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Diversity of the isotope effect due to the energy-varying electronic density of states
on strong-coupling superconductors
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We study superconducting critical temperatures within the strong-coupling Migdal-Eliashberg theory to
clarify how the isotope effect is affected by the energy dependence of the electronic density dED&s
In the computational procedure, we determine self-consistently both the electron self-energy in the normal state
and the shift of the chemical potential. These quantities reflect asymmetry of energy dependence of the EDOS
around the Fermi energy. As a result, we find that the energy dependence of the EDOS can reduce or enhance
the isotope effect, and in some cases, it can make the isotope effect almo$Sga183-18207)08334-3

I. INTRODUCTION trons, because is an increasing function of; in the M-E
theory? Therefore, we study the origin of these anomalous
The strong-coupling Migdal-Eliashberg theorgM-E isotope effects.
theory has been a useful approach for the explanation of the For this purpose, taking account of energy dependence of
superconducting properties in traditional phonon-mediateghe electronic density of statd&€DOS is one of the im-
Superconductors because of its theoretical rellablllty anq)rovements, and this improvement has been known to suc-
practical usefulnessHowever, it has been known also that it cessfully explain the anomalous features of A15
is not powerful enough in analyzing physical properties 0fcomp0und§.3‘leln high-T., cuprates and alkali-metal-doped
recent unusual superconductors such as fiigbuprates and  fjierenes, the EDOS's are supposed to vary rapidly near the
alkali-metal-doped fullerenes. These materials have uniquggm; energy. This is pointed out to be realistic by recent

physical properties, which cannot be explained by the CON3ngle-resolved photoemission spectroscopy experitiefts
ventional M-E theory. Among those physical properties, par-

ticularly, the isotope effect is one of the most interestingand recent _ band-structure - calulations for - high-

2-25 i . ~28 3
issues, becau;g it is prpfoundly related to t_he mechgnism ? (frﬁﬁe bg'?hd r;cgtgiz?g TST?;—I gSp?rZ?efsugir:g%kéli-riirtal-
superconductivity. The isotope exponemtwhich is defined doped fu’IIerenes are kl”]OWI’I to have narrower electronic
by P '

bands and wider phonon bands than the traditional supercon-
ductors havé®~3! Therefore their EDOS’s are expected to
dInT, vary around the Fermi energy appreciably in the energy
A== M (1 range whose width is comparative to the width of the phonon
bands. Regarding these situations, the inclusion of energy
dependence of the EDOS into the M-E theory is inevitably
is equal to 0.5 in the usual weak-coupling BCS theory. required to study the origin of the anomalous isotope effects
Here, T, andM denote the superconducting critical tempera-of these materials.
ture and the atomic mass, respectively. In generat,0.5 The purpose of our study is to clarify how the isotope
does not hold exactly for real materials. One of the mosexponents,a, of strong-coupling superconductors are af-
typical points which is ignored in the weak-coupling BCS fected by taking account of energy dependence of the EDOS
theory, is the Coulombic repulsion between electrons. It idnto the M-E theory. Standing on this point of view, there
well-known thata becomes smaller than 0.5 when the ef-have been several works of high-cuprates?-34Our theo-
fects of this repulsion are added to the weak-coupling BCSetical standing point in this paper is the M-E theory taking
theory’ or the M-E theory" The isotope effects found in the account of the energy dependence of the EDOS with an ar-
aforementioned materials are very anomalous, so that litrary value of a number of electrons. An important differ-
seems to be very difficult to explain them within the conven-ence between our calculations and the series of works previ-
tional M-E theory. In hight, cuprates, becomes almost ously done by others is that our calculations assure the
zero? negative’ or larger than 0.8 On the other hand, in conservation of the number of electrons by the selfconsistent
alkali-metal-doped fullerenes; is rather large ¢>1),%'%or  determination of the shift of the chemical potential. This re-
is of normal value ¢=0.5).}%*?In addition to these anoma- quirement of the conservation of the number of electrons
lous values ofa, the relation between and T, is also un-  becomes important for an asymmetric shape of the EDOS
usual for highT, cuprates; the magnitude of decreases as around the Fermi energy, because the chemical potential
T. increases with the variation of the carrier shifts from a bare band one as a result of electron-phonon
concentratiorf=® This relation betwee and T, also seems interactions. Although the resulting shift of the chemical po-
to be very difficult to explain by the M-E theory even though tential is generally small, it is expected to affectbecause
it takes account of the Coulombic repulsion between electhe isotope shifts off . are really small guantities. In this
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work, we study how the isotope effects are affected by thelependent EDOS. In the calculation©f, not only the off-
shape of the EDOS, and examine how these effects depenliagonal part of the electron self-energy but also the diagonal
on the coupling strength of electron-phonon interactionspart depends explicitly on the atomic mass through the pho-
Furthermore, the effect of a shape of the EDOS@ms  non Green’s function which is included im’F (w). There-
examined in detail on the manner of the variation of thefore, y,, and su should not be ignored as long as isotope
quasiparticle density of stat¢@DOS. effects are considered.

