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A general field-theoretical description of many-fermion systems, both with and without quenched disorder,
is developed. Starting from the basic Grassmannian action for interacting fermions, we first bosonize the theory
by introducing composite matrix variables that correspond to two-fermion excitations and integrating out the
fermion degrees of freedom. The saddle-point solution of the resulting matrix field theory reproduces a disor-
dered Hartree-Fock approximation, and an expansion to Gaussian order about the saddle point corresponds to
a disordered random-phase approximation~RPA!-like theory. In the clean limit they reduce to the ordinary
Hartree-Fock and random-phase approximations. We first concentrate on disordered systems, and perform a
symmetry analysis that allows for a systematic separation of the massless modes from the massive ones. By
treating the massive modes in a simple approximation, one obtains a technically satisfactory derivation of the
generalized nonlinears model that has been used in the theory of metal-insulator transitions. The theory also
allows for the treatment of other phase transitions in the disordered Fermi liquid. We further use renormaliza-
tion group techniques to establish the existence of a disordered Fermi-liquid fixed point, and show that it is
stable for all dimensionsd.2. The so-called weak-localization effects can be understood as corrections to
scaling near this fixed point. The general theory also allows for studying the clean limit. For that case we
develop a loop expansion that corresponds to an expansion in powers of the screened Coulomb interaction, and
that represents a systematic improvement over RPA. We corroborate the existence of a Fermi-liquid fixed point
that is stable for all dimensionsd.1, in agreement with other recent field-theoretical treatments of clean Fermi
liquids. @S0163-1829~97!01036-9#
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I. INTRODUCTION

The many-fermion problem has a long history, due to
importance with respect to electrons in condensed ma
systems.1–3 In recent years there has been a renewed inte
in fundamental aspects of this problem, especially for el
trons at low or zero temperature, both with and witho
quenched disorder. The important physical systems
which these studies are relevant include, superconduc
both high-Tc and conventional ones, doped semiconduct
in both their metallic and insulating phases, amorphous
loys, and quantum Hall systems.

Historically, there have been two important techniques
tackle the many-fermion problem: Landau’s phenomenolo
cal Fermi-liquid theory,4 and the microscopic many-bod
perturbation theory or Feynman diagram approach,2,3 which
starts from a canonically quantized Hamiltonian of the pro
lem. While both techniques are very useful, and have yiel
many important results, either one of them has serious li
tations. Fermi-liquid theory has been extended to inclu
disorder,5,6 but often a microscopic approach is preferre
For the microscopic many-body perturbation theory, the
clusion of disorder is extremely awkward, mostly because
a large number of diagrammatic contributions that are in
vidually finite, but that ultimately cancel each other. Mo
recent approaches have used functional or field-theore
methods,7 which allow for the application of renormalizatio
group ~RG! techniques. A significant recent advance in th
area has been Shankar’s RG technique8 for clean fermion
560163-1829/97/56~11!/6513~29!/$10.00
s
er
st
-

t
r

rs,
s
l-

o
i-

-
d
i-
e
.
-
f

i-

al

systems that is applied directly to the Grassmannian fi
theory for fermions. This approach, which is still in its in
fancy, is very promising. For instance, it has already led t
derivation of Fermi-liquid theory from a microscopic startin
point.8,9 It also has been used to provide RG derivations
the Cooper instability problem, and of random-phase appr
imtaion ~RPA!-like screening.8 Other applications, for in-
stance a discussion of corrections to scaling near the
fixed point~FP! that describes the clean Fermi liquid, shou
be possible. However, for reasons that will be discussed
detail in the present paper, it is not easy to include the effe
of quenched disorder into this approach either.

An alternative approach for clean electronic systems
been pursued by Houghton, Marston, and others,10 and by
Fröhlich and Go¨tschmann.11 These authors have generalize
the bosonization techniques that have been used succes
in d51 to higher dimensions. In Ref. 11 the bosonizati
was also combined with RG techniques. These theories h
been used, for example, to rederive certain nonanalytici
that occur in Fermi-liquid theory, and to study the possibil
of marginal Fermi liquids in dimensionsd>2. Finally, clean
electronic systems have been bosonized by means
Hubbard-Stratonovich transformation and the use of the c
sical Hubbard-Stratonovich field as the fundamental field
the theory.12 Within this latter approach, disorder has be
included in the single-particle Green function at the level
the lowest order Born approximation.13 More sophisticated
effects of quenched disorder have so far not been inclu
into any of these approaches.
6513 © 1997 The American Physical Society
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For systems of disordered electrons, a completely dif
ent theory has been in use for some time, that descr
composite fermionic, i.e., effectively bosonic, degrees
freedom. For noninteracting electrons, this effective fi
theory takes the form of a nonlinears model,14 which was
generalized to the case of interacting electrons
Finkel’stein.15,16 It is custom tailored for the description o
the metal-insulator transition neard52, and it does not al-
low for the clean limit to be taken. No technically satisfa
tory derivation of the interacting theory has ever been giv
but rather its structure has been guessed, based on mor
orous derivations of Wegner’s effective model for the met
insulator transition in noninteracting electronic systems.17,18

The key idea underlying these effective field theories is
keep explicitly only those degrees of freedom that are lik
to be relevant for the problem under consideration, and
integrate out all others in some simple approximation.

It is clearly desirable to develop a more flexible fiel
theoretical approach for the many-fermion problem. Some
the desired features of such a theory are as follows.~1! Both
clean and disordered systems should be describable with
single framework.~2! The theory should allow for a RG
description of both clean and disordered Fermi liquids, of
metal-insulator transition, as well as of other quantum ph
transitions, such as, e.g., the recently investigated magn
ones.19–21 ~3! It should offer flexibility with respect to how
many, and which, degrees of freedom one keeps explic
depending on the problem under consideration.~4! It should
provide a satisfactory derivation of the nonlinears model
used to describe the metal-insulator transition in interac
disordered electronic systems.~5! It should allow for explicit
calculations of physically relevant observables, such as t
modynamic and transport properties. While all of the ex
ing theories fulfill some of these criteria, none of them m
all of them simultaneously.

This is the first of two papers where we develop suc
theory. In the present paper we discuss our general phy
ideas, and mainly focus on the disordered interacting ferm
problem, although we will discuss some aspects of the cl
limit. In a future, second paper we plan to use the sa
approach to thoroughly discuss clean interacting ferm
systems, as well as the connection between our approach
others. The outline of this paper is as follows. In Sec. II
introduce our starting point, a microscopic model for an el
tron fluid, in general in the presence of quenched disor
We then show how to transform this Grassmannian fi
theory into one for classical or bosonic fields, and discuss
physical motivation for this transformation. In this sectio
we also construct a saddle-point solution for the result
composite-fermion field theory, and expand to Gaussian
der about the saddle point. The result is equivalent to w
one obtains within many-body diagrammatic theory from
random-phase approximation~RPA!, modified by disorder.
In Sec. III we perform a symmetry analysis of our fie
theory. The results, together with some conclusions dra
from Sec. II, suggest slightly separate ways to proceed f
here for clean and disordered fermions, respectively. Fo
ing on the latter, we use the symmetry analysis to iden
and classify all of the slow or soft modes of the system. T
is crucial for a RG description of the problem. Using the
results, we then derive an effective field theory for the sl
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modes in a disordered fermion system. We identify a FP t
describes a disordered Fermi liquid, and show that it is sta
for d.2. We then show that the so-called weak-localizati
effects can be interpreted as corrections to scaling near
FP. We derive Finkel’stein’s generalization of Wegne
nonlinear s model that has been used to describe me
insulator transitions neard52, and discuss the critical FP
that corresponds to this quantum phase transition. The
tion is concluded by a brief discussion of a magnetic ph
transition that is described by the theory, and of the relat
between the theory presented here and earlier theorie
magnetic transitions in disordered systems. In Sec. IV
consider the clean limit of our theory and discuss the cle
Fermi-liquid FP. There we show that certain nonanalyticit
that appear in Fermi-liquid theory can be interpreted as c
rections to scaling near this FP, and we point out f
reaching analogies between clean and disordered Fermi
tems. In Sec. V we present our conclusions. Appendix
spells out a technical point that one encounters in Sec. II,
Appendix B contains a pedagogical discussion of anO(N)
symmetricf4 theory.

II. MATRIX FIELD THEORY

A. Grassmannian field theory

Let us start with a field-theoretical description of a syste
of interacting, disordered fermions in terms of Grassma
variables.7 The partition function of the system is

Z5E D@ c̄ ,c#eS[ c̄ ,c] . ~2.1!

Here the functional integration is with respect to Grassma
valued fieldsc̄ andc and the actionS is given by

S52E dx(
s

c̄s~x!]t cs~x!1S01Sdis1Sint .

~2.2a!

We use a (d11)-vector notation, with x5(x,t) and
*dx5*Vdx*0

bdt. x denotes position,t imaginary time,V is
the system volume,b51/T is the inverse temperature,s is
the spin label, and we use units such that\5kB51. S0 de-
scribes free fermions with chemical potentialm,

S05E dx(
s

c̄s~x!S ¹2

2m
1m Dcs~x!, ~2.2b!

with m the fermion mass. The Laplacian will be denoted
¹2 throughout. We will mostly be concerned with systems
T50, wherem5eF , with eF5kF

2/2m the Fermi energy, and
kF the Fermi momentum.Sdis describes a static random po
tential u(x) coupling to the fermionic number density:

Sdis52E dx(
s

u~x!c̄s~x!cs~x!, ~2.2c!

and Sint describes a spin-independent two-particle inter
tion:
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56 6515THEORY OF MANY-FERMION SYSTEMS
Sint52
1

2E dx1dx2 (
s1 ,s2

v~x12x2!

3 c̄s1
~x1!c̄s2

~x2!cs2
~x2!cs1

~x1!. ~2.2d!

The interaction potentialv(x) will be specified below.
For simplicity, the random potential in Eq.~2.2c! is taken

to be Gaussian distributed with a second moment tha
given by a functionU(x) with the dimension of an energ
density

$u~x! u~y!%dis5
1

pNF
U~x2y!, ~2.3!

where$•••%dis denotes the disorder average.NF is a normal-
ization factor with the dimension of a density of states. O
could use the free electron density of states at the Fe
level, but it will turn out to be more convenient to includ
some trivial disorder and interaction renormalizations. W
will explicitly define NF in Eq. ~2.46! below. The full physi-
cal density of states at the Fermi level will also be enco
tered later, and will be denoted byN(eF). More general dis-
order potentials can be considered, but as long as they co
only to the electron number density, the difference betw
the more general potentials and Eq.~2.3! can be shown to be
RG irrelevant at the disordered Fermi-liquid FP. For oth
purposes, e.g., a description of the Anderson-Mott me
insulator transition in the system, the difference is likew
expected to be RG irrelevant.

Since the system contains quenched disorder, it is ne
sary to average the free energy or lnZ. This is accomplished
by means of the replica trick,22 which is based on the identit

lnZ5 lim
n→0

~Zn21!/n. ~2.4!

Introducing n identical replicas of the system~with n an
integer!, labeled by the indexa, and carrying out the disor
der average, we obtain

Z̃[$Zn%dis5E )
a51

n

D@ c̄a,ca#exp@ S̃ #. ~2.5!

We again separateS̃ into free, disordered and interactio
parts as

S̃5 (
a51

n

~ S̃0
a1 S̃dis

a 1 S̃int
a!. ~2.6a!

It is useful to go to a Fourier representation with wave v
tors k and fermionic Matsubara frequenciesvn
52pT(n11/2), and a (d11)-vector notationk5(k,vn).
Then

S̃0
a5(

k,s
c̄s

a~k!@ ivn2k2/2m1m#cs
a~k! ~2.6b!

and
is

e
i

e

-

ple
n

r
l-
e

s-

-

S̃dis
a 5

1

2pNF
(
b51

n

(
$ki %

(
n,m

(
s,s8

dk11k3 ,k21k4
U~k12k2!

3 c̄ns
a ~k1!cns

a ~k2!c̄ms8
b

~k3!cms8
b

~k4!, ~2.6c!

S̃int
a52

T

2 (
s1 ,s2

(
$ki %

dk11k2 ,k31k4
v~k22k3!

3 c̄s1

a ~k1!c̄s2

a ~k2!cs2

a ~k3!cs1

a ~k4!. ~2.6d!

Here we have defined

cns~k![cs~k!5AT/VE dx e2 i ~kx2vnt!cs~x!,

~2.7a!

c̄ns~k![c̄s~k!5AT/VE dx ei ~kx2vnt!c̄ s~x!.

~2.7b!

Ultimately, we will be interested in long-wavelength, low
frequency processes. For clean electrons, this in gen
means that only the scattering of electrons and holes clos
the Fermi surface is important. In a clean Fermi liquid this
true because the lifetimes of the single-particle excitatio
become infinitely long as the Fermi surface is approach
For the disordered electron problem the situation is differe
All single-particle momentum and frequency excitations a
damped by the single-particle relaxation rate 1/t rel which in
general is not small. For this case, the only slow or s
excitations are two-particle excitations. This implies that t
soft excitations in the two cases are fundamentally differe
and that clean systems have in general more soft modes
disordered ones. This observation will be of great importa
below, and will suggest somewhat different effective fie
theories for dealing with clean and disordered systems,
spectively. In fact, this difference is the reason why the
proaches of Shankar8 and Houghton and Marston10 cannot be
simply extended to the dirty case.

To examine this important point in more detail, we fir
consider the clean case. It is customary and convenien
divide the possible scattering processes into three classes~1!
small-angle scattering,~2! large-angle scattering, and~3! 2kF
scattering. These classes are also referred to as the par
hole channel for classes~1! and~2!, and the particle-particle
or Cooper channel for class~3!, respectively. The corre
sponding scattering processes are schematically depicte
Fig. 1. We next make explicit the phase space decompos
that is inherent to this classification by writingS̃int

a , Eq.
~2.6d!, as

S̃int
a5 S̃int

a ~1!1 S̃int
a ~2!1 S̃int

a ~3! , ~2.8a!

where
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S̃int
a ~1!52

T

2 (
s1s2

(
k,p

( 8
q

v~q!c̄s1

a ~k!c̄s2

a

3~p1q! cs2

a ~p!cs1

a ~k1q!, ~2.8b!

S̃int
a ~2!52

T

2 (
s1s2

(
k,p

( 8
q

v~p2k! c̄s1

a ~k! c̄s2

a ~p1q!

3cs2

a ~k1q!cs1

a ~p!, ~2.8c!

S̃int
a ~3!52

T

2 (
s1Þs2

(
k,p

( 8
q

v~k1p!c̄s1

a ~2k!c̄s2

a

3~k1q! cs2

a ~2p1q! cs1

a ~p!. ~2.8d!

Here the prime on theq summation indicates that only mo
menta up to some momentum cutoffl are integrated over
This restriction is necessary to avoid double counting, si
each of the three expressions, Eqs.~2.8b! – ~2.8d!, represent
all of S̃int

a if all wave vectors are summed over. In general t
long-wavelength physics we are interested in will not depe
on l. Finally, one often writes the Eqs.~2.8! in terms of
singlet (s) and triplet (t) contributions. We introduce spinor

cn
a~x!5S cn↑

a ~x!

cn↓
a ~x!

D , ~2.9a!

and their Fourier transforms

ca~k![cn
a~k!5S cn↑

a ~k!

cn↓
a ~k!

D , ~2.9b!

as well as their adjointsc̄a(k) and a scalar product in spino
space (c,c)5 c̄•c, where the dot denotes the matrix pro
uct. Then we can write the interaction term as

FIG. 1. Typical small-angle ~1!, large-angle ~2!, and
2kF-scattering processes~3! near the Fermi surface ind52.
e

e
d

S̃int
a5 S̃int

a ~s!1 S̃int
a ~ t !1 S̃int

a ~3! , ~2.10a!

with

S̃int
a ~s!52

T

2 (
k,p

( 8
q

Gk,p
~s! ~q!@ca~k!,s0ca~k1q!#

3@ca~p1q!,s0ca~p!#, ~2.10b!

