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Theory of many-fermion systems

D. Belitz
Department of Physics and Materials Science Institute, University of Oregon, Eugene, Oregon 97403

T. R. Kirkpatrick
Institute for Physical Science and Technology, and Department of Physics, University of Maryland, College Park, Maryland 20742
(Received 17 March 1997

A general field-theoretical description of many-fermion systems, both with and without quenched disorder,
is developed. Starting from the basic Grassmannian action for interacting fermions, we first bosonize the theory
by introducing composite matrix variables that correspond to two-fermion excitations and integrating out the
fermion degrees of freedom. The saddle-point solution of the resulting matrix field theory reproduces a disor-
dered Hartree-Fock approximation, and an expansion to Gaussian order about the saddle point corresponds to
a disordered random-phase approximati®®PA)-like theory. In the clean limit they reduce to the ordinary
Hartree-Fock and random-phase approximations. We first concentrate on disordered systems, and perform a
symmetry analysis that allows for a systematic separation of the massless modes from the massive ones. By
treating the massive modes in a simple approximation, one obtains a technically satisfactory derivation of the
generalized nonlinear model that has been used in the theory of metal-insulator transitions. The theory also
allows for the treatment of other phase transitions in the disordered Fermi liquid. We further use renormaliza-
tion group techniques to establish the existence of a disordered Fermi-liquid fixed point, and show that it is
stable for all dimensiong>2. The so-called weak-localization effects can be understood as corrections to
scaling near this fixed point. The general theory also allows for studying the clean limit. For that case we
develop a loop expansion that corresponds to an expansion in powers of the screened Coulomb interaction, and
that represents a systematic improvement over RPA. We corroborate the existence of a Fermi-liquid fixed point
that is stable for all dimensiorts>1, in agreement with other recent field-theoretical treatments of clean Fermi
liquids. [S0163-182807)01036-9

I. INTRODUCTION systems that is applied directly to the Grassmannian field
theory for fermions. This approach, which is still in its in-
The many-fermion problem has a long history, due to itsfancy, is very promising. For instance, it has already led to a
importance with respect to electrons in condensed mattedterivation of Fermi-liquid theory from a microscopic starting
systems:—3In recent years there has been a renewed interesioint®® It also has been used to provide RG derivations of
in fundamental aspects of this problem, especially for electhe Cooper instability problem, and of random-phase approx-
trons at low or zero temperature, both with and withoutimtaion (RPA)-like screening. Other applications, for in-
guenched disorder. The important physical systems fostance a discussion of corrections to scaling near the RG
which these studies are relevant include, superconductorfxed point(FP) that describes the clean Fermi liquid, should
both highT. and conventional ones, doped semiconductorde possible. However, for reasons that will be discussed in
in both their metallic and insulating phases, amorphous aldetail in the present paper, it is not easy to include the effects
loys, and quantum Hall systems. of quenched disorder into this approach either.
Historically, there have been two important techniques to An alternative approach for clean electronic systems has
tackle the many-fermion problem: Landau’s phenomenologibeen pursued by Houghton, Marston, and oth€mnd by
cal Fermi-liquid theory, and the microscopic many-body Frohlich and Geschmanrt! These authors have generalized
perturbation theory or Feynman diagram apprdatthich  the bosonization techniques that have been used successfully
starts from a canonically quantized Hamiltonian of the prob4in d=1 to higher dimensions. In Ref. 11 the bosonization
lem. While both techniques are very useful, and have yieldesvas also combined with RG techniques. These theories have
many important results, either one of them has serious limibeen used, for example, to rederive certain nonanalyticities
tations. Fermi-liquid theory has been extended to includghat occur in Fermi-liquid theory, and to study the possibility
disorder>® but often a microscopic approach is preferred.of marginal Fermi liquids in dimensiorgs=2. Finally, clean
For the microscopic many-body perturbation theory, the in-electronic systems have been bosonized by means of a
clusion of disorder is extremely awkward, mostly because oHubbard-Stratonovich transformation and the use of the clas-
a large number of diagrammatic contributions that are indi-sical Hubbard-Stratonovich field as the fundamental field of
vidually finite, but that ultimately cancel each other. More the theory2 Within this latter approach, disorder has been
recent approaches have used functional or field-theoreticaéhcluded in the single-particle Green function at the level of
methods’, which allow for the application of renormalization the lowest order Born approximatidh.More sophisticated
group (RG) techniques. A significant recent advance in thiseffects of quenched disorder have so far not been included
area has been Shankar's RG technfgfee clean fermion into any of these approaches.
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For systems of disordered electrons, a completely differmodes in a disordered fermion system. We identify a FP that
ent theory has been in use for some time, that describedescribes a disordered Fermi liquid, and show that it is stable
composite fermionic, i.e., effectively bosonic, degrees offor d>2. We then show that the so-called weak-localization
freedom. For noninteracting electrons, this effective fieldeffects can be interpreted as corrections to scaling near this

theory takes the form of a nonlinear mode|i‘-4 which was FP. We derive Finkel'stein’s generalization of Wegner’s
genera"zed to the case of interacting electrons b)ﬂonlinear(f model that has been used to describe metal-

Finkel'stein®® It is custom tailored for the description of insulator transitions neai=2, and discuss the critical FP

the metal-insulator transition nedr=2, and it does not al- that corresponds to this quantum phase transition. The sec-
low for the clean limit to be taken. No technically satisfac- ion iS concluded by a brief discussion of a magnetic phase

tory derivation of the interacting theory has ever been givenfnsition that is described by the theory, and of the relation
but rather its structure has been guessed, based on more r tween the th_e_ory pres_ented here and earlier theories of
orous derivations of Wegner’s effective model for the metal- agnetic transitions in disordered systems. In Sec. IV we
insulator transition in noninteracting electronic systém$. CO”S'P"?r t_he clean limit of our theory and.d|scuss the. qlt_aan
The key idea underlying these effective field theories is td:erml—llqwd .FP' The_rg we show that certain nonanalyticities
keep explicitly only those degrees of freedom that are likely"at @ppear in Fermi-liquid theory can be interpreted as cor-

to be relevant for the problem under consideration, and t4€ctions to scaling near this FP, and we point out far-
integrate out all others in some simple approximation. reaching analogies between clean and disordered Fermi sys-

It is clearly desirable to develop a more flexible field- ©€MS: N Sec. V we present our conclusions. Appendix A

theoretical approach for the many-fermion problem. Some o?pe"S outa techniqal point that one encounters in Sec. I, and
the desired features of such a theory are as foll¢tysBoth ~ ~PPendix B4conta|ns a pedagogical discussion ofCHN)
clean and disordered systems should be describable withinSYMmetric¢™ theory.

single framework.(2) The theory should allow for a RG

description of both clean and disordered Fermi liquids, of the Il. MATRIX FIELD THEORY

metal-insulator transition, as well as of other quantum phase
transitions, such as, e.g., the recently investigated magnetic
onest®21(3) It should offer flexibility with respect to how Let us start with a field-theoretical description of a system
many, and which, degrees of freedom one keeps explicitlyof interacting, disordered fermions in terms of Grassmann
depending on the problem under considerati@hlt should  variables’ The partition function of the system is

provide a satisfactory derivation of the nonlinearmodel

used to describe the metal-insulator transition in interacting _ —

disordered electronic systengs) It should allow for explicit Z= f D[y, yp]ed" ¥, 2.9
calculations of physically relevant observables, such as ther-

modynamic and transport properties. While all of the exist-Here the functional integration is with respect to Grassmann

ing theories fulfill some of these criteria, none of them meervalued fieldsfandz// and the actior8 is given by
all of them simultaneously.

This is the first of two papers where we develop such a
theory. In the present paper we.discuss our gene_ral phys_ical S= _J dxz %(X)(gr ,(X) + Sy+ Syist St -
ideas, and mainly focus on the disordered interacting fermion o
problem, although we will discuss some aspects of the clean (2.29
limit. In a future, second paper we plan to use the same ) ,
approach to thoroughly discuss clean interacting fermionVeé useé & @+1)-vector notation, withx=(x,7) and
systems, as well as the connection between our approach ahélXx=/vdx/§d7. x denotes positionr imaginary time,V is
others. The outline of this paper is as follows. In Sec. Il wethe system volumeg3=1/T is the inverse temperature, is
introduce our starting point, a microscopic model for an electhe spin label, and we use units such thatkg=1. S, de-
tron fluid, in general in the presence of quenched disordesscribes free fermions with chemical potentjal
We then show how to transform this Grassmannian field
theory into one for classical or bosonic fields, and discuss the —
physical motivation for this transformation. In this section Sozf dx; o(X)
we also construct a saddle-point solution for the resulting

composite-fermion field theory, and expand to Gaussian Ofyit m the fermion mass. The Laplacian will be denoted by
der about the saddle point. The result is equivalent to whag? throughout. We will mostly be concerned with systems at
one obtains within many-body diagrammatic theory from the-l-:0 whereu = er, with ex=k2/2m the Fermi energy, and
random-phase approximatidiRPA), modified by disorder. ke th;a Fermi mom;anturrfsdiS dercribes a static rando,m po-

In Sec. Ill we perform a symmetry analysis of our field . . T o
theory. The results, together with some conclusions drawr%entlalu(x) coupling to the fermionic number density:

from Sec. I, suggest slightly separate ways to proceed from

here for clean and disordered fermions, respec_tively: Focus- Sye= _J' dXD U(X) dro(X) (%), (2.20

ing on the latter, we use the symmetry analysis to identify P

and classify all of the slow or soft modes of the system. This

is crucial for a RG description of the problem. Using theseand S, describes a spin-independent two-particle interac-
results, we then derive an effective field theory for the slowtion:

A. Grassmannian field theory

VZ
|0, (22D
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n

1[ _ 1
=— = | dx.dx X1—X a— -
Sim 2 1 20§2 v( 1 2) Sdls 2’7TN|: BZ]_ % = U—’EU, 6k1+k3’k2+k4U(k1 k2)
X g (X)) (X2) Y (X2 iy (X1). (2.20) XY (k)P (k) WP (k) gl (Ke), (2.6
The interaction potential(x) will be specified below.
For simplicity, the random potential in E€R.20 is taken _ T
to be Gaussian distributed with a second moment that is Snt="7% O, +ky kgt kU (K2~ K3)
given by a functionU(x) with the dimension of an energy 172 ki)
density Xy (ko) o (k) ¥ (Ka) s (Kg). (2.6
1
{u0) u(Y)iais= 7TNFU(X_Y)’ (2.3 Here we have defined

where{- - - }4s denotes the disorder averadé: is a normal-

ization factor with the dimension of a density of states. One K= (K) = /_T/Vf dx e ikx—onm) y, (x

could use the free electron density of states at the Fermi VoK)= 40k VolX),
level, but it will turn out to be more convenient to include (2.7a
some trivial disorder and interaction renormalizations. We

will explicitly define Ng in Eq. (2.46) below. The full physi-

cal density of states at the Fermi level will also be encoun- D (K =D (K) = fT/Vf dx d—eny (x
tered later, and will be denoted Y(er). More general dis- Uno(K)=5(K) YolX).
order potentials can be considered, but as long as they couple (2.7

only to the electron number density, the difference between

the more general potentials and E2.3) can be shown to be imately, we will be interested in long-wavelength, low-

RG irrelevant at the disordered Fermi-liquid FP. For otherfrequency processes. For clean electrons, this in general

purposes, e.g., a description of the Anderson-Mott metalieang that only the scattering of electrons and holes close to

insulator transition i_n the system, the difference is likewiseyo Fermi surface is important. In a clean Fermi liquid this is
expected to be RG irrelevant. , o true because the lifetimes of the single-particle excitations
Since the system contains quenched disorder, it is Necegpcome infinitely long as the Fermi surface is approached.
sary to average the free energy oZIhis is accomplished ¢ the disordered electron problem the situation is different.
by means of the replica trick,which is based on the identity single-particle momentum and frequency excitations are
damped by the single-particle relaxation rate,JAvhich in
InZ=1lim (Z"—-1)/n. (24  general is not small. For this case, the only slow or soft
n—0 excitations are two-particle excitations. This implies that the
i , i , . soft excitations in the two cases are fundamentally different,
Introducing n identical replicas of the systertwith n an 5 that clean systems have in general more soft modes than
integey, labeled by the indexr, and carrying out the disor- gisordered ones. This observation will be of great importance
der average, we obtain below, and will suggest somewhat different effective field
theories for dealing with clean and disordered systems, re-
- n _ - spectively. In fact, this difference is the reason why the ap-
Z={Z"}gis= H DL4*, ¢“]exd S ]. (2.9  proaches of Shankaand Houghton and Marstéhcannot be
ot simply extended to the dirty case.
To examine this important point in more detail, we first
nsider the clean case. It is customary and convenient to
divide the possible scattering processes into three cladges:
small-angle scattering?) large-angle scattering, ari#d) 2k
S scattering. These classes are also referred to as the particle-
S= 21(80“+ SisT Sinp)- (2.6a  hole channel for classé4) and(2), and the particle-particle
“ or Cooper channel for clas&), respectively. The corre-
It is useful to go to a Fourier representation with wave Vec_sponding scattering processes are schematically depictgql in
tors k and fermionic Matsubara frequenciess, Fig. 1. We next make explicit the phase space decomposition

=27T(n+1/2), and a ¢+ 1)-vector notationk= (k,w,,). that is inherent to this classification by writinﬁi,ﬁ’t, Eq.
Then (2.60, as

We again separat8 into free, disordered and interaction co
parts as

So'=2 villiog—ki2m+ ulus(k) (260 Si=Sm Y+ S @+55Y, (2.89

and where
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< Si=Sm O+ S U+ 5a Y, (2.103

with
O Sa9=—23 2" Tl (k) oy (k+)]
int 2 & k,p 120

%)) 2)
Sint int
s
mt
FIG. 1. Typical small-angle (1), large-angle (2), and
2kg-scattering processé8) near the Fermi surface ith=2.
Sa=—2 3 3 3 w@ v, 00
int oy P Z: q oq oy
X(p+q) w5 (p)ws (k+q), (2.8D
TGRS 2" v(p=k) 5, (K) g, (p+a)
int 2 v Ty oq oy
X g (k+a) ¢ (), (2.80
0= 3 3 2 vkt gy (—K) Y
int oiFo, kb oy 92

X(k+q) ¢, (—p+a) g (P). (2.80

Here the prime on thg summation indicates that only mo-
menta up to some momentum cuteffare integrated over.
This restriction is necessary to avoid double counting, sinc
each of the three expressions, E@8b — (2.8d), represent

all of S,% if all wave vectors are summed over. In general th
long-wavelength physics we are interested in will not depen
on \. Finally, one often writes the Eq$2.8) in terms of

singlet (s) and triplet ¢) contributions. We introduce spinors

wm—( WX)) (2.9
" 'pﬁl(x) ’ .
and their Fourier transforms
W(k):w“(k)—( %(k)) (2.9
o g () '

as well as their adjoint@(k) and a scalar product in spinor

space (¢, w)zﬁz,/;, where the dot denotes the matrix prod-
uct. Then we can write the interaction term as

p
e(gependences of these coupling constants is usually taken into

X[*“(p+a),S04"(P) ], (2.10b

Za

int

T 3
_ "1 a ra
7 & & Thp( @2 9k .5y (k+a)]

X[y*(p+a),sig(p)]. (2.100

Heres;=io;, with 0,3 the Pauli matrices, ang,= oy is
the 2x2 identity matrix. We have also defined the singlet
(s) and triplet ¢) interaction amplitudes

Ot
ip(a) 2v(p k), (2.11a

and

1
(@) =v(a) =5 v(p=k). (2.110
In addition we define the Cooper channel d-Zscattering
amplitude

I(@)=v(k+p). (2.119

The effective interaction potentials that appear in E8sL0
and(2.11) are all given by the basic interaction potental
taken at different moment&,% V), andS,% © as well, con-

tains the direct scattering contribution, ©(q), with g the
restricted {g|<\<kg) momentum. Ifv is chosen to be a
bare Coulomb interaction, then the direct scattering contribu-
tion leads to singularities in perturbation theory that indicate
the need for infinite resummations to incorporate screening.
For simplicity, we assume that this procedure has already
been carried out, and taketo be a statically screened Cou-
lomb interaction. For smally|, it is then sufficient to replace
v(qg) in Eg. (2.11h by a number. The moduli of the other
momentak andp in Egs.(2.10), are equal tdkg for the most
dmportant scattering processes since, as mentioned above, the
soft or slow excitations in the clean Fermi system involve
articles and holes close to the Fermi surface. The angular

ccount by expanding them in Legendre polynomials on the
Fermi surfacé. For future reference we note that if only the
zero angular momentum channék0 is retained, then Egs.
(2.10 and (2.1) are valid with T{}(0), T{?(0), and
I'{9(0) replaced by numbe®®, T, andI'(®), which are
the Fermi surface averages of the respective interaction am-
plitudes. Shankdft,in his RG approach, has explicitly de-
rived these results, and has shown that all corrections to
these approximations are RG irrelevant with respect to a RG
fixed point that describes a Fermi liquid.