This paper is organized as follows. In Sec. I, the calcu-
lational method is given. In Sec. lll, the numerical results are . ,
shown. Discussions on these results are given in Sec. IV. B. Model of the electronic density of states
In the following numerical calculations, we use a Lorent-
Il. CALCULATIONAL METHOD zian type EDOS as a bare-band EDOS, which is given by

A. Eliashberg equations
a®x

N(e) 1
T @t (et b)?

The superconducting critical temperatufg,, in the iso- =
tropic M-E theory involving an energy-dependent EDOS can N(0) 1+x
be obtained by solving the Eliashberg equations on the
imaginary-frequency axis. The Eliashberg equations on thdhe EDOSN(e), is a single-spin EDOS, and the electronic
imaginary-frequency axis involving the Lorentzian type energy,e, is measured with respect to the bare-band structure
EDOS are originally developed by Mitroviend Carbotté®  chemical potentialp. The parametera, is a width of the
and are written as bare-band Lorentzian type EDOS axaneasures the promi-

nence of energy variation of the EDOS. Whervanishes,

. 3

~ 1 - . Eq. (3) represents the Fermi-surface-restricted Eliashberg
AH_E m;x {Mn=m) = p* (oc) dwe—|on))} theory, which assumes a constant EDOS at the Fermi energy.
To the contrary, whex—, Eq. (3) is reduced to the fol-
% N(e) Zm lowing form, which is written as
Xf dE —2 — <o (Za)
-=  N(0) wm+(e—5,u+)(m)2+Am
N(e) B a’ 4
°" N(0)  a’+(e+b)*’ @

~n: nt — 2 A(n—m)
D= B e

In this case, we can determine the number of electrons as
% N(e) @D = (1/m)tan }(bla)+1/2. The shift in the chemical potential,
Xf € = —— =~ (@b sy, is determined self-consistently by the supplementary
== N(O) @+ (e dpt xm) ™+ AG equation which expresses the conservation of the number of

1 - electrons;
;n:__mg;:)C A(n—m)
B 1 NO) < (=, N(e
_ LN 5,
XF dEN(e) €= Spt Xm 20 2 B m=o J-= N(0)
—= N(0) @2+ (e— dp+xm)2+A2 - Su+y
m

with (5

X .

B2+ (e— S+ Xm)?+ A2
® 2
— 2

A(n—m)= fo dQa’F(Q) 0%+ (wn—wn)? (2d By solving these Eq(2) and Eq.(5), we obtain temperature-

_ _ _ _ dependent quantitied,,, @,,, x,, anddu, for a given num-

We calculatel'c by solving these equations directly without & per of electronsn. (This notationn should not be confused

linealization of these equation$, is determined as the tem- ith the index,n, of the Matsubara frequency appearing as

perature, at which the anomalous electron self-enefgy,  the suffix in the imaginary-axis quantities, such/&as @,,

vanishes for every indices of the Matsubara-frequency for andy,.)

the Fermions,w,=(2n+1)n/B, where 8=1/kgT. Here, Throughout this paper, we show only the results with a

the functione®F (w) is an electron-phonon spectral function, restricted value of the parameter= 2Q . in the EDOS,
and u* is the Coulomb pseudopotential with a cutoff fre- e,

quency w.. The anomaloug(off-diagona) electron self-

energy,A,, and the renormalized frequendy, , are related )

to the gap functionA (i w,), agd the renormalization func- C. Model of the electron-phonon spectral function

tion, Z(iwy), by relations asA,=A(iw,)Z(iw,) and @, Following the calculational procedure, we can carry out
=w,Z(iw,). X, is a diagonal part of the electron self- our numerical work once the electron-phonon spectral func-
energy, anddu expresses a shift of the chemical potentialtion, a?F(w), is determined. In the following numerical
due to electron-phonon interactions. These two quantifies, analysis, we employ the Lorentzian type model function of
and du, have finite values for a general shape of the energye’F (), which is given by
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azF(w) 150 ——— —
(a) (b)

d? d?
A2+ (20— Qpa0? d2+02.)
01 Qmax<a).