S̃int
a ~ t !52

T

2 (
k,p

( 8
q

Gk,p
~ t ! ~q!(

i 51

3

@ca~k!,sic
a~k1q!#

3@ca~p1q!,sic
a~p!#. ~2.10c!

Here sj5 is j , with s1,2,3 the Pauli matrices, ands05s0 is
the 232 identity matrix. We have also defined the sing
(s) and triplet (t) interaction amplitudes

Gk,p
~ t ! ~q!5

1

2
v~p2k!, ~2.11a!

and

Gk,p
~s! ~q!5v~q!2

1

2
v~p2k!. ~2.11b!

In addition we define the Cooper channel or 2kF-scattering
amplitude

Gk,p
~c! ~q!5v~k1p!. ~2.11c!

The effective interaction potentials that appear in Eqs.~2.10!
and ~2.11! are all given by the basic interaction potentialv,
taken at different momenta.S̃int

a (1) , and S̃int
a (s) as well, con-

tains the direct scattering contribution, orv(q), with q the
restricted (uqu,l!kF) momentum. Ifv is chosen to be a
bare Coulomb interaction, then the direct scattering contri
tion leads to singularities in perturbation theory that indic
the need for infinite resummations to incorporate screen
For simplicity, we assume that this procedure has alre
been carried out, and takev to be a statically screened Cou
lomb interaction. For smalluqu, it is then sufficient to replace
v(q) in Eq. ~2.11b! by a number. The moduli of the othe
momenta,k andp in Eqs.~2.10!, are equal tokF for the most
important scattering processes since, as mentioned above
soft or slow excitations in the clean Fermi system invol
particles and holes close to the Fermi surface. The ang
dependences of these coupling constants is usually taken
account by expanding them in Legendre polynomials on
Fermi surface.4 For future reference we note that if only th
zero angular momentum channell 50 is retained, then Eqs
~2.10! and ~2.11! are valid with Gk,p

(t) (0), Gk,p
(s) (0), and

Gk,p
(c) (0) replaced by numbersG (s), G (t), andG (c), which are

the Fermi surface averages of the respective interaction
plitudes. Shankar,8 in his RG approach, has explicitly de
rived these results, and has shown that all corrections
these approximations are RG irrelevant with respect to a
fixed point that describes a Fermi liquid.

For disordered Fermi systems the situation is differe
since single-particle excitations are massive modes wit
mass that is proportional to the inverse elastic mean-
time. In Sec. III we will give a detailed discussion of the so
or slow modes in a disordered Fermi system. The conclus
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will be that, of the modes that appear inS̃int , the dominant
soft modes are those that involve fluctuations of either
particle number densitynn or the spin densityns in the
particle-hole channel, or density fluctuationsnc in the
particle-particle channel.23 In terms of our spinors, the latte
are given as@cf. Eqs.~2.10!#

nn
a~q!5AT/V(

k
@ca~k!,s0ca~k1q!#, ~2.12a!

ns
a~q!5AT/V(

k
@ca~k!,sca~k1q!#, ~2.12b!

nc
a~q!5AT/V(

k
c̄ ↑

a~k! c̄ ↓
a~2k1q!. ~2.12c!

In Eqs.~2.10! this implies that we should project onto the
density fluctuations. This projection is performed in Appe
dix A. The net result is that the interaction amplitudes can
replaced by constants, namely their angular averages w
distribution of momenta near the Fermi surface. We th
obtain the interaction part of the action in the form

S̃int
a ~s!52

T

2
G~s!(

k,p
( 8

q
@ca~k!,s0ca~k1q!#

3@ca~p1q!,s0ca~p!#, ~2.13a!

S̃int
a ~ t !52

T

2
G~ t !(

k,p
( 8

q (
i 51

3

@ca~k!,sic
a~k1q!#

3@ca~p1q!,sic
a~p!#. ~2.13b!

S̃int
a ~3!52

T

2
G~c! (

s1Þs2
(
k,p

( 8
q

c̄s1

a ~k! c̄s2

a ~2k1q!

3cs2

a ~p1q! cs1

a ~2p!. ~2.13c!

The disordered Fermi system is thus described by only th
interaction parametersG (s), G (t), andG (c), which are given
by Eq. ~A4b! and analogous expressions. As long as we
only interested in physics that is dominated by soft mod
this restriction is exact. Clean Fermi systems, on the o
hand, in general require an infinite number of Fermi-liqu
parameters, and the restriction to the Eqs.~2.13!, with the
three interaction constants related to the Fermi-liquid par
eters in thel 50 channel, constitutes an approximatio
Physically this difference is due to the fact that there
more soft modes in the clean case than in the dirty case

B. Composite variables: Matrix field theory

1. The action in terms of Q matrices

As noted above, the slow modes for the disordered
mion problem are fluctuations of products of fermion ope
tors. It is therefore convenient to transform to a field theo
in terms of these composite variables. For both technical
physical reasons, which will become clear in Sec. III, it
convenient to go to a bispinor and, eventually, to a sp
quaternion representation. We define a bispinor24
e

-
e
a

s

e

re
s,
er

-
.
e

r-
-
y
d

-

hn
a~x!5

1

A2
S c̄n

a~x!

s2 cn
a~x!

D 5
1

A2S c̄n↑
a ~x!

c̄n↓
a ~x!

cn↓
a ~x!

2cn↑
a ~x!

D ,

~2.14a!

and an adjoint bispinor25

~h1!n
a~x!5 ichn

a~x!5
i

A2S 2cn↑
a ~x!

2cn↓
a ~x!

c̄n↓
a ~x!

2 c̄n↑
a ~x!

D , ~2.14b!

with c the charge-conjugation matrix

c5S 0 s2

s2 0 D 5 i t1^ s2 . ~2.14c!

The four degrees of freedom represented by the bispinor
the particle-hole or number density degrees of freedom,
the two spin degrees of freedom. We have also define
basis in spin-quaternion space ast r ^ si (r ,i 50,1,2,3), with
t05s0 the 232 identity matrix, and t j52sj52 is j
( j 51,2,3), with s j the Pauli matrices. In this basis, th
channelsr 50,3 and r 51,2 describe the particle-hole an
particle-particle degrees of freedom, and the channelsi 50
and i 51,2,3 describe the spin-singlet and spin-triplet,
spectively.

It is convenient to define a scalar product in bispin
space as

~hn
a ,hm

b !5(
j 51

4

jhn
a jhm

b , ~2.15!

where jh denotes the elements ofh and jh denotes the
elements ofh1. The adjoint of any operatorA in bispinor
space with respect to this scalar product is given bycTATc.
In terms of the bispinors, the terms on the right-hand side
Eq. ~2.6a! can be written

S̃052 i(
a,k

$ha~k!,@ ivn2k2/2m1m#ha~k!%, ~2.16a!

S̃dis5
21

2pNF
(
a,b

(
n,m

(
$ki %

dk11k3 ,k21k4
U~k12k2!

3@hn
a~k1!,hn

a~k2!#@hm
b ~k3!,hm

b ~k4!#, ~2.16b!

and

S̃int5 S̃int
~s!1 S̃int

~ t !1 S̃int
~c! , ~2.17a!

S̃int
~s!5

TG~s!

2 (
a

(
k,p

( 8
q (

r 50,3
~21!r

3@ha~k!,~t r ^ s0!ha~k1q!#

3@ha~p1q!,~t r ^ s0!ha~p!#, ~2.17b!
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S̃int
~ t !5

TG~ t !

2 (
a

(
k,p

( 8
q (

r 50,3
~21!r

3(
i 51

3

@ha~k!,~t r ^ si !h
a~k1q!#

3@~ha~p1q!,~t r ^ si !h
a~p!#, ~2.17c!

S̃int
~c!5

TG~c!

2 (
a

(
k,p

( 8
q (

n1 ,n2 ,m
(

r 51,2

3@hn1

a ~2k!,~t r ^ s0!h2n11m
a ~2k1q!#

3@h2n2

a ~2p!,~t r ^ s0!hn21m
a ~2p2q!#.

~2.17d!

The same phase space decomposition used to break uSint

can also be used to rewriteS̃dis as

S̃dis5 S̃dis
~1!1 S̃dis

~2! , ~2.18a!

with

S̃dis
~1!5

21

2pNFt1
(
a,b

(
n,m

(
k,p

( 8
q

@hn
a~k!,hn

a~k1q!#

3@hm
b ~p!,hm

b ~p2q!#, ~2.18b!

S̃dis
~2!5

21

pNFt rel
(
a,b

(
n,m

(
k,p

( 8
q

@hn
a~k!,hn

a~p!#

3@hm
b ~p1q!,hm

b ~k1q!#. ~2.18c!

Here we have introduced two different scattering timest1
and t rel , that will in general renormalize differently. Th
reason for their appearance is related to the potential co
lation functionU(k12k2) in Eq. ~2.16b!, which leads to a
U(q) in S̃dis

(1) , and aU(k2p) in S̃dis
(2) . Projection onto the

density, as in the interaction terms, then leads to Eqs.~2.18!,
with 1/t15U(q50), and 1/t rel a weighted average ove
U(k2p). t rel is the single-particle relaxation or scatterin
time.

Next we define a Grassmannian matrix fieldB12, with
1[(n1 ,a1), etc., by

B12~x!5h1
1~x! ^ h2~x!, ~2.19a!

or, in Fourier space and with all components written out,

i
jBnm

ab~q!5(
k

ihn
a~k! jhm

b ~k1q!. ~2.19b!

The subset of the Grassmann algebra that is given by
bilinear fields B is isomorphic to a set of classical, i.e
c-number valued, matrix fields. We exploit this isomo
phism, which in particular maps the adjoint operation inc
space that we denoted by an overbar onto the complex
jugation operation, by introducing a classical matrix fieldQ,
and constrainingB to Q by means of a functionald
function.26 We then use a functional integral representat
e-

he

n-

n

of the latter, with an auxiliary or ghost fieldL̃ that plays the
role of a Lagrange multiplier, and integrate out the fermio
This way we obtain

Z̃5E D@ c̄ ,c#eS̃[ c̄ ,c]E D@Q#d@Q2B#

5E D@h#eS̃[h]E D@Q#D@L̃#exp$tr@L̃~Q2B!#%

5E D@Q# D@L̃#eA[Q,L̃] . ~2.20!

In Eq. ~2.20! we have defined an effective action

A@Q,L̃#5Adis@Q#1Aint@Q#1
1

2
Tr ln~G0

212 i L̃ !

1E dx tr@L̃~x! Q~x!#. ~2.21!

Here and in what follows, tr is a trace over all discre
degrees of freedom that are not shown explicitly, while Tr
a trace over all degrees of freedom, including an integ
over x.

G0
2152]t1¹2/2m1m ~2.22!

is the inverse of the free electron Green operator, and
clear from the structure of the Tr ln term in Eq.~2.21! that
the physical interpretation of the ghost field is that of a se
energy. In writing Eq.~2.21!, we have replaced the dumm
integration variablesL̃ and Q by their transposeds, which
carries a Jacobian of unity, and have anticipated the fact
Adis@QT#5Adis@Q#, and the same forAint . The latter two
contributions to the action read

Adis@Q#5Adis
~1!@Q#1Adis

~2!@Q#, ~2.23a!

Adis
~1!@Q#5

21

2pNFt1
E dx@ trQ~x!#2, ~2.23b!

Adis
~2!@Q#5

1

pNFt rel
E dxtr@Q~x!#2, ~2.23c!

and

Aint@Q#5Aint
~s!1Aint

~ t !1Aint
~c! , ~2.24a!

Aint
~s!5

TG~s!

2 E dx (
r 50,3

~21!r (
n1 ,n2 ,m

(
a

3$tr@~t r ^ s0!Qn1 ,n11m
aa ~x!#%

3$tr@~t r ^ s0! Qn21m,n2

aa ~x!#%, ~2.24b!
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Aint
~ t !5

TG~ t !

2 E dx (
r 50,3

~21!r (
n1 ,n2 ,m

(
a

(
i 51

3

3$tr @~t r ^ si ! Qn1 ,n11m
aa ~x!#%

3$tr@~t r ^ si ! Qn21m,n2

aa ~x!#%, ~2.24c!

Aint
~c!5

TG~c!

2 E dx (
r 51,2

(
n1 ,n2 ,m

(
a

3$tr@~t r ^ s0!Qn1 ,2n11m
aa ~x!#%

3$tr @~t r ^ s0!Q2n2 ,n21m
aa ~x!#%. ~2.24d!

2. Properties of the Q matrices

We now derive some useful properties of the matrix fie
Q. Since B, Eqs. ~2.19!, is self-adjoint under the adjoin
operation defined in Eq.~2.14b! and denoted by a superscri
1, so is Q, Q15Q. Notice thatQ1 is distinct from the
Hermitian conjugate ofQ, which we write asQ†[(QT)* ,
with the star denoting complex conjugation. The definition
the former adjoint impliesQ15CTQTC, with

i j Cnm
ab5dnmdabci j , ~2.25!

andc defined in Eq.~2.14c!. We thus have

Q5CTQTC. ~2.26a!

In addition, a direct calculation of the Hermitian conjugate
B, B†[ B̄ T, reveals another constraint that is inherited by
Q, namely

Q†52GQG21, ~2.26b!

where the similarity transformation denoted byG has the
property

~G Q G21!nm5Q2n21,2m21 . ~2.26c!

We now expand our matrix fields in the spin-quaternion
sis defined after Eqs.~2.14!:

Q12~x!5 (
r ,i 50

3

~t r ^ si !r
i Q12~x!, ~2.27a!

L̃12~x!5 (
r ,i 50

3

~t r ^ si !r
i L̃12~x!, ~2.27b!

where again 1[(n1 ,a1), etc. In this basis, the relations ex
pressed by Eq.~2.26a! imply the following symmetry prop-
erties:

r
0Q125~2 !r

r
0Q21, ~r 50,3!, ~2.28a!

r
i Q125~2 !r 11

r
i Q21, ~r 50,3; i 51,2,3!, ~2.28b!

r
0Q125 r

0Q21, ~r 51,2!, ~2.28c!

r
i Q1252 r

i Q21, ~r 51,2; i 51,2,3!. ~2.28d!

Together with the behavior under Hermitian conjugation, E
~2.26b!, this further implies
f

f
e

-

.

r
i Q12* 52 r

i Q
2n121,2n221
a1a2 , ~r 50,3!, ~2.29a!

r
i Q12* 5 r

i Q
2n121,2n221
a1a2 , ~r 51,2!. ~2.29b!

Analogous relations hold forL̃ by virtue of the linear cou-
pling betweenQ and L̃.

This completes the derivation of the action in terms
classical matrix fields. We reiterate that for disordered f
mions, this action is adequate as long as one is intereste
physics dominated by soft modes, while for clean system
complete theory would have to keep an infinite set of int
action constants. We also recall that, by means of theQ
matrices, we keep explicitly only density modes in both t
particle-hole and the particle-particle channels. While this
again physically well motivated in the disordered case, i
more problematic in the clean case. Due to the larger num
of soft modes in the latter, our procedure means that in c
tain clean system soft modes have been integrated out. W
this integrating-out procedure is exact, it leads to undesira
properties of the effective field theory as we will discu
below. In the next subsection we will find further indication
for it being advantageous to derive somewhat different eff
tive theories for clean and disordered fermions, respectiv

C. Saddle-point solutions and Gaussian approximation

The physical degrees of freedom are now given by
matrix elements of theQ matrices, and the physical correla
tion functions for number and spin density fluctuations c
be expressed in terms ofQ-correlation functions. This im-
plies that ultimately we will want to integrate out the gho
field L̃ in Eq. ~2.21!. Before doing so, however, we examin
a saddle-point solution to the field theory defined by E
~2.21!–~2.24!, and the Gaussian fluctuations about th
saddle point.

1. Fermi-liquid saddle-point solution

It is possible to develop a systematic theory for the e
pectation values ofQ and L̃, rather than simply a saddle
point approximation for these quantities. We will come ba
to this point in Sec. III B 1 below. We further note that the
are many saddle-point solutions, and that in general t
have different symmetry properties. Physically these diff
ent solutions correspond to states with different broken sy
metries such as Fermi-liquid states, magnetically orde
states, or superconducting states. For now we concentra
a Fermi-liquid state. In Sec. III B 4 below, and elsewhere27

we will consider more exotic states.
The saddle-point condition is

dA
dQUQsp,L̃sp

5
dA
dL̃

U
Qsp,L̃sp

50. ~2.30!