For disordered Fermi systems the situation is different,
since single-particle excitations are massive modes with a
mass that is proportional to the inverse elastic mean-free
time. In Sec. lll we will give a detailed discussion of the soft
or slow modes in a disordered Fermi system. The conclusion
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will be that, of the modes that appear $3,,, the dominant I;“T(x)
soft modes are those that involve fluctuations of either the 1 e 1| z@
particle number density, or the spin densityng in the 7o(X) = — ¥n(x) _ - ¥y (X)
particle-hole channel, or density fluctuatioms in the ¥ V2\sp 0] 2|y (x
particle-particle channéf In terms of our spinors, the latter g (%)
' 1
are given agcf. Eqgs.(2.10] n (2.142
ne(q)= mzk [p(K).so*(k+q)], (2123 and an adjoint bispin?
= ¢ (X)
ng(a) =TIV [ye(k),spe(k+a)], (212D U B B
K (7 )a(¥)=icn(X)=—=| — , (2.14b
V2| vnx)
ng(q)=\/T/V§k: PEK) PH(—k+q). (2129 ~ Ym(X)
with ¢ the charge-conjugation matrix
In Egs.(2.10 this implies that we should project onto these
density fluctuations. This projection is performed in Appen- 0 s\
dix A. The net result is that the interaction amplitudes can be c= s, 0 =178S;. (2.149

replaced by constants, namely their angular averages with a
distribution of momenta near the Fermi surface. We thusThe four degrees of freedom represented by the bispinor are
obtain the interaction part of the action in the form the particle-hole or number density degrees of freedom, and
the two spin degrees of freedom. We have also defined a
basis in spin-quaternion space a®s; (r,i=0,1,2,3), with
T0=Sg the 2X2 identity matrix, and r;=—s;j=—io;
(J=1,2,3), with o the Pauli matrices. In this basis, the
channelsr=0,3 andr=1,2 describe the particle-hole and
particle-particle degrees of freedom, and the channel@
and i=1,2,3 describe the spin-singlet and spin-triplet, re-
spectively.

It is convenient to define a scalar product in bispinor
space as

oo

int

.
_ _T1(8 ! a a
2 T2 2 [v (0 sop (k)]

X[¢*(p+Q),s0¢%(P)], (2.133

~ T <
Si''=-a TV 2 2 [ (0.syi(k+a)l

X[*“(p+a),si¢*(p)]. (2.13b

4

= T I T Q= « @i

S ¥=—5T > X" yg (k) vy (—k+a) (037 = 2 1775 7 (2.19
2 o1#F0y K,p 1 2 =1

X g (p+Q) g (—P). (2.139  where I denotes the elements of and ;7 denotes the
elements ofp™. The adjoint of any operatoh in bispinor

The disordered Fermi system is thus described by only thregpace with respect to this scalar product is giverchbi'c.

interaction parameterE(®, 'V, andT'(®, which are given In terms of the bispinors, the terms on the right-hand side of

by Eq. (A4b) and analogous expressions. As long as we ar&g. (2.69 can be written

only interested in physics that is dominated by soft modes,

this restriction is exact. Clean Fermi systems, on the other

_ a ; L2 a
hand, in general require an infinite number of Fermi-liquid S0~ ';’k {n*(k),[iwn—k2m+ u]n*(k)}, (2.163
parameters, and the restriction to the E@s13), with the
three interaction constants related to the Fermi-liquid param- -1
eters in the/=0 channel, constitutes an approximation. Sgie 5N Sk, +ky kyp kU (K1 —K2)
Physically this difference is due to the fact that there are TNF ap nm {k}
more soft modes in the clean case than in the dirty case. @ @
Y X[ (ke (ko) L mia(s), (k)] (2.16B)
B. Composite variables: Matrix field theory and
1. The action in terms of Q matrices §int:§igf)+§ir(1{)+§ir(1?) , (2.173
As noted above, the slow modes for the disordered fer-

mion problem are fluctuations of products of fermion opera- _ TT®
tors. It is therefore convenient to transform to a field theory 5o = > > > 2’ > (1)
in terms of these composite variables. For both technical and @ kp r=03
physical reasons, which will become clear in Sec. lll, it is X[ 7%(K),(1,®50) 7%(k+Q)]
convenient to go to a bispinor and, eventually, to a spin- ot
quaternion representation. We define a bispgihor X[7%(p+q),(7,®S9) 7%(p)], (2.179
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T > S (1 of the latter, with an auxiliary or ghost fiell that plays the
~ £ %: < -1 role of a Lagrange multiplier, and integrate out the fermions.
This way we obtain

le[n“(k>,(n®si>na(k+q>] L
- "Z'=wa,¢]eSW'“f D[Q]s[Q—B]
X[(n%(p+q),(r,@s)n%p)], (2179

_1r© , = f D[ 7]eS"! f D[QID[A]exp{trA(Q—B)T}
Si=— 222 X 2

a kp ng,Np,mr=12 f o]
« « = | D[Q] D[A]e” =™, (2.20
X[nnl(_k)!(Tr@)sO) n—nl+m(_k+q)]
x[nﬁnz(—p),(rrc@so) 77§2+m(—p—q)], In Eqg. (2.20 we have defined an effective action

(2.179
1
— oy~
The same phase space decomposition used to bre&s,up ALQA]= Aud Q1+ Aind Q1+ 2 Trin(Gy "—iA)
can also be used to rewri®,; as

+ [ dx A : 2.2
SdIS Sdls+scj(|§)y (2.18a f x tfA(X) Q(x)] (2.2)

with Here and in what follows, tr is a trace over all discrete
degrees of freedom that are not shown explicitly, while Tr is

~ -1 a trace over all degrees of freedom, including an integral
(1)_ ,
Sds =2 7N QEI; “ 2 [n (k). 7 (k+a)] overx.
X[nm(P), m(P= )], (218D Gyl — .+ V2om+ (2.22
1
Sd(é)_WN . 2 2 [7E(k), 7%(p)] is the inverse of the free electron Green operator, and it is
Flrel a B nm kp clear from the structure of the Tr In term in E@.21) that

the physical interpretation of the ghost field is that of a self-
X[(p+a) m(k+)]. (2.189 energy. In writing Eq(2.21), we have replaced the dummy

Here we have introduced two different scattering timgs integration variables\ and Q by their transposeds, which
and 7, that will in general renormalize differently. The carries a Jacobian of unity, and have anticipated the fact that
reason for their appearance is related to the potential corredqd Q']=.44d Q], and the same fo,,,. The latter two
lation functionU (k;—k5) in Eqg. (2.16b, which leads to a contributions to the action read

U(q) in S, and aU(k—p) in S{2. Projection onto the

density, as in the interaction terms, then leads to Ej48), . =AW (2)

with 1/7,=U(q=0), and 1f, a weighted average over Aad Q1= Ags QI+ Ags TR (2233
U(k—p). 7o is the single-particle relaxation or scattering

time. W L )
Next we define a Grassmannian matrix fidg,, with Agis' [Q]= ZWNFTlf dx[trQ(x)]%,
1=(n.,a,), etc., by

(2.23b

=p7 1

B1a(x) 7 (X)® 172(X), (2.193 Ad(é)[Q]: re If dxtr[Q(x)]z, (2.230

or, in Fourier space and with all components written out, ©
and
Bam(@ =2 () (k). (2190
Int[Q] Alr(? -Alnt Alnt d (2'24‘3

The subset of the Grassmann algebra that is given by the
bilinear fields B is isomorphic to a set of classical, i.e., e
c-number valued, matrix fields. We exploit this isomor- o= deE -1" > >
phism, which in particular maps the adjoint operationgin 'n : nynz,m a

space that we denoted by an overbar onto the complex con-

jugation operation, by introducing a classical matrix fi€ld X{tr[(Tr®S°)Qn1 n1+m(x)]}
and constrainingB to Q by means of a functionald wa

function?® We then use a functional integral representation XAl (7 ©5o) Qn2+m,n2(x)]}, (2.24b



Tr®
2

2 22

ngnp,m a i=

t)_
A=

3
f dx > (—1)
r=0,3 1
X{tl’ [(Tr®si) lea,nl+m(x)]}

X{tr[(7r®si) Qr[:2a+m,n2(x)]}! (2.249

Tr

> 95,.5,3

Nom

Air(nc) =

X{tr[( Tr®SO)lea,—nl+m(X)]}
X{tr [(1®50)Q%%, o 4m(¥)]}.  (2.249

2. Properties of the Q matrices
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QL=—1Q™2, ;. (=03, (2293

(r=1,2.  (2.299

i*x _iA~a1an
leZ_fonlfl,fnzfl’

Analogous relations hold fok by virtue of the linear cou-
pling betweerQ andA.

This completes the derivation of the action in terms of
classical matrix fields. We reiterate that for disordered fer-
mions, this action is adequate as long as one is interested in
physics dominated by soft modes, while for clean systems, a
complete theory would have to keep an infinite set of inter-
action constants. We also recall that, by means of Ghe
matrices, we keep explicitly only density modes in both the
particle-hole and the particle-particle channels. While this is
again physically well motivated in the disordered case, it is

We now derive some useful properties of the matrix fieldmore problematic in the clean case. Due to the larger number

Q. Since B, Egs. (2.19, is self-adjoint under the adjoint
operation defined in Eq2.14h and denoted by a superscript
+, s0 isQ, Q" =0Q. Notice thatQ™" is distinct from the
Hermitian conjugate of), which we write asQ"=(Q")*,

of soft modes in the latter, our procedure means that in cer-
tain clean system soft modes have been integrated out. While
this integrating-out procedure is exact, it leads to undesirable
properties of the effective field theory as we will discuss

with the star denoting complex conjugation. The definition oft€low. In the next subsection we will find further indications

the former adjoint implie® ™ =C'Q'C, with

1CHB = 8ymOupCij » (2.25
andc defined in Eq(2.149. We thus have
Q=Cc'Q'c. (2.26a

for it being advantageous to derive somewhat different effec-
tive theories for clean and disordered fermions, respectively.

C. Saddle-point solutions and Gaussian approximation

The physical degrees of freedom are now given by the
matrix elements of th€ matrices, and the physical correla-

In addition, a direct calculation of the Hermitian conjugate oftion functions for number and spin density fluctuations can

B, B'=BT, reveals another constraint that is inherited by th
Q, namely

Q'=-rQr, (2.26b

where the similarity transformation denoted byhas the
property

(raQ 1—‘_l)nm:Q—n—l,—m—l- (2.260

We now expand our matrix fields in the spin-quaternion ba-

sis defined after Eq$2.14):

3
Q”(X):réo (1,®5)1Q12X), (2.273

3

Klz<x>=r2 (1,@8)1A12(%),

,i=0

(2.27H

where again %&(nq,a4), etc. In this basis, the relations ex-
pressed by Eq(2.263 imply the following symmetry prop-

erties:
(r=0,3,

Q1= (—)" PQa, (2.28a

Qu=(—)"*11Qq, (r=0,3; =123, (2.28
(r=1,2,

?Q12: ?QZl! (2.280

Qu=—1Q,, (r=12;i=1273. (2.289

e

be expressed in terms @)-correlation functions. This im-
plies that ultimately we will want to integrate out the ghost

field A in Eq. (2.21). Before doing so, however, we examine
a saddle-point solution to the field theory defined by Egs.
(2.2)—(2.24, and the Gaussian fluctuations about this
saddle point.

1. Fermi-liquid saddle-point solution

It is possible to develop a systematic theory for the ex-

pectation values of) and A, rather than simply a saddle-
point approximation for these quantities. We will come back
to this point in Sec. Il B 1 below. We further note that there
are many saddle-point solutions, and that in general they
have different symmetry properties. Physically these differ-
ent solutions correspond to states with different broken sym-
metries such as Fermi-liquid states, magnetically ordered
states, or superconducting states. For now we concentrate on
a Fermi-liquid state. In Sec. Ill B 4 below, and elsewh&re,
we will consider more exotic states.

