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Envelope of Weiss oscillations and the role of disorder in surface superlattices
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We study the magnitude of the Weiss magnetoresistance commensurability oscillations in surface superlat-
tices, in samples with a long sequence of such features. The high index oscillations are suppressed faster than
the conventional exponential term—apparently by a term of the form exp$2(B0 /B)3%. We discuss the role of
small-angle scattering in the suppression of these oscillations and suggest a heuristic derivation of this enve-
lope function.@S0163-1829~97!02235-2#
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It is well established that when a surface superlatt
~SSL!, namely, a periodically modulated two-dimension
electron gas~2DEG!, is placed in a magnetic fieldB, the
resistance oscillates with field.1–6 These magnetoresistanc
commensurability oscillations~MCO’s!, also known as
Weiss oscillations, are periodic in 1/B and reflect the recur
ring commensurability betweena, the underlying period of
the SSL, and the cyclotron orbit diameter 2Rc , as the field is
varied. HereRc5\kF /eB with kF the Fermi wave vector.

An explicit form for the magnetoresistance was deriv
by Beenakker3 using a classical Boltzmann equation; in t
case of a weak sinusoidal SSL potentialV(x)
5V0sin(2px/a), and in the limits of low field and weak sca
tering, it reduces to

Drxx

r
5A3Bcos2S 2pRc

a
2

p

4 D , ~1!

with

A5
~2V0t!2

~mnF!3

e3

a
, ~1a!

wherer5m/ne2t is the zero-field resistivity,nF the Fermi
velocity, andt the momentum relaxation time. The classic
physics behind this effect was explained by Beenakker
resulting from a lateral drift of the cyclotron orbit cent
under the influence of the SSL potential. An essentially id
tical result has been derived from a quantum-mechanical
ture as well, where the effect is understood in terms of L
dau bands broadened by the SSL potential.1,2,4,5

Aside from correctly predicting the position of the MC
peaks, Eq.~1! suggests their amplitude to be linear inB and
quadratic in the strength of the periodic potential,V0. In fact
many workers have used Eq.~1! to evaluateV0. However,
the linearity inB is quite far from experimental reality; thi
is true especially for the higher index peaks, namely at low
B, where the peaks are found to be substantially suppre
with respect to the above prediction. This in itself may co
as little surprise, since Eq.~1! is obtained under the assum
tion that the cyclotron frequencyvc is @t21, which is not
entirely justified under typical experimental conditions. I
deed this discrepancy has been noted in several works,7–9 but
a systematic study of the amplitude has not yet been
forward.
560163-1829/97/56~11!/6416~4!/$10.00
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In this paper we analyze the amplitude of MCO’s
samples which, through the combination of geometric a
material properties, show a particularly long sequence
such peaks. The high index peaks appear to be exponen
suppressed, though as many as twenty peaks can be fo
We propose an analysis of the suppression of the MCO’
terms of a finite scattering rate. Interestingly, this suppr
sion cannot be described by a simple exponential law, as
will soon show. We discuss several approaches to un
standing this suppression; however, these leave impor
questions open, and a satisfactory quantitative theory
mains to be developed.

The samples consisted of a 2DEG with dens
n53.631011 cm22 and mobility m563105 cm2/V s, lo-
cated some 70 nm below the surface, patterned into con
tional Hall bars with evaporated Ohmic contacts. Gratings
the 100-nm period were formed on the Hall bars by elect
beam lithography and shallow, low-energy plasma etchi
After etching an additional ‘‘blanket’’ gate was deposite
over the entire grating. The purpose of this gate is threefo
controlling the 2DEG density, protecting from continual ox
dation, and smoothening the surface potential. Details
sample preparation and characterization have been desc
elsewhere.10 Measurements were carried out in a helium
flow cryostat at temperatures ranging from 1.5 to 30 K, us
standard ac lock-in techniques.

In Fig. 1 we show the magnetoresistance of a 100-
SSL. The oscillations between 0.1 and 0.5 T are the MC
described above. Note the remarkable number of oscillatio
which we attribute to the combination of the short period a
the sample quality. The amplitude of the MCO’s increas
with field, and one can readily see that the increase is fa
than the linear dependence of Eq.~1!. At higher fields we see
the onset of Shubnikov–de Haas~SdH! oscillations as well.