The Fermi-liquid saddle-point solution is spatially uniform
diagonal in frequency and replica space, and there are
nonzero expectation values that would describe a spont
ous magnetization, or a BCS-like order parameter. In Fe
liquidlike phases, the saddle-point values of bothQ and L̃
have the structures
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r
i Q12~x!usp5d12d r0d i0Qn , ~2.31a!

r
i L̃12~x!usp5d12d r0d i0Ln , ~2.31b!

and the average values ofQ andL̃ have the same propertie
Using Eqs.~2.21!–~2.31!, we obtain the saddle-point equa
tions

Qn5
i

2V (
p

@ ivn2p2/2m1m2 iLn#21, ~2.32a!

Ln5
22

pNFt rel
Qn24TG~s!(

m
eivm0Qm . ~2.32b!

Hereeivm0 is the usual convergence factor that resolves
ambiguity presented by the equal-time Green function.2 No-
tice that this saddle-point solution obeys all of the symme
properties of theQ that were derived in Sec. II B 2. For
physical interpretation of Eqs.~2.32!, we define a self-
energy,Sn5 iLn . In terms of S, the Eqs.~2.32! can be
rewritten

Sn5
1

pNFt rel

1

V (
p

@ ivn2p2/2m1m2Sn#21

12G~s!T(
m

eivm0
1

V (
p

@ ivm2p2/2m1m2Sm#21.

~2.33!

This integral equation for the frequency dependent s
energy has a familiar structure. For vanishing interact
G (s)50, Eq. ~2.33! reduces to the self-consistent Born a
proximation for the self-energy, or the inverse mean-f
time, in a disordered fermion system. At zero disorder,
the other hand, Eq.~2.33! represents the Hartree-Fock a
proximation for the self-energy. The full Eq.~2.33! we will
refer to as the disordered Hartree-Fock approximation for
self-energy. It interpolates smoothly between the clean
dirty cases.

In this context, a few remarks on ultraviolet divergenc
and cutoffs are in order. In general dimensions, the sum
integrals in Eqs.~2.32! and ~2.33! do not exist due to ultra-
violet divergencies. Clearly, this is due to the lon
wavelength and low-frequency approximations we ha
made by, for example, projecting onto density modes on
Any ultraviolet problems encountered in the theory are the
fore artifacts, and should be cut off at some momentum s
k0. In principle there are a number of ‘‘large’’ momentu
scales that are candidates fork0, e.g., the Fermi wave num
ber kF , the Thomas-Fermi wave numberkTF , and the in-
verse elastic mean-free path 1/l . For metallic densities
kF'kTF , while kFl ..1 for weakly disordered systems
andkFl '1 for strongly disordered ones. A popular choi
is to usek052p/l in any disordered system, regardless
the strength of the disorder.28 However, for weakly disor-
dered systems this choice leads to qualitatively wrong
swers for various nonuniversal results, while usingk05kF is
qualitatively correct.29 For the universal phenomena that w
be considered in the present paper, on the other hand
precise value ofk0 is not important, and any of the abov
choices are acceptable.
e
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2. Gaussian approximation

We now examine the Gaussian fluctuations about
saddle point discussed above. To this end, we writeQ andL̃
in Eqs.~2.21! – ~2.24! as

Q5Qsp1dQ, ~2.34a!

L̃5L̃sp1dL̃, ~2.34b!

and then expand to second or Gaussian order in the fluc
tionsdQ anddL̃. Denoting the constant saddle-point cont
bution to the action byAsp, and the Gaussian action byAG ,
we have

A@Q,L̃#5Asp1AG@Q,L̃#1DA, ~2.35!

whereDA contains all terms of higher than quadratic ord
in the small quantitiesdQ and dL̃. The Gaussian action
reads,

AG@Q,L̃#5Adis@dQ#1Aint@dQ#1
1

4
Tr~GspdL̃GspdL̃!

1E dx tr@dL̃~x!dQ~x!#, ~2.36a!

with Gsp the single-particle Green function in saddle-po
approximation

Gsp~p,vn!5@ ivn2p2/2m1m2Sn#21, ~2.36b!

whereSn is given by the solution of Eq.~2.33!. The spec-
trum of this saddle-point Green function determines
quantityNF , see Eq.~2.46! below.

At this point it is important to notice that in the full ac
tion, Eq. ~2.35!, the symmetry properties expressed by E
~2.28! are enforced by means ofd-function constraints.
Truncating the theory at the Gaussian level spoils this pr
erty. Consequently, by using the constraints in different w
beforethe truncation one obtains different Gaussian theor
Here we opt to use the constraints to rewrite the theory
tirely in terms of matrix elementsdQ12 with n1>n2. Corre-
lation functions of matrix elements that do not obey the
frequency restrictions are related to Eqs.~2.37! below by
means of Eqs.~2.28!. As we will see, this choice results in
Gaussian theory that reproduces results that are well kn
from many-body perturbation theory. With this procedu
Eq. ~2.36a! is a quadratic form that can be diagonalized u
ing the techniques discussed in Ref. 16. One obtains

^ r
i ~dQ!12~p1!s

j ~dQ!34~p2!&G5
V

16
dp1 ,2p2

d rsd i j r
i

3M12,34
21 ~p1! , ~2.37a!

^ r
i ~dL̄!12~p1!s

j ~dL̄!34~p2!&G5
V

16
dp1 ,2p2

d rsd i j r
i

3N12,34
21 ~p1! . ~2.37b!
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Here ^•••&G denotes an average with a weightAG . In Eq.
~2.37b!, we have defined a correlation function for the flu
tuations of a fieldL̄ that is decoupled from theQ-correlation
function. L̄ is defined by

L̄125
1

2
wn1n2

L̃121Q12, ~2.38a!

with

wnm~k!5
1

V (
p

Gsp~p,vn!Gsp~p1k,vm!. ~2.38b!

The matrix inverseM 21 for the particle-hole channel i
given by,

0,3
i M12,34

21 ~p!5d122,324 0,3
i I 12@d13Dn1n2

~p!

2da1a2
da3a4

2TG~ i !Dn1n2

~ i ! ~p!Dn3n4
~p!#

2
4d r0d i0

pNFt1
d12d34Dn1n1

~s! ~p!Dn3n3

~s! ~p!,

~2.39a!

with

0,3
i I 12511dn1n2

~122d r3! S d i02(
j 51

3

d i j D , ~2.39b!

andG (0)52G (s), andG (1,2,3)5G (t). For the particle-particle
channel, one finds

1,2
i M12,34

21 ~p!52d112,314@d13 1,2
i I 12Dn1n2

~p!

2d i0da1a2
da3a4

4TG~c!Dn1n2

~c! ~p!Dn3n4
~p!# ,

~2.39c!

where

1,2
i I 12511dn1n2S d i02(

j 51

3

d i j D . ~2.39d!

Similarly, one finds for the matrix inverseN21 in the
particle-hole channel

0,3
i N12,34

21 ~p!52d13d24 0,3
i I 12wn1n2

~p!, ~2.39e!

and in the particle-particle channel

1,2
i N12,34

21 ~p!5d13d24 1,2
i I 12wn1n2

~p!. ~2.39f!

In the preceding equations

Dn1n3
~p!5wn1n2

~p! F12
1

pNFt rel
wn1n2

~p!G21

,

~2.40a!

and

Dn1n2

~ i ! ~p!5Dn1n2
~p! F112TG~ i !(

n
Dn,n1n22n1

~p!G21

,

~2.40b!
with D(0)5D(s), andD(1)5D(2)5D(3)5D(t), and
Dn1n2

~c! ~p!5Dn1n2
~p! F112TG~c!(

n
Dn,n11n22n~p!G21

.

~2.40c!

D. Physical correlation functions

We conclude this section by interpreting the results o
tained in the preceding subsection, and expressing s
physical quantities of interest in terms ofQ correlations.
First of all, wnm(k), Eq. ~2.38b!, is related to a disordered
Lindhard function. We write

wnm~k!5Q~nm!F1Q~2nm!w~k,Vn2m!, ~2.41!

with Vn52pTn a bosonic Matsubara frequency. For bo
clean and disordered systems,F approaches a finite constan
in the limit of vanishing wave number and frequency. On t
other hand, the behavior ofw in the same limit depends
qualitatively on the presence or absence of disorder.
dirty systems, to leading order ast rel→`,

w~ uku→0,Vn→0!5pNFt rel , ~2.42!

while for clean systems,w is singular in the long-
wavelength, low-frequency limit. For example, ind53,

w~ uku→0,Vn→0!5
ipNF

2ukuvF
sgn~Vn!ln

iVn1ukuvF

iVn2ukuvF
.

~2.43!

Comparing Eqs.~2.42! and ~2.43!, we see that the 1/uku and
1/Vn singularities that occur in the clean case are cut off
a mean-free path and a relaxation time, respectively, in
disordered case. This implies that theL̄-L̄ correlation func-
tion is soft for clean systems, and massive for dirty on
This will turn out to be a fundamental difference betwe
clean and dirty systems, which reflects the fact that sin
particle excitations are soft in a clean system. These ob
vations indicate that for the further development of t
theory it will be useful to treat clean and disordered syste
in somewhat different ways.

w determines the propagatorD, Eq. ~2.40a!. For finite
disorder, n1n2<0, and in the long-wavelength, low
frequency limit one finds

Dn1n2
~p!5

pNF

Dp21uVn12n2
u
, ~2.44!

with D5vF
2t rel /d a bare or Boltzmann diffusion

coefficient.30 The propagators given by Eqs.~2.37a! and
~2.39a! for n1n2,0 are then the soft or massless propagat
of the nonlinears model that is used to describe the met
insulator transition in disordered interacting electron
systems.15,16

Second, the physical correlation functions of the sing
particle spectral density, the particle number density, and
spin density, can be easily expressed in terms of
Q-correlation functions. By keeping an appropriate source
the action while performing the transformation toQ vari-
ables, we obtain an expression for the density of statesN, as
a function of energy or frequencyv,
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N~eF1v!5
4

p
Rê 0

0Qnn~x!&u ivn→v1 i0 . ~2.45!

In saddle-point approximation, we have for the density
states at the Fermi level

NF5
22

p

1

V (
p

ImGsp~p,ivn→ i0!. ~2.46!

This defines the density of states that has been used thro
out as an energy normalization factor. Similarly, one fin
that the number density susceptibilityxn and the spin density
susceptibilityxs are given by

x~ i !~q,Vn!516T (
m1 ,m2

(
r 50,3

^ r
i ~DQ!m12n,m1

aa

3~q!r
i ~DQ!m2 ,m21n

aa ~2q!&, ~2.47!

with DQ5Q2^Q&, andx (0)5xn andx (1,2,3)5xs . By sub-
stituting the Gaussian propagator we see that the Gaus
theory yieldsxn and xs in a disordered RPA-like approxi
mation. Notice that, for weak disorder, the last term on
right-hand side of Eq.~2.39a! is smaller than the first two
terms by at least a factor of 1/t1, and therefore does no
appear in the usual resummation schemes of many-body
turbation theory. Neglecting it, one finds, for smalluqu and
Vn ,

x~ i !~q,Vn!5xst
~ i !

2D ~ i !q2

uVnu1D ~ i !q2
, ~2.48a!

where

xst
~ i !5NF /~12NFG~ i !! ~2.48b!

is the static susceptibility in the long-wavelength lim
renormalized by the interaction, and

D ~ i !5D~12NFG~ i !! ~2.48c!

is the renormalized diffusion coefficient. Here we have us
the identityT(nDnn(q→0)52NF/2, which expresses par
ticle number conservation. Notice that fori 51,2,3, Eqs.
~2.48! describe a disordered Stoner criterion: ForNFG (t)51,
the spin diffusion coefficient vanishes, and the static s
susceptibility diverges. In the clean limit one recovers R
proper,

x~ i !~q,Vn!52x0~q,Vn!@11G~ i !2x0~q,Vn!#21,
~2.49!

wherex0(q,Vn)5T(mwm2n,m(q) is the free electron den
sity susceptibility per spin.

III. THE DISORDERED FERMION SYSTEM

In this section we concentrate on the disordered syst
and in particular perform a symmetry analysis in order
identify the soft modes in our system. This will allow us
explicitly separate the soft modes from the massive ones,
to formulate an effective field theory for which the so
modes remain manifestly soft to all orders in perturbat
theory. In Appendix B we point out that all of the conside
f

gh-
s

ian

e

er-

d

n

,

nd

n

ations and results of this section have precise analo
within thef4 representation of theO(N) Heisenberg model.
These analogies are often helpful, sincef4 theory is techni-
cally much simpler than the matrix field theory under co
sideration here, and hence it displays the basic structur
the symmetry analysis and its consequences more clear

A. Symmetry analysis

1. Basic transformation properties

Let us perform a symmetry analysis of our field theo
To this end, we start with the action in fermionic form, fo
mulated in terms of bispinors, Eqs.~2.16!–~2.18!. Our plan
of attack is to consider the various terms in the action se
rately. The crucial symmetries will involve the free electro
part S̃0 and the disorder partS̃dis. The interaction partS̃int ,
Eqs. ~2.17!, will turn out to always be effectively propor
tional to a frequency, at least near the disordered Fer
liquid FP that we will identify below. Since we are intereste
in low-frequency effects, this will ultimately imply thatS̃int
does not change the conclusions with respect to which t
particle excitations are soft or massless that are reache
considering the noninteracting action.

For zero external frequency,ivn50 in Eq. ~2.16a!, the
free fermion action is invariant under transformations th
leave invariant the expression

(
n

(
a

tr@~h1!n
a

^ hn
a#[~h,h!, ~3.1!

with (h,h) a generalization of the scalar product defined
Eq. ~2.15! that includes summation over the frequency a
replica indices. From the structure of the disorder part of
action, Eq.~2.16b!, it is clear thatS̃dis is also invariant under
transformations that leave invariant (h,h).

Now let h be transformed by means of an operatorT̂:
h→T̂h. Remembering thath1 is related toh by means of
the charge conjugation matrixC, Eq. ~2.25!, and using
C T5C21, we find that in order to leave (h,h) invariant,T̂
must obey

T̂ TCT̂5C. ~3.2!

For a system with 2N frequency labels (N positive ones,
including 0, andN negative ones!, andn replicas, Eq.~3.2!
defines a representation of the symplectic group Sp(8Nn,C)
over the complex numbersC.31 Throughout this section we
will denote the real, complex, and quaternion number fie
by R, C, andQ, respectively. In what follows we will need
to consider only small subgroups of the 8Nn(8Nn11)-
parameter group Sp(8Nn,C).

Now we ask what transformations of our composite va
ablesQ correspond to the above transformations of the b
pinors. Since theQ matrix is constrained to the bilinear fer
mion field B5h1

^ h, see Eq. ~2.20!, h→T̂h implies
Q→TQT21, with T5CT̂C T. The ghost fieldL̃ couples lin-
early to Q and B, and therefore transforms asQ, i.e., by
means of the matricesT. Together with theT̂, the transfor-
mationsT also obey Eq.~3.2!, and therefore also form a
representation of the group Sp(8Nn,C).
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Now we consider a specific transformation, namely a
tation in frequency space given by

r
i T̂nm

ab5d i0d r0dab$dnm@11~dnn1
1dnn2

!~cosu21!#

1~dnn1
dmn2

2dnn2
dmn1

!sinu%

[d i0d r0dab t̂ nm . ~3.3!

This transforms a pair of spinors with frequency labelsn1
and n2, respectively, into linear combinations of the sam
pair, with a mixing angleu. These transformations obey E
~3.2!, and thus are elements of Sp(8Nn,C). For fixedn1 and
n2 they represent an SO(2) subgroup of Sp(8Nn,C). The
corresponding transformationsT of theQ andL̃ matrices are
identical with theT̂, T5T̂. Under an infinitesimal element o
this subgroup, theQ matrices transform as

Qnm→Qnm1dQnm , ~3.4a!

with

dQnm5~dnn1
Qn2m2dnn2

Qn1m1dmn1
Qnn2

2dmn2
Qnn1

!u

1O~u2!. ~3.4b!