The saddle-point condition is

54

oA

6Q

0. (2.30

QspAsp

The Fermi-liquid saddle-point solution is spatially uniform,
diagonal in frequency and replica space, and there are no
nonzero expectation values that would describe a spontane-
ous magnetization, or a BCS-like order parameter. In Fermi

Together with the behavior under Hermitian conjugation, Eqgliquidlike phases, the saddle-point values of b&hand A

(2.26D, this further implies

have the structures
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irle(X)|sp: 512610810Qn (2.313 2. Gaussian approximation
. We now examine the Gaussian fluctuations about the
A 12(X)[sp= 8128;08i0A (2310 saddle point discussed above. To this end, we v@ind A

and the average values @fandA have the same properties. in £qs.(2.21) - (2.24 as

Using Egs.(2.21)—(2.31), we obtain the saddle-point equa-

i ~_ 7 —_~
Qn=5y > liog—p22m+u—iA,]"% (2323 A=At oA, (2.340
p

and then expand to second or Gaussian order in the fluctua-

-2 - (o0 tions 8Q and 5A. Denoting the constant saddle-point contri-
An= NE 7o Qn—4Tl % e Qm. (2320 pytion to the action byds,, and the Gaussian action by,
, we have
Heree'“m js the usual convergence factor that resolves the
ambiguity presented by the equal-time Green functidto- A[Q,K]=Asp+ A[Q.A]+AA, (2.3

tice that this saddle-point solution obeys all of the symmetry
properties of theQ that were derived in Sec. Il B 2. For a \yhereA A contains all terms of higher than quadratic order

physical interpretation of Eqs(2.32, we define a self- . . ~ . .
energy.S.=iA,. In terms of3, the Eqs.(2.32 can be in the small quantities’Q and SA. The Gaussian action

rewritten reads,
1 1 = 1 P
Spme e =S i pPl2m -5, ! Al Q. K] =Agd 5Q1+ An{ 5Q]+ 5 TH(GyppR G )
’7TN|:7're| \Y p 4
+2F(S)TE gl om0 % 2 [iwm_p2/2m+ﬂ_2m]fl. +f dx tr 5K(X)5Q(X)], (2.36a
m p

(2.33 with G, the single-particle Green function in saddle-point

This integral equation for the frequency dependent self-apprOXImatlon

energy has a familiar structure. For vanishing interaction
I'®=0, Eq.(2.33 reduces to the self-consistent Born ap-
proximation for the self-energy, or the inverse mean-freeWherez
time, in a disordered fermion system. At zero disorder, oNum of
the other hand, Eq.2.33 represents the Hartree-Fock ap- :
proximation for the self-energy. The full EQR.33 we will quantity N, see Eq(2.49 below.

refer to as the disordered Hartree-Fock approximation for th? At this point it is important to notice that in the full ac-

X on, Eqg.(2.395, the symmetry properties expressed by Egs.
Zﬁlt:;ecnaesrgg' It interpolates smoothly between the clean a”éz.zs) are enforced by means of-function constraints.

In this context, a few remarks on ultraviolet divergenciesTruncatlng the theory at the Gaussian level spoils this prop-

and cutoffs are in order. In general dimensions. the sums erty. Consequently, by using the constraints in different ways
. utot ! - ng : SIons, UMS Yeforethe truncation one obtains different Gaussian theories.
integrals in Eqs(2.32 and(2.33 do not exist due to ultra-

violet divergencies. Clearly, this is due to the long- Here we opt to use the constraints to rewrite the theory en-

wavelenath and low-frequency aoproximations we hav tirely in terms of matrix element§Q,, with n;=n,. Corre-
made b)? for example p(r]ojectizg opnl?co density modes only ation functions of matrix elements that do not obey these
Any ultraviolet problems encountered in the theory are there[requency restrictions are related to E¢8.37) below by

fore artifacts, and should be cut off at some momentum Scalmeans of Eqsi2.28. As we will see, this choice results in a
. " . Gaussian theory that reproduces results that are well known
ko. In principle there are a number of “large” momentum

. . from many-body perturbation theory. With this procedure,
scales that are candidates fqy; e.g., the Fermi wave num- . \ . : !
ber ke, the Thomas-Fermi wave numbkg., and the in- Eqg. (2.363 is a quadratic form that can be diagonalized us

verse elastic mean-free path/1/For metallic densities, Ing the techniques discussed in Ref. 16. One obtains
ke~ke, while ke/>>1 for weakly disordered systems, Vv

andkg/~1 for strongly disordered ones. A popular choice H(8Q) 1P A 6Q)34(P2) Y a=7=0p. o 8s0ii |

is to useky,=2m// in any disordered system, regardless of t 12P1)s( 2Q)adP2)) 6= 76%, —p, %15 1
the strength of the disordéf.However, for weakly disor-
dered systems this choice leads to qualitatively wrong an-
swers for various nonuniversal results, while uskger kg is
qualitatively correct® For the universal phenomena that will Py i _ X i

be considered in the present paper, on the other hand, the (1(0A)12(P1)s(9A)34(P2)) 6= 16 Opy,~p,OrsFij ¢
precise value ok, is not important, and any of the above 1

choices are acceptable. XNiz34P1) - (2.37D

Gedp,wn)=[iw,—p¥2m+u—3,1"1,  (2.36D

n IS given by the solution of Eq2.33. The spec-
this saddle-point Green function determines the

XMiradpy) , (2.373
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Here(- - -)g denotes an average with a weight . In Eq.

(2.37h, we have defined a correlation function for the fluc-

tuations of a field\ that is decoupled from th@-correlation
function. A is defined by

— 1 _
A1=5 @nyn, A1t Qua, (2.383

with

@nm(K)= Engpwn>Gsp<p+kwm> (2.38h

The matrix inverseM ! for the particle-hole channel is
given by,

0 M1334P) =81 23 4 0,41 613Dn n,(P)

= BayayOaya, 2T VDL (P) Dy, (P)]
45r05|0
TN 812634Dy ), (P) Digh (P,
(2.393
with
od12=1+ 8, o (1-28,3) ( %—21 8 ) (2.390
andT'®=—-T16) andI'*23)=T0 For the particle-particle
channel, one finds
il,ZM 521,34( P)=—614+23+4[ 613 i1,2' 12Dn;n,(P)
- 5i05a1a2 a3a44TF(C 2( p)Dn3n4( p)] )
(2.390
where

(2.399

3
LA =1+ 5n1n2( Sio— Zl S ) -

Similarly, one finds for the matrix invers& ! in the
particle-hole channel

0N 3dP) =~ 813024 041200 (P),  (2.399
and in the particle-particle channel
L NT23dP) = 813604 1 1000 n)(P). (2.399
In the preceding equations
-1
Dnlns(p) = ‘Pnlnz( p)|1- m ‘Pnlnz( p) )
(2.409
and
) -1
Diyn,(P) =Dy, (P) | 1+2TT Dn,nmznl(p)} :
(2.40h
with DO=DO, and DV =D@=pE=pY, and
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-1
(P)=Duyn,(P) | 1+2TTX, Dy i, n(P)

(2.409

1”2

D. Physical correlation functions

We conclude this section by interpreting the results ob-
tained in the preceding subsection, and expressing some
physical quantities of interest in terms Qf correlations.
First of all, ¢,m(k), Eq. (2.38b, is related to a disordered
Lindhard function. We write

enm(K)= (2.41)

with Q,=27Tn a bosonic Matsubara frequency. For both
clean and disordered systerds approaches a finite constant
in the limit of vanishing wave number and frequency. On the
other hand, the behavior af in the same limit depends
qualitatively on the presence or absence of disorder. For
dirty systems, to leading order ag,— o,

O(MMP+O(—nme(k, Q- ),

@([k|=0,07—0)=mNp e, (242

while for clean systems,¢ is singular in the long-
wavelength, low-frequency limit. For example, dir= 3,

nt|Klog
n |k| F
(2.43

Comparing Eqs(2.42 and(2.43, we see that the k| and
1/Q),, singularities that occur in the clean case are cut off by
a mean-free path and a relaxation time, respectively, in the

disordered case. This implies that theA correlation func-
tion is soft for clean systems, and massive for dirty ones.
This will turn out to be a fundamental difference between
clean and dirty systems, which reflects the fact that single
particle excitations are soft in a clean system. These obser-
vations indicate that for the further development of the
theory it will be useful to treat clean and disordered systems
in somewhat different ways.

¢ determines the propagatd, Eq. (2.404. For finite

¢(|k|—00,—0)= (Qn)l

7Ng
2||<|

disorder, n;n,<0, and in the long-wavelength, low-
frequency limit one finds
Doyy(P) = g (2.44
P b, ol '
with D=vZrq/d a bare or Boltzmann diffusion

coefficient™® The propagators given by Eq$2.37a and
(2.39a for nyn,<0 are then the soft or massless propagators
of the nonlinears model that is used to describe the metal-
insulator transition in disordered interacting electronic
systemg>16

Second, the physical correlation functions of the single-
particle spectral density, the particle number density, and the
spin density, can be easily expressed in terms of the
Q-correlation functions. By keeping an appropriate source in
the action while performing the transformation @ vari-
ables, we obtain an expression for the density of stidtess
a function of energy or frequenay,
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4 ations and results of this section have precise analogies
N(ep+w)=— RE(0Qnn(Niw,—w+io- (245 within the ¢* representation of the@(N) Heisenberg model.
These analogies are often helpful, sint&theory is techni-
In saddle-point approximation, we have for the density ofcally much simpler than the matrix field theory under con-
states at the Fermi level sideration here, and hence it displays the basic structure of
1 the symmetry analysis and its consequences more clearly.
Ne T V % IMGsylp,i0n=10). (2:49 A. Symmetry analysis
This defines the density of states that has been used through- 1. Basic transformation properties
out as an energy normalization factor. Similarly, one finds
that the number density susceptibiljpy and the spin density To
susceptibilityys are given by

Let us perform a symmetry analysis of our field theory.
this end, we start with the action in fermionic form, for-
mulated in terms of bispinors, EqR.16—(2.18. Our plan
of attack is to consider the various terms in the action sepa-
¥ (g,Q,)=16T >, >, <ir(AQ)z1i[—n,ml rately. The crucial symmetries will involve the free electron
mp.mp r=03 partS, and the disorder paS;s. The interaction par§,,
x(q)ir(AQ)fg“ ET))) (2.47) Eqs. (2.1, will turn out to always be effec_:tively propor-
272 tional to a frequency, at least near the disordered Fermi-
with AQ=Q—(Q), andx¥=x, and x*23= y,. By sub- liquid FP that we will identify below. Since we are interested

stituting the Gaussian propagator we see that the Gaussiam low-frequency effects, this will ultimately imply tha;,
theory yieldsy, and x in a disordered RPA-like approxi- does not change the conclusions with respect to which two-
mation. Notice that, for weak disorder, the last term on theparticle excitations are soft or massless that are reached by
right-hand side of Eq(2.393 is smaller than the first two considering the noninteracting action.

terms by at least a factor of 4y, and therefore does not For zero external frequencyw,=0 in Eg. (2.163, the
appear in the usual resummation schemes of many-body pefiee fermion action is invariant under transformations that
turbation theory. Neglecting it, one finds, for smai| and  leave invariant the expression

Qn,
| _plig 2 2 (7" )re ml=(7,7), 3.1
X(I>(q19n):)(gt)—.2, (2.48a
|,/ +D"q with (7, 7) a generalization of the scalar product defined in
where Eqg. (2.19 that includes summation over the frequency and
replica indices. From the structure of the disorder part of the
X% =Ne/(1=NeI'0) (2.48H  action, Eq.(2.16b), it is clear thatS; is also invariant under

is the static susceptibility in the long-wavelength limit, transformations that leave invariang ().

renormalized by the interaction, and Now let 5 be transformed by means of an operafor
. ‘ 77%?77. Remembering thay™ is related ton by means of
DV=D(1-NI'") (2480  the charge conjugation matri€, Eq. (2.25, and using

is the renormalized diffusion coefficient. Here we have used® '=C %, we find that in order to leaver( ») invariant, T
the identity TS, Dnn(g— 0)= — N¢/2, which expresses par- Must obey

ticle number conservation. Notice that for1,2,3, Egs. P

(2.48 describe a disordered Stoner criterion: Red" V=1, T c1=C. (3.2
the spin diffusion coefficient vanishes, and the static spirggr 5 system with R frequency labels N positive ones,
susceptibility diverges. In the clean limit one recovers RPAincIuding 0, andN negative ones andn replicas, Eq(3.2)

proper, defines a representation of g?e symplectic group Sip(8)
i _ i 1 over the complex numbeiG.>* Throughout this section we
X(0020)=2x0(Q, ) [ 1+ T 2x0(0,20)] 04 will denote the real, complex, and quaternion number fields
(2.49 by R, C, and Q, respectively. In what follows we will need
where xo(0,Q,) =T hem—nm(0) is the free electron den- to consider only small subgroups of theNB(8Nn+1)-
sity susceptibility per spin. parameter group Sp{8n,C).
Now we ask what transformations of our composite vari-
IIl. THE DISORDERED FERMION SYSTEM ablesQ correspond to the above transformations of the bis-

_ ) i pinors. Since th&) matrix is constrained to the bilinear fer-
In this section we concentrate on the disordered system

. . _ + ks . .
and in particular perform a symmetry analysis in order torhlon f'EIdlB__ n O seTe Eq.(2.20, _ 77,_3-“7 |mpI|_es
identify the soft modes in our system. This will allow us to Q= TQT *, with T=CTC . The ghost field\ couples lin-
explicitly separate the soft modes from the massive ones, arRf"ly 10 Q and B, and therefore transforms &3, i.e., by
to formulate an effective field theory for which the soft means of the matrice. Together with theT, the transfor-
modes remain manifestly soft to all orders in perturbationmationsT also obey Eq.3.2), and therefore also form a
theory. In Appendix B we point out that all of the consider- representation of the group Sp{8,C).
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Now we consider a specific transformation, namely a ro- -
tation in frequency space given by 0=f D[QJD[A] 5Ao+f dx tr{J(x)6Q(x)]
FTb= 8108108ap{ Snnl 1+ (Snn, + Sn,) (COSI—1)] X go ] X HIC0QL], (3.89
+ (Ban, Brun,— Oy Oran, ) SING} Differentiating this identity with respect t@Jﬁ;‘nl and put-
ting J=0 yields
= 810000 aptnm- (3.3 o o
oo 0=(840 JQn% () +(3(8Q)5% (), (3.8b

This transforms a pair of spinors with frequency labejs
and n,, respectively, into linear combinations of the samewhere(- - -) denotes an average by means of the actign
pair, with a mixing angled. These transformations obey Eq. From the explicit expression faf.Ay, Eq. (3.6), we see that
(3.2), and thus are elements of SpN8,C). For fixedn, and  the first average is essentially a frequency tif@sQ). By

n, they represent an SO(2) subgroup of SNBC). The  using the identity? (G Q)= —2i(Q?) we finally obtain

corresponding transformatiofisof theQ andA matrices are

identical with theT, T="T. Under an infinitesimal element of 800, n, 2 f dy(6Qx,(¥)oQufn, (X))
this subgroup, th€ matrices transform as 4
—/0neB _ /0~aB
Qun— Qo 8Qum, (3.43 {0Qnyn, (39) = (0Qngn, (X))- 9
with This is the desired Ward identity for noninteracting
electrons>1"18 which relates a two-pointQ-correlation
5Qnm:(5nlen2m_ 5nn2Qn1m+ 5mlenn2_ 5mn2an1)0 function to the one-point function. For sgn=sgnn,, the
) right-hand side vanishes as—n,—0, and the identity tells
+0(6). (3.4b us nothing interesting. However, for sgp# sgnn, we see

Here we have shown only the frequency indices, since affom Ed. (2.45 that the right-hand side approaches

other degrees of freedom are unaffected by the transformgZN(€r)/2, which is nonzero everywhere inside the band.

tion. The A matrices transform accordingly. T_he correlation funcnqn on t.he Ie.ft—hanc_i side must therefore
) , i - i diverge. Due to rotational invariance in replica space we

Of the various pieces of the action @-A formulation, have(Qf)~ & 5 and(Q# Qy5>~5 855 We finally ob-

~ . . af ay :

Eq. (2.21), Ags and fdx tr(AQ) are_invariant under the tain, for n;n,<0 and|in,n2|—>O,

above transformation, but Tr 16 1_iA) and A,y are not.

