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High-temperature thermodynamics of the ferromagnetic Kondo-lattice model
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We present a high-temperature series expansion for the ferromagnetic Kondo-lattice model in the large
coupling limit, which is used to model colossal magnetoresistance~CMR! perovskites. Our results show the
expected crossover to Curie-Weiss behavior at a temperature related to the bandwidth. Estimates for the
magnetic transition temperatures are in the experimentally observed range. The compressibility shows that the
high-temperature charge excitations can be modeled by spinless fermions. The CMR effect itself, however,
warrants the inclusion of dynamic effects and cannot be explained by a static calculation.
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The discovery of colossal magnetoresistance~CMR! in
doped rare-earth manganites has attracted conside
attention.1–3 The double-exchange~DE! model4 has long
been considered appropriate for describing these system
this model spins are associated with localizedt2g electrons,
which are coupled ferromagnetically to itineranteg electrons
through a large Hunds coupling (JH). The kinetic energy of
these itinerant electrons may be lowered by a ferromagn
alignment of thet2g electron spins resulting in an effectiv
ferromagnetic coupling.

Most studies of the DE model in the largeJH limit begin
by mapping it to a spinless fermion model, where the h
ping matrix elements depend on the relative orientation
neighboring spins.5–7 Then various types of mean-field the
ries are used to solve the resulting many-body problem.7–10It
was pointed out by Milliset al.9 that in order to obtain the
experimental value of the transition temperature phon
should play an important role. There also exists strong e
dence that in the insulating phase aboveTc charge transpor
is controlled by the motion of small magnetoelas
polarons.11

Notwithstanding the importance of a coupling of lattic
charge, and spin degrees of freedom, the magnetic prope
of the plain DE model are unusual by themselves, which w
shown in finite-size calculations and variation
treatments.12–14 It was found that in one dimension~1D! the
ground state showed unusual odd-even effects, and tha
excitation spectrum even for ferromagnetic ground state
very unusual.12 Similar effects were found in higher dimen
sions, which could be understood in terms of the degen
cies of the finite-system Fermi surface.12

In view of the surprising results in Refs. 12–14 for th
ground-state and low-energy excitations of the DE mode
is necessary to reconsider its finite-temperature prope
with as little approximations as possible. We have theref
developed a high-temperature series expansion~HTSE! for
the spin-half ferromagnetic Kondo-lattice model in the lar
560163-1829/97/56~9!/5084~4!/$10.00
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JH limit for the internal energy, the magnetic susceptibilit
the compressibility, and the magnetocompressiblity. The
culations have been done for the simple cubic lattice up
orderb10 and, to compare to the simpler mean-field beha
ior, for the Bethe lattice~defined as the interior of a Cayle
tree with varying coordination numberq) up to orderb14 as
a function of the electron density 0<r<1. The ferromag-
netic Kondo-lattice model is defined by the Hamiltonian

H52t (
i , j ,s

~ci ,s
† ci ,s1H.c.!2JH(

i
SW i•sW abci ,a

† ci ,b. ~1!

HereSW i is the local spin coupled via the Hund’s rule co
pling JH to the itinerant electron spinsW abci ,a

† ci ,b . We are
restricting ourselves to local spins of lengths51/2.

We are interested in studying this model in theJH→`
limit, in which case there are only five basis statesus,m& per
lattice site. Two of these correspond to the up and down s
states of the local spin when the itinerant electron is absen~a
spin-12 object!, and the other three correspond to the ca
where the itinerant electron is present and forms a spi
object together with the local spin. These states areu1

2,
1
2&,

u 1
2,2

1
2&, u1,1&, u1,0&, and u1,21& and can be labeled uniquel

by their m-quantum number alone. In order to consider
doped system, we add a termm( i ,sni ,s to Eq.~1! and adjust
the chemical potentialm such that these five states are d
generate~analogous to the HTSE of thet-J model15!, leaving
the hopping matrix elementt as the only energy scale i
the problem. We sett51. The action of the effective
Hamiltonian in the JH→` limit can be written as

Heffu1,m& i u
1
2 ,m8& j 5 2 ( f i j t/2)@Am,m8u

1
2 ,m1 1

2 & i u1,m82 1
2 & j

1Bm,m8u
1
2 ,m2 1

2 & i u1,m81 1
2 & j ], where f i j represents the fer

mion sign arising from interchanging fermions o

sites i and j and Am,m85A( 3
2 2m8)(12m), Bm,m8

5A( 3
2 1m8)(11m).13
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56 5085BRIEF REPORTS
HTSE’s can be developed for the quantities of interest
a cluster expansion method.16 In the thermodynamic limit,
extensive quantitiesX are written as a sum over all topolog
cally distinct graphsg, X5Ns(gL(g)3W(g), whereL(g)
is called the lattice constant of the graph.W(g) is called the
weight of the graph and is given by the relationW(g)5Xg
2(g8,gW(g8). Here,Xg is the appropriate quantity calcu
lated for the finite graph and the sum runs over all subgra
of the graphg. For a graph withL bonds, the weightW(g) is
at least orderbL. There is an additional symmetry in ou
problem, such that for graphs without closed loops
weight of a graph withL bonds is orderb2L. Thus by in-
cluding all graphs with up toL bonds one can calculate th
desired quantities for the simple cubic lattice to orderbL and
for the Bethe lattice~which has no closed loops! to order
b2L. The calculation of the weights is the time consumi
step in the calculation. The calculations were performed
IBM590 workstations and took about 80 CPU days in tot

After transforming back to the density as the releva
variable we obtain various thermodynamic quantities as
ries inr ~theeg density!, and inb. For example, the reduce
susceptibility can be written as

4x/b511
5

3
r1r~12r!(

m
S (

l 50

m

al ,mr l Db2m. ~2!

