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Competing length scales in anharmonic lattices: Domains, stripes, and discommensurations
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A two-dimensional anharmonic electron-lattice interaction model with higher-order density-density-
multiphonon interactions is solved exactly for arbitrary reciprocal-lattice vertorthe ionic limit as a model
of a transition-metal oxide. Combining the harmonic and higher-order electron-phonon interaction terms into
an effective coupling yields a strongy dependence of this coupling which changes sign when an on-site
double-well potential occurs. Depending on the depth of this double-well potential various mesoscale structural
and polarization patterns are found: stripes and domains, as well as incommensurate structural modulations.
The results are related to experimental data for high-temperature superconductors, colossal magnetoresistance,
and ferroelectric transition-metal perovskites, which probe local structural effe@163-18207)03334-1

In the last few years a variety of experimental techniques H=H ut+Het Hepatts
have been developed which are able to test local structural
effects in solids. These techniques work on a different time (pl(i>)2 (w§i>)2 _
scale than conventional scattering experiments and superfi- Hiae= i_E [ 2 +T(Qi(l))2

cially their results seem, partially, to be conflicting with re- L
sults obtained from conventional structural methods. From

extended x-ray-absorption fine structure, pair-distribution +%Q(1) QW,,QW,,Q® 1)
function, nuclear magnetic resonance, etc., it is, for instance, g4 < ! !
concluded, that the local structure of hi@h- super-
conductor$ and oxide ferroelectriésdeviates substantiall
¢ — 123 Vi Qg (1a

from the average structure as, e.g., obtained from x-ray or

neutron crystallography. As the former experiments are

based on a much faster time scale than the latter, the results
are in fact not in conflict but rather show that the various Hei= 2 (kM Vige NN, (1b)
collective particle dynamics are governed by different fithe k!

and length scales. In a recent molecular-dynamics simulation 1 M 0.0
of a model ferroelectritit has been shown that the coexist- Heopa=— 2 9.1(q)Nng /&Qa)
el-latt \/Ni=l 2 J2 q q h —q
q

I’

ence of these various tim@and associated lengttscales
gives rise to a central peak in addition to mode softening,

and a coexistence regime of order-disorder and displacive 1 2M1wq(l) W
behavior. +_N Z 9a(9)Ng 7 Q -a
In the following we study a two-dimensional nonlinear aaa

electron-ion interaction Hamiltonian which is not only anhar- 2M . w., D

.. L . . . (1) 1%q
monic in the ionic displacement field but also contains, in X 1Ng Qg 5
addition to linear electron-phonon coupling, terms higher or-
der in electron-density multiphonon interactidhsThe 2M,

H H H H H +Q, //(1)Q, ”’(l)_(l) /I(l)(,() ///(l) . (lC)
Hamiltonian is equivalent to the nonlinear shell mddahd q q 5 Ya q
represents the highly polarizable natuféhrough spin-
charge-lattice coupling of transition-metal oxides with Here, P, Q) are momentum and conjugate displace-
strongp-d hybridization. ment coordinates of ioh with massm;; o) are the corre-

These systems are known to be very anharmonic and teponding harmonic mode frequencies, whef® is explic-
show a strong tendency towards charge transfer and dispraty allowed to become unstablée., (0*)?<0]; g, is the
portination. Also is has been shown experimentally that speen-site anharmonicity of ion 1 which is assumed to represent
cifically the oxygen ions show a tendency toward local structhe oxygen ionV,;.{) is the nearest-neighbor interaction be-
tural displacements which deviate substantially from theitween ionsM; [I corresponds to the reciprocal-lattice vector
ideal crystallographic positioh.Our Hamiltonian for a g=(dx,0qy)]. &« is the band energy, which is in the follow-
square face-centered-cubic diatomic lattice reads ing assumed to be negligible, i.e., we are dealing with an
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ionic system. This obviously corresponds to commensuratpair product operators by their expectation values is not
charges. The Coulomb repulsion is given By, and made. This yields a set of nonlinearly coupled equations of
n=c"c,. The interaction Hamiltonian contains the usual motion:

harmonic couplingg$’, whereg$" acts as on-site ang?