For now, let us consider the transformation of the former: wa wa mN(€r)

(6Qn 3, (5QR (=K he-0= g1 — 7

nl—nzl

(3.10
TrIn(Go '—iA)—=TrIn(Gy*—iA)+ 6 Tr(G diw),
(3.59 HereN(eg) is the exact density of states at the Fermi level of
] 1 e the noninteracting electron system. The salient point is that,
with G=(G,"—iA) "~ and as long asN(eg)>0, the Q-Q correlation function at zero
. , momentum diverges as |Q, _,|. Equations(2.373,
W81 0)%B=6,06,0005(8nn. Smn. T Snn.Omn )i Qn. —n.. M2 ,
r(81©)nm= 910010 9wp Snny Omny T Snn, Ominy )1 iy “23 55 (2.393, and (2.44 show that the Gaussian propagator has
(3.50 this property. The Ward identity ensures that it holds to all
The action of the noninteracting Fermi system thereforeorders in perturbation theory. We have therefore identified

0Aaa

transforms as 0Qn;n, for n;n,<0 as a soft mode. Rotational symmetry in
0 replica space implies that tHQ24, nm<0, a# 8, are also
Ag=A— Apyy— Ao+ 8A0= Ag+ = Tr(G Siw). (3.6) soft. This can also be seen by applying the above rotation
2 procedure in frequency space directly to spinor pairs with

We will consider the transformation propertiesy, in Sec.  different replica indices.

A 3 below. From the Gaussian propagator, Eq48.373, (2.39, as
well as from physical considerations, one expects all chan-
2. A Ward identity for noninteracting electrons nels to be soft, not just the=0, i=0 channel. This is in-

deed the case. These additional soft modes are not controlled
By separate Ward identities, but rather are related tqE§).

BS/ additional symmetries of the action. In order to see this,
we consider transformations

Because of the complexity of the interacting case, and fo
the reasons noted at the beginning of the previous subse
tion, we first discuss the noninteracting system. Let us intro
duce a sourcd for the Q fields, and consider the partition
function Tha= Sapdml San Xr (T:®S) + (1= 8nn ) (T0®S0)]

(3.113

Z[J]:f D[QID[A]e ot/ & INRMI (3.7 \yith xg=x5=1 andx;=x,=1, andn, some fixed frequency

index. Thesel obey Eq.(3.2), and in addition they are uni-

By performing an infinitesimal transformation, B§.4b), on  tary. It is easy to check that under these transformati@ns
the Q and A fields, one obtains from Ed3.7) the identity transforms as
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00 i
0Qnn,—1Qnny(N#Ny). (3.11b W= — 161 fdyE T>
Y

r=0,3
If the action is invariant under such a transformation for "
giveni,r, then(;Q LQ)=<8Q %Q), and hence the two-point X (3QEE, (x) gfﬂé(y) [PQZf,nz—mi—ng)(y)
Q correlations in the,r channel are also soft. Obviously, the
noninteracting actions are indeed invariant under these trans-
formations, so the two-point correlations are soft in all chan-
nels. O vy
Note that Egs(3.11) imply that the spin-singleti& 0) _ran,nl—(ni—np(y)D’
and spin-triplet {(=1,2,3) channels are equal, and so are the
particle-hole ¢=0,3) and particle-particler&1,2) chan-  with ny;,n3>0, andn,,n,<0.
nels. In particular, they provide a technical explanation for We now need to analyze the three-point correlation func-
why the so-called Cooperons, i.e., the two-pointtions in Eq.(3.14D, and ascertain that th@, ., with
Q-correlation functions in the particle-particle channel, aren,n,<0 remain soft modes in their presence. To this end we
soft modes. We also mention that in the clean case, there stifirst split up the Q into their averages and fluctuations:
is only one basic Ward identity, but many more additionalQ, =(Q,m) + (AQ)nm= Snm(Qnn) + (AQ)nm. Since n;
symmetries than in a disordered syst&nThese additional #n, and nz#n,, we have(Qn n)=(Qn,,)=0. Further-
symmetries result in many additional soft modes. This fea-
tL)J/I’e leads to the somewha){c paradoxical fact that it is easier tQ more, if we putn; =n; in the three-point functions, then the

expression in square brackets in H.14bh vanishes, so
derive an effective field theory for disordered electron sys-
tems than for clean ones. effectively we also hav«éQn ) 0. Equation(3.143 then

takes the form

"in+(n —nz).n, (y) rQn o+ (ng —n2) nl(y)

(3.14b

3. A Ward identity for interacting electrons

_ Now we add the elggtron—electrqn interaction to our con- Wi+ Sin nZE j dy(O(AQ nlnz(y) (AQ)n3n4(X)>
siderations. For simplicity, we restrict ourselves to a discus-
sion of the particle-hole spin-singlet interaction; the discus-
sion of the remaining interaction channels proceeds
analogously.

Let us consider again an infinitesimal element of the ro-2ndWiy can be written
tations in frequency space, E@.3). From Egs.(2.24h and
(3.4b we find that the particle-hole spin-singlet part of the

n1n3 n2n4(<0inn (X)> <0Qn2n2(x)>)v (3140

— (s)
action transforms asl,{{— A, + 6.4, , with Win= — 16 2 (<0Qn1n( )= <0Qn2n2( )
SAS =16 | dx, 2 TE Qy (x) XTnEn (5n/fn ny— n1+5”1*”§'n1*nz)
y r=0 12

X (o AQ)y () 0(AQ)RE, ()

X[ Qn 1+ (nj—ny).n, (%)= rQn Ny— nlfné)(x) 3
rQn2+(n —nj).ny (x )+?erzyvn1*(ni*né)(x)]0' _16F(S)z f dy E TE <0(AQ)“3”4(X)
(3.12
XPAQE NINAQYT i (¥)
Now we follow the same steps that led to E§.8h), except
. . . Ba .
that we differentiate with respect t@\]n4r13 with n3>0, r(AQ)n - (y)+ (AQ)n 7 ni—n (y)

n,<0. This yields
—2AQ)) n,,n,)<y>]>. (3.14d
0 1 2
- <0(5Q > <5~AO OQn3n4(X)> +<6~Alnt OQn3n4(X)>'

(3.13 Next we remember that the composite varia@scorre—
i , spond to products of fermions variables, e@< ¢ in the
Choosingn; >0, n,<0, and usingQnm)~ dym as Well as  particle-hole channel. Specifically,
Eq. (3.12, we obtain the Ward identity in the form

n3n4

9 s + ), (3.153
Wingt 8, - N4 fdy<on1n2(Y)0Qn3n4(X)> o, 7 ; Wy oo Ingoting.o

5nn nn( an( ) an )1 (3143 _1 JE— -
neE <O ' > <0 2z > ananNT ; (l/,nl,lfl)[,nz,lf_ 'r/fnz,(r';bnl,(r)-

where (3.15bH
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Therefore, writing the correlation functions in terms of " T (o 2u(l)
AQ~ iy—{iiy) makes thenQ irreducible, but noty irre- Xnn, = 16Q, _, |[N(€F)+NF (NI ZYH].
ducible. For instance, the two-point function in E¢3.149 roe (3.19

and (3.149 has the structure
Notice that they-connected correlation functions vanish for

o 0 up noninteracting electrons, so that in an expansion in powers of
> f dy(o(AQ)7 T, ()o(AQ)75, (X)) the interaction constan¥,(!) is of O(1). Theterm in brack-
7 ets on the right-hand side of Eq3.18 is equal to
:5aB[5nln35n2n4x§111)nz+ 5n1—n2,n3—n4X§121)nz,n3n4]' 7[N(eg)]/8H, with H the quasiparticle or specific heat

density of states®1®

(3.19 Similarly, one finds for the coefficients @, _n, n,-n, in
The replica structure of this identity is such thé&t") and the Ward identity
X3 are replica independeft We can therefore suppress the (@) NE(NT9)2y (@)
replica index in what follows, as we have done already in Ny~ N “nang.ngn,— TRLVTF N1Nz.N3ny
Egs. (3.15. The frequency structure of Eq3.16) is very 1T ([G(x.x
general: By virtue of Eq(3.153, the full two-point function {LG(x, ""nl)
is autor_nanoglly proportlonal t05n1_7n2,n37n4 due to_ t|me _ —G(X,X;wnz)]¢n3n4(x’x)}dis’
translational invariance, and the disconnected part is in addi-
tion proportional t0 8y n,8n,n, Using Egs.(3.19 in the (3.19a

three-pointQ correlations shows that they also contain partsyhere
that are proportional 1@ n, O, and others that are pro-
portional to On,—ng.ny—n,- This suggests to break up the
Ward identity into two separate pieces with these two fre-

guency structures, respectively. ) ; L . i
By collecting the above arguments, we find that the coef-andY Is again given in terms of connected fafireorre

- ) . ; : lation functions. If desired, it can be calculated in perturba-
ficients 0f5n1n35n2n4 in the Ward identity obey the relation tion theory in T'®. For innzﬂoy Egs. (3.19 yield

By, (X.X) = f dy G(y.Xwn)G(XYiwy),  (3.19b

) _ . . )
<8Qﬁ511(x)>_<8Qﬁfr12(X)> Xy ngn,~ /0, —n,[[Qn,n,|. Again, the Gaussian propa
gator has that property, see E¢®.373, (2.39, (2.40.
= 5aﬁ[89n1—nzxﬁll)n2—NF(NFT(S))ZY%Z] ) From Egs.(3.18 and(3.19 we see thafQgs remains a

soft mode in the presence of interactions. This is due to the
(3.17a  frequency structure of the interaction term, which ensures
that the two-pointQ-correlation function remains soft rather
HereY(l) is related to the piece of the three-point Correlationthan acquiring a mass, as one m|ght naive'y expect from an
functions that is proportional té, n_ dn,n,- An explicit cal-  inspection of the action, Eq$2.21)—(2.24). Note that this
culation yields softness imot restricted to the particular linear combination
of Q that constitutes the particle number density. It therefore
—8 is not related to the particle number conservation law.
Y§]1>n = 3—f dyTE {G(X,Y;wp,) Rather, it is a consequence of the spontaneous breaking of a
12 NEr® nin, ! continuous symmetry in the system, viz., the invariance, at
zero external frequency, under the rotations between positive

X([¥n: (V) S0y (L, -7 +ny (V) Sothn, () 1)° and negative frequencies discussed above, or between re-
s tarded and advanced Green functions. The soft modes in
—G(x,y;wn2)<[wni(y)soz//né(y)] question are the corresponding Goldstone modes.
As in the noninteracting case, there is a variety of other
><[(%17n1+né(Y)So¢nl(X)]>°}dis. (3.17h  soft modes that are related to the above Ward identity by

means of additional symmetries that are not broken. First of

—— : . : all, rotational symmetry in replica space again implies that
Here the(yyyrip)© are y-connected correlation functions, the 8 ﬁ,ﬁi, nm<0, are also soft* Next we show that the

with the cumulant taken with respect to the Oluantumspin—triplet channel also remains soft. To this end, let us

mec_hamcal expec_tatlon value orﬂy, andS(_x,y;wr,) denote the (identica) coupling constants in the three
={¥n,o(X) ¥no(¥)) is the Green function for a given disor- a0 cheg of the spin-triplet channel BYY, i =1,2,3. Now

der configuration. ForTn;—+0 and Tn,——0, so that we pi ;
. e pick from the transformation, Eq.(3.113, the one that
in—nzﬂo' the left-hand side of Eq(3.178 approaches interchanges, say=0 andi=1. The action is still invariant

again mN(eg)/2, with N(eg) the single-particle density of ynder this transformation, provided that we also interchange
states at the Fermi level. However, since we are now dealing(s) andF(lt). This shows tha%Q also obeys Eq(3.16), but
with interacting electrond\(eg) includes interaction as well \yith theT'® in Egs.(3.17) — (3.193 replaced byl ®. Since
as disorder effects(), in that limit approaches some num- this can be done for all branches of the spin-triplet channel, it

ber mY(D/2. We then obtain, for smafl, ., follows that they all are soft modes. Alternatively, we can
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invoke rotational invariance in spin spafan SU2) sub- the real axis from opposite sides are soft modes. The analytic
group of the large symplectic gropypnvhich implies that all  continuation of Eq(3.2009 reads

three components of the spin triplet have identical correla-

tion functions. This argument also shows that there are no (QNz2,=—Qz2- (3.213
singlet-triplet cross correlations. By means of similar argu-

ments one easily convinces oneself that the particle-particlth particular, for real frequencies and»’ we have

channel is still soft, with the appropriate Cooper channel +

interaction amplitude replacin§® or T'). For the action (QNw=i0w +i0=—Quriow Fi0- (3.21h

shown in Eq.(2.21)—(2.24), we thus conclude that all chan- ¢ \ye analytically continueQ onto the unphysical Riemann

nels are still soft, and all the soft modes can be traced 10 thgneet . ' is thus formally anti-Hermitian. It therefore has
Ward identity, Eq.(3.143, and additional symmetry rela- 4\ imaginary eigenvaluea 7o (\;eiR;j=1,...,4n),

tions. If some of the additional symmetries are bquen exteryng can be diagonalized by means of unitary transformations
nally, e.g., by means of an external magnetic field, or b

magnetic impurities, then the respective modes acquire QEU(A'Nn’Q) (ie., by.unltary Anx4Nn m.atr_lces who_se
mass, see Refs. 24,16. elements are quaternionsNow U(4Nn, Q) is isomorphic

to the unitary symplectic group USp,(C)
=U(8Nn,C)NSp(8\n,C).3! This means that th€ can be
diagonalized by means of unitary matrices that are also sym-

~ From the previous subsection we know that the correlap|ectic, and hence leave the set@finvariant. That is, the
tion functions of theQ,, with nm<0 are soft, while those o5t genera can be written

with nm>0 are massive. Our next goal is to separate these
degrees if freedom in such a way that the soft modes remain 0=3D3 ! (3.22
manifestly soft to all orders in perturbation theory. To give a '

simple example, in a®(N) ¢* theory this is achieved by \whereD is diagonal, andSe USp(8\In,().
writing the N-component vector field ag(x) = p(x) #(X), However, diagonalization is more than we want. Since we

with p the norm of the vector, anfih(x)|=1. With this  know that theQ,n, with nm<0 are soft, while those with

separation, only gradients éf appear in the theory, and so nm>0 are massive, we are interested in generating the most

generalQ from a matrixP that is block diagonal in Matsub-

& is manifestly soft, see Ref. 35 and Appendix B. We are?ra frequency space

looking for an analogous separation of our matrix degrees o

4. Separation of soft and massive modes

freedom. For noninteracting electrons this has been done in P> 0
Refs. 17 and 18, and we will construct a suitable generaliza- P= - (3.23
tion of the procedure used by these authors. o P ] '

