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Photon assisted transport in superlattices beyond the nearest-neighbor approximation
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Transport properties in superlattices are studied at and beyond the nearest-neighbor approximation. Frac-
tional resonant structures are found in the photon assisted transport characteristics when the second- and
third-neighbor couplings are included. We have designed superlattice parameters for which such couplings are
important.[S0163-182807)07131-3

. INTRODUCTION irradiated by a terahertz las&y®®
Previous theories of transport properties of Bloch elec-
Bloch electrons driven by a dc electric field show a vari-trons in dc-ac fields were based on a model of a single band
ety of very interesting phenomena, including Blochwith sinusoidal energy dispersion, or equivalently a tight-
oscillations!  Wannier-Stark ladders,and Landau-Zener binding model with nearest-neighbor couplings only. While
tunneling® These have been observed in high-qualitythis may be reasonable for commonly used superlattice pa-
superlattice$;® optical ring resonators,and more recently rameters, it does not represent all the generic properties of a
on ultracold atoms in accelerating optical potentlaWith Bloch band with nonsinusoidal energy dispersions. In this
the addition of a strong ac field, a number of interestingpaper, we go beyond the sinusoidal or nearest-neighbor ap-
effects have been predicted, including dynamicalproximation to calculate the-V characteristics, the differen-
localization® band collapsé&, and fractional Wannier-Stark tial conductivity, and the characteristics of harmonic genera-
ladders'® The object of the present work is to investigate tion. Beside the integer photon resonances described above,
possible manifestations of the fractional ladders in the transadditional resonances are found at places where the Bloch

port properties of Bloch electrons in dc and ac fields. oscillation frequency matches with fractional multiples of the
In the presence of a pure dc fidig, the dc current from  photon frequency.
a Bloch band was calculated by Esaki and ¥sand found To give a practical example of our system, we will design

to follow nonlinearl -V characteristics, which are Ohmic for an explicit superlattice structure in which the second- and
small fields and with a negative slopreegative differential third-nearest-neighbor couplings are important. In addition to
conductivity) at large fields. In between these two regimes,a general analysis through analytical formu(&ec. I), we

the current is peaked at a particular value of the field wher@lso show some numerical results to give more concrete
the period of Bloch oscillation&/(e E,d) equals the scatter- guide to possible future experimertSec. ll). Finally, we

ing relaxation timer, wheree is the electron chargej the  will give some concluding remarks in Sec. IV.

lattice constant, andl the Planck constant. Some experimen-

tal indications of such negative differential conductivity were Il. GENERAL FORMULATION
reported in Ref. 12. . o _
In the presence of an additional ac fieltl,coswt, a series We will calculate the transport properties in a regime

of resonant structures are found theoretically in thy ~ Where the particles remain within a single band, but we will
characteristics® each of which has a shape similar to the take a general energy dispersion of the band under consider-
original Esaki-Tsu characteristics, but are shifted from theation,
origin by an integerd multiple of the ac frequency times

ed/f. This corresponds to the physical picture of electron
transport through the Wannier-Stark ladders accompanied by e k):nzo Rncognkd), 2.3
multiple-photon absorption or emission. The strength of the

[th resonant structure is proportional to the square of thevhered is the superlattice period and, are the Fourier
Bessel function),(e E;d/ ), which vanishes whepE;d/w coefficients of the energy dispersion. In Sec. Ill, we will
is a zero. The conditions of dynamical localization and bandievise a realistic example where the terms beyonad,, i.e.,
collapse correspond to the situationef;d/w being a zero  beyond nearest-neighbor hopping, are important.

of Jo. When this happens, the original Esaki-Tsu structure In the absence of dissipation, the dynamics of the Bloch
near zero dc field disappears, and the absolute conductiviglectrons is much like the periodically driven Josepheson
becomes negative there. These predictions have recentynctionl® Finite dc current can be generated if the Bloch
been observed in transport measurements in a superlatticscillation frequency matches with an integer or fractional

)
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multiple of the ac frequency, where the fractional multiplesfunctions of the dc field. These agree with the experimental
occur only when the energy dispersion is nonsinusoidalresults well in overall shape, but do not reproduce some of
When the device is put in a circuit in series with an ordinarythe fine structures. In the following, we will work in the
resistor and a battery, the actuaV characteristics of the regime ofw7>1, where fine structures of resonances appear.
device should consist of steps at voltages precisely equal to
integer or fractional multiples df w/e. However, dissipation DC transport
within the superlattice changes the picture quite substan-
tially.

