spino in the angular momentumm state in the
E=

Our results are shown in Figs. 1-3. In Fig. 1 we give the
energies to create oné=2 Skyrmion and to creatéwo
Z=1 Skyrmions, both at fixed particle number and magnetic
field, as functions ofg. These energies are equal for the

\=0.558(g|Ing|)"** and Skyrmion and the anti-Skyrmiotwith the samgZ|). This
means that we have shifted the Hartree-Fock result for the
2 . o state(5) by a constant. For largg, theZ=2 Skyrmion has
= \/3:2+ 0.622{g||ng|)1’3} (Z=1), (#»  higher energy than tw@=1 Skyrmions. In this region the
: Skyrmions are small, much smaller than the system size, and
for the core scale parameter and energy. It is evident that thése Hartree-Fock calculation is reliable.
presence of the logarithm by itself implies that charge one The o model is to be trusted only for sm@ when the
Skyrmions will pair bind for small enougly and that the Skyrmions are large. It nevertheless gives energies that are
binding energy will vanish ag vanishes. Using the above close to, but sli~ghtly larger tﬂan, the Hartree-Fock energies
expressions one finds a critical value @f~5.3x 10 ¢ for  for the range ofg shown. Asg decreases, the difference in
this to happen. That such a critical value has to exist can b8N€rgy between on&=2 and twoZ=1 Skyrmions de-
inferred by a separate microscopic computation of the paircreases. We see that, except possibly for very smathe
binding energy at largey, where the Skyrmion size is Z=2~Skyrmion has larger energy. As noted earlier, in the
O(/) and they reduce to polarized quasiparticles, whichlimit g—0 the Skyrmions become infinitely large and only
shows the abscence of binding. However, the quantitativéhe o model term in Eq(1) contributes to the energy. Thus
issue is rather delicate. Even at smglithe result(4) is  Poth energies must eventually approach the pureodel
expected to have logarithmically subdominant correctiongesult E(0)=8mp®= Jml8e?le/ as g—0. To investigate
and is known numerically to be not terribly accurate in esti-the region of smally, we proceed in two different ways.
mating thedifference Eg)—E(0), even forg as small as The numericalc model method can be used for small

1078.5 Also, the asymptotic validity of our smafl expres- g. The inset in Fig. 1 shows the difference in energy as a
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) FIG. 1. Energies for one
Z=2 Skyrmion and for two
— Z=1 Skyrmions. The lines are
w 1 Hartree-Fock results fo= 1000
o 1.0- . E(Z=2) -2 E(Z=1) and the points are- model results.
m 1 4 0.008] The spin of oneZ=2 Skyrmion

and twoZ=1 Skyrmions is indi-
cated along the lines. The inset

0.0041
shows that the energies cross at
0'8__ 0.000} - 9.=8.4x107% (o model results
$ S only). E(0) is theg=0 energy.
3 -0.004 . : .
06 E(0) w’ 1w 100 1wt 10°
0.000 O.IOOS O.IOIO O.IOIS 0.020
g

function of§ obtained using ther model. This predicts a the EC(N) are so small that the Skyrmions are large and
crossing aﬁc=(8.4i 0.1)x 107 °. At this point the energy is there are large finite-size effect'é'C depends orN and on
§C=O.750®2/ e/ and there is a 10% change in the spin perwhether one imposes as boundary condition that one or sev-
charge ©/Z) of the lowest-energy excitation: eral of the spins are up at the edge of the system. It is diffi-
(S/2)z-,=225 and §/Z),_,=245. The size of the excita- cult to increaseN very much beyond\=1000 since the
tion also changes: The charge radier unit chargeare  convergence is very slow for the small valuesgpfve are
ry,-.=21 andr,_,=31/. We can also see that when interested in. We conclude that within the Hartree-Fock
decreases below., the difference in energy first increases method we are not able ttirectly probe a region off where
but then eventually starts to decrease as it must, since #n N-independent crossing might take place. However, we
should vanish ag=0. N can reach smalleg by finite-size scaling. In Fig. 2 we plot
Using the Hartree-Fock method for smaltgtthan shown  the crossing poing(N) as a function of M for three dif-

in Fig. 1, we find apparent crossing poinggs,(N). However,

ferent sets of boundary condition@s indicated in the

0.0012
4 *
O-OQIOf FIG. 2. Finite-size scaling of
=-2 with one spin fixed g.(N) L_Jsing ngtree-Fock re_sults
0.0008 1 Z=-1 with two spins fixed * " for antl-Skyrmlpps with various
: ] boundary conditiongone or two
spins up at the edge, as indicated
Y ] in the figure. g.(N) is where the
w0 0.0006 * energy of on&Z = —2 Skyrmion is
Both with one spin fixed equal to the energy of two
1 Z=—1 Skyrmions in a Hartree-
0.0004 Fock calculation withN particles.
] Note thatg.(N) depends strongly
. on N and on the boundary condi-
0.0002 ) ] ] tion. Fitting to quadratic polyno-
Both with two spins fixed mials in 1N gives g.=0()
1 =8.9x1075.
0.0000-1— — — — ——r —— .
0.000 0.001 0.002 0.003 0.004 0.005 0.006