The matricesQ that we are considering are complex
8Nnx 8Nn matrices that obey Eqé2.26). Alternatively, we ~ where P~ and P~ are matrices with element8,,,, where
can consider th€ as 2Nnx 2Nn matrices whose elements n,m>0 and n,m<0, respectively. This can easily be
are spin quaternions oiNInx 4Nn matrices whose elements achieved. Since the analytic continuationsPof and P~ are
are quaternions. For our purposes the last choice will be mosinti-Hermitian, the most generBl can be obtained frond
convenient. We thus study a set of matri€@svith quater- by an element of USp(4Nn,C) X USp(4Nn,C). The most
nion valued matrix elementsQﬁﬁ’(m, (n,m=1,... N; generalQ can therefore be written
a,B=1,...n; o' =1,0)%

Q=8Ps™ %, (3.24
3
. _~ 71 B -
Qaﬁwlzz Qaﬁ(m/ - (3.203 with S=SU ™ *. The set of transformationS is the set of all
nm =o' M ' cosets of USp(BIn,C) with respect to USp(Mn,C)

XUSp(ANn,C), ie. the § form the factor group
USp(8NN,C)/USp(4NN,C) X USp(4Nn,C). The correspond-
—TAT ing most genera®) on the imaginary frequency axis is gen-
e=ceec, (3.200 erated from the most genefdlby a group that is isomorphic
Q'=-TQr-! (3.200 to this factor group, and that can be explicitly constructed by
' ’ reversing the Wick rotation that led us from imaginary fre-
with T’ from Eq. (2.260 andC=1® 7,, wherel denotes the guencies to real ones. For our purposes, we will not need this
ANNX 4Nn unit matrix. This set of matrices is invariant un- €xplicit construction, and we will not distinguish between the

der transformationd that obeyTCT'=C, i.e., under sym- fwo isomorphic factor groups. _
plectic transformationd’ This achieves the desired separation of our degrees of

For what follows, the constraint expressed by 2209  freedom into soft and massive ones. The massive degrees of
is somewhat awkward to handle. We therefore analyticallyfreedom are represented by the matixwhile the soft ones
continue the matrix elements @J, considered as functions are represented by the transformatiofie USp(8\n,C)/
of the imaginary frequencieisw, andiw,, to the complex USP(4NN,C) X USp(4Nn,C). To come back to th®©(N) ex-
plane:i w,—z; andi w,,— z,. As functions ofz, or z,, theQ ample at the beginning of this subsection, the analogy is as
have a branch cut on the real axis, and from Sec. Il B 3 wéollows. For theN-component vector, the directios is a
know that those matrix elements with andz, approaching point on the N—1) sphere, which is isomorphic to the fac-

that obey
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tor group O(N)/O(N—1)x0O(1), seeAppendix B. The identity can be obtained by integrating £§.31) over space
unitary-symplectic factor group identified above is a matrixand time, differentiating with respect #y(y), and then set-
generalization of this. ting A,=0. The result is

In order to formulate the field theory in terms of the soft
and massive modes, one also needs the invariant measure- 1 (wn U(X) I o' (Y)
I[P], or the Jacobian of the transformation from teo the E f n,o(X) T m,a’ (Y)
P and theS, defined by y

f DIQ] =j D[P]l[P]j D[S] ---. (3.29 —5,,2 (Yn.o(X) . o(X)). (3.32

Since we will not need to know the explicit form &fP] in

what follows, we relegate its derivation to Appendix C. This identity holds for a particular realization of the disorder.

If we perform the ensemble average it still holds, with the
brackets now including the disorder average in addition to
the quantum mechanical expectation value. One then has a
In addition to the Ward identity derived on the basis of arelation between a homogeneous current-current correlation
global symmetry in Secs. Il A2 and Il A3 above, for the function and the particle number density that is known as the
derivation of an effective field theory in the next subsectionf sum rule. The above derivation makes it clear that it is
we will also need an identity that is based on a local sym<losely related to the particle number conservation law.
metry. Such relations with the structure of a Ward identity orwithin models or approximations that describe an effective
a Noether theorem can be derived on the basis of either ﬂ‘ﬁngle_particle problem, the quantum mechanical average on
replica or the gauge structure of the theory. For our presenhe left-hand side of Eq3.32 factorizes. Furthermore, Eq.
purposes, we consider a locall) gauge transformation of (3.32 then holds for each term in the summation sepa-
the Grassmannian field theory, E¢B.2), that is independent rately, since in a single-particle problem there is no fre-

5. A Ward identity based on a local symmetry

of imaginary timer, quency mixing. Within approximations where the disorder
a0 average factorizes as well, the identity can be written in
Yo(X)—e Yo(X). (328 terms of disorder averaged one-particle Green functions as
We define a §+ 1)-component current vectay,=(do,q) 1
with “spatial” componentsg; (i=1, ... d) as 5, G(x=0,07)= Ej dy [4G(x—y.wn)] [9,G(y—X,wn)]
— 3.33
o0 =3 ToX) (%), (3274 (3.333
7 or, in Fourier space,
A0= = 3 [V G (X0 + Ty RV ()] 1 2
2m & LV ELOTHLOVEL 0] 82 G(gwn)=— 2 qg[G(q.w,)]’.  (3.330
(3.27H a a

and add to the action a terB8) that describes a coupling of This identity will be useful later.

the current to ar-independent vector potential, = (Ag,A),
B. Effective field theory for disordered fermions

_ 1 . " .
Sp= _|f dx A,(X)GH(x) — _f dx A2(X)qo(X). We are now in a position to formulate the theory in such
2m a way that the soft and massive modes, respectively, are
(3.28 separated, and that the former remain manifestly soft to all
It is then straightforward to establish that the partition func-orders in perturbation theory. This formulation also provides
tion is gauge invariant, i.e., it is invariant under the local@ technically satisfactory derivation of the generalized non-
gauge tranformation given by E¢8.26), supplemented by a linear o model for interacting, disordered fermions. We will

transformation of the vector potential first discuss this derivation, as well as corrections to éhe
model. Then we will discuss the Fermi-liquid FP and the
AL(X)—=AL(X)+d,a(X), (329  critical FP that describes the Anderson-Mott metal-insulator

with 9, =(a,,V). The invariance statement is transi?ioln, and show that the model provides an adequate
’ description of either one.
Z[A,]=Z[A,+d,a]. (3.30
A Taylor expansion of Eq(3.30 immediately leads to the
conservation law We return to Egs(2.20, (2.21), and use the representa-
tion, Eq.(3.24), of Q in terms ofS andP. It is convenient to
define a transformed ghost field by

1. The nonlinear o model

[
9l (8,(3)) = = Au(X){do(X)) | =0, (3.30
. . A =8 )R()S(X). (3.34
where(- - -) denotes an average with respect to the action
S+ S,. By puttingA,=0, one simply obtains the continuity In terms of these variables, the partition function for the
equation for the fermion number density. Another usefulreplicated theory, Eq2.20, reads
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-1_ g -1y — —1~-1c_;
Z:fD[P]D[S]D[A]exp(A[S,P,A]+Tr InI[PY). Trn(Go = SIAS T =TrIn(SGo "5=1A)

(3.35 =Tr In(Gg;)+Tr In| 1+ GgyS ™2

Herel[ P] is the invariant measure, EB.25), and the action 1
A reads X(0,8) + — GsS HVSV

A[S,P,A]:Adis[P]+Aint[SPS_1] 1
L + o Gsps—l(VZS)—ng(AA)).
+ = Trin(Gyt—iSAS™)

2 (3.39

Notice that now the transformation matdkalways appears
+ .
de tACOPCIT (3.39 in conjuction with some derivative, while the fluctuations
. _ AA are massivé® We proceed to expand in powers of the
with Ag;s and A;r,, defined by Eqs(2.23 and(2.24. derivatives ofS, and in powers ofAA, in analogy to the

Now we expands, P, and A about their saddle-point procedure used in Ref. 18. The simplest term in this expan-
values. Alternatively, one could expand about the exact exsjon is

pectation values. However, the “equation of state” for the

latter is just the saddle-point equation of state plus loop cor-

rections, and for our purposes the difference is irrelevant. We Tr[GspS*l((LS)]:f dx tiQS(X) G x=0)S1(X)]
therefore do not distinguish between saddle-point values and

expectation values, and denote both (&), (P), and(A), 7Ng A A
respectively. As a result, we do not distinguish either be- :Tf dx [ QQ(X) ]+ 0(Q2°Q).
tween the saddle-point Green function as defined in Eq.

(2.36b, and the Green function that contains the full expec- (3.39
tation value ofA as a self-energy. From Eq&.32 it fol-

lows that Here we have defined a frequency matrix

(Sy=1® 7, (3.373 045= (70®Sp) O120n, (3.403
and a new fieldQ(x)=8(x) (7+iy) S"Y(x). Since the

_ . 0. —D22Mt i -1 pontannon _of v12 10 (P) 15 is, in the low-frequency limit, _
(P)12= 41270 S0) 2V zp [ien, —p/2m+ p=i(A12)] just an imaginary constant, it leads only to a constant contri-

bution to Q, which does not contribute to the lowest order

_7 N (704 ¥19), terms in the present expansion. We can therefore neglect it,
4 and write
77 . ~
=012 (T0®Sp) 7 Ne(my+iyl), (3.37b Q(x)=8(xX) 7S (%), (3.40bh
with 7 from Eq.(3.37D. Notice thatQ is Hermitian, and has
(A= _ (Pi)—ATOTS) giend(pacy, the propertieQ?=1, and trQ=0. Q will turn out to be a
TNE Trel n nn convenient parametrization of the soft modes, in analogy to

(3370 the unit vectorg in ¢* theory, see Appendix B.
Now consider the gradient terms in the expansion of Eq.
(3.38. To this end, it is convenient to define the vector field

P=(P)+AP, A=(A)+AA. (3.370 (X)=S XX (VS)(X) (3.41)

and we write

Here we have defined two new matrix fieldsand vy for with matrix valued component(x), (i=1, ... d). The ex-

later reference. Their diagonal elements andiy, are odd  pansion now proceeds in powersbr VS. The term linear
and even functions, respectively, of their Matasubara frein svanishes by symmetry. To quadratic ordersjtboth the

quency arguments. For small frequencies next-to-last term under the Tr Ifafter a partial integration
and the square of the preceding term contribute. The result is
T1=SgMwy (3.37¢ a contribution to the action
while v, is a real constant that depends on the momentum 191 ) J o
cutoff in Eq. (3.370. 4m % Vv % 712ij(Q) | IX $12(X)$5(x), (3428

Now we use the cyclic property of the trace to write the
Tr In term in the action, Eq3.36), in the form with



1

712jj (q) = &jj > [Gef 0, @n )+ Gsf(Q, ) ]
1

o 0i0;Gsp 0 wn,)Gsf( 0, @p,) (3.42b

The approximation that neglects all fluctuationsRoind A
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ANLUM:_]__;T Uofdx t VQ(x) ]2

N —_~ —_~
+ %f dx tr[Q Q(x) ]+ Ain{ Ql,

(3.463

implies a factorization of four-point functions into products in terms of the matrix fieldd =Q— #, where is the diag-

of Green functions, and hence E.33h applies. We thus
have®

lim
nl,n2~>0

1 1
v % 7712jj(q):§ (1=mym5) 65 m,
(3.433

where

1 1
=5y 2 [C@+C-(@1+ 15 2 a°C-(0)G-(0).
(3.43b

with G =Ggfw,— *=0). The structure of Eq(3.4339 al-
lows one to write the low-frequency limit of the term qua-

dratic ins in terms of the matrixQ defined in Eq(3.40D,

: . 1
3 | axsibosh v Mm@

-1 .
e ”f dx t[VQ(x)]?+0(V3,QV). (3.49

Finally, we can use Ed3.33b again to rewrite the coupling
constanty in a more familiar form:

T~ 24

1
my 2 G1G+(~G(@P=7 m oo,
(3.45

One recognizesy as the conductivity in the self-consistent

Born approximation with the interaction taken into account

in Hartree-Fock approximation.
The remaining task is to deal with the fielélsand A.
Since the fluctuations of these fields are massive modes,

order to capture the leading effects of the soft modes in th
system it suffices to integrate them out in any approximatio

that preserves the Ward identities derived in Sec. lll A. Th

simplest way to do so is to integrate them out in saddle-poin

approximation, i.e., to neglecAP and AA everywhere.
From Egs.(3.36), (3.37) we see that then the entire action

can be expressed in terms Qf Finally, we subtract fron®
its saddle-point valugQ)=, and define a matrix field
0O=0Q— . ReplacingQ by O everywhere in the action leads

just to an uninteresting constant contribution. This is obvious

for all terms except for the=0 channel in the spin-singlet
interaction term. There a term linear ) seems to remain,

but inspection shows that it is proportional toQe=0. We
then obtain the following effective action:

onal matrix defined in Eq3.37h, andQ is subject to the
constraints,

Q'=0, trQ(x)=0.

We note that the Hermiticity o© is a consequence of our
having dropped its anti-Hermitian part, since it does not con-
tribute to the leading terms in the long-wavelength, low-
frequency effective action. The effective action given by
Egs. (3.46 is the generalized nonlinear model that was
first proposed by Finkel'steld as a model for interacting
disordered electrons, and whose properties have been studied
in considerable detail, in particular with respect to the metal-
insulator transition that is described by the mo#éf In the
next subsection, we will discusdy v, as well as its cor-
rections, from a RG point of view, and show that it suffices
for a correct description of both the critical FP and the stable
Fermi-liquid FP, as well as the leading corrections to scaling
at the latter.

QAx) =17y, (3.46h

2. The disordered Fermi-liquid fixed point

In this subsection we discuss the RG properties of the
model derived in the previous section and, in particular, in-
troduce the concept of a disordered Fermi-liquid FP. Physi-
cally, this FP characterizes a system with a finite density of
states at the Fermi surface and diffusive two-particle excita-
tions.

a. The fixed point actionTo proceed, it is convenient to

parametrize the matrix fiel in a way analogous to the
m-field parametrization of th@©(N) vector model, see Ap-

pendix B. We thus writ€) in a block matrix form analogous
to that used in Eq(3.23 as

vl-qq q
o' —i-qa):

Where the matribg has elementsg,,,, whose frequency labels

o= (3.47)

Qre restricted tm=0, m<0. This representation builds in

ghe constraints given by E¢3.460. While thec model can

pe entirely expressed in terms & this is not the case for
the corrections to it. We therefore also expréss terms of
g. For what follows, we will need only the first terms of an
expansion in powers af. From Egs.(3.40h and (3.47) we

obtain
1 0
2| d

-

S=1® 75+ AS=1® 1o+ o | +0(g?.