Here we have shown only the frequency indices, since
other degrees of freedom are unaffected by the transfor
tion. TheL̃ matrices transform accordingly.

Of the various pieces of the action inQ-L̃ formulation,
Eq. ~2.21!, Adis and *dx tr(L̃Q) are invariant under the
above transformation, but Tr ln(G0

212iL̃) andAint are not.
For now, let us consider the transformation of the former

Tr ln~G0
212 i L̃ !→Tr ln~G0

212 i L̃ !1u Tr~G d iv!,
~3.5a!

with G[(G0
212 i L̃)21, and

r
i ~d iv!nm

ab5d i0d r0dab~dnn1
dmn2

1dnn2
dmn1

!iVn12n2
.

~3.5b!

The action of the noninteracting Fermi system theref
transforms as

A05A2Aint→A01dA05A01
u

2
Tr~G d iv!. ~3.6!

We will consider the transformation properties ofAint in Sec.
III A 3 below.

2. A Ward identity for noninteracting electrons

Because of the complexity of the interacting case, and
the reasons noted at the beginning of the previous sub
tion, we first discuss the noninteracting system. Let us in
duce a sourceJ for the Q fields, and consider the partitio
function

Z@J#5E D@Q#D@L̃#eA01 E dx tr@J~x!Q~x!#. ~3.7!

By performing an infinitesimal transformation, Eq.~3.4b!, on
the Q and L̃ fields, one obtains from Eq.~3.7! the identity
-

ll
a-

e

r
c-
-

05E D@Q#D@L̃#FdA01E dx tr@J~x!dQ~x!#G
3eA01 E dx tr[J~x!Q~x!] . ~3.8a!

Differentiating this identity with respect to0
0Jn2n1

ba and put-

ting J50 yields

05^dA0 0
0Qn1n2

ab ~x!&1^0
0~dQ!n1n2

ab ~x!&, ~3.8b!

where^•••& denotes an average by means of the actionA0.
From the explicit expression fordA0, Eq. ~3.6!, we see that
the first average is essentially a frequency times^G Q&. By
using the identity32 ^G Q&522i ^Q2& we finally obtain

8Vn12n2(g
E dy^0

0Qn1n2

gg ~y!0
0Qn1n2

ab ~x!&

5^0
0Qn1n1

ab ~x!&2^0
0Qn2n2

ab ~x!&. ~3.9!

This is the desired Ward identity for noninteractin
electrons,33,17,18 which relates a two-pointQ-correlation
function to the one-point function. For sgnn15sgnn2, the
right-hand side vanishes asn12n2→0, and the identity tells
us nothing interesting. However, for sgnn1Þsgnn2 we see
from Eq. ~2.45! that the right-hand side approach
pN(eF)/2, which is nonzero everywhere inside the ban
The correlation function on the left-hand side must theref
diverge. Due to rotational invariance in replica space
have^Qab&;dab , and^Qab Qgd&;dagdbd . We finally ob-
tain, for n1n2,0 anduVn12n2

u→0,

^0
0Qn1n2

aa ~k!0
0Qn1n2

aa ~2k!&uk505
pN~eF!

16uVn12n2
u
. ~3.10!

HereN(eF) is the exact density of states at the Fermi level
the noninteracting electron system. The salient point is t
as long asN(eF).0, the Q-Q correlation function at zero
momentum diverges as 1/uVn12n2

u. Equations~2.37a!,
~2.39a!, and ~2.44! show that the Gaussian propagator h
this property. The Ward identity ensures that it holds to
orders in perturbation theory. We have therefore identifi

0
0Qn1n2

aa for n1n2,0 as a soft mode. Rotational symmetry

replica space implies that the0
0Qnm

ab , nm,0, aÞb, are also
soft. This can also be seen by applying the above rota
procedure in frequency space directly to spinor pairs w
different replica indices.

From the Gaussian propagator, Eqs.~2.37a!, ~2.39!, as
well as from physical considerations, one expects all ch
nels to be soft, not just ther 50, i 50 channel. This is in-
deed the case. These additional soft modes are not contr
by separate Ward identities, but rather are related to Eq.~3.9!
by additional symmetries of the action. In order to see th
we consider transformations

Tnm
ab5dabdnm@dnn2

xr~t r ^ si !1~12dnn2
!~t0^ s0!# ,

~3.11a!

with x05x351 andx15x25 i , andn2 some fixed frequency
index. TheseT obey Eq.~3.2!, and in addition they are uni
tary. It is easy to check that under these transformationQ
transforms as
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0
0Qnn2

→ r
i Qnn2

~nÞn2!. ~3.11b!

If the action is invariant under such a transformation
given i ,r , then^ r

i Q r
i Q&5^0

0Q 0
0Q&, and hence the two-poin

Q correlations in thei ,r channel are also soft. Obviously, th
noninteracting actions are indeed invariant under these tr
formations, so the two-point correlations are soft in all cha
nels.

Note that Eqs.~3.11! imply that the spin-singlet (i 50)
and spin-triplet (i 51,2,3) channels are equal, and so are
particle-hole (r 50,3) and particle-particle (r 51,2) chan-
nels. In particular, they provide a technical explanation
why the so-called Cooperons, i.e., the two-po
Q-correlation functions in the particle-particle channel, a
soft modes. We also mention that in the clean case, there
is only one basic Ward identity, but many more addition
symmetries than in a disordered system.27 These additional
symmetries result in many additional soft modes. This f
ture leads to the somewhat paradoxical fact that it is easie
derive an effective field theory for disordered electron s
tems than for clean ones.

3. A Ward identity for interacting electrons

Now we add the electron-electron interaction to our co
siderations. For simplicity, we restrict ourselves to a disc
sion of the particle-hole spin-singlet interaction; the disc
sion of the remaining interaction channels procee
analogously.

Let us consider again an infinitesimal element of the
tations in frequency space, Eq.~3.3!. From Eqs.~2.24b! and
~3.4b! we find that the particle-hole spin-singlet part of t
action transforms asAint

(s)→Aint
(s)1dAint

(s) , with

dAint
~s!516G~s!E dx(

g
(

r 50,3
T (

n18n28
r
0Qn

18n
28

gg
~x!

3@ r
0Q

n11~n182n28!,n2

gg
~x!2 r

0Q
n1 ,n22~n182n28!

gg
~x!

2 r
0Q

n21~n182n28!,n1

gg
~x!1 r

0Q
n2 ,n12~n182n28!

gg
~x!#u.

~3.12!

Now we follow the same steps that led to Eq.~3.8b!, except
that we differentiate with respect to0

0Jn4n3

ba with n3.0,

n4,0. This yields

2^0
0
„dQ~x!…n3n4

ab &5^dA0 0
0Qn3n4

ab ~x!&1^dAint 0
0Qn3n4

ab ~x!&.
~3.13!

Choosingn1.0, n2,0, and usinĝ Qnm&;dnm as well as
Eq. ~3.12!, we obtain the Ward identity in the form

Wint18Vn12n2(g
E dy^0

0Qn1n2

gg ~y!0
0Qn3n4

ab ~x!&

5dn1n3
dn2n4

~^0
0Qn1n1

ab ~x!&2^0
0Qn2n2

ab ~x!&!, ~3.14a!

where
r

s-
-

e

r
t
e
till
l

-
to
-

-
-
-
s

-

Wint5216G~s!(
g
E dy (

r 50,3
T (

n18n28

3^0
0Qn3n4

ab ~x!r
0Qn

18n
28

gg
~y! @ r

0Q
n1 ,n22~n182n28!

gg
~y!

2 r
0Q

n11~n182n28!,n2

gg
~y!1 r

0Q
n21~n182n28!,n1

gg
~y!

2 r
0Q

n2 ,n12~n182n28!

gg
~y!#&, ~3.14b!

with n1 ,n3.0, andn2 ,n4,0.
We now need to analyze the three-point correlation fu

tions in Eq. ~3.14b!, and ascertain that theQn1n2
with

n1n2,0 remain soft modes in their presence. To this end
first split up the Q into their averages and fluctuation
Qnm5^Qnm&1(DQ)nm5dnm^Qnn&1(DQ)nm . Since n1
Þn2 and n3Þn4, we have^Qn1n2

&5^Qn3n4
&50. Further-

more, if we putn185n28 in the three-point functions, then th
expression in square brackets in Eq.~3.14b! vanishes, so
effectively we also havêQn

18n
28
&50. Equation~3.14a! then

takes the form

Wint18Vn12n2(g
E dy^0

0~DQ!n1n2

gg ~y!0
0~DQ!n3n4

ab ~x!&

5dn1n3
dn2n4

~^0
0Qn1n1

ab ~x!&2^0
0Qn2n2

ab ~x!&!, ~3.14c!

andWint can be written

Wint5216G~s!(
g

~^0
0Qn1n1

gg ~x!&2^0
0Qn2n2

ab ~x!&!

3T (
n18n28

~dn
182n

28 ,n22n1
1dn

182n
28 ,n12n2

!

3^0
0~DQ!n

18n
28

gg
~y! 0

0~DQ!n3n4

ab ~x!&

216G~s!(
g
E dy (

r 50,3
T (

n18n28
^0

0~DQ!n3n4

ab ~x!

3 r
0~DQ!n

18n
28

gg
~y!@ r

0~DQ!
n1 ,n22~n182n28!

gg
~y!

2 r
0~DQ!

n11~n182n28!,n2

gg
~y!1 r

0~DQ!
n21~n182n28!,n1

gg
~y!

2 r
0~DQ!

n2 ,n12~n182n28!

gg
~y!#&. ~3.14d!

Next we remember that the composite variablesQ corre-
spond to products of fermions variables, e.g.,Q;c̄c in the
particle-hole channel. Specifically,

0
0Qn1n2

;
i

2 (
s

~c̄n1 ,scn2 ,s1 c̄n2 ,scn1 ,s!, ~3.15a!

3
0Qn1n2

;
21

2 (
s

~c̄n1 ,scn2 ,s2 c̄n2 ,scn1 ,s!.

~3.15b!



of

e
i

dd

rt
-

e
re

e

on

,
m

r-

f
lin
l
-

or
s of

t

a-

-

the
res
r
an

n
ore
w.
of a

, at
itive

re-
s in

er
by

t of
at

us
e

nge

l, it
an

56 6525THEORY OF MANY-FERMION SYSTEMS
Therefore, writing the correlation functions in terms
DQ;c̄c2^ c̄c& makes themQ irreducible, but notc irre-
ducible. For instance, the two-point function in Eqs.~3.14c!
and ~3.14d! has the structure

(
g
E dy^0

0~DQ!n1n2

gg ~y!0
0~DQ!n3n4

ab ~x!&

5dab@dn1n3
dn2n4

Xn1n2

~1! 1dn12n2 ,n32n4
Xn1n2 ,n3n4

~2! #.

~3.16!

The replica structure of this identity is such thatX(1) and
X(2) are replica independent.34 We can therefore suppress th
replica index in what follows, as we have done already
Eqs. ~3.15!. The frequency structure of Eq.~3.16! is very
general: By virtue of Eq.~3.15a!, the full two-point function
is automatically proportional todn12n2 ,n32n4

due to time
translational invariance, and the disconnected part is in a
tion proportional todn1n3

dn2n4
. Using Eqs.~3.15! in the

three-pointQ correlations shows that they also contain pa
that are proportional todn1n3

dn2n4
, and others that are pro

portional to dn12n3 ,n22n4
. This suggests to break up th

Ward identity into two separate pieces with these two f
quency structures, respectively.

By collecting the above arguments, we find that the co
ficients ofdn1n3

dn2n4
in the Ward identity obey the relation

^0
0Qn1n1

ab ~x!&2^0
0Qn2n2

ab ~x!&

5dab@8Vn12n2
Xn1n2

~1! 2NF~NFG~s!!2Yn1n2

~1! # .

~3.17a!

HereY(1) is related to the piece of the three-point correlati
functions that is proportional todn1n3

dn2n4
. An explicit cal-

culation yields

Yn1n2

~1! 5
28

NF
3G~s!E dyT (

n18n28
$G~x,y;vn1

!

3^@ c̄n
18
~y!s0cn

28
~y!#@~ c̄n22n

181n
28
~y!s0cn2

~x!#&c

2G~x,y;vn2
!^@ c̄n

18
~y!s0cn

28
~y!#

3@~ c̄n12n
181n

28
~y!s0cn1

~x!#&c%dis. ~3.17b!

Here the^ c̄cc̄c&c are c-connected correlation functions
with the cumulant taken with respect to the quantu
mechanical expectation value only, andG(x,y;vn)
5^ c̄n,s(x) cn,s(y)& is the Green function for a given diso
der configuration. ForTn1→10 and Tn2→20, so that
Vn12n2

→0, the left-hand side of Eq.~3.17a! approaches

again pN(eF)/2, with N(eF) the single-particle density o
states at the Fermi level. However, since we are now dea
with interacting electrons,N(eF) includes interaction as wel
as disorder effects.Yn1n2

(1) in that limit approaches some num

ber pY(1)/2. We then obtain, for smallVn12n2
,

n

i-

s

-

f-

g

Xn1n2

~1! 5
p

16uVn12n2
u @N~eF!1NF ~NFG~s!!2Y~1!#.

~3.18!

Notice that thec-connected correlation functions vanish f
noninteracting electrons, so that in an expansion in power
the interaction constant,Y(1) is of O(1). Theterm in brack-
ets on the right-hand side of Eq.~3.18! is equal to
p@N(eF)#2/8H, with H the quasiparticle or specific hea
density of states.5,6,16

Similarly, one finds for the coefficients ofdn12n3 ,n22n4
in

the Ward identity

Vn12n2
Xn1n2 ,n3n4

~2! 5NF~NFG~s!!2Yn1n2 ,n3n4

~2!

216G~s!T $@G~x,x;vn1
!

2G~x,x;vn2
!#fn3n4

~x,x!%dis,

~3.19a!

where

fn3n4
~x,x!5E dy G~y,x;vn3

!G~x,y;vn4
!, ~3.19b!

andY(2) is again given in terms of connected four-c corre-
lation functions. If desired, it can be calculated in perturb
tion theory in G (s). For Vn1n2

→0, Eqs. ~3.19! yield

Xn1n2 ,n3n4

(2) ;T/uVn12n2
uuVn32n4

u. Again, the Gaussian propa

gator has that property, see Eqs.~2.37a!, ~2.39!, ~2.40!.
From Eqs.~3.18! and ~3.19! we see that0

0Qnm
aa remains a

soft mode in the presence of interactions. This is due to
frequency structure of the interaction term, which ensu
that the two-pointQ-correlation function remains soft rathe
than acquiring a mass, as one might naively expect from
inspection of the action, Eqs.~2.21!–~2.24!. Note that this
softness isnot restricted to the particular linear combinatio
of Q that constitutes the particle number density. It theref
is not related to the particle number conservation la
Rather, it is a consequence of the spontaneous breaking
continuous symmetry in the system, viz., the invariance
zero external frequency, under the rotations between pos
and negative frequencies discussed above, or between
tarded and advanced Green functions. The soft mode
question are the corresponding Goldstone modes.