0<w=Qmnax

(6) 100

Here, Q. is the maximum phonon frequency. We choose %

the parameterg)=5 meV and(},,,,=80 meV, respectively.

In order to calculate the isotope exponedt,we introduce

the dimensionless parameter, which is given by 50

_ M
e ™

Here,M, andM mean an initial atomic mass and a substitu- ol o v v A TN
ent isotope mass, respectively. Since arffF (w) depends 10 5 0 5 10
on the atomic mass as a square rbtite width of the model b/ Q
function of a?F(w) for a substituent isotope becomes

wmax/\ 7. In other wordsd andQ),,,,in Eq. (6) are replaced FIG. 1. Curves ofT, versusb/Qm,, for x=3 (solid line), 6
with d/\/; and Qmax/\/—a respectively, by the isotope sub- (dashed-.dotted line 15 (dashed ling 50 (broken ling, andew
stitution. In the following calculations of the isotope expo- (dotted ling, respectively. The curves are calculated (Bytaking
nent, a, we use the value of atomic mass ratips 1.125, in  account ofy, and (b) neglecting,, respectively.

the case of the high cuprate *0 substitution for€0).

the calculation ofT.. Therefore, the curves dB) and (b)
also connect with each other at the center of the figlre (
=0). In Fig. 2, it is noted that the curves afdecrease as

In this section, the electron self-energy in the normalincreases in Fig. (@), while the curves ofr increase in Fig.
state,y,, and the shift of the chemical potentialy, are  2(b). This means that the effect gf, becomes important as
calculated. We calculate these quantities to examine how th&e energy dependence of the EDOS becomes sharp. In Fig.
asymmetry of shape of the EDOS around the Fermi energg(b), there is a peak structure in the curve @fat b/ €2y
affects isotope effects. ~3, and it becomes higher and highenaiicreases. In Fig.
2(a), on the other hand, there is only a little peak structure for
small x, and it vanishes ag increases. By looking at a
position of the peak structure, we can find that the degree of

In this subsection, we present only the results &0f  influence ofy,, is proportional to the degree of slope of the
=0.175. Before examining isotope effects, we study the in-

fluence of the electron self-energy in the normal sigte,on
the superconducting critical temperatur&s, In the calcu-
lation of T, we use the Lorentzian type EDOS given in Eq.
(3). In Fig. 1, curves ofT. versus the scaled bare-band
chemical potential, b/Q., are shown for x
=3 (solid line), 6(dashed-dotted line15 (dashed ling 50
(broken ling and x—oo(dotted line), respectively. These
curves are calculated bgg) taking account ofy,, and (b)
neglectingy,,, respectively. The value 0f, vanishes when =
b=0, because the EDOS is symmetrical around the Ferm - i
energy. Therefore, the curves @) and (b) connect with | =eeer
each other at the center of the figute<0). The difference 03
between(a) and (b) becomes noticeable as increases, N
where the curves dfa) drop more rapidly than that db) as r A S
b increases. As a result, we can see that the effecf,of
becomes important asincreases. e T
Now let us examine a role of, in isotope effects. Isotope 10 5 0 5 10
effects are calculated for the Lorentzian type EDOS given in b/Q
Eqg. (3). In Fig. 2, curves of the isotope exponeat,versus
b/Qmay, are shown forx=3 (solid line), 6(dashed-dotted FIG. 2. Curves of the isotope exponent, versusb/(Q,, for
line), 15 (dashed ling 50 (broken ling and  y=3 (solid line), 6 (dashed-dotted line15 (dashed ling 50 (bro-
X—c (dotted line), respectively. These curves are calcUken ling andx— (dotted ling, respectively. The curves are cal-
lated by (a) Laking account ofy,, and (b) neglecting’,,, culated by(a) taking account ofy,, and (b) neglectingy,,, respec-
respectively.y, vanishes whem=0 by the same reason of tively.