as mtersﬁe, .and in addition hlgher-order _den5|ty-den3|ty- _lequ(l):{ _qu/(l)_(wq(l))z_g4(Qq(l))2
multiphonon interactions proportional tp, which act at the

oxygen ion lattice site only. The total electron-lattice inter-
action, as given by the last equation, defines a new renormal-
ized interaction which, as will be shown below, is signifi-
cantly modified through the higher-order terms as compared
to the purely harmonic coupling case. We will concentrate A

mainlypon tr):is term, which Bvillgbe shown to control local XJJF)\ (1)(Qq"(l))z(wq”(l))“HQqu),
structural effects. If the harmonic couplings are sufficiently 2
strong, polaron formation can take place. This, of course, (29
might become virtual only, if the terms proportionalggare
repulsive, but on the other hand, it is also possible that for
Weakg(zi) a polaronic state can exist @f, acts in the same
direction. A Iatt?ce instability may a}rise from differeht [(wq(l))2+94(Qq(1))2]le)
sources; namelyi) one of the harmonic mode frequencies

)\4
)\2(1)

—&g- (wq(l))z)\(zl)J l+sF(wq,(l))2

—M,02Qq @ = —{(w?)?+ ep(wq<2>)2xz<z>J}Qq<z>£2b)

may become imaginary(ii) the harmonic electron-lattice N
coupling can compensate a stable harmonic mode frequency = —Qq<1)sF(wq(1))2)\2(l>J{ 1+ (wq M) 2er 41 J
and drive it to zeroj(iii) the higher-order density-phonon A
terms can destabilize the lattice even if the harmonic inter-

action is small. A Jahn-Teller instability may arise if the + fl)(wQ”(l))“QqN(l))z] +QqPer(wq@)2n,12J.
band energy is replaced by exchange coupling. \o

In the following we proceed with the diagonalization (20)
scheme proposed in Refs. 8 and 9 and concentrate on the
lattice Hamiltonian only — in order to evaluate the possibil- Equation(2c) yields the coupling between the two sublat-
ity of electron-phonon interaction induced stripe, domain, ortice€s which is given through the interaction with the elec-
incommensurate ground states, and transitions betwedfPnS only. Thex are
them. The renormalized electronic Hamiltonian will be dis- 292
cussed elsewhere. However, we note here that it can be A= ——
shown that superconductivity can arise through two coupled 2hmepw
channels, where one is attributed to an electron-phonognd
driven instability of the Fermi liquid, while the other one
arises from a polaronic band which becomes virtual due to 2mla ] Ex
the multiphonon contributions. I= fo E—ktan%dk, (3b)
In order to solve the above system we make two approxi-
mations, the first one, i.es,,=0 has already been mentioned
and corresponds to the ionic limit and commensurateE?, = 778,:{ WP 0 PQ P+ IV My
charges. The second approximationlisl’+I1"+I1" and
wq, = g |1+ g n+ g m, 1€, Umklapp processes are
neglected and the phonon decay is restricted to the indicated  «
processes. This allows us to Fourier transform the equations
of motion inQ®, but still explicitly includes the cubic terms 2
appearing inQ("). This procedure is a clear improvement +(weVQ ,,(1))2]“ 30
compared to mean-field treatments, where pair product op- q q '
erators in the phonon displacement fields are used in order to
evaluate the dynamid'® Most importantly, mean-field ap- Without the neglect of the band energy, Eq. (3c) would
proximations yield ag-independent effective coupling, correspond to a gap equation for thg electrp_nlc'energ|es.
whereas in the present case thdependence of the effective Note_that this gap experiences dramatic modlf_lcatlons from
electron-ion coupling can be explicitly incorporated. Thethe higher-order terms as compared to conventional electron-
Coulomb repulsion in the electronic Hamiltonian can be ablattice couplings. It is especially worth noting that a strang
sorbed in the density-density multiphonon interaction, which
(when it is attractive may strongly screen the long-range

(3a

Ny

1 1
l+ 1)[a)qr( )qu( )SF

2(

TABLE |. Parameters used in the calculations.

repulsion. 2 ) 2 5 2
The equations of motion are obtained by conventionaf"l(THZ) w2(THZ) A2 N4
Fourier transformation, i.eQ,"= —[[Q,",H],H], where, 3.8 19.74 14.41 29

as already outlined above, the approximation of replacing
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FIG. 1. g-dependent effective electron-phonon coupling along
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dependence and consequently large anisotropy will result. Along{10) Along{11)

Also doping will be affected strongly through these renor-
malizations. The consequences of this effect will be dis- FIG. 2. Rea|_space effective e|ectr0n_phonon Coup”ng a|ong
cussed elsewhere. In the zero-temperature limit, to which we11), (10) with A, (from top to bottonx 0.4, 0.0,—0.4, —0.8,
restrict the present discussion, the integral can be solved ana-.2.