(3.48

Now we perform a momentum-shell RG procedti& For
the rescaling part of this transformation, we need to assign
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scale dimensions to the soft fiedd and to the massive fields We next consider corrections to themodel action. From
AP, AA from Eq.(3.370. Choosing the scale dimension of Eq.(3.36 we see that there are five classes of such tefis:

alengthL to be[L]=—1, we write in analogy to EqsB6) Ay, (2) the term tr (A P), (3) those parts of the Tr In-term
that contain the massive fluctuatiam\, (4) the parts ofA4;,;

1 , that contain the massive fluctuatidnP, and (5) contribu-
[at)]= 2 (d=2+7"), (3.493 tions to(P) that were neglected in writing Eq$3.39 and
(3.40h. Since all terms linear in the fluctuations vanish,
[AP(X)]=[AA(X)] class(1) just contributes
1 1 1
=5 (d=2+7), (3499 A JAP]=- T—J dx [trAP(x)]%+ T—f dx tfAP(x)]?,
1 rel
which defines the exponentg and »’. The stable Fermi- (359
liquid FP of the theory is characterized by the chbice where we have scaled the relaxation timgsand 7, from
_ . Egs. (2.23 with 1/2#Ng and 1/7Ng, respectively. Power
n=2, 7'=0. (3.503 counting yields
Physically, »' =0 corresponds to diffusive correlations of _ B
theq, and»=2 means that the correlations of thé are of [71]=[7e]=0, (359

short range. This is indeed what one expects in a disorderegh 4. is part of the FP action. Clag®) also contributes a
Fermi liquid. In addition, we must specify the scale dimen-marginal term to the action, and so does the leading contri-
sion of frequency or temperature, i.e., the dynamical scalingytion of class(3), which has the structure TIG AA)2.

exponenz=[w]=[T]. In order for the FP to be consistent combining these two marginal terms, we have a contribution
with diffusion, that is with frequencies that scale as thetg the FP action,

squares of wave numbers, we must choose
1
z=2. (3.50h AAp=f dxtrAA(X) AP(X)]+ ZJ dx dy

Now we expand ther model action, Eq(3.463, in powers
of g. In a symbolic notation that leaves out everything not Xt [G(x—y) AA() Gly—x) AA(X)],
needed for power counting purposes, we write (3.56

-1 apart from an uninteresting constant. The remaining terms of
ANLUM:EJ dx (VQ)ZJFHJ dx wq2+FTf dx g’ class(3) are irrelevant contributions that coupeand AA.
The least irrelevant terms have the structures WA @ q)
+0(V2q*w g* T ¢°), (3.51) and Tr (AAV? q). For contributions to physical correlation

. . functions we must again consider the squares of these struc-
with the bare coupling consta_nf5~ 1/70 and H~NE. I tures, and the relevant scale dimensions are
can stand for any of the three interaction coupling constants.

Power counting shows that, with the above choices for the [(Can wq)?]=[(Can v2 2= —2. (3.57

exponents, all of these coupling constants have vanishing
scale dimensions with respect to our FP: These terms are more irrelevant than the corrections con-

tained in thee model for alld<4. Moreover, due to the
[G]=[H]=[T']=0. (3.52  even integer value of the scale dimension, they lead only to
analytic, and therefore uninteresting, corrections to scaling
near the FP. The leading term of clddsis one that couples
g (from one of theS) andAP. The corresponding coupling
constant has a scale dimension

These terms therefore make up part of the FP action.
Now consider first the corrections that arise within the
model. The leading ones have been indicated in(Bd2).
We denote the corresponding coupling constantsciye,
etc., with a subscript that identifies the structure of the re- [(c )2]=—2. (3.59
spective contribution to the action. One finds Taap
Again, these operators lead only to analytic corrections to
[Cyv2qa]=[Cpqe]=—(d—2). (3.538  scaling. Cross correlations between these various terms also

With respect to the remaining term we note that it is of orderﬁppeari and the clorrezspondlﬁg operatorr]s have Fhe”same_ scale
q®. Any contribution to physicalg-correlation functions imension, namely-2, as the ones shown. Finally, it is

therefore contain this term squared, and therefore the refaSlly checked that the least irrelevant terms of classre
evant scale dimension is of the structurew“q®, and they also have a scale dimension

[(er@)*l=2[crgl=—(d=2). (353D [Cuzge]=—2. (359

We see that all of these operators are irrelevant with respect The above RG arguments show that the theory contains a
to the Fermi-liquid FP for all dimensioris>2, and that they Fermi-liquid FP that is stable for afi>2, and analogous to
become marginal id=2 and relevant ind<2. All other the low-temperature FP of &(N) Heisenberg model. The
terms that are contained in the model are more irrelevant FP action consists of the nonlinearmodel actionAy sm

than the ones considered. Eq. (3.463, expanded to second order dp and of Ay and
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Axp, Egs.(3.54 and(3.56. We have further shown that the =1+AN. The scale dimension oAN is [AN]=2[q]
leading nonanalytic corrections to scaling near the Fermi=d—2. We find the scaling law

liquid FP are contained in the nonlinear model. An effec- _(d-2) ,
tive action that describes both the FP and the leading correc- AN(w)=b AN(wb?), (3.633

tions to scaling is therefore which leads to the so-called Coulomb anonfaly
Aett= AnLom[d] + Aad AP]+ Ay p[AAAP]. (3.60

Notice that the soft and massive modes do not couple in thii ain. this behavior is known to occur only in the oresence
effective action. Furthermore, the massive fiedd3 andA A gan, . . y p
of electron-electron interactions.

appear only quadratically. I de_sired, then the latter can be Finally, we consider the wave vector dependent spin sus-
integrated out to obtain an action entirely in terms of the a2 o . X
ceptibility xs(9). xs is given by aQ-Q correlation function,

physical fieldsq andAP. . . <. L .
: : . and the leading correction to the finite Fermi-liquid value is
b. Scaling behavior of observabléad/e now discuss the gbtained by replacing both of th@ by . Then we have a

N(w)=constt @272, (3.63h

physical meaning of the corrections to scaling induced by th - t . ; ;
irrelevant operators that we have identified above. Let u erm of the structureys TNX {a q_}, with scale dimension
xs]=0. The relevant scaling law is

denote by the generic name any of the least irrelevant
operators whose scale dimension is|=—(d—2), and let _ —(d-2)
us discuss various observables, viz., the conductivityhe Xs( 0, U)=xs(qb,ub ) (3.643
specific heat coefficient,,, the single-particle density of which leads to a nonanalytic dependence on the wave num-
statesN, and the spin susceptibility;. Which of the various ber:
operators with scale dimension(d—2) is the relevant one
depends on the quantity under consideration. Xs(0) =const+|g| 42, (3.64b

Let us first consider the dynamical conductivitfw). Its
bare value is proportional to &/ and according to Eq3.52
its scale dimension is zero. We therefore have the scalin
law

This behavior is also known from perturbation theory, and
holds only for interacting electrons. It has recently been
9hown to have interesting consequences for the theory of
ferromagnetisnt®

d-2)) (3.613 To summarize, we see from the above arguments that all

’ of the so called weak-localization effeéfsi.e., nonanalytic

where b is an arbitrary RG scale factor. By putting dependencies of various observables on frequency, tempera-
b=1/0'? and usingz=2, Eq.(3.500, as well as the fact ture, or wave number in disordered electron systems that are
that o(1,x) is an analytic function ok, we find that the well known from perturbation theory, emerge naturally in the
conductivity has a singularity at zero frequency, or a long-present context as the leading corrections to scaling near the

o(w,u)=0(w b%ub™!

time tail, of the form Fermi-liquid FP of a general field theory for disordered in-
(d-2)12 teracting electrons. Apart from providing an aesthetic, unify-
o(w)=constt w : (3.610 ing, and very simple explanation for these effects, our argu-

This nonanalyticity is well known from perturbation theory Ments also prove that they do indeed constitute the leading
for both noninteractintf and interactin® electrons. This nonanalytic behavior, a conclusion that cannot be drawn
shows that in this case either one of the coupling constants iffom perturbation theory alone. We emphasize the ease with
Egs.(3.533 and(3.53h can play the role ofi. The present which th_ese results are o_bftamed vv_|th|n the presgnt frame-
analysis proves that the®~2)2 s the exact leading nonana- work. This reerct; the judicious ch0|.ce of our star_tlng pomt
lytic behavior. for the RG analysis. The transformation from fermionic vari-

The specific heat coefficient,=C, /T is proportional to ables to composite ones, together with the symmetry analysis
the quasiparticle density of stateis>®*whose scale dimen- that identifies the soft modes, provides for a formulation of

sion vanishes according to E@.52. We thus have a scaling the theory that allows for rather nontrivial results to be ob-
tained from a simple RG analysis at the Gaussian level.

law - ; :
Similar benefits can be obtained from analogous treatments
(T, U)= y(Tb%ub™(4=2), (3.623  of other systems, see Appendix B.
. ] Finally, it is interesting to note that similar nonanalytici-
which leads to a low-temperature behavior ties occur in very different systems, for example, in classical

fluids. In that context they are known as long-time tail ef-
y(T)=constr T2 (3.62 fects, and were first discgssed theoretically b%/ using many-
From perturbation theory it is knofhthat , shows this body perturbation theory and mode coupling theBriater,
behavior only for interacting electrons, while for noninteract-they were examined using RG ideas, and they were shown to
ing systems the prefactor of the nonanalyticity vanishes. e related to corrections to the scaling behavior near a hy-
this case, therefore, must be equated witfcgqz)?. This can  drodynamic FP?
not be seen by our simple counting arguments.

The single-particle density of statésis proportional to 3. The critical fixed point
the expectation value d, and to study the leading correc-  |n addition to the stable Fermi-liquid FP discussed above,

tion to the finite FP value dfl it suffices to replac€) by Q. the generalized matrix nonlinear model given by Eq.
Then we have, in symbolic notatioN~1+(q g™+ - - - (3.463 also possesses another FP that in general has the
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properties of a critical FP. It characterizes a zero-temperatur€3.67) to the critical region. However, no information can be
metal-insulator transition in dimensions greater than 2. For @btained in this way about the symmetric phase, i.e., the
review of this FP, and of the various universality classes folinsulator.
the metal-insulator transition, we refer the reader Apartfrom these theories that work neh+ 2, the matrix
elsewheré® Here we briefly comment on the differences be-nonlinear ¢ model has also been studied in high
tween the Fermi-liquid FP and the critical one, and on thedimensiong? This work has establishedf =6 as an upper
justification for using thes model to describe the critical critical dimension, above which the Anderson-Mott transi-
behavior. tion is correctly described by a simple Landau-type theory.
First of all, at the critical point the spontaneously brokenThis treatment of the problem stresses that the metal-
symmetry is restored, so the distinction between positive anthsulator transition problem is, somewhat counterintuitively,
negative frequencies vanishes as the magnitude of the freonceptually simpler in the presence of electron-electron in-
quencies goes to zePoPhysically this corresponds to a van- teractions than in their absence, since the interacting problem
ishing single-particle of density of states at the Fermi levelpossesses a simple critical order parameter, viz., the density
which plays the role of an order parameter. This characteref states at the Fermi level. Also, in these papers the pres-
izes the metal-insulator transition as being of Anderson-Motence of random-field-like terms in the renormalized action
type. For example, the left-hand side of £8.173 vanishes was discovered. These terms are responsible for the upper
at the transition as1;,n,—0. Therefore, matrix elements critical dimension being grather than 4 as in th©(N)
innz with n;n,>0 andn;n,<0, respectively, should both vector mode], and th_ey have led to the suggestit_)n_ that the
scale in the same way. This implies that at the critical 7P, Anderson-Mott transition may have features reminiscient of

in Eq. (3.493, is given by a glass transitior’
7 =2—d=—¢ (3.69 4. Ferromagnetic transition in the metallic phase

It has been known for some time that the matrix nonlinear
o model, Eq.(3.464, contains another critical FP that is not
related to a metal-insulator transitiShWhile originally the
n=—€+2pv. (3.66  Nature of the corresponding phase transition was not clear,
we have recently shown that it is the zero-temperature tran-
To see this, we note th&) is proportional to{ P), which in sition from a paramagnet to a ferromagnet in a disordered
turn is proportional to the density of states which vanishes afetal in dimensions greater than™2In this reference, a
the transition with a critical exponen.5? Here v is the  Landau-Ginzburg-WilsolLGW) functional for spin density,
critical exponent that describes the divergence of the localor order-parameter, fluctuations has been derived. To obtain
ization or correlation lengtlg. It occurs in the scaling equal- this functional, we integrated out all excitations or modes
ity, Eq. (3.66), sincez characterizes momentum singularities other than the order parameter, including all of the soft
at criticality. modes related to weak localization effects, see Sec. llI B 2
We add some comments on the scalingAd® fluctua-  above. In the effective, or order-parameter, field theory these
tions. At the critical point, thé P fluctuations are actually of €Xtra soft modes led to nonanalyticies in the bare LGW func-
long range, and ther-model description breaks down. To tional. Using renormalization group methods, we were able
avoid this problem, one must work at sufficiently small mo-t0 exactly determine the critical behavior at the magnetic

mentap (or frequencie and at sufficiently large distances Phase transitioft! The earlier approach of Ref. 55, on the
from the critical point, so that thg fluctuations still domi- other hand, had focused entirely on the behavior of the dif-

nate over theAP fluctuations. Since the\P correlation fusion modes across the magnetic phase transition, while the
function is related to the longitudinal susceptibility, it di- order parameter fluctuations had effectively been integrated
verges ag~? while the q correlations diverge ap~2*75%  out. In some respects, these two approaches to the problem

so thatq is dimensionless. The physical critical exponent
on the other hand, is given by

The relevant inequality is therefore were therefore complementary to one another.
Even though both of these theories led to the same results,
p<t?@ m=tv, (3.67 their physical underpinnings are very different, and neither

one of them constitutes what one might consider the physi-
where we have used the scaling equality y/(2— 7). This  cally most obvious approach. Physically, the most sensible
can also be seen more explicitly by considering A?®®-AP  procedure would be to treat all of the soft modes at this
propagator. From Ed3.54), and the corresponding term that quantum phase transition on the same footing. These soft
is proportional to V(AP)]* one sees that th&P-massmp  modes include the diffusive modes discussed above, i.e. the
has a scale dimension of(&ee also Appendix B3TheAP  Q, , with nin,<0, as well as the fluctuations of the mag-

fluctuations can therefore be neglected for momenta that alatic order parameter, that is, the spin density or magnetiza-

small compared t"’"owflwt'ﬁ’ which is again Eq(3.67.  tjon_ In terms ofQ fields, the local spin density at frequency
In this regime theAP fluctuations are effectively of short ni(x ), is given by[cf. Eq.(2.128]
n» S y n/» . . .