Our calculation is based on the Boltzmann equation in th
relaxation-time approximation:

In the absence of the ac field, the long-time current has
é)nly the dc component, given by

A ” R NwgT
o = 27

9 J -1 Ry (anT)z_l'l.
— f(k,t)—eE(t) = f(k,t)=—[f(k,t)—fo(k)]/ .
at K The n=1 term is the well-known Esaki-Tsul-V
(2.2 characteristic® j=]jowgr/[(wg7)2+1], which arises lin-
Here f(k,t) is the distribution function,eE(t) a time- early with the electric fieldE,, peaked aE,=1/edr, and
dependent electric force,the transport relaxation time, and dies off at large field strength, yielding a negative differential
fo(k) the Fermi-Dirac distribution function. From now on, conductivity. ~ This  phenomenon  was  observed
we take the convention df=1. The solution of this equa- €xperimentally;” which was regarded by some as an indica-
tion can be expressed as tion of the existence of Wannier-Stark laddérds general,
the nth term contribution to the current is peaked B
U e =1/nedr, which can give rise to a shift of the Esaki-Tsu
k+eft,dt E(t )>' peak away from the result of the nearest-neighbor hopping
(2.3 approximation. Assuming that the main effect of the shift
) _comes from then=2 term, then the shift is towards a larger
where we have neglected the transient terms. The timeyaye of the field ifR,/R; is negative, and toward a smaller
dependent current can be calculated from the form@®  ajye ifR,/R; is positive. In the example given in Sec. I,
Taking the dc-ac electric fielH(t) = Ey+ E,cos(t), and as-
suming a low-temperature and low-density limit where the

electrons are concentrated near momenkus0, we obtain ) ) ) o )
the electric current as We first consider the simpler situation of nearest-neighbor

approximation, where the dc current in the presence of the ac
field is given from Eq.(2.5 by

t o dt’ ,
f(k’t):f T e (-t )/Tfo

—o0

Photon assisted transport

R, fw ds
i()=j n— — e 97sim
j(t) lonzl R, Jo 7

+ oo

i=io 2 Ji(edE /o)

oT(wgl/w—1)

(07)(wglo—1)?+1" 28

edfg

X wBs+T(sinwt—sinw(t—s)) , (2.9

Under the conditiono7>1, peaks can appear at field values
where j,=eR;, and wg=edE, is the frequency of Bloch shifted from the Esaki-Tsu peak by an integer multiples of

oscillations. After expanding the integrand in terms of Bessef®/€d, Some evidence of which was seen in a recent experi-
functions, the integral can be evaluated to yield ment with the inverse Bloch oscillator effelct.The above

result also shows that a peak corresponding to an integer
” R can be eliminated if the ac field strength makes the Bessel
j(t)szE n— E Ji(nedg /w) function J,;(edE,; / w) nearly zero. In particular, the original
=1 R | Esaki-Tsu peak can be removedJ§(edE; /w) is nearly
ei((nedEllcu)sinwtflwt) Zero.
XIm - - . (2.5 We now look at the general situation beyond the nearest-
1-inwgr—iloT neighbor approximation, and obtain the dc current from Eq.
(2.5 as

In the quasistatic situationy 7<<1, the above formula for
the long-time current reduces to the following form:

o - R
J:<J(t)>:JonZlnR—l

< Ry nagthr
J(t)—lonzl n R, (Noa(O 2+ 1’ (2.6) .

oT(Nwg/w—1)