The coefficients for this series and for the other quantities
interest are available on request.

To locate the expected paramagnetic to ferromagn
transition temperatureTc let us first consider the susceptibi
ity series. Although the series forx/b contains only even
powers ofb, we observe the expected recovery of Cur
Weiss behavior below a typical temperature related to
bandwidth.6 This is manifest in the linearity ofb/x vs b
shown in Fig. 1 for both the simple cubic~sc! and the Bethe
lattice withq56 for r51/2 ~similar behavior also exists fo

FIG. 1. Plot ofb/4x vs b for r50.5 on the Bethe lattice with
q56 and on the sc lattice, and the respective PA’s. The inset sh
the second derivative of the respective PA’s ofb/4x with respect to
b, i.e., a5]b

2(b/4x).
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all 0,r,1). Unfortunately related to this crossover fro
quadratic to linear behavior an unphysical singularity a
pears on the imaginary axis. For the series shown in Fig
this singularity is atbs

q56'60.94i , bs
sc'60.85i obtained

from a ratio analysis of the respective series. This singula
dominates the analytic behavior of the series and rend
conventional methods for extractingTc , such asdlog Pade´s
or Neville tables, unsuccessful. Pade´ approximants~PA’s!
actually allow for an extrapolation of the series beyond
normal radius of convergence~see Fig. 1!.

For theq-coordinated Bethe lattices we can use the
pected mean-field critical behavior — the susceptbility of t
ferromagnetic Heisenberg model for allT.Tc is x
5const/(T2Tc) — to obtainTc from a fit of the PA’s of
x21 to a linear behavior inT ~see Fig. 1!. There is, of course,
some ambiguity in identifying the region in temperatu
where linear behavior holds. We use the lowest poss
range inT, where the two highest order PA’s agree to obta
an estimate forTc as a function ofr and coordination num-
ber q. For r51/2, this fit gives, e.g.,Tc

q5650.19660.02,
Tc

q53250.48560.023,Tc
q525651.3560.04 ~the errorbars are

subjective estimates!, which indeed follows the expecte
scaling withq, i.e., Tc

q}q1/2, reasonably well, and in retro
spect validates the PA’s and our analysis. Since for the Be
lattices we have enough terms, we can actually also use
tegral PA’s.17 This yields, e.g.,Tc

q5650.21 for r51/2,
which agrees within the errorbars with the linear fit. It
worth pointing out that even the highest estimate forTc from
the integral PA’s,Tc50.22t, is very low compared to value
obtained by Millis et al.9 If one takes values of the band
width between 1 –2.5 eV one obtains estimates forTc be-
tween 180 and 460 K, which are well within the experime
tally observed range.

The analysis of the series on the simple cubic lattice
more difficult, since one expects a nontrivial susceptibil

FIG. 2. Plot of estimates ofTc(r) for the sc lattice obtained
from various fit intervals as described in the text. The spikes a
from instabilities in the PA’s, and have no physical significan
The thin lines are scaled plots ofr(12r) ~dash–dot! and
@r(12r)#1/2 ~solid!.
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5086 56BRIEF REPORTS
exponentg.1, and also because the series is too shor
allow for a sensible analysis using integral PA’s. Howev
just by comparing the susceptibilities for theq56 Bethe
lattice and the sc~see Fig. 1! one notices that an eventu
intercept with the axis would happen at a largerb value for
the sc lattice, resulting in an even lowerTc .

If one assumes that the critical region is small then o
can analyze the series for the sc lattice in a similar way
before. However, the resulting estimates forTc are only
rough estimates and provide lower bounds~due to g.1).
The values at which the PA’s still agree can certainly
taken as upper bounds. Estimates forTc(r) are shown in Fig.
2. The values are consistently about 25% lower than thq
56 Bethe lattice estimates.

The small curvature in the inset of Fig. 1 may be indic
tive of nontrivial corrections. It is not unnatural to assum
that at least at half filling the system consists of ferrom
netically coupled spin-12’s and spin-1’s, and if one assume
some kind of charge ordering~e.g., in anAB structure! this
would give rise to behavior reminiscent of a ferromagne
‘‘ ferrimagnet.’’ For such a system

4x5F S 11
5

3
r DT12A8

3
r~12r!TcG Y ~T22Tc

2!