range, just as they are at the Fermi-liquid FP, and dhe
model is valid. Even though the range of validity of the : :
model goes to zero as the critical point is approached, it still Ni(wn,X) =T _203 (=)' Qmma(X¥) (368
can be used to extract the critical behavior. The salient point mores

is that the RG, and the scaling behavior derived from it,and the macroscopic magnetization order parametdnas
allows one to extrapolate from the regime given by Eg.components
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. i \/_2 2 i IV. THE CLEAN LIMIT
M'=(n{(w,=0x))=+T —1)"{1Q%%(X)).
(ng(@n 2 m r:0,3( ) Qmn(X)) In this section we discuss the clean limit of our field

(3.69  theory. For the reasons that were pointed out after Egs.
2.13 in Sec. Il A, this treatment of clean Fermi systems will

From these equations we see that, as the magnetic transiti t be as complete as our theory for the disordered case. For

is approached, the classification of soft modes that was giveﬂotational simplicity we will also suppress the particle-

n Sec'. .”I A above, breaks down. Nevy soft modes related toparticle degrees of freedom, but they can be easily restored.
the criticality of Qpp occur. Alternatively, the extra soft  gyen with our restriction to two Fermi-liquid parametgirs
mode that appears near the ferromagnetic transition can qu absence of the Cooper channistead of infinitely

related to a new zero eigenvalue in the Gaussian eigenvalyg,, \ve will be able to study fundamental structural prop-
problem. The matriM in Egs.(2.373 and (2.393 is pro- erties of the clean limit that will have to be included in any

portional to more complete theory.
oMn,ny ingn,(P)~ 5”1”35”2”4D“1%12(p) ~2TT48h—ny ng—ny A. Effective Q-field theory
Let us return to the action, Eq2.21), and perform the
with i=1,2,3 and we have considered the term diagonal irtlean limit 7, , 7,o— %. As pointed out earlier, the theory has
all of the replica labels since these terms contain the interadeen purposely set up so that this limit can be taken without
tions that lead to magnetism. The corresponding eigenvalugifficulty. Ay then vanishes. The saddle-point solution, Sec.
problem is Il C, reduces to the ordinary Hartree-Fock approximation,
and the Gaussian approximation reduces to RPA. In particu-
_ i i i lar, the saddle-point action contains an exact description of
DHI%Z(p)fhlnz(p)_zrtT; flnvn*mrnz)(p):)‘flﬂwz(p)' the noninteracting electron gas. This will be important in
(3.7)  Wwhat follows.

As was pointed out at the end of Sec. Il, the fluctuations
with f the eigenfunction and\ the eigenvalue. Setting of A are not massive in the clean case, since the funetion
ni=n; and integrating oven, leads to an equation fox, Eq. (2.38b, is singular in the long-wavelength, low-

frequency limit, see Eq(2.43. Indeed, Egs.(2.37) and
1=2I\T> M (3.72 (2.39 show that the Gaussiah propagator is just minus the
n 1=ADnh(p=0) noninteracting part of th€ propagator. On the general prin-
ciple that one should keep all of the soft modes on the same
footing, this seems to suggest keeping théeld at the same
level as theQ field. Dropping the constant saddle-point con-
tribution, and expanding the Tr In in EQ.2J), the action
then reads

Criticality is characterized by a new zero eigenvalue 0
and we have pup=0, since this is where the first zero
eigenvalue occurs. Equatid@B.72 reduces to a Stoner crite-
rion for the occurrence of ferromagnetism, modified by dis-
order. Expanding in powers of leads to

A~ —t, (3.73 A[QAT=ALQA]+AAQ,A], (419

where AZ®3= A — Aqis With Ag and Ag, from Eq. (2.363,

with t the dimensionless distance from the critical point.and

From Eq.(3.71), we see that the critical eigenfunction is

(D=2l T (0,200, (74 aqoij--3 oo 1"
, M=z M yM-2)72 Kqy oo Ky Ni-- Ny
The above discussion makes it clear that a physically sat- M)

isfactory theory of the ferromagnetic, or any other, phase X5k1+"'+kM'OXn1"'”M
transition in a disordered metal should take both the soft 1 1
modes that were discussed in the preceding subsections, and XKy, K- @nyn (K - @nyn
the additional, critical, soft modes into account on the same —
footing. Technically one needs to extract the critical part X (k) t{[(8A)n;n, (K1) = (8Q)nyn,(Ka)]- -
from the P fluctuations. The details of such a theory of the —
paramagnetic-to-ferromagnetic phase transition will be dis- X[(8A)nn, (Km) = (8Q)n n, (k) 1} (4.1D
cussed elsewhefé Here we just mention why the model, L
in Ref. 55, manages to describe the correct critical behaviof /€€ ¢ IS given by Eq.(2.380, and
even though it neglects the soft modes related to the magne- (M)
tization. The salient point is again that there is a regime, Xn1~--nM(k1' oo Ky-1)
described by Eq(3.67), where the diffusive modes that are 1
contained in thes model dominate over the magnetization i
fluctuations that are not. As in the case of the metal-insulator \4 zp: Gel Pron) Cerl P kl'wnz)

transition, the RG allows one to extract the critical behavior %G Tk 41
from an analysis of that region. sd P M711wnM)' (4.10
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FIG. 2. Perturbation theory to one-loop order for the two-point
Q-vertex function. The small circle denotes the Gaussian vertex, th?g
solid and dashed lines ak@ propagators and\ propagators, re-
spectively, and the solid lines with a vertical bar denote the inter
acting part of theQ propagator.

FIG. 3. Perturbation theory to one-loop order for the two-point
propagator. The notation is the same as in Fig. 2.

Tor the first few terms in the loop expansion, and it can be
proved by induction to be true order by order in perturbation
theory. As an illustrative example, the cancellation scheme is
In this formulation of the theory the vertices are given by theqemonstrated diagrammatically in Figs. 2 and 3 for the two-
product of theM-point correlation functiory™ and theM  point vertex function, and the two-point propagator, respec-
factors of ¢! in Eqg. (4.1b. An inspection of Eq.(4.19  tively, to one-loop order. Notice that, in order to avoid
shows that the generic behavior gf'), considered as a o ple counting, one effect of the field mustbe the can-
function of some generic wave numberis characterized by c|ation of the noninteracting contributions, since the
a divergence K for smallk. This is the most divergent g5qqdle-point contribution to the action already contains a
behaviory™ can display, and it is realized unless either all ;omplete description of the noninteracing electron system.
of the frequencieso, throughw, are positive, or all of \what is remarkable is that it does nothing else. We then
them are negative, in which cagé™ scales as a constant. obtain the following effective action entirely in terms &f
The behavior of the product of the™ !, on the other hand, fields:

depends on the detailed distribution of the frequency labels.

If njn;; >0, thenc,orjiﬁi+l is a number, while fon;n; ;<0 A[Q]= A Q]+ Al Q]+ AA[Q], (4.239

it goes ask for small k. If only two of the frequency pairs
have elements with opposite sigfthis is the smallest non-
zero number possiblethen the complete vertex scales as

where

1/&M~3. ForM >3, the vertices are thus not finite in the limit A[Q1=—42 X D H(6Q)am(K) @n(k)
of long wavelengths and small frequencies. In other words, konm i
the Q-A field theory given by Eqs(4.1) is not local. The Xir(5Q)nm(_k)1 (4.2b

reason for this is as follows. As was mentioned in Sec. Il in

the clean limit the one-particle excitations are soft, as igs the noninteracting part of the Gaussian action and

manifested by the massless single-particle Green function.

These soft modes have been integrated out when we inte- 3 ) _

grated out the fermions, and this is what leads to the nonlo- An{Q1==-82 2, TOX T > (8Q)nn,(K)

calities in the effective field theory. The massless single- TOr=08 K nunznang

particle excitations are also indirectly responsible for the X 8n, ~nying-ny 1(8Q)nun,(—K), (4.29

softness of the\ fluctuations, and for the need to keep infi- .

nitely many Landau parameters. All of these difficulties thusis the interacting one. Th&® (i=0,1,2,3) were defined

have the same underlying source. after Eq.(2.39h. The non-Gaussian part of the action reads
Given that the matrix field theory is nonlocal in any case,

we can proceed and integrate out as it will turn out that AAO]=— M7t (=M 3 D
this does not lead to further undesirable properties of the [Ql= Moz M y(M-2)2

theory. The integrating out o can be done exactly in the

©

sense of a prescription for doing perturbation theory for the X Syt Xy (K1s - K1) @n
resulting Q-field theory. To see this, we recall that tie % (K 1

propagator is minus the noninteracting part of @epropa- (o)~ @nyn,

gator. As a result, the integration ovdr just cancels the X (Ky) tr [(5Q)n1n2(k1)' ) '(5Q)HM 1(kM)]'

noninteracting parts of any intern@ propagators in a loop
expansion for an@-correlation function. This is easy to see (4.20
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This effective action needs to be supplemented by the folPower counting shows that with these choicdg,is dimen-
lowing rules for doing perturbation theory. sionless, and hence part of the FP action. So is the part of
Rule 1.For calculatingQ propagators, all internal propa- A, that is quadratic irg. The parts ofA,, that coupleq
gators must be taken as the interacting part of the Gaussiamith AP andAP with itself are irrelevant with scale dimen-
propagator, i.e., as the second term on the right-hand side gfons of —1/2 and— 1, respectively.
Eqg. (2.393. Now consider the term 0oO(QM) in the non-Gaussian
Rule 2 For calculatingQ-vertex functions, rule 1 also part of the actiom 4, Eq. (4.2d. Let N of the Q fields be
applies. In addition, one needs to consider all reducible diaP’s, andM —N beq’s. Denote the coupling constant for that
grams (which normally do not contribute to the vertiges term byuy w_n - Taking into account the properties pf*")
with all reducible propagators replaced by minus the noninand ¢ discussed after Eq$4.1), we obtain
teracting Gaussia@ propagator, i.e., minus the first term on
the right-hand side of Eq2.393. (M—-2)
Explicit calculations using these rules readily show that [Umel=—(d+1) ——, (4.69
the integrals that correspond to the diagrams in a loop ex-
pansion are identical to integrals that one encounters in stafier N=M, and
dard many-body perturbation theory for the same quantity.
This allows for a one-to-one correspondence between many- 1 (M—-2)
body diagrams and the loop expansion based on the present  [Unu-n]=—5 (M=N=2)—(d—1) ——,
field theory. Nevertheless, even at a calculational level the (4.6b)
present formulation provides advantages compared to stan-
dard perturbation theory. For instance, due to the abovéor N#M. Here we have made use of the following obser-
rules, the loop expansion is equivalent to an expansion iwation. Because of the two rules in the preceding subsection,
powers of the screened Coulomb interaction, with the zerotfall contractions that are performedAnA to obtain renormal-
order, i.e. the Gaussian theory, reproducing RPA. The loojizations of the Gaussian action result in interacting propaga-
expansion therefore allows for a systematic improvementors. Since the interaction carries a factor of temperature, see
over RPA. Perhaps more importantly, our field-theoreticalEq. (4.20, this results effectively in —2)/2 factors ofT
formulation allows for an application of the renormalization that need to be taken into account in addition to the terms
group to draw structural conclusions about the theory irthat show explicitly in Eq.(4.2d. This factor of TM~2)2
analogy to those discussed for the disordered case in Secorresponds to thel —2 internalQ fields that get contracted

[l B 2. This we will discuss next. in a renormalization of the Gaussian term. We note that this
feature is automatically built into the theory only after the
B. The Fermi-liquid fixed point field has been integrated out. Doing so is therefore advanta-

_geous. SinceM —N is necessarily even, we see from Egs.
é4.6) that all of the non-Gaussian terms are RG irrelevant
with respect to the Fermi-liquid FP, provided tltht 1. For
d=1 there is an infinite set of marginal operators, which
signals the instability of the Fermi-liquid ground state
against the formation of a Luttinger liquid.For d<1 the
Fermi liquid is unstable due to infinitely many relevant op-
= . (4.3  erators, as expected.
dnm, Otherwise. We mention that there is no consensus on whether or not
interacting Fermi systems ih>1 are necessarily Fermi lig-
uids. In particular, Andershhas proposed that there exists
a stable FP that corresponds to a Luttinger-type liquid, at
least in certain 24 models. While we do not find such a FP,
we stress that the above considerations do not constitute a
1 : .
[q(x)]== (d—1+7'), (4.43 proof that none exists. All we have shown is that _the assump-
2 tion of a Fermi-liquid FP ind>1 leads self-consistently to
the conclusion that this FP is stable. This is in agreement
1 with a variety of other RG arguments® and with explicit
[AP()]=5 (d=1+7). (44D calculation$® However, we do not know what the basin of
attraction for the Fermi-liquid FP is, and we cannot exclude
HereAP=P—(P), and as in Sec. Ill we do not distinguish the existence of other fixed points.
betweenAP and SP. The FP action has the properties one  Obviously, the discussion of the corrections to scaling and

We now are looking for a stable RG fixed point that de
scribes the clean Fermi liquid, in analogy to the disordere
Fermi-liquid FP of Sec. Ill B 2. For this purpose it is again
convenient to split the matrix) into blocks in frequency
space:

Pom if Nnm>0,

Qnm

As in Sec. lll B 2, we define the scale dimension of a length
L to be[L]=—1, and we define exponentg and ' by
writing

expects from a Fermi liquid if we choose their consequences for the behavior of thermodynamic quan-
tities that was given for the disordered case in Sec. Il B 2
n=1, #5'=0, (4.53 can be carried over. The only difference is that the scale
dimension of the least irrelevant operators, which we again
and a dynamical exponent denote by, is now[u]=—(d—1). As an explicit example,

let us consider the spin susceptibiliy . It obeys a scaling
z=1. (4.5p  law in analogy to Eq(3.64a:



6536 D. BELITZ AND T. R. KIRKPATRICK 56

xs(0,u) = xs(gb,ub™ (@), (4.79 dimensiongneard=6), where its validity is not clear. This
approach indicated that the metal-insulator transition has fea-
which leads to a nonanalytic dependence on the wave nuMgres in common with the transition in a classical random-
ber field Ising model. These ideas need to be reexamined using a
_ d-1 more general theory, since tlkemodel approach is asymp-
xs(d) =constt|q[* . (47D totically exact only ford<4. Instanton solutions of the gen-
This is the leading wave number dependence yof for eral field theory should also lead to in;ights concerning rare
1<d<3, and the leading nonanalytic one in all dimensions 8/€NtS, such as local moment formation, and the effects of
In d=3 there is a logarithmic correction to scaling, which local moments on _the metal-insulator tran3|t|on_. Finally, as
our power counting arguments are not sensitive to, and th Iready noted, additional quantum phase transitions from the

behavior isg?In|qg|. This behavior has recently been obtained e::ml-llqlmd state need :}O be investigated. hi 4o i
by means of explicit perturbative calculatidiisand its im- | %r ¢ ﬁan fsfystemfs, the ”I;OSt !r?por(tjant thing to do Is to
plications for the paramagnet-to-ferromagnet transition af'clude the effects ot other Fermi-liquid parameters, as was

zero temperature have been discug9ethe nonanalytic be- discussed in Sec. Il. Once this is done, quantum phase tran-

havior of other thermodynamic quantities, and of the quasi—Sif[ions in clean itineraqt systems can be properly studied. It
ill then also be possible to study the crossover from the

article inelastic lifetime, can be understood by means of" . A A o :
gnalogous arguments y clean to the disordered Fermi-liquid fixed point in detail. For

noninteraction systems, this latter point has been addressed
by Muzykantskii and Khmelnitskfi*
V. CONCLUSION For both clean and disordered systems, it is interesting to