X J?(nedE/
where wg(t) =ed(Ey+ E;coswt). This formula can also be |:Z—oo i 1/ w)

(wr)?(Nwglw—1)?+1"
easily derived from Eq(2.4) by expanding sim(t—s) about 2.9
s=0. This formula states that the current is an instantaneous ‘
function of the total field, and the functional dependence isAdditional peaks can appear at field values shifted from the
the same as that for the static situation, Ej7) below. In  Esaki-Tsu peak by fractional multiples effed. Such peaks
Ref. 17, the quasistatic formula was used to extract the aare reflections of fractional Wannier-Stark ladders in the dc
components of the various harmonics, and plotted them asurrent.
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Besides the dc current, one can also directly measure dif- Ry
ferential conductivity using the lock-in amplification tech- im=Jod 5~ J-p(edE/0)
nique, for which our formula becomes !
X[Jprm(€dE/w)—J,_n(edE/w)]. (2.13

. . o0 + o0

i o N2 Rn S P(nedg /o) This is an oscillatory function okdE,/w, and vanishes

dog o Ai=1 Ry 157w when the latter is a zero df,, which is a manifestation of
band collapse in the fractional Wannier-Stark ladders.

(2.10 Therefore, when measured as a function of the dc field,
the power of themth harmonic (vcj,zn) shows a serious of

_ _ peaks at integer values afg/w in the nearest-neighbor ap-

The term for a givenn and | is peaked atEqo=(l/n)  proximation, and with additional peaks at fractional values of

X(w/ed), with a width 1hedr which is increasingly nar- /. beyond the nearest-neighbor approximation. These

rower for largern, and with a peak height given by peaks are broadened to a width&fg=1/7 when the scat-

jon*(R,/Ry) 7Jf(nedE /w) which may become negative tering effect is taken into account. In the limit ofr<1, the

for negativeR,/R; and oscillate withedE; /w. Also, be-  peaks overlap and disappear into an overall envelope given
cause of the additional factor afin the coefficient, the rich  py the quasistatic approximatid@.6).

structures of thel-V characteristics can be more easily
brought out in the differential conductivity.

(Uwr)2— (nwglw+1)>?
(w7‘)[(1/w7)2+(an/w+|)2]2'

Ill. NUMERICAL RESULTS

We consider a superlattice with GaAs wells of width
) ) . separated by Alsa, _,As barriers of thicknesb. The con-
We consider first the regime @§7>1, where only terms  guction electrons can be well described by the Kronig-

satisfyingnwg+lw=0 in (2.5 are important. Thenth har-  penney mode!? which leads to the eigenvalue equation for

Harmonic generation

monic of the long-time current is given by the energy dispersioa(k) as
R 2_ K2
jm=j0;’ n R—: Ity 1oL Inwg fo m™ Inwg fo—ml: soK~ SINMQb)sin(Ka) +costQb)cogKa)
213 —cogk(a+b)]. (3.0)

where the arguments of the Bessel functions are a||-|ereQ= 2m(U—e) andK = \2me, wherem is the effec-
nedE /o, and the symbok, indicates a summation oVer e mass of the electron, and is the barrier height.

thosen satisfyingnwg/w equal to an integer. In the absence  The parrier height/ can be designed through the adjust-

of a dc field (wg=0), the amplitude vanishes for evem  nant of the concentration For example, taking=0.3, we
which is a result of time-reversal symmetry. The vanishing,,ve U=0.3 eV. We take in our modeh=40 A and b

of even harmonics in the absence of a dc field is also ob- 15 A \which leads to a superlattice peride 50 A. Using
tained in the quasistatic limit for a different reasdnn gen- these n’umbers and the effective mass 0.067m, (m, is the
. e e

eral, such a result does not hold for finite according to our  f.0a_alectron massfrom Eq.(3.1) for the first band we ob-
formula (2.5), as is also evident from the experimental re- ., R,/R;=—0.202 andR4/R;=0.069. The higher coeffi-

