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Photon assisted transport in superlattices beyond the nearest-neighbor approximation
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Transport properties in superlattices are studied at and beyond the nearest-neighbor approximation. Frac-
tional resonant structures are found in the photon assisted transport characteristics when the second- and
third-neighbor couplings are included. We have designed superlattice parameters for which such couplings are
important.@S0163-1829~97!07131-2#
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I. INTRODUCTION

Bloch electrons driven by a dc electric field show a va
ety of very interesting phenomena, including Blo
oscillations,1 Wannier-Stark ladders,2 and Landau-Zene
tunneling.3 These have been observed in high-qua
superlattices,4,5 optical ring resonators,6 and more recently
on ultracold atoms in accelerating optical potentials.7 With
the addition of a strong ac field, a number of interest
effects have been predicted, including dynami
localization,8 band collapse,9 and fractional Wannier-Stark
ladders.10 The object of the present work is to investiga
possible manifestations of the fractional ladders in the tra
port properties of Bloch electrons in dc and ac fields.

In the presence of a pure dc fieldE0 , the dc current from
a Bloch band was calculated by Esaki and Tsu,11 and found
to follow nonlinearI -V characteristics, which are Ohmic fo
small fields and with a negative slope~negative differential
conductivity! at large fields. In between these two regim
the current is peaked at a particular value of the field wh
the period of Bloch oscillations\/(eE0d) equals the scatter
ing relaxation timet, wheree is the electron charge,d the
lattice constant, and\ the Planck constant. Some experime
tal indications of such negative differential conductivity we
reported in Ref. 12.

In the presence of an additional ac field,E1cosvt, a series
of resonant structures are found theoretically in theI -V
characteristics,13 each of which has a shape similar to t
original Esaki-Tsu characteristics, but are shifted from
origin by an integerl multiple of the ac frequency time
ed/\. This corresponds to the physical picture of electr
transport through the Wannier-Stark ladders accompanie
multiple-photon absorption or emission. The strength of
l th resonant structure is proportional to the square of
Bessel functionJl(eE1d/v), which vanishes wheneE1d/v
is a zero. The conditions of dynamical localization and ba
collapse correspond to the situation ofeE1d/v being a zero
of J0 . When this happens, the original Esaki-Tsu struct
near zero dc field disappears, and the absolute conduct
becomes negative there. These predictions have rece
been observed in transport measurements in a superla
560163-1829/97/56~7!/3976~6!/$10.00
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irradiated by a terahertz laser.14,15

Previous theories of transport properties of Bloch el
trons in dc-ac fields were based on a model of a single b
with sinusoidal energy dispersion, or equivalently a tig
binding model with nearest-neighbor couplings only. Wh
this may be reasonable for commonly used superlattice
rameters, it does not represent all the generic properties
Bloch band with nonsinusoidal energy dispersions. In t
paper, we go beyond the sinusoidal or nearest-neighbor
proximation to calculate theI -V characteristics, the differen
tial conductivity, and the characteristics of harmonic gene
tion. Beside the integer photon resonances described ab
additional resonances are found at places where the B
oscillation frequency matches with fractional multiples of t
photon frequency.

To give a practical example of our system, we will desi
an explicit superlattice structure in which the second- a
third-nearest-neighbor couplings are important. In addition
a general analysis through analytical formulas~Sec. II!, we
also show some numerical results to give more conc
guide to possible future experiments~Sec. III!. Finally, we
will give some concluding remarks in Sec. IV.

II. GENERAL FORMULATION

We will calculate the transport properties in a regim
where the particles remain within a single band, but we w
take a general energy dispersion of the band under cons
ation,

e~k!5 (
n50

`

Rncos~nkd!, ~2.1!

where d is the superlattice period andRn are the Fourier
coefficients of the energy dispersion. In Sec. III, we w
devise a realistic example where the terms beyondn51, i.e.,
beyond nearest-neighbor hopping, are important.

In the absence of dissipation, the dynamics of the Blo
electrons is much like the periodically driven Josephes
junction.16 Finite dc current can be generated if the Blo
oscillation frequency matches with an integer or fraction
3976 © 1997 The American Physical Society
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56 3977PHOTON ASSISTED TRANSPORT IN SUPERLATTICES . . .
multiple of the ac frequency, where the fractional multipl
occur only when the energy dispersion is nonsinusoid
When the device is put in a circuit in series with an ordina
resistor and a battery, the actualI -V characteristics of the
device should consist of steps at voltages precisely equ
integer or fractional multiples of\v/e. However, dissipation
within the superlattice changes the picture quite subs
tially.

Our calculation is based on the Boltzmann equation in
relaxation-time approximation:

]

]t
f ~k,t !2eE~ t !