As in the noninteracting case, there is a variety of oth
soft modes that are related to the above Ward identity
means of additional symmetries that are not broken. Firs
all, rotational symmetry in replica space again implies th
the 0

0Qnm
ab , nm,0, are also soft.34 Next we show that the

spin-triplet channel also remains soft. To this end, let
denote the ~identical! coupling constants in the thre
branches of the spin-triplet channel byG i

(t) , i 51,2,3. Now
we pick from the transformationsT, Eq. ~3.11a!, the one that
interchanges, say,i 50 andi 51. The action is still invariant
under this transformation, provided that we also intercha
G (s) andG1

(t) . This shows that0
1Q also obeys Eq.~3.16!, but

with theG (s) in Eqs.~3.17! – ~3.19a! replaced byG (t). Since
this can be done for all branches of the spin-triplet channe
follows that they all are soft modes. Alternatively, we c
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6526 56D. BELITZ AND T. R. KIRKPATRICK
invoke rotational invariance in spin space@an SU~2! sub-
group of the large symplectic group#, which implies that all
three components of the spin triplet have identical corre
tion functions. This argument also shows that there are
singlet-triplet cross correlations. By means of similar arg
ments one easily convinces oneself that the particle-par
channel is still soft, with the appropriate Cooper chan
interaction amplitude replacingG (s) or G (t). For the action
shown in Eq.~2.21!–~2.24!, we thus conclude that all chan
nels are still soft, and all the soft modes can be traced to
Ward identity, Eq.~3.14a!, and additional symmetry rela
tions. If some of the additional symmetries are broken ex
nally, e.g., by means of an external magnetic field, or
magnetic impurities, then the respective modes acquir
mass, see Refs. 24,16.

4. Separation of soft and massive modes

From the previous subsection we know that the corre
tion functions of theQnm with nm,0 are soft, while those
with nm.0 are massive. Our next goal is to separate th
degrees if freedom in such a way that the soft modes rem
manifestly soft to all orders in perturbation theory. To give
simple example, in anO(N) f4 theory this is achieved by
writing the N-component vector field asfW (x)5r(x) f̂(x),
with r the norm of the vector, anduf̂(x)u[1. With this
separation, only gradients off̂ appear in the theory, and s
f̂ is manifestly soft, see Ref. 35 and Appendix B. We a
looking for an analogous separation of our matrix degree
freedom. For noninteracting electrons this has been don
Refs. 17 and 18, and we will construct a suitable general
tion of the procedure used by these authors.

The matricesQ that we are considering are comple
8Nn38Nn matrices that obey Eqs.~2.26!. Alternatively, we
can consider theQ as 2Nn32Nn matrices whose element
are spin quaternions or 4Nn34Nn matrices whose element
are quaternions. For our purposes the last choice will be m
convenient. We thus study a set of matricesQ with quater-
nion valued matrix elementsQnm,ss8

ab (n,m51, . . . ,N;
a,b51, . . . ,n; s,s85↑,↓),36

Qnm,ss8
ab

5(
r 50

3

rQnm,ss8
ab t r , ~3.20a!

that obey

Q5CTQTC, ~3.20b!

Q†52GQG21, ~3.20c!

with G from Eq. ~2.26c! andC51^ t2, where1 denotes the
4Nn34Nn unit matrix. This set of matrices is invariant un
der transformationsT that obeyTCTT5C, i.e., under sym-
plectic transformations.37

For what follows, the constraint expressed by Eq.~3.20c!
is somewhat awkward to handle. We therefore analytica
continue the matrix elements ofQ, considered as function
of the imaginary frequenciesivn and ivm to the complex
plane:ivn→z1 andivm→z2. As functions ofz1 or z2, theQ
have a branch cut on the real axis, and from Sec. III B 3
know that those matrix elements withz1 andz2 approaching
-
o
-
le
l

e

r-
y
a

-

e
in

e
of
in

a-

st

y

e

the real axis from opposite sides are soft modes. The ana
continuation of Eq.~3.20c! reads

~Q†!z1z2
52Qz

1* z
2*
. ~3.21a!

In particular, for real frequenciesv andv8 we have

~Q†!v6 i0,v86 i052Qv7 i0,v87 i0 . ~3.21b!

If we analytically continueQ onto the unphysical Rieman
sheet,Qv,v8 is thus formally anti-Hermitian. It therefore ha
4Nn imaginary eigenvaluesl jt0 (l jP iR; j 51, . . . ,4Nn),
and can be diagonalized by means of unitary transformat
S̃PU(4Nn,Q) ~i.e., by unitary 4Nn34Nn matrices whose
elements are quaternions!. Now U(4Nn,Q) is isomorphic
to the unitary symplectic group USp(8Nn,C)
[U(8Nn,C)ùSp(8Nn,C).31 This means that theQ can be
diagonalized by means of unitary matrices that are also s
plectic, and hence leave the set ofQ invariant. That is, the
most generalQ can be written

Q5S̃DS̃21, ~3.22!

whereD is diagonal, andS̃PUSp(8Nn,C).
However, diagonalization is more than we want. Since

know that theQnm with nm,0 are soft, while those with
nm.0 are massive, we are interested in generating the m
generalQ from a matrixP that is block diagonal in Matsub
ara frequency space

P5S P. 0

0 P,D , ~3.23!

where P. and P, are matrices with elementsPnm where
n,m.0 and n,m,0, respectively. This can easily b
achieved. Since the analytic continuations ofP. andP, are
anti-Hermitian, the most generalP can be obtained fromD
by an elementU of USp(4Nn,C)3USp(4Nn,C). The most
generalQ can therefore be written

Q5SPS21, ~3.24!

with S5S̃U21. The set of transformationsS is the set of all
cosets of USp(8Nn,C) with respect to USp(4Nn,C)
3USp(4Nn,C), i.e. the S form the factor group
USp(8Nn,C)/USp(4Nn,C)3USp(4Nn,C). The correspond-
ing most generalQ on the imaginary frequency axis is gen
erated from the most generalP by a group that is isomorphic
to this factor group, and that can be explicitly constructed
reversing the Wick rotation that led us from imaginary fr
quencies to real ones. For our purposes, we will not need
explicit construction, and we will not distinguish between t
two isomorphic factor groups.

This achieves the desired separation of our degree
freedom into soft and massive ones. The massive degree
freedom are represented by the matrixP, while the soft ones
are represented by the transformationsSPUSp(8Nn,C)/
USp(4Nn,C)3USp(4Nn,C). To come back to theO(N) ex-
ample at the beginning of this subsection, the analogy is
follows. For theN-component vector, the directionf̂ is a
point on the (N21) sphere, which is isomorphic to the fac
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56 6527THEORY OF MANY-FERMION SYSTEMS
tor group O(N)/O(N21)3O(1), see Appendix B. The
unitary-symplectic factor group identified above is a mat
generalization of this.

In order to formulate the field theory in terms of the so
and massive modes, one also needs the invariant mea
I @P#, or the Jacobian of the transformation from theQ to the
P and theS, defined by

E D@Q# •••5E D@P#I @P#E D@S# •••. ~3.25!

Since we will not need to know the explicit form ofI @P# in
what follows, we relegate its derivation to Appendix C.

5. A Ward identity based on a local symmetry

In addition to the Ward identity derived on the basis o
global symmetry in Secs. III A 2 and III A 3 above, for th
derivation of an effective field theory in the next subsect
we will also need an identity that is based on a local sy
metry. Such relations with the structure of a Ward identity
a Noether theorem can be derived on the basis of either
replica or the gauge structure of the theory. For our pres
purposes, we consider a local U~1! gauge transformation o
the Grassmannian field theory, Eqs.~2.2!, that is independen
of imaginary timet,

cs~x!→e2 ia~x!cs~x!. ~3.26!

We define a (d11)-component current vectorqm5(q0 ,q)
with ‘‘spatial’’ componentsqi ( i 51, . . . ,d) as

q0~x!5(
s

c̄s~x!cs~x!, ~3.27a!

q~x!5
21

2m (
s

@cs~x!¹c̄s~x!1 c̄s~x!¹cs~x!#,

~3.27b!

and add to the action a termSA that describes a coupling o
the current to at-independent vector potentialAm5(A0 ,A),

SA52 i E dx Am~x!qm~x!2
1

2mE dx A2~x!q0~x!.

~3.28!

It is then straightforward to establish that the partition fun
tion is gauge invariant, i.e., it is invariant under the loc
gauge tranformation given by Eq.~3.26!, supplemented by a
transformation of the vector potential

Am~x!→Am~x!1]ma~x!, ~3.29!

with ]m5(]t ,¹). The invariance statement is

Z@Am#5Z@Am1]ma#. ~3.30!

A Taylor expansion of Eq.~3.30! immediately leads to the
conservation law

]mS ^qm~x!&2
i

m
Am~x!^q0~x!& D50, ~3.31!

where ^•••& denotes an average with respect to the act
S1SA . By puttingAm50, one simply obtains the continuit
equation for the fermion number density. Another use
ure

-
r
he
nt

-
l

n

l

identity can be obtained by integrating Eq.~3.31! over space
and time, differentiating with respect toAi(y), and then set-
ting Am50. The result is

21

m (
n,m

s,s8

E dyK ]c̄n,s~x!

]xi
cn,s~x!

] c̄m,s8~y!

]yj
cm,s8~y!L

5d i j (
n,s

^c̄n,s~x!cn,s~x!&. ~3.32!

This identity holds for a particular realization of the disorde
If we perform the ensemble average it still holds, with t
brackets now including the disorder average in addition
the quantum mechanical expectation value. One then h
relation between a homogeneous current-current correla
function and the particle number density that is known as
f sum rule. The above derivation makes it clear that it
closely related to the particle number conservation la
Within models or approximations that describe an effect
single-particle problem, the quantum mechanical average
the left-hand side of Eq.~3.32! factorizes. Furthermore, Eq
~3.32! then holds for each term in then summation sepa-
rately, since in a single-particle problem there is no f
quency mixing. Within approximations where the disord
average factorizes as well, the identity can be written
terms of disorder averaged one-particle Green functions

d i j G~x50,vn!5
1

mE dy @] iG~x2y,vn!# @] jG~y2x,vn!#

~3.33a!

or, in Fourier space,

d i j (
q

G~q,vn!5
21

m (
q

qiqj@G~q,vn!#2. ~3.33b!

This identity will be useful later.

B. Effective field theory for disordered fermions

We are now in a position to formulate the theory in su
a way that the soft and massive modes, respectively,
separated, and that the former remain manifestly soft to
orders in perturbation theory. This formulation also provid
a technically satisfactory derivation of the generalized n
linear s model for interacting, disordered fermions. We w
first discuss this derivation, as well as corrections to thes
model. Then we will discuss the Fermi-liquid FP and t
critical FP that describes the Anderson-Mott metal-insula
transition, and show that thes model provides an adequat
description of either one.

1. The nonlinears model

We return to Eqs.~2.20!, ~2.21!, and use the representa
tion, Eq.~3.24!, of Q in terms ofS andP. It is convenient to
define a transformed ghost fieldL by

L~x!5S21~x!L̃~x!S~x!. ~3.34!

In terms of these variables, the partition function for t
replicated theory, Eq.~2.20!, reads
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Z̃5E D@P#D@S#D@L#exp~A@S,P,L#1Tr lnI @P# !.

~3.35!

HereI @P# is the invariant measure, Eq.~3.25!, and the action
A reads

A@S,P,L#5Adis@P#1Aint@SPS21#

1
1

2
Tr ln~G0

212 iSLS21!

1E dx tr@L~x!P~x!# , ~3.36!

with Adis andAint defined by Eqs.~2.23! and ~2.24!.
Now we expandS, P, and L about their saddle-poin

values. Alternatively, one could expand about the exact
pectation values. However, the ‘‘equation of state’’ for t
latter is just the saddle-point equation of state plus loop c
rections, and for our purposes the difference is irrelevant.
therefore do not distinguish between saddle-point values
expectation values, and denote both by^S&, ^P&, and ^L&,
respectively. As a result, we do not distinguish either
tween the saddle-point Green function as defined in
~2.36b!, and the Green function that contains the full expe
tation value ofL as a self-energy. From Eqs.~2.32! it fol-
lows that

^S&51^ t0 , ~3.37a!

^P&125d12~t0^ s0!
i

2V (
p

@ ivn1
2p2/2m1m2 i ^L12&#21

[
p

4
NF~p121 ig12!,

[d12 ~t0^ s0!
p

4
NF~p11 ig1!, ~3.37b!

^L12&5
22

pNFt rel
^P12&24G~s!T(

n
eivn0^Pnn

aa&,

~3.37c!

and we write

P5^P&1DP, L5^L&1DL. ~3.37d!

Here we have defined two new matrix fieldsp and g for
later reference. Their diagonal elementsp1 and ig1 are odd
and even functions, respectively, of their Matasubara
quency arguments. For small frequencies

p15sgnvn1
, ~3.37e!

while g1 is a real constant that depends on the momen
cutoff in Eq. ~3.37b!.

Now we use the cyclic property of the trace to write t
Tr ln term in the action, Eq.~3.36!, in the form
x-

r-
e

nd

-
q.
-

-

m

Tr ln~G0
212SiLS21!5Tr ln~S21G0

21S2 iL!

5Tr ln~Gsp
21!1Tr lnS 11GspS21

3~]tS!1
1

m
GspS21~¹S!¹

1
1

2m
GspS21~¹2S!2Gspi ~DL! D .

~3.38!

Notice that now the transformation matrixS always appears
in conjuction with some derivative, while the fluctuation
DL are massive.38 We proceed to expand in powers of th
derivatives ofS, and in powers ofDL, in analogy to the
procedure used in Ref. 18. The simplest term in this exp
sion is

Tr@GspS21~]tS!#5E dx tr@ iVS~x!Gsp~x50!S21~x!#

5
pNF

2 E dx tr@VQ̂~x!#1O~V2Q̂!.

~3.39!

Here we have defined a frequency matrix

V125~t0^ s0!d12vn1
~3.40a!

and a new fieldQ̂(x)5S(x) (p1 ig) S21(x). Since the
contribution ofg12 to ^P&12 is, in the low-frequency limit,
just an imaginary constant, it leads only to a constant con
bution to Q̂, which does not contribute to the lowest ord
terms in the present expansion. We can therefore negle
and write

Q̂~x!5S~x!pS21~x!, ~3.40b!

with p from Eq.~3.37b!. Notice thatQ̂ is Hermitian, and has
the propertiesQ̂251, and trQ̂50. Q̂ will turn out to be a
convenient parametrization of the soft modes, in analogy
the unit vectorf̂ in f4 theory, see Appendix B.

Now consider the gradient terms in the expansion of E
~3.38!. To this end, it is convenient to define the vector fie

s~x!5S21~x!~¹S!~x! ~3.41!

with matrix valued componentssi(x), (i 51, . . . ,d). The ex-
pansion now proceeds in powers ofs or ¹S. The term linear
in s vanishes by symmetry. To quadratic order ins, both the
next-to-last term under the Tr ln~after a partial integration!
and the square of the preceding term contribute. The resu
a contribution to the action

1

4m (
12

1

V (
q

h12,i j ~q!E dx s12
i ~x!s21

j ~x!, ~3.42a!

with
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h12,i j ~q!5d i j

1

2
@Gsp~q,vn1

!1Gsp~q,vn2
!#

1
1

m
qiqjGsp~q,vn1

!Gsp~q,vn2
!. ~3.42b!

The approximation that neglects all fluctuations ofP andL
implies a factorization of four-point functions into produc
of Green functions, and hence Eq.~3.33b! applies. We thus
have39

lim
n1 ,n2→0

1

V (
q

h12,i j ~q!5
1

2
~12p1p2!d i j h,

~3.43a!

where

h5
1

2V (
q

@G1~q!1G2~q!#1
1

dmV (
q

q2G1~q!G2~q!,

~3.43b!

with G65Gsp(vn→60). The structure of Eq.~3.43a! al-
lows one to write the low-frequency limit of the term qu
dratic in s in terms of the matrixQ̂ defined in Eq.~3.40b!,

(
12

E dxs12
i ~x!s21

j ~x!
1

V (
q

h12,i j ~q!

5
21

4
hE dx tr@¹Q̂~x!#21O~¹3,V¹!. ~3.44!

Finally, we can use Eq.~3.33b! again to rewrite the coupling
constanth in a more familiar form:

h5
21

2dmV (
q

q2@G1~q!2G2~q!#25p m s0 .

~3.45!

One recognizess0 as the conductivity in the self-consiste
Born approximation with the interaction taken into accou
in Hartree-Fock approximation.