It is neither new nor surprising that Eq.~1! overestimates
the MCO’s amplitude, since this expression was derived
noring the finite mean free path of electrons. It has be
suggested before7 that in order to account correctly for th
MCO peak height one must include a factor exp(2p/vct) in
Eq. ~1!, namely,

Drxx

r
5A3expS 2p

vct
D3Bcos2S 2pRc

a
2

p

4 D , ~2!
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56 6417BRIEF REPORTS
which accounts for the fact that due to scattering only
fraction of the electrons actually complete a cyclotron orb
Furthermore, it was implied that the scattering time th
should go into this factor is the single-particle lifetime,ts ,
rather than the transport time,t t . In general the latter ex
ceeds the former in a high mobility 2DEG, by up to tw
orders of magnitude. Indeed, insertingt t into Eq. ~2! would
result in a negligible effect on the MCO, where as withts it
is at least in the right ballpark.

However, Fig. 2 shows that a simple exponential fac
cannot account for the deviations from Eq.~1!. Here, by
plotting the amplitude of the MCO’s—after dividing b
B—on a semilog scale vs 1/B, we see a substantial deviatio
from a straight line, which clearly rules out this possibilit
This is the case despite the interesting observation that

FIG. 1. Magnetoresistance of a 100-nm period SSL at 1.5
showing a long sequence of Weiss oscillations in the range of 0
0.5 T. Inset: an expanded view of the low-field oscillations, wh
one can observe that their amplitude grows faster than linearly iB.

FIG. 2. Amplitude of the Weiss MCO, divided byB and plotted
on a semilog scale vs 1/B. Rather than the expected exponent
suppression, exp(2p/vct), which would have led to a straight line
we find that the data falls on a strongly rounded curve. The s
~dashed! line corresponds to the slope on an exponential term w
ts (t t) in the exponent, as explained in the text.
a
.
t

r

he

asymptotic slope in Fig. 2 at the higher indices (B→0),
shown by the solid line, corresponds quite closely
exp(p/vcts), using the value ofts determined from SdH. At
high fields, however, the slope is much weaker and argua
approaches an exponent witht t replacingts ~dashed line!.
We turn first to explain why Eq.~2! in its simple form is
unlikely to describe the entire range of MCO’s, and la
proceed to suggest alternative ways of quantifying the ef
of scattering on the amplitude of MCO’s.

Since MCO’s are essentially a classical effect,3,6 it is in-
tuitively clear that scattering by infinitesimally small angl
should have little influence on this phenomenon. The qu
tion is, at what angles an effect does set in, and how m
weight to assign to different angles. One can readily see
the larger the cyclotron radiusRc is, the greater the sensitiv
ity to small-angle scattering. This is because scattering o
electron in cyclotron orbit by an angleu is equivalent to
shifting the position of the orbit guiding center b
d52Rcsin(u/2), as depicted schematically in Fig. 3. Now
since the drift velocity of an orbit whose center coordinate
at x is given bynd(x)5n0cos(2px/a), wheren052pV0 /aB,
it follows that the change innd can be neglected to the exte
thatd!a, namely, we should only be concerned withu com-
parable to, or exceeding, 2arcsin(a/2Rc). Thus we have an
angular scale which ultimately results from the existence
two length scales in the problem, namely, the SSL per
and the cyclotron diameter.

The simplest way to quantify this argument is to define
‘‘effective’’ scattering timet(B) for inserting into Eq.~2!,
which only counts scattering events whose angle exce
u(B)[h3arcsin(a/2Rc) with h a numerical factor of order
unity:

1

t~B!
5E

u~B!

p

s~u!du . ~3!

In the limit of small field we gett(B→0)'ts , since

,
–

e

l

d
h

FIG. 3. Elastic scattering of an electron in cyclotron orbit can
pictured as a sudden displacement,d52Rcsin(u/2), of the center of
the orbit. Since the drift velocity in the SSL depends on thex
position of the orbit center as well as on its radius, such scatte
leads to a sudden change in the drift velocity,d;a is a criterion for
the importance of scattering. Thus for largerRc ~i.e., smallerB)
there is greater sensitivity to small-angle scattering.
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1

ts
5E

0

p

s~u!du . ~3a!