Iytically. Instead of performing the integration, we transform

Egs. (3) to the corresponding summation oderas we are 1 . . . . . L
interested in theqg-dependent effects on the effective A3 is repulsive which yields a repulsive coupling in both

electron-phonon coupling, local dipole moments, and posgwectlons(ll) and(10). Evgn thpughthe Iatt'|ce is stable for
sible local structural instabilities. Inserting E() into the @l q values, large fluctuations in the coupling are observed
equations of motion gives a set of nonlinearly coupled equaln both directions which is already an indication of incipient
tions in QE;’- We solve this set numerically: Starting from local structural distortions. If the harmonic coupling is zero
trial frequenciesw to obtainQl , we reinsert these in the (S€cond case from top in Fig) Instabilities are observed,
equations of motion to obtain the new frequencies and iterafB&cause of broad regions in thespace where the coupling is
until covergence is achieved. Typically, the convergence i§lose to zero. Fox§"<0 (third—fifth cases in Fig. Jla sign
very slow, indicating metastability and complex spatialreversal is obtained at finitg, whereas atj=0 the effective
structure. An effectiveg-dependent electron-phonon cou- coupling is still repulsive. This indicates that the lattice un-
pling is obtained by summing the couplings appearing in Eqdergoes a structura(superlatticg distortion on specific
(30). The parameters of the systems are then the harmonlength scales. To clarify this finding in more detail we have
lattice frequencies, the linear coupling constants, and theansformed the effective coupling to real spéemy. 2). The
higher-order couplingsee Table )l We keep all quantities repulsive case shows large fluctuations of the effective cou-
constant except fox$. AP has the character of an effec- pling of the order of four lattice constants along tftel)
tive temperature as, in the attractive case, it may destabilizdirection and ten lattice constants alof@). The A\§M=0
the harmonic mode frequencimg) thus inducing double- limit shows the onset of a stable lattice aloqhl) on the
well structures in the renormalized on-site potential energy.scale of ten lattice constants and fluctuating regimes exist
In Fig. 1 the results for the effectivg-dependent cou- along(10) with a period of four lattice constants. This case
pling are given. The top panel is the case where the couplinglearly indicates the formation of stripes alof0) which
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FIG. 3. g-dependent polarization alond1), (10) with A,

A. BUSSMANN-HOLDER AND A. R. BISHOP

q - Dependent Polarisation

-+ 05

\ /N

e VARVAVAs
—+ 0.5 g,= 0.0
N N
|\/\/_/ T
105 857704

-+ 0.5
0.0 92=_0'8
T T
|05
g,=-12
T T 2 ,\
0.5 0.5
1, \_q<10> +-05 Q<A I
2a 2a’' 2a

(from top to bottony: 0.4, 0.0,—0.4, —0.8, —1.2.

are not present along(11). In the A\, (N<0 limit

Local Polarisation

1N
1.0 g,= 00
A~ N\ I~
VA TN/
1.0 7 /\gz-—0.4
~
| ~J
1.0 \ 6,208
SN a2
2|o \C Mo

unit cells along<10>

unit cells along<11>

FIG. 4. Real-space polarization alofd1), (10) with A\,
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with respect to each other. If the two ions are assumed to

have opposite charges, their relative displacement defines a

[N,%V=—0.4] which is of greatest interest here, stripe for- d-dependent polarlization wave. This is shown in Fig. 3 for
mation is observed along.1) and fluctuating regimes along the same set ok,() values as before. In the repulsive and

(10). This case clearly will give rise to a “tweedliké®
dynamical incommensurate superstructure. Decrea)sgﬁ)g
further (second case from bottom in Fig) 8hows the onset