The remaining task is to deal with the fieldsP and L.
Since the fluctuations of these fields are massive mode
order to capture the leading effects of the soft modes in
system it suffices to integrate them out in any approximat
that preserves the Ward identities derived in Sec. III A. T
simplest way to do so is to integrate them out in saddle-p
approximation, i.e., to neglectDP and DL everywhere.
From Eqs.~3.36!, ~3.37! we see that then the entire actio
can be expressed in terms ofQ̂. Finally, we subtract fromQ̂

its saddle-point valuê Q̂&5p, and define a matrix field
Q̃5Q̂2p. ReplacingQ̂ by Q̃ everywhere in the action lead
just to an uninteresting constant contribution. This is obvio
for all terms except for ther 50 channel in the spin-single
interaction term. There a term linear inQ̂ seems to remain
but inspection shows that it is proportional to trQ̂50. We
then obtain the following effective action:
t

in
e
n
e
t

s

ANLsM5
2p

16
s0 E dx tr@¹Q̃~x!#2

1
pNF

4 E dx tr@V Q̃~x!#1Aint@Q̃#,

~3.46a!

in terms of the matrix fieldQ̃5Q̂2p, wherep is the diag-
onal matrix defined in Eq.~3.37b!, and Q̂ is subject to the
constraints,

Q̂2~x![1^ t0 , Q̂†5Q̂, trQ̂~x!50. ~3.46b!

We note that the Hermiticity ofQ̂ is a consequence of ou
having dropped its anti-Hermitian part, since it does not c
tribute to the leading terms in the long-wavelength, lo
frequency effective action. The effective action given
Eqs. ~3.46! is the generalized nonlinears model that was
first proposed by Finkel’stein15 as a model for interacting
disordered electrons, and whose properties have been stu
in considerable detail, in particular with respect to the me
insulator transition that is described by the model.16,40 In the
next subsection, we will discussANLsM , as well as its cor-
rections, from a RG point of view, and show that it suffic
for a correct description of both the critical FP and the sta
Fermi-liquid FP, as well as the leading corrections to scal
at the latter.

2. The disordered Fermi-liquid fixed point

In this subsection we discuss the RG properties of
model derived in the previous section and, in particular,
troduce the concept of a disordered Fermi-liquid FP. Phy
cally, this FP characterizes a system with a finite density
states at the Fermi surface and diffusive two-particle exc
tions.

a. The fixed point action.To proceed, it is convenient to
parametrize the matrix fieldQ̂ in a way analogous to the
p-field parametrization of theO(N) vector model, see Ap-
pendix B. We thus writeQ̂ in a block matrix form analogous
to that used in Eq.~3.23! as

Q̂5S A12qq† q

q† 2A12q†qD , ~3.47!

where the matrixq has elementsqnm whose frequency labels
are restricted ton>0, m,0. This representation builds in
the constraints given by Eq.~3.46b!. While thes model can
be entirely expressed in terms ofQ̂, this is not the case for
the corrections to it. We therefore also expressS in terms of
q. For what follows, we will need only the first terms of a
expansion in powers ofq. From Eqs.~3.40b! and ~3.47! we
obtain

S51^ t01DS51^ t01
1

2 S 0 2q

q† 0 D 1O~q2!.

~3.48!

Now we perform a momentum-shell RG procedure.41,42 For
the rescaling part of this transformation, we need to ass
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6530 56D. BELITZ AND T. R. KIRKPATRICK
scale dimensions to the soft fieldq, and to the massive field
DP, DL from Eq. ~3.37d!. Choosing the scale dimension o
a lengthL to be@L#521, we write in analogy to Eqs.~B6!

@q~x!#5
1

2
~d221h8!, ~3.49a!

@DP~x!#5@DL~x!#

5
1

2
~d221h!, ~3.49b!

which defines the exponentsh and h8. The stable Fermi-
liquid FP of the theory is characterized by the choice43

h52, h850. ~3.50a!

Physically, h850 corresponds to diffusive correlations
theq, andh52 means that the correlations of theDP are of
short range. This is indeed what one expects in a disord
Fermi liquid. In addition, we must specify the scale dime
sion of frequency or temperature, i.e., the dynamical sca
exponentz5@v#5@T#. In order for the FP to be consisten
with diffusion, that is with frequencies that scale as t
squares of wave numbers, we must choose

z52. ~3.50b!

Now we expand thes model action, Eq.~3.46a!, in powers
of q. In a symbolic notation that leaves out everything n
needed for power counting purposes, we write

ANLsM5
21

G E dx ~¹q!21HE dx vq21GTE dx q2

1O~¹2q4,v q4,T q3!, ~3.51!

with the bare coupling constantsG;1/s0 and H;NF . G
can stand for any of the three interaction coupling consta
Power counting shows that, with the above choices for
exponents, all of these coupling constants have vanish
scale dimensions with respect to our FP:

@G#5@H#5@G#50. ~3.52!

These terms therefore make up part of the FP action.
Now consider first the corrections that arise within thes

model. The leading ones have been indicated in Eq.~3.51!.
We denote the corresponding coupling constants byc¹2q4,
etc., with a subscript that identifies the structure of the
spective contribution to the action. One finds

@c¹2q4#5@cvq4#52~d22!. ~3.53a!

With respect to the remaining term we note that it is of ord
q3. Any contribution to physicalq-correlation functions
therefore contain this term squared, and therefore the
evant scale dimension is

@~cTq3!2#52 @cTq3#52~d22!. ~3.53b!

We see that all of these operators are irrelevant with res
to the Fermi-liquid FP for all dimensionsd.2, and that they
become marginal ind52 and relevant ind,2. All other
terms that are contained in thes model are more irrelevan
than the ones considered.
ed
-
g

t

s.
e
g

-

r

l-

ct

We next consider corrections to thes model action. From
Eq. ~3.36! we see that there are five classes of such terms~1!
Adis, ~2! the term tr (LP), ~3! those parts of the Tr ln-term
that contain the massive fluctuationDL, ~4! the parts ofAint
that contain the massive fluctuationDP, and ~5! contribu-
tions to ^P& that were neglected in writing Eqs.~3.39! and
~3.40b!. Since all terms linear in the fluctuations vanis
class~1! just contributes

Adis@DP#52
1

t1
E dx @ trDP~x!#21

1

t rel
E dx tr@DP~x!#2,

~3.54!

where we have scaled the relaxation timest1 and t rel from
Eqs. ~2.23! with 1/2pNF and 1/pNF , respectively. Power
counting yields

@t1#5@t rel#50, ~3.55!

soAdis is part of the FP action. Class~2! also contributes a
marginal term to the action, and so does the leading con
bution of class~3!, which has the structure Tr (G DL)2.
Combining these two marginal terms, we have a contribut
to the FP action,

ALP5E dxtr@DL~x! DP~x!#1
1

4E dx dy

3tr @G~x2y! DL~x! G~y2x! DL~x!#,

~3.56!

apart from an uninteresting constant. The remaining term
class~3! are irrelevant contributions that coupleq andDL.
The least irrelevant terms have the structures Tr (DLv q)
and Tr (DL¹2 q). For contributions to physical correlatio
functions we must again consider the squares of these s
tures, and the relevant scale dimensions are

@~cDL v q!2#5@~cDL ¹2 q!2#522. ~3.57!

These terms are more irrelevant than the corrections c
tained in thes model for all d,4. Moreover, due to the
even integer value of the scale dimension, they lead only
analytic, and therefore uninteresting, corrections to sca
near the FP. The leading term of class~4! is one that couples
q ~from one of theS) andDP. The corresponding coupling
constant has a scale dimension

@~cTqDP!2#522. ~3.58!

Again, these operators lead only to analytic corrections
scaling. Cross correlations between these various terms
appear, and the corresponding operators have the same
dimension, namely22, as the ones shown. Finally, it i
easily checked that the least irrelevant terms of class~5! are
of the structurev2q2, and they also have a scale dimensi

@cv2q2#522. ~3.59!

The above RG arguments show that the theory contain
Fermi-liquid FP that is stable for alld.2, and analogous to
the low-temperature FP of anO(N) Heisenberg model. The
FP action consists of the nonlinears model actionANLsM ,
Eq. ~3.46a!, expanded to second order inq, and ofAdis and
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ALP , Eqs.~3.54! and~3.56!. We have further shown that th
leading nonanalytic corrections to scaling near the Fer
liquid FP are contained in the nonlinears- model. An effec-
tive action that describes both the FP and the leading cor
tions to scaling is therefore

Aeff5ANLsM@q#1Adis@DP#1ALP@DL,DP#. ~3.60!

Notice that the soft and massive modes do not couple in
effective action. Furthermore, the massive fieldsDP andDL
appear only quadratically. If desired, then the latter can
integrated out to obtain an action entirely in terms of t
physical fieldsq andDP.

b. Scaling behavior of observables.We now discuss the
physical meaning of the corrections to scaling induced by
irrelevant operators that we have identified above. Let
denote by the generic nameu any of the least irrelevan
operators whose scale dimension is@u#52(d22), and let
us discuss various observables, viz., the conductivitys, the
specific heat coefficientgV , the single-particle density o
statesN, and the spin susceptibilityxs . Which of the various
operators with scale dimension2(d22) is the relevant one
depends on the quantity under consideration.

Let us first consider the dynamical conductivitys(v). Its
bare value is proportional to 1/G, and according to Eq.~3.52!
its scale dimension is zero. We therefore have the sca
law

s~v,u!5s~v bz,ub2~d22!!, ~3.61a!

where b is an arbitrary RG scale factor. By puttin
b51/v1/z, and usingz52, Eq. ~3.50b!, as well as the fact
that s(1,x) is an analytic function ofx, we find that the
conductivity has a singularity at zero frequency, or a lon
time tail, of the form

s~v!5const1v~d22!/2. ~3.61b!

This nonanalyticity is well known from perturbation theo
for both noninteracting44 and interacting45 electrons. This
shows that in this case either one of the coupling constan
Eqs.~3.53a! and ~3.53b! can play the role ofu. The present
analysis proves that thev (d22)/2 is the exact leading nonana
lytic behavior.

The specific heat coefficientgV5CV /T is proportional to
the quasiparticle density of statesH,5,6,46whose scale dimen
sion vanishes according to Eq.~3.52!. We thus have a scaling
law

gV~T,u!5gV~Tbz,ub2~d22!!, ~3.62a!

which leads to a low-temperature behavior

gV~T!5const1T~d22!/2. ~3.62b!

From perturbation theory it is known45 that gV shows this
behavior only for interacting electrons, while for nonintera
ing systems the prefactor of the nonanalyticity vanishes
this case, therefore,u must be equated with (cTq3)2. This can
not be seen by our simple counting arguments.

The single-particle density of statesN is proportional to
the expectation value ofQ, and to study the leading correc
tion to the finite FP value ofN it suffices to replaceQ by Q̂.
Then we have, in symbolic notation,N;11^q q†&1•••
i-

c-

is

e

e
s

g

-

in

-
n

511DN. The scale dimension ofDN is @DN#52@q#
5d22. We find the scaling law

DN~v!5b2~d22!DN~vbz!, ~3.63a!

which leads to the so-called Coulomb anomaly47

N~v!5const1v~d22!/2. ~3.63b!

Again, this behavior is known to occur only in the presen
of electron-electron interactions.

Finally, we consider the wave vector dependent spin s
ceptibility xs(q). xs is given by aQ-Q correlation function,
and the leading correction to the finite Fermi-liquid value
obtained by replacing both of theQ by q. Then we have a
term of the structurexs;T*dx ^q†q&, with scale dimension
@xs#50. The relevant scaling law is

xs~q,u!5xs~qb,ub2~d22!!, ~3.64a!

which leads to a nonanalytic dependence on the wave n
ber:

xs~q!5const1uqu~d22!. ~3.64b!

This behavior is also known from perturbation theory, a
holds only for interacting electrons. It has recently be
shown to have interesting consequences for the theory
ferromagnetism.19

To summarize, we see from the above arguments tha
of the so called weak-localization effects,48 i.e., nonanalytic
dependencies of various observables on frequency, temp
ture, or wave number in disordered electron systems that
well known from perturbation theory, emerge naturally in t
present context as the leading corrections to scaling nea
Fermi-liquid FP of a general field theory for disordered i
teracting electrons. Apart from providing an aesthetic, uni
ing, and very simple explanation for these effects, our ar
ments also prove that they do indeed constitute the lead
nonanalytic behavior, a conclusion that cannot be dra
from perturbation theory alone. We emphasize the ease
which these results are obtained within the present fra
work. This reflects the judicious choice of our starting po
for the RG analysis. The transformation from fermionic va
ables to composite ones, together with the symmetry anal
that identifies the soft modes, provides for a formulation
the theory that allows for rather nontrivial results to be o
tained from a simple RG analysis at the Gaussian le
Similar benefits can be obtained from analogous treatm
of other systems, see Appendix B.

Finally, it is interesting to note that similar nonanalytic
ties occur in very different systems, for example, in classi
fluids. In that context they are known as long-time tail e
fects, and were first discussed theoretically by using ma
body perturbation theory and mode coupling theory.49 Later,
they were examined using RG ideas, and they were show
be related to corrections to the scaling behavior near a
drodynamic FP.50

3. The critical fixed point

In addition to the stable Fermi-liquid FP discussed abo
the generalized matrix nonlinears model given by Eq.
~3.46a! also possesses another FP that in general has
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properties of a critical FP. It characterizes a zero-tempera
metal-insulator transition in dimensions greater than 2. Fo
review of this FP, and of the various universality classes
the metal-insulator transition, we refer the read
elsewhere.16 Here we briefly comment on the differences b
tween the Fermi-liquid FP and the critical one, and on
justification for using thes model to describe the critica
behavior.

First of all, at the critical point the spontaneously brok
symmetry is restored, so the distinction between positive
negative frequencies vanishes as the magnitude of the
quencies goes to zero.51 Physically this corresponds to a va
ishing single-particle of density of states at the Fermi lev
which plays the role of an order parameter. This charac
izes the metal-insulator transition as being of Anderson-M
type. For example, the left-hand side of Eq.~3.17a! vanishes
at the transition asn1 ,n2→0. Therefore, matrix element
Q̂n1n2

with n1n2.0 andn1n2,0, respectively, should both

scale in the same way. This implies that at the critical FP,h8
in Eq. ~3.49a!, is given by

h8522d[2e, ~3.65!

so thatq is dimensionless. The physical critical exponenth,
on the other hand, is given by

h52e12b/n. ~3.66!

To see this, we note thatQ̂ is proportional tô P&, which in
turn is proportional to the density of states which vanishe
the transition with a critical exponentb.52 Here n is the
critical exponent that describes the divergence of the lo
ization or correlation lengthj. It occurs in the scaling equal
ity, Eq. ~3.66!, sinceh characterizes momentum singulariti
at criticality.

We add some comments on the scaling ofDP fluctua-
tions. At the critical point, theDP fluctuations are actually o
long range, and thes-model description breaks down. T
avoid this problem, one must work at sufficiently small m
mentap ~or frequencies!, and at sufficiently large distancest
from the critical point, so that theq fluctuations still domi-
nate over theDP fluctuations. Since theDP correlation
function is related to the longitudinal susceptibility, it d
verges ast2g while the q correlations diverge asp221h.53

The relevant inequality is therefore

p!tg/~22h!5tn, ~3.67!

where we have used the scaling equalityn5g/(22h). This
can also be seen more explicitly by considering theDP-DP
propagator. From Eq.~3.54!, and the corresponding term th
is proportional to@¹(DP)#2 one sees that theDP-massmP
has a scale dimension of 1~see also Appendix B 3!. TheDP
fluctuations can therefore be neglected for momenta that
small compared tomP;j21;tn, which is again Eq.~3.67!.
In this regime theDP fluctuations are effectively of shor
range, just as they are at the Fermi-liquid FP, and thes
model is valid. Even though the range of validity of thes
model goes to zero as the critical point is approached, it
can be used to extract the critical behavior. The salient p
is that the RG, and the scaling behavior derived from
allows one to extrapolate from the regime given by E
re
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~3.67! to the critical region. However, no information can b
obtained in this way about the symmetric phase, i.e.,
insulator.