Ill. NUMERICAL RESULTS

A. Effect of the normal state electron self-energy

BT R
oo
[ =
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FIG. 3. Curves ofT; as a function of number of electrons,
The curves are calculated by taking account of the shift of the FIG. 4. Curves of the isotope exponeat,versusT, are shown
chemical potentialgu, (solid circlg), and neglectingdu (plus), re-  for n=0.75: (a) solid circles are calculated by taking account of
spectively. both’y,, and 8u; (b) open circles are calculated by taking account of
only xn; (c) crosses are calculated in disregard of bgghand .
EDOS at the Fermi energy, because the derivative of the

EDOS with respect t is large in this region. Moreover, in calculations ofb) and(c), therefore, the resulting number of

Fig. 2, curves ofa seem to approach the particular value, . . . . .
a~0.47. asb increases, where the EDOS becomes flat. Inelectrons,n—0.75, is obtained by appropriate choice of the

fact, the value ofv=0.472 is given by the Eliashberg theory chemical potential. In Fig. 4, the curve afconsidering both

with the Fermi-surface-restricted approximation, where theXn and du (a) is the lowest of all curves, while the curve

effect of the energy dependence of the EDOS vanishes efi€dlecting bothy, and 5u (c) is the highest. Therefore, we
actly by the assumption of a constant density of states at thgA" find that the effect ofu also reduces the isotope shift of
Fermi energy. T, as well asy,,.

In Fig. 5, curves ofa versusT. are shown fom=0.50,

0.70, 0.75, and 0.80solid lines and circleswith the curve

according to the Fermi-surface-restricted Eliashberg theory
We have descriged the effects of the electron self-energydotted line and open circlgsrespectively. Figures(&) and

in the normal statey,, to the isotope exponent. Now let  5(b) correspond to the results for the Coulomb pseudopoten-

us see the role of the shift of the chemical potentéa, on  {j5| ,,* =0 and 0.175, respectively. The numerical results are

the isotope effe(;t. Although the magnitude &d |s'small, given by taking account of boff, and &u, except the one

we should examine the effects i on a, becauser is Very  ,ccording to the Fermi-surface-restricted Eliashberg theory

sensitive to the change af. . (dotted lines and o : ; S~ .
X : pen circlgsn which y,, and Sy vanish
Figure 3 shows curves df; as a function of a number of exactly. In Fig. 5b), the drop ofa in the lowT, (weak

electronsn. In the calculation ofl ., we use the Lorentzian : o . i
electron-phonon couplingegion is due tqu* in the similar

type EDOS, Eq(4). In this casegu can be determined self- ) . i X a
istently by Eq(5). In Fig. 3, lculated by W& asin the Eerm|-surface-restr|cted.Ellgshberg_ theadny.
consistently by Eq(). In Fig cutves are cecliaied by the highT region, the curves of (solid lineg which are

taking account ofu (solid circle and neglectingsu (plus), ,

respectively. Wherdu is considered, the chemical potential C@lculated by taking account of boffy and o, are decreas-

shifts as the result of electron-phonon interaction to conservéd functions whereas the curve of the Fermi-surface-

a number of electronsolid circle. When su is neglected, restricted Eliashberg theorgdotted ling is an increasing

on the other hand, the chemical potential is invariable andunction:* Furthermore, magnitude af decreases as in-

then a number of electrons changsus) as a result. There- creases. Particularly, at the large(n=0.75 and 0.8)) the

fore, the resulting value ofi is different from each other. magnitude ofa decreases and can even vanish in the strong

From Fig. 3, however, we can find that the effectdpf on  electron-phonon couplinghigh-T.) region.

the value ofT, is negligibly small. To sum up the results obtained in this section, the value of
In Fig. 4, curves ofa versusT. are drawn for the fixed « is reduced and, sometimes, can be almost zero by the ef-

number of electronsy=0.75. In this calculation, we calcu- fects of both the electron self-energy in the normal stgte,

late & by changing electron-phonon coupling strength. Theand the shift of the chemical potentidly, which reflect the

curves ofa are shown as followga) solid circles are calcu- asymmetry of energy dependence of the EDOS around the

lated by taking account of both, and du; (b) open circles Fermi energy. As a result, we can get various degrees of

are calculated by taking account of onfy; (c) crosses are reduction of isotope effects by the Eliashberg equations with

calculated by neglecting bofR,, and du. In the numerical energy dependence of the EDOS.

B. Effect of the shift of the chemical potential
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FIG. 6. Curves of the quasiparticle density of stat@®OS in
the normal stateN(w), of n=0.75 are shown in cases @) T,
=49.45 K (solid line), (b) 73.01 K (broken ling, and(c) 84.23 K
(dotted ling, respectively. All the curves are calculatedTat T...