~3!

within mean-field theory.18 The density dependence of E
~3! is obtained in a mean-field picture. We imagine that la
spins of size 2S15(12r) ~the empty sites! and size 2S2
58r/3 ~the occupied sites! are coupled via a ferromagnet
J12. Possible other couplings, such asJ11 andJ22 are zero in
our case of the DE limit, i.e., there are no induced spin-s
interactions between two empty or between two occup
sites. Forr51/2 the slope ofx actually agrees with Eq.~3!
~for the Bethe lattices!. However, the actual difference from

FIG. 3. The inverse compressibility (r2k)21 as a function of
temperatureT. Shown are the@4,6#-PA’s to the 10th order series o
the sc lattice. The thin lines through each pair depict the value
(r2k)21 from the HTSE for free spinless fermions on a sc lattice
the corresponding densitiesr.
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the value for a Heisenberg model are small, and for ot
values ofr the agreement of our series with Eq.~3! becomes
worse, although still showing the trend contained in Eq.~3!.
Ferrimagnetic mean-field theory also predicts the concen
tion dependence ofTc5J12A6r(12r)/9 as opposed to the
expectedTc(r)}r(12r), see, e.g., Refs. 9,19. Apart from
the unphysical spike aroundr50.3 the agreement of estima
tion from our HTSE with the prediction from ferrimagnet
mean-field theory is remarkable.

This still leaves open the question of emerging struct
in the charge degrees of freedom. One way of looking at
within our framework is to consider the compressibility d
fined ask5(]r/]m)/r2 and shown in Fig. 3. Again we find
a quasilinear behavior below a certain temperature. By co
paring with a HTSE for spinlesss fermions on the sc latt
we see that differences in the compressibility between
DE model and noninteracting spinless fermions are sm
and only become relevant at low temperatures. This me
that the DE model at high temperatures behaves pretty m
as a system of noninteracting spinless fermions at least
respect to charge excitations. We do not see any evidenc
unusual behavior ink that would be indicative of some kind
of charge ordering. However, this is not conclusive since o
would expect unusual behavior to occur at a specific w
vector related to the filling, and hence it is not surprising
see nothing in ourq50 compressibility.

To connect more closely to the CMR effect it would b
necessary to calculate the magnetoresistance~MR!
rc(h)/rc(h50)21, whererc is the resistivity andh the
applied magnetic field. The MR arises from two sourc
One is a change in the scattering time due to the magn
field, which modifies the dynamical properties, the other
the dependence of the bandwidth on the magnetic fi
which is a static effect. The latter is large in the DE model
the effective bandwidth is strongly dependent on the ali
ment of the local spins. In a Fermi gas, the compressibility
proportional to the effective mass. Thus, we can capture
bandwidth effect in the magnetocompressibility~MC!

of
t

FIG. 4. The MC as defined in the text as a function ofb. Shown
are two PA’s~upper:@4,6# lower: @6,4#! for the respective densitie
r.



s
te

a
in

io
o

is
th

th

er
l-
d
f
r
a

gu
g

nd-
r-

r the
en-

the

arge
etic
dy

to-
the
ur-

of
for
are
ion

nd
is

56 5087BRIEF REPORTS
k(h)/k(h50)21. In Fig. 4, we show the MC for variou
densities as a function of inverse temperature. As expec
and desired, it is always negative. For intermediater we
observe saturation of the MC aroundb51 corresponding to
the appearance of linear behavior ofx21. This does not
agree with the behavior observed in the MR of the real m
terials. Also the concentration dependence of the MC is
consistent with that of the MR; the higher the concentrat
of eg electrons the larger is the MC. This can be understo
by noting that for largerr there is effectivelymorespin to be
polarized by the magnetic field. One way to resolve this d
crepancy would be to assume that the dynamic effects in
MR are more important than the static ones captured wi
the MC.

In this paper we have provided exact results for the f
romagnetic Kondo lattice model in terms of a HTSE. A
though we have used a smaller spin value than is realize
the CMR materials, thet2g spin length is set to 1/2 instead o
3/2, this should not affectTc much as, to leading order fo
JH→`, the spin length drops out of the problem. The an
lytic structure of the resulting series is governed by a sin
larity on the imaginary axis, which we indentify as bein
responsible for the crossover from the high-T range to the
K.
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physically interesting temperature range below the ba
width. This behavior is probably also typical of other itine
ant systems, although the DE model in theJH→` limit is
unusual, because the local moment( i^(Si

z)2& is a constant,
and does not depend on temperature. Our estimates fo
magnetic transition temperature are close to the experim
tally observed ones. Mean-field theory, as mimicked by
Bethe lattice series, overestimatesTc by about 25%. There
are also some unusual features associated with the ch
degrees of freedom as indicated by the slightly ferrimagn
behavior, but our calculations are not sufficient to stu
long-range charge order. Nevertheless, the tendencies
wards charge ordering should imply a large sensitivity of
CMR materials towards Jahn-Teller ordering effects. In f
ther work we will investigate the wave-vector dependence
the compressibility to address this question. Our results
the magnetocompressibility indicate that dynamic effects
responsible for the CMR effect, and that a static descript
may be inadequate.
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