Apart from these theories that work neard52, the matrix
nonlinear s model has also been studied in hig
dimensions.40 This work has establisheddc

156 as an upper
critical dimension, above which the Anderson-Mott tran
tion is correctly described by a simple Landau-type theo
This treatment of the problem stresses that the me
insulator transition problem is, somewhat counterintuitive
conceptually simpler in the presence of electron-electron
teractions than in their absence, since the interacting prob
possesses a simple critical order parameter, viz., the den
of states at the Fermi level. Also, in these papers the p
ence of random-field-like terms in the renormalized act
was discovered. These terms are responsible for the u
critical dimension being 6@rather than 4 as in theO(N)
vector model#, and they have led to the suggestion that t
Anderson-Mott transition may have features reminiscient
a glass transition.54

4. Ferromagnetic transition in the metallic phase

It has been known for some time that the matrix nonline
s model, Eq.~3.46a!, contains another critical FP that is no
related to a metal-insulator transition.55 While originally the
nature of the corresponding phase transition was not cl
we have recently shown that it is the zero-temperature tr
sition from a paramagnet to a ferromagnet in a disorde
metal in dimensions greater than 2.19 In this reference, a
Landau-Ginzburg-Wilson~LGW! functional for spin density,
or order-parameter, fluctuations has been derived. To ob
this functional, we integrated out all excitations or mod
other than the order parameter, including all of the s
modes related to weak localization effects, see Sec. III
above. In the effective, or order-parameter, field theory th
extra soft modes led to nonanalyticies in the bare LGW fu
tional. Using renormalization group methods, we were a
to exactly determine the critical behavior at the magne
phase transition.19 The earlier approach of Ref. 55, on th
other hand, had focused entirely on the behavior of the
fusion modes across the magnetic phase transition, while
order parameter fluctuations had effectively been integra
out. In some respects, these two approaches to the pro
were therefore complementary to one another.

Even though both of these theories led to the same res
their physical underpinnings are very different, and neith
one of them constitutes what one might consider the ph
cally most obvious approach. Physically, the most sens
procedure would be to treat all of the soft modes at t
quantum phase transition on the same footing. These
modes include the diffusive modes discussed above, i.e.
Qn1n2

with n1n2,0, as well as the fluctuations of the ma
netic order parameter, that is, the spin density or magnet
tion. In terms ofQ fields, the local spin density at frequenc
vn , ns

i (x,vn), is given by@cf. Eq. ~2.12b!#

ns
i ~vn ,x!5AT(

m
(

r 50,3
~21!r

r
i Qm,m1n

aa ~x! ~3.68!

and the macroscopic magnetization order parameterM has
components
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Mi5^ns
i ~vn50,x!&5AT(

m
(

r 50,3
~21!r^ r

i Qmm
aa ~x!&.

~3.69!

From these equations we see that, as the magnetic trans
is approached, the classification of soft modes that was g
in Sec. III A above, breaks down. New soft modes related
the criticality of Qmm occur. Alternatively, the extra sof
mode that appears near the ferromagnetic transition ca
related to a new zero eigenvalue in the Gaussian eigenv
problem. The matrixM in Eqs. ~2.37a! and ~2.39a! is pro-
portional to

0
i Mn1n2 ,n3n4

~p!;dn1n3
dn2n4

Dn1n2

21 ~p!22TG tdn12n2 ,n32n4
,

~3.70!

with i 51,2,3 and we have considered the term diagona
all of the replica labels since these terms contain the inte
tions that lead to magnetism. The corresponding eigenv
problem is

Dn1n2

21 ~p! f n1n2

i ~p!22G tT(
n

f n,n2~n12n2!
i ~p!5l f n1n2

i ~p!,

~3.71!

with f the eigenfunction andl the eigenvalue. Setting
n15n2 and integrating overn1 leads to an equation forl,

152G tT(
n

Dnn~p50!

12lDnn~p50!
. ~3.72!

Criticality is characterized by a new zero eigenvaluel50
and we have putp50, since this is where the first zer
eigenvalue occurs. Equation~3.72! reduces to a Stoner crite
rion for the occurrence of ferromagnetism, modified by d
order. Expanding in powers ofl leads to

l;2t, ~3.73!

with t the dimensionless distance from the critical poi
From Eq.~3.71!, we see that the critical eigenfunction is

f nn
i ~p!5Dnn2G tAT ns

i ~vn50,p!. ~3.74!

The above discussion makes it clear that a physically
isfactory theory of the ferromagnetic, or any other, pha
transition in a disordered metal should take both the s
modes that were discussed in the preceding subsections
the additional, critical, soft modes into account on the sa
footing. Technically one needs to extract the critical p
from the P fluctuations. The details of such a theory of t
paramagnetic-to-ferromagnetic phase transition will be d
cussed elsewhere.27 Here we just mention why thes model,
in Ref. 55, manages to describe the correct critical behav
even though it neglects the soft modes related to the ma
tization. The salient point is again that there is a regim
described by Eq.~3.67!, where the diffusive modes that ar
contained in thes model dominate over the magnetizatio
fluctuations that are not. As in the case of the metal-insula
transition, the RG allows one to extract the critical behav
from an analysis of that region.
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IV. THE CLEAN LIMIT

In this section we discuss the clean limit of our fie
theory. For the reasons that were pointed out after E
~2.13! in Sec. II A, this treatment of clean Fermi systems w
not be as complete as our theory for the disordered case
notational simplicity we will also suppress the particl
particle degrees of freedom, but they can be easily resto
Even with our restriction to two Fermi-liquid parameters~in
the absence of the Cooper channel! instead of infinitely
many, we will be able to study fundamental structural pro
erties of the clean limit that will have to be included in an
more complete theory.

A. Effective Q-field theory

Let us return to the action, Eq.~2.21!, and perform the
clean limitt1 ,t rel→`. As pointed out earlier, the theory ha
been purposely set up so that this limit can be taken with
difficulty. Adis then vanishes. The saddle-point solution, S
II C, reduces to the ordinary Hartree-Fock approximatio
and the Gaussian approximation reduces to RPA. In part
lar, the saddle-point action contains an exact description
the noninteracting electron gas. This will be important
what follows.

As was pointed out at the end of Sec. II, the fluctuatio
of L̄ are not massive in the clean case, since the functionw,
Eq. ~2.38b!, is singular in the long-wavelength, low
frequency limit, see Eq.~2.43!. Indeed, Eqs.~2.37! and
~2.39! show that the GaussianL̄ propagator is just minus the
noninteracting part of theQ propagator. On the general prin
ciple that one should keep all of the soft modes on the sa
footing, this seems to suggest keeping theL̄ field at the same
level as theQ field. Dropping the constant saddle-point co
tribution, and expanding the Tr ln in Eq.~2.21!, the action
then reads

A@Q,L̄#5AG
clean@Q,L̄#1DA@Q,L̄#, ~4.1a!

whereAG
clean5AG2Adis with AG andAdis from Eq. ~2.36a!,

and

DA@Q,L̄#52 (
M53

`
2M21

M

i M

V~M22!/2 (
k1 , . . . ,kM

(
n1•••nM

3dk11•••1kM ,0xn1•••nM

~M !

3~k1 , . . . ,kM21!wn1n2

21 ~k1!•••wnMn1

21

3~kM ! tr$@~dL̄!n1n2
~k1!2~dQ!n1n2

~k1!#•••

3@~dL̄!nMn1
~kM !2~dQ!nMn1

~kM !#%. ~4.1b!

Herew is given by Eq.~2.38b!, and

xn1•••nM

~M ! ~k1 , . . . ,kM21!

5
1

V (
p

Gsp~p,vn1
!Gsp~p1k1 ,vn2

!•••

3Gsp~p1kM21 ,vnM
!. ~4.1c!
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In this formulation of the theory the vertices are given by t
product of theM -point correlation functionx (M ) and theM
factors of w21 in Eq. ~4.1b!. An inspection of Eq.~4.1c!
shows that the generic behavior ofx (M ), considered as a
function of some generic wave numberk, is characterized by
a divergence 1/kM21 for small k. This is the most divergen
behaviorx (M ) can display, and it is realized unless either
of the frequenciesvn1

through vnM
are positive, or all of

them are negative, in which casex (M ) scales as a constan
The behavior of the product of thew21, on the other hand
depends on the detailed distribution of the frequency lab
If nini 11.0, thenwnini 11

21 is a number, while fornini 11,0

it goes ask for small k. If only two of the frequency pairs
have elements with opposite signs~this is the smallest non
zero number possible!, then the complete vertex scales
1/kM23. ForM.3, the vertices are thus not finite in the lim
of long wavelengths and small frequencies. In other wor
the Q-L̄ field theory given by Eqs.~4.1! is not local. The
reason for this is as follows. As was mentioned in Sec. II
the clean limit the one-particle excitations are soft, as
manifested by the massless single-particle Green funct
These soft modes have been integrated out when we
grated out the fermions, and this is what leads to the no
calities in the effective field theory. The massless sing
particle excitations are also indirectly responsible for
softness of theL̄ fluctuations, and for the need to keep in
nitely many Landau parameters. All of these difficulties th
have the same underlying source.

Given that the matrix field theory is nonlocal in any cas
we can proceed and integrate outL̄, as it will turn out that
this does not lead to further undesirable properties of
theory. The integrating out ofL̄ can be done exactly in th
sense of a prescription for doing perturbation theory for
resulting Q-field theory. To see this, we recall that theL̄
propagator is minus the noninteracting part of theQ propa-
gator. As a result, the integration overL̄ just cancels the
noninteracting parts of any internalQ propagators in a loop
expansion for anyQ-correlation function. This is easy to se

FIG. 2. Perturbation theory to one-loop order for the two-po
Q-vertex function. The small circle denotes the Gaussian vertex

solid and dashed lines areQ propagators andL̄ propagators, re-
spectively, and the solid lines with a vertical bar denote the in
acting part of theQ propagator.
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for the first few terms in the loop expansion, and it can
proved by induction to be true order by order in perturbat
theory. As an illustrative example, the cancellation schem
demonstrated diagrammatically in Figs. 2 and 3 for the tw
point vertex function, and the two-point propagator, resp
tively, to one-loop order. Notice that, in order to avo
double counting, one effect of theL̄ field mustbe the can-
cellation of the noninteracting contributions, since t
saddle-point contribution to the action already contains
complete description of the noninteracing electron syste
What is remarkable is that it does nothing else. We th
obtain the following effective action entirely in terms ofQ
fields:

A@Q#5A0@Q#1Aint@Q#1DA@Q#, ~4.2a!

where

A0@Q#524(
k

(
nm

(
r ,i

r
i ~dQ!nm~k! wnm

21~k!

3 r
i ~dQ!nm~2k!, ~4.2b!

is the noninteracting part of the Gaussian action and

Aint@Q#528(
i 50

3

(
r 50,3

G~ i !(
k

T (
n1 ,n2 ,n3 ,n4

r
i ~dQ!n1n2

~k!

3dn12n2 ,n32n4 r
i ~dQ!n3n4

~2k!, ~4.2c!

is the interacting one. TheG ( i ) ( i 50,1,2,3) were defined
after Eq.~2.39b!. The non-Gaussian part of the action rea

DA@Q#52 (
M53

`
2M21

M

~2 i !M

V~M22!/2 (
k1 , . . . ,kM

(
n1•••nM

3dk11•••1kM ,0xn1•••nM

~M ! ~k1 , . . . ,kM21!wn1n2

21

3~k1!•••wnMn1

21

3~kM ! tr @~dQ!n1n2
~k1!•••~dQ!nMn1

~kM !#.

~4.2d!

t
e

r-

FIG. 3. Perturbation theory to one-loop order for the two-po
Q propagator. The notation is the same as in Fig. 2.
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This effective action needs to be supplemented by the
lowing rules for doing perturbation theory.

Rule 1.For calculatingQ propagators, all internal propa
gators must be taken as the interacting part of the Gaus
propagator, i.e., as the second term on the right-hand sid
Eq. ~2.39a!.

Rule 2. For calculatingQ-vertex functions, rule 1 also
applies. In addition, one needs to consider all reducible
grams ~which normally do not contribute to the vertices!,
with all reducible propagators replaced by minus the non
teracting GaussianQ propagator, i.e., minus the first term o
the right-hand side of Eq.~2.39a!.

Explicit calculations using these rules readily show th
the integrals that correspond to the diagrams in a loop
pansion are identical to integrals that one encounters in s
dard many-body perturbation theory for the same quan
This allows for a one-to-one correspondence between m
body diagrams and the loop expansion based on the pre
field theory. Nevertheless, even at a calculational level
present formulation provides advantages compared to s
dard perturbation theory. For instance, due to the ab
rules, the loop expansion is equivalent to an expansion
powers of the screened Coulomb interaction, with the zer
order, i.e. the Gaussian theory, reproducing RPA. The l
expansion therefore allows for a systematic improvem
over RPA. Perhaps more importantly, our field-theoreti
formulation allows for an application of the renormalizatio
group to draw structural conclusions about the theory
analogy to those discussed for the disordered case in
III B 2. This we will discuss next.

B. The Fermi-liquid fixed point

We now are looking for a stable RG fixed point that d
scribes the clean Fermi liquid, in analogy to the disorde
Fermi-liquid FP of Sec. III B 2. For this purpose it is aga
convenient to split the matrixQ into blocks in frequency
space:

Qnm5H Pnm, if nm.0,

qnm , otherwise.
~4.3!

As in Sec. III B 2, we define the scale dimension of a len
L to be @L#521, and we define exponentsh and h8 by
writing

@q~x!#5
1

2
~d211h8!, ~4.4a!

@DP~x!#5
1

2
~d211h!. ~4.4b!

HereDP5P2^P&, and as in Sec. III we do not distinguis
betweenDP and dP. The FP action has the properties o
expects from a Fermi liquid if we choose

h51, h850, ~4.5a!

and a dynamical exponent

z51. ~4.5b!
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Power counting shows that with these choices,A0 is dimen-
sionless, and hence part of the FP action. So is the pa
Aint that is quadratic inq. The parts ofAint that coupleq
with DP andDP with itself are irrelevant with scale dimen
sions of21/2 and21, respectively.

Now consider the term ofO(QM) in the non-Gaussian
part of the actionDA, Eq. ~4.2d!. Let N of the Q fields be
P’s, andM2N beq’s. Denote the coupling constant for tha
term byuN,M2N . Taking into account the properties ofx (M )

andw discussed after Eqs.~4.1!, we obtain

@uM ,0#52~d11!
~M22!

2
, ~4.6a!

for N5M , and

@uN,M2N#52
1

2
~M2N22!2~d21!

~M22!

2
,

~4.6b!

for NÞM . Here we have made use of the following obse
vation. Because of the two rules in the preceding subsect
all contractions that are performed inDA to obtain renormal-
izations of the Gaussian action result in interacting propa
tors. Since the interaction carries a factor of temperature,
Eq. ~4.2c!, this results effectively in (M22)/2 factors ofT
that need to be taken into account in addition to the ter
that show explicitly in Eq.~4.2d!. This factor ofT(M22)/2

corresponds to theM22 internalQ fields that get contracted
in a renormalization of the Gaussian term. We note that
feature is automatically built into the theory only after theL̄
field has been integrated out. Doing so is therefore adva
geous. SinceM2N is necessarily even, we see from Eq
~4.6! that all of the non-Gaussian terms are RG irrelev
with respect to the Fermi-liquid FP, provided thatd.1. For
d51 there is an infinite set of marginal operators, whi
signals the instability of the Fermi-liquid ground sta
against the formation of a Luttinger liquid.56 For d,1 the
Fermi liquid is unstable due to infinitely many relevant o
erators, as expected.

We mention that there is no consensus on whether or
interacting Fermi systems ind.1 are necessarily Fermi liq
uids. In particular, Anderson57 has proposed that there exis
a stable FP that corresponds to a Luttinger-type liquid,
least in certain 2-d models. While we do not find such a FP
we stress that the above considerations do not constitu
proof that none exists. All we have shown is that the assum
tion of a Fermi-liquid FP ind.1 leads self-consistently to
the conclusion that this FP is stable. This is in agreem
with a variety of other RG arguments,8,58 and with explicit
calculations.59 However, we do not know what the basin o
attraction for the Fermi-liquid FP is, and we cannot exclu
the existence of other fixed points.