In this paper we have given a general method to study th@sk how a Fermi-liquid FP can be_: avoided. This question has
long-wavelength, low-frequency behavior of many-fermionbee“ of great interest recently in connection with high-
systems, both with and without quenched disorder. The cruSUperconductors, and other systems that have “strange
cial ideas are to first identify the slow modes of the systenin€tal” phases. For clean systems this has recently been re-
by using a symmetry analysis, then to separate these softewed in Ref. 62. For disordered systems, the situation is
modes from the massive ones, and, finally, to use renormal€SS clear. Various types of Kondo lattice mechanisms have
ization group ideas to eliminate the degrees of freedom tha&teen proposef. in these approaches it is unclear how these
are irrelevant in the long-wavelength limit. effects mod_lfy.the. Iong—wavglength transport properties. An—

Using these ideas we have accomplished a number Cg'ther poss_lblllty is _to consider systems W|.th a vanlshmg
things. We first established that in a disordered system, &ingle-particle density of states at the Fermi surface. If this
stable disordered Fermi-liquid FP is possible éor2. We ~ OCCUTS, then the soft_mode_s d|scu_ssed in Sec. Il are not as
showed that the so-called weak localization effects in itiner-Singular, and a two-dimensional disordered metal phase be-
ant electronic systerfisare, or can be interpreted as, correc-COMes possible. Further, it suggests the possibility of an ex-
tions to scaling near this FP. This derivation not only repro_otlc metal-insulator t.ransmon in two dimensions. Clearly,
duces known perturbative results, but also establishes tht€S€ problems require much more work.
their functional form is asymptotically exact in the long-
wavelength limit. In this respect our achievement is analo- ACKNOWLEDGMENTS

gous to that of Ref. 50 for long-time tails in classical fluids. .
In Section Ill B we have given a technically satisfactory DMTIQIS 6W§2rls7v¥;as sgppD?\;tsdggyléq%é\lS\lfvun%er Erﬁnt Nos.
derivation of the generalized nonlinear model that has el an ol . We thank Harmen

been used to describe metal-insulator transitions near twgussemaker, Ferdinand Evers, and Brad Marston for helpful

dimensions. Finally, we have indicated how the theory mus ISCUSSIONS.

be modified near other quantum phase transitions where ad-

ditional soft modes, namely the critical modes, appear. APPENDIX A: PROJECTION ONTO THE DENSITY
For fermion systems without disorder, analogous results

have been obtained. First, in agreement with others, we f'ngeraction term, the projection onto density mode that was

that_a clean Fe.”“""q“'d FP exists fdr>1. Co_rrectlons to used in Secs. Il A and Il B 1. An analogous procedure can be
scaling near this FP show that clean electronic systems hawe?pplied to the other interaction channels and to the disorder
nonanalyticities in various correlation functions that are .

. S art of the action.
analogous to weak-localization effects in disordered systemg. It is most convenient to o back to a Hamiltonian descrip-
This is again in agreement with results obtained on the basiﬁo g P

. 9 : n of the system. The part of the interaction Hamiltonian
of either Fermi-liquid theory or many-body perturbation that corresponds to Eq2.10b reads
theory. Our treatment provides a unified description that re- P '

veals a deep connection between the behavior of fermionic 1
systems with and without disorder, respectively. In Sec. HO==> >'"TE(q) Af(q)Af,(q), (Ala)
IV A we also gave a perturbation theory method for clean "2 4% 2 P “ P
fermion systems.

There are still a number of things to be done. For disor\Vhere
dered systems, we recently suggested an order-parameter de-
scription of the me'tal-lnsulator transitiéh Our th.eory was fk(Q)ZE Cz—,kca,kJrq- (A1b)
based on the nonlinear model approach, applied to high -

Here we demonstrate, for the spin-singlet particle-hole in-
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is the phase space density operator in terms of electron cre- . . ) . )

ation and annihilation operators andc, respectively, and S[¢>]=f dx {r[¢(x)]°+c[V p(x)]7}
A(c'e)=c'c—(c'c). In the space of products of fermion
operators, we define the Kubo prodifct

+u [ dx[300- G001 [ dx gy00.

B
(AlB)= f dr(AB(m)AA®), (A2) (Bla
0 determines the partition function

with A and B operators, and the imaginary time variable. . .
In terms of this scalar product in operator space, the desired Z[h]=J D[ ple 4L, (B1b)
projector reads

In the low-temperature phase, where BEN) symmetry is

1 spontaneously broken, it is convenient to decompose the vec-
P=Inn(q)) @(nnm)l. (A3)  tor field ¢ into its modulusp and a unit vector fieldp,
7 — g 72 —
Heren,(q) ==, f(q) is the electron number density opera- dX)=p(X)$(x), P (X)=1, (B2)

tor, andg(q) =[n,(q)|n.(q)] is the static density suscepti-
bility or wave vector dependent compressibility. Usifiy
twice, it is now easy to project onto the density in E&la).

¢ parametrizes the unit sphere, and thus provides a represen-
tation of the factor grou®(N)/O(N—1). In terms ofp and

We obtain ¢ the action reads
1w, S[P@]:f dx{cPp?(x)[V(x) 12 +c?[Vp(x)]?
HiR~5 2 T@ny@ni(-a),  (Ada)
where +rp2(x)}+uf dx P4(X)_hf dx p(X) b1(X) ,
(B3a)
ro(q)= . > l"f(%(q)[fk(qﬂnn(q)][nn(q)|fp(q)]_ andAswitching from the functional integration variabiggo
g(q) kp (Adb) (p, ) leads to a Jacobian or invariant measure
The phase space Kubo functian,(q) =[f.(a)|f,(q)] for |[P]=1_X[ PN H(X). (B3b)

clean, free electrons is proportional ﬁppﬁ(kz—kﬁ), SO in
this case Eq(A4b) results in pinningk andp to the Fermi  In Eq. (B3a) the bare values of® andc® are equal, and
surface. In a disordered systegy,(q) has a width given by  aqya) toc. Notice that the fieldp appears only in conjunc-

the inverse elastic mean-free path, and hefit¥(q) is a tion with two gradient operatorsg) represents thal— 1 soft

weighted average over a region in the vicinity of the Fermi .
surface, as mentioned in Sec. Il A. Finally, for physics that iSGoIds.tone modes of the problem, whife represents the

controlled by soft modes and long-wavelength processes w&assive modes. Now we parametrige
can replacd ®(q) by '®=T)(gq=0). Switching back to

a field-theoretic representation of the fermions, we obtain () =[a(x),7(X)], (B4a)
Eq. (2.133. where
APPENDIX B: O(N) SYMMETRIC ¢* THEORY o(X)=V1— 74(X). (B4b)

In this appendix we perform an analysis¢t theory that  \we split off the expectation value of the massivefield
is analogous to that of the matrix field theory in Sec. Il B. p(x)=M +Ap(x), with M =({p(x)), and expand in powers

g/l'uch‘]of tt.h',s rgattle(rlaé c:msge :'ound in the I';?rg‘t.l:re’ e];gl"t'nof m and Ap. Rescaling the coupling constants with appro-
INN-JUSHUN'S DOOK, REL. 3o. HOwever, we Tind It USETUl 10 yjate nowers oM, the action can be written

include it here for pedagogical reasons. The remarkable ana?—
ogy between field theories for electrons and classical spin - - -
models that was noted by Wegtitsubstantially simplifies Sp.m]=Syeml ]+ A p,7]. (B5a
the understanding of the former in terms of the technicallyqere

much simpler structure of the latter.

-1 -
Swd 71= 1 [ XV 7001+ [Va0012—h [ dx o,
(B5b)

1. Origin of the nonlinear o model

Let us consider arO(N) symmetric ¢* theory with a
magnetic fieldh in the 1 direction. The action is the action of theO(N) nonlineare model, and
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. s o ) The FP value of the magnetization=(¢,(x)) is equal to
AS[P.W]ZFJ dx[Ap(x)]*+c! >f dx[VAp(x)] M, and the leading correction is given by ther correla-

tion function. By virtue of the scale dimensions #fandh,

3 4 one finds for the leading field dependence of the magnetiza-
+ug | dx[Ap(X)]°+uy [ dX[Ap(X)] tion

+O[Ap ,Ap(V ). (B50) m(h)=const+h(@~272, (B10)
which implies that the longitudinal susceptibilityy,

= am/oh~h(@=2 diverges in then— 0 limit for all d<4 °°
Alternatively, the wave vector dependent zero-field suscepti-

If we neglect all fluctuations of thg field, then we are left
with the O(N) symmetric nonlineaw model in the usual

parametrization. bility diverges in the homogeneous limit gs~|k|9~*. No-
tice that the leading nonanalytic corrections to scaling are
2. The low-temperature fixed point given by the Goldstone modes, and are thus contained in the
Now we define the scale dimensions of the fielgsand ~ nonlinearoc model.

Ap as The point of the above excercise, in the present context, is
to demonstrate how much more one gets out of power count-

1 ing after performing a symmetry analysis and separating the
[m(x)]= > (d—2+7"), (B6a)  soft modes from the massive ones, as opposed to doing the

power counting on the action in the origirxﬁlformulation?37
The analogy to the procedure in Sec. Il B is as followsgi

1 N
[Ap(X)]=§ (d—2+17), (B6b)  corresponds to the massive fieldP and AA, ¢ corre-
sponds taQ andS (the matrix theory cannot be expressed in

and perform a momentum-shell RG procedtiréiere we  terms of® only) and = corresponds tg. The external mag-
have defined the scale dimension of a lengthto be netic fieldh plays the role of the external frequency in the
[L]=—-1, and the above relations define the exponepts matrix theory, and the analogy with respect to the Goldstone
and »'. For #, this definition coincides with that of the ex- modes and the scaling behavior of the order parameter is
ponent usually denoted by this symbol. The stable, low-obvious.

temperature FP of the action describes the ordered phase.

Physically, one expects short-rangég-correlations and 3. The critical fixed point

diffusive m-correlations at this FP, which suggests the

et Apart from the low-temperature FP discussed above, the
choicé

nonlineare model, Eq.(B5b), also contains a critical FP, as
was noticed by Polyako?? and discussed by him and
others®®~"* This FP marks the instability of the low-
temperature or broken symmetry phase; @(&) symmetry

is restored, and hence the fieldsando have the same scale

dimension.m must then be dimensionless, which implies

SNLUM=%J dx[ V7 (x) ]2+ gf dx 72(x) 7' =2-d (B113
in Eq. (B6a). The exponenty in Eq. (B6b), on the other
- - 4026 hand, is the critical correlation function exponent that is re-
+vf A7)V m(x)]*+O0(m" V7). (B8)  |ated to the order parameter expongiiand the susceptibil-
ity exponenty, via

n=2, n'=0. (B7)

Because of the positive scale dimensionmfit is conve-
nient to expand the- model action

The FP action is given by the first terms in E§B8) and
(B50), respectively. With respect to this FP, the magnetic n=2—ylv=2-d+2p/v. (B11b

field is the only relevant _operator, with a scale dimension At criticality, the Ap fluctuations become massless, and
[h]=2.t andr are marginal, and all other operators aréyne reqion of validity of thec model shrinks to zero. Spe-
irrelevant w!th respect 'to this FP,' so the FP is rgally Stablecifically, the Ap fluctuations can be neglected only if one
The leading (_:orrectlon to_scalm_g nedr-2 is given t_)y works at moment® that are larger then the mass of the
the operatow, with a scale dimensiofv |=—(d—2). This field m, = Jr/c®@, see Eq.(B50). Power counting, and Eq
P 1 . . y .

identifiesd, =2 as the lower critical dimension of the prob- (B6b), shows that the scale dimensionraf, is [m,]=1, so
lem. v also provides the leading nonanalytic correction to ' approaching  criticality it vanishes  as

scaling inall dimensions, since the leading irrelevant opera-, ~¢ 1~ |T=T,|". The criterion for the validity of ther
tor related to the massivAp field has a scale dimension mgdel is therefocre-
[c®]=-2, and therefore leads to analytic corrections to

scaling. Ford>d_ , the spontaneously broke@(N) sym- p<|T—T|" (B12)
metry leads toN—1 Goldstone modes, which are repre- | this region perturbation theory works, and the critical
sented by the correlations of time-1  fields properties can be explored by using the RG to sum the per-

, turbative results. In this way one obtains a description of the
(mi(k) m(—k))=8;|k| 27 =5 Ik (B9  Heisenberg critical behavior in the vicinity af=2 that
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complements the perturbative treatment of tfeformula- Q°” Q7 S SS<\/P> 0
tion of the problem, Eq(B1a), neard=4. The critical FP of 0<> Q<<> =| s> S<<) 0 p<
the matrix nonlinear- model, Sec. Il B 3, is again in many
respects analogous to the critical FP of @EN) model.
It has been suggested that terms with more than two gra- (§H77 (§H7=
dients, which appear as corrections to tthemodel upon X1 H<> (s H=<|- (C1
explicitly integrating out the massive field, may lead to an

instability of the critical FP, even though these terms are

irrelevant by power counting at the tree leVelThe status of

this problem is currently unclear, see Ref. 73 for a recenfiere each block is aMnx 4Nn matrix. P is block diagonal
discussion. by construction, and the blocks Sfare subject to constraints

due to the definition of the factor group. Now consider a
variation 5Q of Q. Since by symmetry the invariant measure
is independent of the group parameters, it suffices to con-
sider an infinitesimal variation. To first order in infinitesimal
guantities, the variation of is block off diagonal, and we
have

APPENDIX C: THE INVARIANT MEASURE I[P]

Here we derive explicitly the invariant measufé], de-
fined by Eq.(3.25. Let us write Eq.(3.29) in block matrix
form:

5Q>> 5Q>< 5P> 5S>< P<_ P> 55><
5Q<> 5Q<< = 58<> P>_P< 58<> 5P< (Cz)
By directly differentiatingQ with respect toP we find from Eq.(C2)
I[[P]=defl®(P")T-P~®1]. (C3

P~ and P~ are analytic continuations of anti-Hermitian matrices, so they can be diagonalized by means of analytic continu-
ations of unitary AnxX4Nn matrices. Let their eigenvalues bg and\;~ (i=1,...,Mn). Putting the space dependence

back in, we finally obtain

4Nn
II I
ihj=1

I[P]= TX[

TN (0]

(C4
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