APY=0 limit, large fluctuations are observed which, on the
average, cancel out. Far,!)=—0.4 polarized regions ap-
pear over a broad range which increase with further de-

of stabilization of the structure along both directions beyond:reasing)x(zl). However, close to the zone boundary, the po-

a scale of 10(along(11)) and 5(along (10)) lattice con-

larization changes sign. This effect becomes more and more

stants. Here stripe formation should occur which will be evi-localized with further decreasing of the harmonic coupling.
denced more clearly by investigating the local displacemenin real spacdFig. 4) this effect is very apparent: on a scale

pattern. For deep local double-well potentigliast case in

of five lattice constants alond.0) and(11) the polarization

Fig. 2) the size of striped areas alofigjl) increases together is reversed and then remains the same along both directions

with the formation of a superstructure alofi0). This case

(bottom of Fig. 4. Increasing\,(*), the (10) direction re-

indicates the onset of fluctuating domains competing withmains polarized, but domains appear in {id) direction.

stripes, which corresponds to a tweedlike pattern.

The A ,(Y=0 case shows strong polarization fluctuations in

The same conclusions can be drawn from investigatingoth directions with incommensurate periodicities. The po-

the g dependences of the displacement fie@f$ and Q{?
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FIG. 5. Real-space displacement of the oxygen ion witft) (from left to righy: —0.4, —0.8, —1.2.
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tuations in high-temperature superconducti®3SC’s) and  of mesoscale real-space patterns: incommensurate structures,
the corresponding observed patterns could be triggered bstripe formation, and domaift‘tweed”) formation follow
doping as the system becomes more harmonic when agvith decreasing.$" . There are corresponding patterns in the
proaching the underdoped regime. ~lattice polarization and the local displacement fields. The
We investigate the origin of the above results by lookingsirong |ocal instability effects which we obtain, are directly
at the local displacement field3{", Q{’. We observe that attributed to highly anharmonic and aperiodic oxygen ion
while the transition-metal ionNl,) displacement is har-  gisplacements. The above results suggest that the stripe for-
monic, i.e., approximately the same in each unit cell, theyation as, e.g., observed in HTSC and colossal magnetore-
oxygen ion displacement reflects the various incommensugisiance perovskite oxidésjepends critically on the depth
rate, stripe, tweed, and domain patterns which are expecteg .41 double-well potentials which are driven by the “po-
from the effective coupling. In Fig. 5 the local dISpIaCementIarizability” effects of electron-density-multiphonon interac-

i (1)
f:;ﬁtrg ;‘;'\g Jslges(‘jhg\é)vgv?;ﬁzec:g:ﬁii giseerzxi)r% de<t<2ii -ll—th?s o tions. The discussed model and its solutions can directly be
vious from Fig. %a) that the structure is incommensurate applied to the Cu@ planes in HTSC's where the suggested

along(11) and modulated on a scale of six lattice constant atterns haye been o_bserv’e&ut S|m!larly It 1s expected.
along(10). In Fig. 5b) stripes are formed alond.1), while _hat the chain oxygen ions together Wlth the apex oxygen ion
the (10) direction is uniform as expected for harmonic lat- n YBaZQu3O7 act strongly anharmonically and show off-
tices. Figure &) shows the increasing stripe size alofig) center displacements which do not correspond to the average

now modulated by stripes alofd0), i.e., tweed formation. ideal crystal structure. Specifically the chains (_:ould—in
Performing the same calculations alof®d) yields a uni- analogy to the solutions for the phases—show stripe forma-

form displacement field, i.e., the present results indicate theﬁonS as well as discommensurations. All the above results

only the high-symmetry directions are modulated. re _Comp'gme”tary. to form_er work on the Same
In conclusion, we have numerically solved a two- Hamiltonian; and as in the earlier work, the electronic de-

dimensional anharmonic electron-ion interaction model forgreeﬁ Of frﬁedobm havetmalntlal ble?trj adéjressed, \;vrfnle Qere
arbitrary reciprocal-lattice vectoq, which explicitly con- emphasis nas been put on the latlice degrees ot ireedom.

tains on-site electron-density multiphonon interactions. WeBOth works 'Fogether thus yield a consistent description of
find that the effective electron-ion interaction is strongly phonon-mediated electron-electron interaction and electron-

dependent due to the higher-order terms and even changgked'ated lattice effects.
sign for specificq values ancj}\(zl)<0. These sign changes  The work at Los Alamos was supported by the U.S.
result in local structural instabilities, evidenced as a varietyD.O.E.
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