sults of Ref. 17. . L .cients are very small, and will be ignored in the following
In the nearest-neighbor approximation, the above amplic.cj1ations.
tude reduces to From the formulas derived in Sec. Il we calculated the dc
o currentj/j, and the differential currentd(j/dwg)/(jo/ ) as
Im=Jod-ugre(€dE/0)[ I, j0rm(€dE /o) functions of the dc biasg /o for different ac field strengths
edE /w. We took the scattering time to be=0.78T, or
_‘]ws/w—m(edEll“’)]' (212 equivalently w7=4.9, where T is the laser periodT
) ) =27/w. In the following, we display the results for three
where wg must be an integer multiple ab. For nonzero  pnysical situations, and compare the results with and without
integers of wg/w, the amplitude still vanishes when {he nearest neighbor approximation.
edEllw is a zero Of‘]wB/wl which is a result of band col- Figure 1 shows the dc Curre(‘ﬂpper pane|and the dif-
lapse. In general, in order to obtain a sizable amplitude of théerential conductivity(lower panel for the case ofg;=0,
mth harmonic, the ac field should have a strength withi.e., with the dc field only. The two curves for the dc currents
edE; /w comparable to or larger than the orders of thehave essentially the same shape, but the Esaki-Tsu peak for
Bessel functions in the above equation. Such a condition cathe lower curve is shifted slightly to the right due to the
be made easier to satisfy if the dc field is chosen such thatonzeroR,. There is a similar rightwards shift of the struc-

wg/w is the integer part ofn/2. tures for differential conductivity when couplings beyond the
Beyond the nearest-neighbor approximation, the amplinearest neighbor are taken into account.
tude is nonzero even for fractional valueswf/w. For ex- Figure 2 shows an example fedE, /w=0.9, where the

ample, if the fraction isp/q wherep and q are mutually upper panel is still for the dc current, while the lower panel is
prime numbers, the leading tertim n) of the mth harmonic  for the differential conductivity. Besides the Esaki-Tsu peak
amplitude is given by of the dc current, a second peak appears near the position of
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FIG. 1. The dc currentupper pangland the differential con- FIG. 2. The dc currenfupper paneland the differential con-
ductivity (lower panel of a superlattice under the action of pure dc ductivity (lower pane) of the superlattice under the influence of the
fields. In both panels, the upper curve is for the case of the nearesac field whenedE, /w=0.9. The upper and lower curves in both
neighbor approximation, while the lower curve is for the case ofpanels correspond to the cases of the nearest-neighbor approxima-
long-range hoppingéup to third neighbor We takewr=4.9. To  tion and beyond, respectively. We still taker=4.9. The upper
avoid a crossing of the two curves, we shifted the upper curvesurves in the figure were shifted upward by 0.1 in the upper panel
upward by 0.1 in the upper panel, and 0.6 in the lower panel. and 0.9 in the lower panel.

wg/w=1 due to one-photon resonance, which was observed Because of the larger ac field, multiple-photon resonances
in a recent experimerit. Additional features emerge when are much more pronounced than before. Also, the fractional
we go beyond the nearest-neighbor approximatilmwer  resonances which occur beyond the nearest-neighbor ap-
curve. A small peak develops slightly to the right of the proximation have much stronger echoes beyond the one-
Esaki-Tsu peak, and another small peak develops near th@hoton resonance. Here we remark thahoton resonances
valley between the Esaki-Tsu peak and the one-photon reseéan be quenched #dE, /w is a zero of];.
nance. In Figs. 4-6, we show the behavior of the powers of
A much clearer picture of the structures can be seen in thBarmonic generation as functions afz/w. In our plots,
differential conductivity. The one-photon resonance now lieghese powers are represented by the square of the ac current
exactly atwg/w= 1. The fractional resonances in the lower amplitudes,|j,/%/j3, at the frequency of the ac fielth

curve (beyond the nearest-neighbor approximaticare
shown as peaks abg/w=73 and 3, and a deep valley at
wg/w=3. The reason for the structure @i /w=3 being a
valley instead of a peak is th&®, and R; have opposite