1/N
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0.16
_ 2=0.02
_____ g=0.01
......... 2=0.005
0.08 S
‘\.': FIG. 3. Charge and spin densi-
g ties atg=0.02,0.01,0.005 for one
= Z=2 Skyrmion(using the Hartree
g Fock metholl Densities for one
A S Z=1 Skyrmion atg=0.02 are in-
0.00 ¢ = cluded for comparison.
-0.08 T T

10
r(l)

figure).1° To each set we fit a quadratic polynomial irN1/

and read offg .= g () =(8.9+1.4)x 10~5. The error is the
standard deviation in the three extrapolated values. The e

15

tial must be repulsive as it will be dominated by their
Coulomb interaction. It follows that the attraction that we
have found sets in only when the Skyrmions overlap and

rors in the fit for each curve are much smaller, reflecting thgheir identities begin to merge. In computing the Skyrmion
fact that 1N° terms are negligible compared to the quadraticenergies, we have ignored the effects of Landau-level mixing
terms in all our cases. Also, adding or subtracting a point aand of the softening of the Coulomb interaction at small
small N does not affect the results. That the three differentdistances by the finite extent of the subband wave functions

sets, which give very diﬁere@c(N), predict virtually the
same nonzera, indicates strongly that there is a crossing.
This value ofg, agrees with the one obtained in the effective

theory. Thus we conclude that the doubly charged Skyrmiong1

have lower energy fog<g.=8.4x10">.

It is straightforward to calculate not only the energy but
also the total spin as well as spin density and charge densit
The total spin, which is indicated along the line in Fig. 1, is

much larger for the doubly charged Skyrmion than for the

charge one Skyrmion. In Fig. 3 we give examples of dens

transverse to the plane of the electron gas. It is likely that
neither of these makes a huge difference to the energetics. In
the ¢ model description, the dominant effect of Landau-level
ixing is a renormalization of the spin stiffness, which does
not affect the inter-Skyrmion energetics. The softening of the
Coulomb interactions is significant at distances that are
(¢) and for much bigger Skyrmionsuch as in the region
f interest where they exceed 2P most of the self-
interaction is unsoftened(We also note that the long-
wavelength arguments regarding the peculiarities of the

ties for the doubly charged Skyrmion and compare them tg- =1 solution that underlie the pairing depend only on the
one charge one Skyrmion. Note that the charge density hafPrm of theo model action; they will applynutatis mutandis

its maximum a finite distance away from the origin for the
doubly charged Skyrmioffas the scale-invariant Skyrmion
hag.

The numerical o model gives ling . o[E—\7/8e%
€l1/g¥3=2.86% ¢l for Z=2 in agreement with Eq(3).
Thus there is no logarithm in thé=2 energy and hence no
reason to expect that>2 Skyrmions would ever have the
lowest energy per charge. We have also checkedzhka3
Skyrmions have higher energfper charge than Z=1,2

Skyrmions forg>10"".

DISCUSSION AND EXPERIMENTAL IMPLICATIONS

to other ferromagnetic fillings as well.
This is encouraging in that it suggests that it might be
possible to see the binding of the Skyrmions as a sharp de-

crease in the spin polarization with decreasmdn the vi-

cinity of v=1, where the ground state will exhibit a dilute
density of Skyrmions. Unfortunately, this is unlikely on two
grounds. First, it would require an extremely fine tuning of

g, which seems hard to accomplish. Second, there is the
more fundamental problem that when the Skyrmions get to
be very big, they become sensitive to the details of the dis-
order potential, which will tend to limit their size. Effec-

tively, we expect the disorder to provide a lower limitgo
and, while we have not computed this for realistic disorder
realizations, we are not greatly encouraged by the data in

Our analysis has established that two Skyrmions are unRef. 5 which found a maximum Skyrmion size, even tpr

stable to pair-binding at very small Zeeman energies. At dis

reduced under pressure, considerably smaller than the critical

tances much larger than their size, the inter-Skyrmion potenene calculated in this paper.
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Note addedWhile flnlShlng this work we became aware On|y at Sma”’é, and they appear not to have noticed the
of a recent paper by Nazarov and Khaefskthat studies existence or the extreme smallnessﬁgf.

higher topological charge Skyrmions in the effective
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