FIG. 5. Curves of the isotope exponent, versusT,; for n
=0.50, 0.70, 0.75, and 0.880lid circle with a curve according to
the Fermi-surface-restricted Eliashberg the@pen circle, respec-

T,

[

[K]

In the inset, curves dﬁ(w) close up around the Fermi energy are
shown.

the other handﬁ(w) has an additional sharp peak structure
appearing around the Fermi energy, which originates from

tively. (a) and(b) correspond to the results for the Coulomb pseudo-the mass enhancement effect due to the electron-phonon in-
potential u* =0 and 0.175, respectively. All these curves are cal-teraction. In the inset of Fig. 6, curves df(w) close up
culated by taking account of boff), and du, except the one by the around the Fermi energy are shown. The valueTgfis
Fermi-surface-restricted Eliashberg the¢open circles

IV. DISCUSSION

strongly affected by the number of quasiparticles in the en-
ergy region whose width is abo® ., around the Fermi
energy €<|Qmad).>3 Therefore, the isotope effect can be
expressed as the decreasing number of quasiparticles due to

First, we show the quasiparticle density of std@®09
to discuss the behavior of isotope exponeatxf our results
microscopically. The expression of the QDOS normalized by
the bare-band EDOS at the Fermi eneMf0), is given by
the formula

y @(w)+et+ du—y(w)
#(w)—[e— Su+X(0)]>— A w)]

@®)

In this equationA(w), @(w), andy(w) are real-axis quan-
tities which are an analytic continuation of imaginary-axis
quantitiesA,,, @,, andy,, respectively. To calculate these
real-axis quantities at an arbitrary temperature, we employ
the MSC equation’§** as an analytic continuation method.
Figure 6 shows curves of the QDON(w), for (8 T,
=49.45 K (solid line), (b) 73.01 K (broken ling, and (c)
84.23 K (dotted ling, respectively. Here, all the curves are
calculated afl =T and total number of electrons, is fixed

2

¥ is considered

........................ f is neglected

1 2
b/ Q

max

FIG. 7. Curves of isotope exponent, versush/{),,, for x=

to 0.75. It can be seen from Fig. 6 that the damping effect_ g g andu* =0. The solid line is calculated by taking account of

due to the phonon scattering broadens the shap§ o) as

Y» and dotted line is the one ignoring, , respectively. In the inset,

a whole, as electron-phonon coupling strength increases. Quurves ofT, versusb/( ., are shown in the same parameter.
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the narrowing of the energy regiom(nax_)ﬂmaxl\/;) under the Iarge iSOtOpe effect of alkali-metal-doped fullere?]&.
the isotope substitution. Roughly speaking, the value &  In fact, there are band-structure calculations of these materi-

in proportion to the ratio of this decreasing number of qua-als, where the EDOS is expected to have a hollow structure

siparticles to the one in the energy regiers |Q,,,]. From  around the Fermi enerdy:2®

Fig. 6, it can be seen that this decreasing ratio of the number In this paper, we have studied the effects of energy varia-

of quasiparticles for the lowef, is larger than that for the tion of the EDOS on isotope effects by the M-E theory. The

higherT,. As a result,a decreases as electron-phonon cou-wide variety of the isotope exponen, is shown by the

pling strength increases. self-consistent calculation of the electron self-energy in the
Before closing this section, we mention the behaviowof normal statey,,, and the shift of the chemical potentid,

for x<0, in Eq. (3), where the EDOS contains a hollow at the fixed nhumber of electrons. The point of our numerical

structure at the Fermi energy. For thg isoto.pe substitution, ifesults is that botfy,, and u. affects the value of strongly,

x<0, the number of electrons relating with phonons de-yhereas there is scarcely any effect of them to the value of

creases much more than that of the Fermi-surface-restrictefl These results are qualitatively different from the results

Eliashberg theory. Therefore, the valuewols expected tobe  py poth the weak-coupling BCS theory and the Fermi-

larger than 0.5. In Fig. 7, curves af versusb/Qma are  gyrface-restricted Eliashberg theory.

shown forx=—0.9 and the Coulomb pseudopotential;

=0. In the inset, the curves df; versusb/Q ., are shown

in t_he same parameter. In Fig. 7,_ solid lines are caIcuIate_d by ACKNOWLEDGMENTS
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