Obviously, the discussion of the corrections to scaling a
their consequences for the behavior of thermodynamic qu
tities that was given for the disordered case in Sec. III B
can be carried over. The only difference is that the sc
dimension of the least irrelevant operators, which we ag
denote byu, is now@u#52(d21). As an explicit example,
let us consider the spin susceptibilityxs . It obeys a scaling
law in analogy to Eq.~3.64a!:
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xs~q,u!5xs~qb,ub2~d21!!, ~4.7a!

which leads to a nonanalytic dependence on the wave n
ber

xs~q!5const1uqud21. ~4.7b!

This is the leading wave number dependence ofxs for
1,d,3, and the leading nonanalytic one in all dimensio
In d53 there is a logarithmic correction to scaling, whic
our power counting arguments are not sensitive to, and
behavior isq2lnuqu. This behavior has recently been obtain
by means of explicit perturbative calculations,60 and its im-
plications for the paramagnet-to-ferromagnet transition
zero temperature have been discussed.20 The nonanalytic be-
havior of other thermodynamic quantities, and of the qua
particle inelastic lifetime, can be understood by means
analogous arguments.

V. CONCLUSION

In this paper we have given a general method to study
long-wavelength, low-frequency behavior of many-fermi
systems, both with and without quenched disorder. The
cial ideas are to first identify the slow modes of the syst
by using a symmetry analysis, then to separate these
modes from the massive ones, and, finally, to use renorm
ization group ideas to eliminate the degrees of freedom
are irrelevant in the long-wavelength limit.

Using these ideas we have accomplished a numbe
things. We first established that in a disordered system
stable disordered Fermi-liquid FP is possible ford.2. We
showed that the so-called weak localization effects in itin
ant electronic systems48 are, or can be interpreted as, corre
tions to scaling near this FP. This derivation not only rep
duces known perturbative results, but also establishes
their functional form is asymptotically exact in the lon
wavelength limit. In this respect our achievement is ana
gous to that of Ref. 50 for long-time tails in classical fluid
In Section III B we have given a technically satisfacto
derivation of the generalized nonlinears model that has
been used to describe metal-insulator transitions near
dimensions. Finally, we have indicated how the theory m
be modified near other quantum phase transitions where
ditional soft modes, namely the critical modes, appear.

For fermion systems without disorder, analogous res
have been obtained. First, in agreement with others, we
that a clean Fermi-liquid FP exists ford.1. Corrections to
scaling near this FP show that clean electronic systems h
nonanalyticities in various correlation functions that a
analogous to weak-localization effects in disordered syste
This is again in agreement with results obtained on the b
of either Fermi-liquid theory4 or many-body perturbation
theory. Our treatment provides a unified description that
veals a deep connection between the behavior of fermio
systems with and without disorder, respectively. In S
IV A we also gave a perturbation theory method for cle
fermion systems.

There are still a number of things to be done. For dis
dered systems, we recently suggested an order-paramete
scription of the metal-insulator transition.40 Our theory was
based on the nonlinears model approach, applied to hig
m-
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dimensions~neard56), where its validity is not clear. This
approach indicated that the metal-insulator transition has
tures in common with the transition in a classical rando
field Ising model. These ideas need to be reexamined usi
more general theory, since thes model approach is asymp
totically exact only ford,4. Instanton solutions of the gen
eral field theory should also lead to insights concerning r
events, such as local moment formation, and the effect
local moments on the metal-insulator transition. Finally,
already noted, additional quantum phase transitions from
Fermi-liquid state need to be investigated.

For clean systems, the most important thing to do is
include the effects of other Fermi-liquid parameters, as w
discussed in Sec. II. Once this is done, quantum phase t
sitions in clean itinerant systems can be properly studied
will then also be possible to study the crossover from
clean to the disordered Fermi-liquid fixed point in detail. F
noninteraction systems, this latter point has been addre
by Muzykantskii and Khmelnitskii.61

For both clean and disordered systems, it is interestin
ask how a Fermi-liquid FP can be avoided. This question
been of great interest recently in connection with high-Tc
superconductors, and other systems that have ‘‘stra
metal’’ phases. For clean systems this has recently been
viewed in Ref. 62. For disordered systems, the situation
less clear. Various types of Kondo lattice mechanisms h
been proposed.63 In these approaches it is unclear how the
effects modify the long-wavelength transport properties. A
other possibility is to consider systems with a vanishi
single-particle density of states at the Fermi surface. If t
occurs, then the soft modes discussed in Sec. II are no
singular, and a two-dimensional disordered metal phase
comes possible. Further, it suggests the possibility of an
otic metal-insulator transition in two dimensions. Clear
these problems require much more work.
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APPENDIX A: PROJECTION ONTO THE DENSITY

Here we demonstrate, for the spin-singlet particle-hole
teraction term, the projection onto density mode that w
used in Secs. II A and II B 1. An analogous procedure can
applied to the other interaction channels and to the diso
part of the action.

It is most convenient to go back to a Hamiltonian descr
tion of the system. The part of the interaction Hamiltoni
that corresponds to Eq.~2.10b! reads

H int
~s!5

1

2 (
k,p

( 8
q

Gk,p
~s! ~q! D f k~q!D f p~q!, ~A1a!

where

f k~q!5(
s

cs,k
† cs,k1q , ~A1b!
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is the phase space density operator in terms of electron
ation and annihilation operatorsc† and c, respectively, and
D(c†c)5c†c2^c†c&. In the space of products of fermio
operators, we define the Kubo product64

~AuB!5E
0

b

dt^DB~t!DA* &, ~A2!

with A andB operators, andt the imaginary time variable
In terms of this scalar product in operator space, the des
projector reads

P5 znn~q!…
1

g~q!
„nn~q!z. ~A3!

Herenn(q)5(k f k(q) is the electron number density oper
tor, andg(q)5@nn(q)unn(q)# is the static density suscept
bility or wave vector dependent compressibility. UsingP
twice, it is now easy to project onto the density in Eq.~A1a!.
We obtain

H int
~s!'

1

2 ( 8
q

G~s!~q!nn~q!nn~2q!, ~A4a!

where

G~s!~q!5
1

g2~q!
(
k,p

Gk,p
~s! ~q!@ f k~q!unn~q!#@nn~q!u f p~q!#.

~A4b!

The phase space Kubo functiongkp(q)5@ f k(q)u f p(q)# for
clean, free electrons is proportional todkpd(k22kF

2), so in
this case Eq.~A4b! results in pinningk andp to the Fermi
surface. In a disordered system,gkp(q) has a width given by
the inverse elastic mean-free path, and henceG (s)(q) is a
weighted average over a region in the vicinity of the Fer
surface, as mentioned in Sec. II A. Finally, for physics tha
controlled by soft modes and long-wavelength processes
can replaceG (s)(q) by G (s)[G (s)(q50). Switching back to
a field-theoretic representation of the fermions, we obt
Eq. ~2.13a!.

APPENDIX B: O„N… SYMMETRIC f4 THEORY

In this appendix we perform an analysis off4 theory that
is analogous to that of the matrix field theory in Sec. III
Much of this material can be found in the literature, e.g.,
Zinn-Justin’s book, Ref. 35. However, we find it useful
include it here for pedagogical reasons. The remarkable a
ogy between field theories for electrons and classical s
models that was noted by Wegner14 substantially simplifies
the understanding of the former in terms of the technica
much simpler structure of the latter.

1. Origin of the nonlinear s model

Let us consider anO(N) symmetric f4 theory with a
magnetic fieldh in the 1 direction. The action
re-

ed

i
s
e

n

al-
in

y

S@fW #5E dx $r @fW ~x!#21c@¹fW ~x!#2%

1uE dx @fW ~x!•fW ~x!#22hE dx f1~x!,

~B1a!

determines the partition function

Z@h#5E D@fW #e2S[fW ] . ~B1b!

In the low-temperature phase, where theO(N) symmetry is
spontaneously broken, it is convenient to decompose the
tor field fW into its modulusr and a unit vector fieldf̂,

fW ~x!5r~x!f̂~x!, f̂2~x![1, ~B2!

f̂ parametrizes the unit sphere, and thus provides a repre
tation of the factor groupO(N)/O(N21). In terms ofr and
f̂ the action reads

S@r,f̂#5E dx$c~1!r2~x!@¹f̂~x!#21c~2!@¹r~x!#2

1rr2~x!%1uE dx r4~x!2hE dx r~x!f̂1~x! ,

~B3a!

and switching from the functional integration variablesfW to
(r,f̂) leads to a Jacobian or invariant measure

I @r#5)
x

rN21~x!. ~B3b!

In Eq. ~B3a! the bare values ofc(1) andc(2) are equal, and
equal toc. Notice that the fieldf̂ appears only in conjunc
tion with two gradient operators.f̂ represents theN21 soft
Goldstone modes of the problem, whiler represents the
massive modes. Now we parametrizef̂:

f̂~x!5@s~x!,pW ~x!#, ~B4a!

where

s~x!5A12pW 2~x!. ~B4b!

We split off the expectation value of the massiver field
r(x)5M1Dr(x), with M5^r(x)&, and expand in powers
of pW andDr. Rescaling the coupling constants with appr
priate powers ofM , the action can be written

S@r,pW #5SNLsM@pW #1DS@r,pW #. ~B5a!

Here

SNLsM@pW #5
1

t E dx$@¹pW ~x!#21@¹s~x!#2%2hE dx s~x…,

~B5b!

is the action of theO(N) nonlinears model, and
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DS@r,pW #5r E dx@Dr~x!#21c~2!E dx@¹Dr~x!#2

1u3E dx@Dr~x!#31u4E dx@Dr~x!#4

1O@Dr s,Dr~¹f̂!2#. ~B5c!

If we neglect all fluctuations of ther field, then we are left
with the O(N) symmetric nonlinears model in the usual
parametrization.

2. The low-temperature fixed point

Now we define the scale dimensions of the fieldsp i and
Dr as

@p i~x!#5
1

2
~d221h8!, ~B6a!

@Dr~x!#5
1

2
~d221h!, ~B6b!

and perform a momentum-shell RG procedure.41 Here we
have defined the scale dimension of a lengthL to be
@L#521, and the above relations define the exponenth
andh8. For h, this definition coincides with that of the ex
ponent usually denoted by this symbol. The stable, lo
temperature FP of the action describes the ordered ph
Physically, one expects short-rangedDr-correlations and
diffusive p-correlations at this FP, which suggests t
choice65

h52, h850. ~B7!

Because of the positive scale dimension ofpW , it is conve-
nient to expand thes model action

SNLsM5
1

t E dx@¹pW ~x!#21
h

2E dx pW 2~x!

1vE dx@pW ~x!¹pW ~x!#21O~pW 4,¹2pW 6!. ~B8!

The FP action is given by the first terms in Eqs.~B8! and
~B5c!, respectively. With respect to this FP, the magne
field is the only relevant operator, with a scale dimens
@h#52. t and r are marginal, and all other operators a
irrelevant with respect to this FP, so the FP is really stab

The leading correction to scaling neard52 is given by
the operatorv, with a scale dimension@v#52(d22). This
identifiesdc

252 as the lower critical dimension of the prob
lem. v also provides the leading nonanalytic correction
scaling inall dimensions, since the leading irrelevant ope
tor related to the massiveDr field has a scale dimensio
@c(2)#522, and therefore leads to analytic corrections
scaling. Ford.dc

2 , the spontaneously brokenO(N) sym-
metry leads toN21 Goldstone modes, which are repr
sented by the correlations of then21 p fields

^p i~k! p j~2k!&5d i j uku221h85d i j /k2. ~B9!
-
se.

c
n

.

-

The FP value of the magnetizationm5^f1(x)& is equal to
M , and the leading correction is given by thep-p correla-
tion function. By virtue of the scale dimensions ofp andh,
one finds for the leading field dependence of the magnet
tion

m~h!5const1h~d22!/2, ~B10!

which implies that the longitudinal susceptibilityxL

5]m/]h;h(d24)/2 diverges in theh→0 limit for all d,4.66

Alternatively, the wave vector dependent zero-field susce
bility diverges in the homogeneous limit asxL;ukud24. No-
tice that the leading nonanalytic corrections to scaling
given by the Goldstone modes, and are thus contained in
nonlinears model.

The point of the above excercise, in the present contex
to demonstrate how much more one gets out of power co
ing after performing a symmetry analysis and separating
soft modes from the massive ones, as opposed to doing
power counting on the action in the originalfW formulation.67

The analogy to the procedure in Sec. III B is as follows:Dr

corresponds to the massive fieldsDP and DL, f̂ corre-
sponds toQ̂ andS ~the matrix theory cannot be expressed
terms ofQ̂ only! andpW corresponds toq. The external mag-
netic field h plays the role of the external frequency in th
matrix theory, and the analogy with respect to the Goldsto
modes and the scaling behavior of the order paramete
obvious.

3. The critical fixed point

Apart from the low-temperature FP discussed above,
nonlinears model, Eq.~B5b!, also contains a critical FP, a
was noticed by Polyakov,68 and discussed by him an
others.69–71 This FP marks the instability of the low
temperature or broken symmetry phase; theO(N) symmetry
is restored, and hence the fieldspW ands have the same scal
dimension.pW must then be dimensionless, which implies

h8522d ~B11a!

in Eq. ~B6a!. The exponenth in Eq. ~B6b!, on the other
hand, is the critical correlation function exponent that is
lated to the order parameter exponentb, and the susceptibil-
ity exponentg, via

h522g/n522d12b/n. ~B11b!

At criticality, the Dr fluctuations become massless, a
the region of validity of thes model shrinks to zero. Spe
cifically, the Dr fluctuations can be neglected only if on
works at momentap that are larger then the mass of theDr
field mr5Ar /c(2), see Eq.~B5c!. Power counting, and Eq
~B6b!, shows that the scale dimension ofmr is @mr#51, so
upon approaching criticality it vanishes a
mr;j21;uT2Tcun. The criterion for the validity of thes
model is therefore

p!uT2Tcun. ~B12!

In this region perturbation theory works, and the critic
properties can be explored by using the RG to sum the
turbative results. In this way one obtains a description of
Heisenberg critical behavior in the vicinity ofd52 that
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complements the perturbative treatment of thef4 formula-
tion of the problem, Eq.~B1a!, neard54. The critical FP of
the matrix nonlinears model, Sec. III B 3, is again in man
respects analogous to the critical FP of theO(N) model.

It has been suggested that terms with more than two
dients, which appear as corrections to thes model upon
explicitly integrating out the massive field, may lead to
instability of the critical FP, even though these terms
irrelevant by power counting at the tree level.72 The status of
this problem is currently unclear, see Ref. 73 for a rec
discussion.

APPENDIX C: THE INVARIANT MEASURE I †P‡

Here we derive explicitly the invariant measureI @P#, de-
fined by Eq.~3.25!. Let us write Eq.~3.24! in block matrix
form:
-

n-
a-

e

t

S Q.. Q.,

Q,. Q,,D 5S S.. S.,

S,. S,,D S P. 0

0 P,D
3S ~S21!.. ~S21!.,

~S21!,. ~S21!,,D . ~C1!

Here each block is a 4Nn34Nn matrix. P is block diagonal
by construction, and the blocks ofS are subject to constraint
due to the definition of the factor group. Now consider
variationdQ of Q. Since by symmetry the invariant measu
is independent of the group parameters, it suffices to c
sider an infinitesimal variation. To first order in infinitesim
quantities, the variation ofS is block off diagonal, and we
have
ontinu-
ce
S dQ.. dQ.,

dQ,. dQ,,D 5S dP. dS., P,2P. dS.,

dS,. P.2P, dS,. dP, D . ~C2!

By directly differentiatingQ with respect toP we find from Eq.~C2!

I @P#5det@1^ ~P,!T2P.
^ 1#. ~C3!

P. andP, are analytic continuations of anti-Hermitian matrices, so they can be diagonalized by means of analytic c
ations of unitary 4Nn34Nn matrices. Let their eigenvalues bel i

. andl i
, ( i 51, . . . ,4Nn). Putting the space dependen

back in, we finally obtain

I @P#5U)
x

)
i , j 51

4Nn

@l i
,~x!2l j

.~x!#U. ~C4!
d.

-
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