=1, Fig. 4 and its higher harmonicén=2 and 3, Figs. 5
and 6. In each figure, the strength of the ac field is set,
respectively, atedg /w=1 for the first column and at
edE; /w=13.83 for the second column. The upper panels are

signs. Degraded echoes of these structures also appear ler the case of nearest-neighbor approximation, where we

yond the one photon resonance.
Figure 3 shows the case edE,/w=2.405. A remark-

see peaks centered only at integer values of the horizontal
axis, in agreement with the analytical formula.12. The

able result of this case is that the Esaki-Tsu peak in the dpower of the second harmonic vanishes at zegdw, as is
current(upper panglcompletely disappears, and correspond-also expected from this formula. The finite width of the
ingly the differential conductivity(lower panel becomes peaks are due to the finite relaxation timer=4.9). In the
negative even at zero dc bias. This is a result of dynamitower panels, we switch on the second- and third-neighbor
localizatiolf becauseedE;/w=2.405 is the first root of couplings while keeping all the other parameters fixed. A
Jo, and this effect has now been observed in ancomparison with the upper panels reveals some fractional
experiment* structures.
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FIG. 5. Powers of the second-harmonic generatips?/j3, as
1.5 functions ofwg/w. The upper panels are for the nearest-neighbor
3 approximation, while the lower panels are for the case with second-
= o} and third-neighbor couplings. In the left columadE, /w=1. In
}; the right columnedE,; /w=3.83. In both casesyr=4.9.
3 o5l
% ” ton assisted transport, and harmonic generation. Fractional
T resonant structures are found in the case beyond the nearest-
neighbor approximation, which are related to the fractional
osb Wannier-Stark ladders proposed in our earlier publicatins.
We have designed an explicit example of
- + + + + - < GaAs-ALGa,_,As superlattice in which the second- and

third-neighbor couplings are important. A character of our
model is that the barriers are narrower than those in com-
FIG. 3. The dc currentupper pangland the differential con- monly used superlattices. This makes the wave functions in
ductivity (lower panel of the superlattice under the influence of the the GaAs wells overlap strongly, and therefore results in
ac field whenedE, /0=2.405, a zero of the Bessel functidg.  wide minibands for the electronic spectrum. Consider a
The upper and lower curves in both panels correspond to the caseaimple consisting of 80 periods of 40-A-wide GaAs wells
of the nearest-neighbor approximation and beyond, respectivelygnd 10-A-thick Al sGa, -As barriers, we have a width for the
We still takewr=4.9. The upper curves in the figure were shifted |q\west miniband about 170 meV. The second miniband is
upward by 0.1 in the upper panel, and 0.6 in the lower panel.  senarated from the first one by a gap about 110 meV. These
two numbers are obviously comparable, but the fact does not
contradict the single-band approximation used in our analy-
sis as long as the bias is low enougti400 mV) 1°
IV. DISCUSSIONS Under such low bias action, the Bloch frequengy is in

In summary, we studied the electronic transport propertie® THz range. Hence, to observe the fractional resonant
in supperlattices at and beyond the nearest-neighbor approxgiructures, the laser frequency should be in the THz range.

mation. We compared results for the pure dc transport, phol NiS is also the frequency range used in recent experiments
on photon assisted transpétt.Therefore, our theoretical
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FIG. 4. Powers of the first-harmonic generatidjy|?/j3, as FIG. 6. Powers of the third-harmonic generatiopy|?/j3, as

functions of wg/w. The upper panels are for the nearest-neighborfunctions ofwg/w. The upper panels are for the nearest-neighbor
approximation, while the lower panels are for the case with secondapproximation, while the lower panels are for the case with second-
and third-neighbor couplings. In the left columadE, /w=1. In and third-neighbor couplings. In the left columadE, /w=1. In

the right columnedE,; /v=3.83. In both casesyr=4.9. the right columnedE, /w=3.83. In both casesy7=4.9.
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