Here s(u) is the elastic-scattering cross section for t
2DEG.11 The experimental data can be fitted quite well us
Eqs. ~2! and ~3!: This is seen in Fig. 4, where the symbo
correspond to the value oft(B) extractedad hoc from the
MCO data at each point using Eq.~2!, and the dashed curv
results from a numerical calculation using Eq.~3! and Ref.
11. The fit yieldsh'0.6. This simple model could be im
proved by replacing the cutoff integral of Eq.~3! by a
smooth weight function, which could be derived on mo
detailed physical grounds; still, thead hocnature of the ex-
ponential term is artificial and highly simplified.

In order to get a more satisfactory explanation we trie
different, though still quite straightforward, approach
quantifying the effect of a high rate of small-angle scatter
events, while still building on Beenakker’s original analys
The idea is to consider small-angle events—which can oc
many times during a single cyclotron period—as an eff
which partially averagesnd(x) among nearby orbits, thu
essentially diminishing its values.

As already shown, elastic-scattering shifts the position
the guiding center, hence modifiesnd(x). These events occu
at an average rate given by 1/ts , and over a cyclotron orbi
time of 2p/vc we have diffusion of the guiding center ove
a characteristic distanced0. We can estimate the latter i
terms of a random walk ofN52p/vcts steps of sized,
namely,

^~d0!2&5~2p/vcts!3^@2Rcsin~u/2!#2&5~2p/vct t!Rc
2

~4!

using ts /t t[^12cosu&5^2sin2(u/2)&, where another facto
1
2 accounts for taking only thex component ofd. The actual
diffusion spreading of the guiding center will be given b

FIG. 4. The effective scattering time vs magnetic field: T
symbols correspond to the experimental data, where an ad ho
rametert(B) is obtained from our MCO data via Eq.~2!, including
an estimated error. The dashed line is the result of Eq.~3!, using the
theoretical elastic cross section for the 2DEG and the single fit
parameterh50.6, as explained in the text.
a

g
.
ur
t

f

d5gd0, with g a yet unknown numerical prefactor. Henc
nd(x)5nd(0)3cos(2px/a) is now replaced by n̄ d(x),
namely, its value averaged over the vicinity ofx by a con-
volution with a Gaussian function}exp$2(x82x)2/2d2%. The
convolution of a cosine with a Gaussian can be carried
analytically and readily yields

n̄ d~x!5nd~x!exp~22p2d2/a2!, ~5!

which in turn can be replaced in Beenakker’s derivation
Eq. ~1! to obtain

Drxx

r
5AexpF24p3g2S Rc

a D 2 1

vct t
G3Bcos2S 2pRc

a
5

p

4 D .

~6!

Two comments are in place. The first is that only the tra
port time, t t , and not ts , comes into this expression,
highly desirable feature given that this is a classically e
plained phenomenon. Second, this result implies that
MCO peak height envelope scales likeB3exp$2(B0 /B)3%,
whereB0 contains, among other things, the unknown fac
g.

In Fig. 5 we plot the experimental MCO amplitude fo
two gate voltages, along with a fit to Eq.~6!. The inset shows
the data on a semilog plot vsB23, resulting in a straight line,
which provides encouraging support to the suggested mo
The value of g derived from the slope is quite smal
g'0.06. The smallness ofg underlines the limitations of the
method of estimatingd0.

The exact choice of 2p/vc as the diffusion time, and the
use of a single Gaussian to describe this process, are cle
of limited validity at best. Given this weakness of the mod
it is remarkable that the derived exp$2(B0/B)3% agrees so
well with experiment. Theoretical studies by several work
are currently under way, focused on deriving a more deta

a-

g

FIG. 5. Comparison between the experimental data and
exp(2B3) model discussed in the text, shown as the amplitude
the MCO divided byB. The symbols correspond to data points f
two different gate voltages, hence somewhat differentnF and V0.
Both are fitted to Eq.~6! with the dimensionless fitting paramete
g50.06. Inset: the same data on a semilog plot vs 1/B3, showing
good qualitative agreement with Eq.~6!.
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and rigorous account for our observations, so hopefull
more substantive theory will be available in the near featu

In conclusion, we have studied the amplitude of the m
netoresistance~Weiss! oscillations in an SSL, in an attemp
to reach quantitative understanding of their suppressio
low magnetic fields. This suppression is not described b
conventional exponent, and its peculiar nature can be ge
ally understood in terms of the angular dispersion of ela
scattering in a 2DEG. In fact, due to the interplay betwe
the cyclotron resonance and the underlying SSL period,
sensitivity to small-angle scattering increases at lower fie
s.
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and this issue is the key to understanding the unusual e
lope of the oscillations.
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