]

]k
f ~k,t !52@ f ~k,t !2 f 0~k!#/t.

~2.2!

Here f (k,t) is the distribution function,eE(t) a time-
dependent electric force,t the transport relaxation time, an
f 0(k) the Fermi-Dirac distribution function. From now on
we take the convention of\51. The solution of this equa
tion can be expressed as

f ~k,t !5E
2`

t dt8

t
e2~ t2t8!/t f 0S k1eE

t8

t

dt9E~ t9! D ,

~2.3!

where we have neglected the transient terms. The ti
dependent current can be calculated from the formulaj (t)
52e*v(k) f (k,t)dk, where v(k)5]e/]k is the velocity.
Taking the dc-ac electric fieldE(t)5E01E1cos(vt), and as-
suming a low-temperature and low-density limit where t
electrons are concentrated near momentumk50, we obtain
the electric current as

j ~ t !5 j 0(
n51

`

n
Rn

R1
E

0

` ds

t
e2s/tsinn

3S vBs1
edE1

v
~sinvt2sinv~ t2s!! D , ~2.4!

where j 05eR1 , and vB5edE0 is the frequency of Bloch
oscillations. After expanding the integrand in terms of Bes
functions, the integral can be evaluated to yield

j ~ t !5 j 0(
n51

`

n
Rn

R1
(

l
Jl~nedE1 /v!

3ImH ei „~nedE1 /v!sinvt2 lvt…

12 invBt2 i l vt J . ~2.5!

In the quasistatic situation,vt!1, the above formula for
the long-time current reduces to the following form:

j ~ t !5 j 0(
n51

`

n
Rn

R1

nv̂B~ t !t

~nṽB~ t !t!211
, ~2.6!

where ṽB(t)5ed(E01E1cosvt). This formula can also be
easily derived from Eq.~2.4! by expanding sinv(t2s) about
s50. This formula states that the current is an instantane
function of the total field, and the functional dependence
the same as that for the static situation, Eq.~2.7! below. In
Ref. 17, the quasistatic formula was used to extract the
components of the various harmonics, and plotted them
l.

to
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functions of the dc field. These agree with the experimen
results well in overall shape, but do not reproduce some
the fine structures. In the following, we will work in th
regime ofvt.1, where fine structures of resonances appe

DC transport

In the absence of the ac field, the long-time current h
only the dc component, given by

j 0(
n51

`

n
Rn

R1

nvBt

~nvBt!211
. ~2.7!

The n51 term is the well-known Esaki-TsuI -V
characteristics11 j 5 j 0vBt/@(vBt)211#, which arises lin-
early with the electric fieldE0 , peaked atE051/edt, and
dies off at large field strength, yielding a negative different
conductivity. This phenomenon was observ
experimentally,12 which was regarded by some as an indic
tion of the existence of Wannier-Stark ladders.2 In general,
the nth term contribution to the current is peaked atE0
51/nedt, which can give rise to a shift of the Esaki-Ts
peak away from the result of the nearest-neighbor hopp
approximation. Assuming that the main effect of the sh
comes from then52 term, then the shift is towards a large
value of the field ifR2 /R1 is negative, and toward a smalle
value if R2 /R1 is positive. In the example given in Sec. II
the former situation is realized.

Photon assisted transport

We first consider the simpler situation of nearest-neigh
approximation, where the dc current in the presence of th
field is given from Eq.~2.5! by

j 5 j 0 (
l 52`

1`

Jl
2~edE1 /v!

vt~vB /v2 l !

~vt!2~vB /v2 l !211
. ~2.8!

Under the conditionvt.1, peaks can appear at field valu
shifted from the Esaki-Tsu peak by an integer multiples
v/ed, some evidence of which was seen in a recent exp
ment with the inverse Bloch oscillator effect.15 The above
result also shows that a peak corresponding to an integl
can be eliminated if the ac field strength makes the Be
function Jl(edE1 /v) nearly zero. In particular, the origina
Esaki-Tsu peak can be removed ifJ0(edE1 /v) is nearly
zero.

We now look at the general situation beyond the near
neighbor approximation, and obtain the dc current from E
~2.5! as

j 5^ j ~ t !&5 j 0(
n51

`

n
Rn

R1

3 (
l 52`

1`

Jl
2~nedE1 /v!

vt~nvB /v2 l !

~vt!2~nvB /v2 l !211
.

~2.9!

Additional peaks can appear at field values shifted from
Esaki-Tsu peak by fractional multiples ofv/ed. Such peaks
are reflections of fractional Wannier-Stark ladders in the
current.
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Besides the dc current, one can also directly measure
ferential conductivity using the lock-in amplification tec
nique, for which our formula becomes

d j

dvB
5

j 0

v (
n51

`

n2
Rn

R1
(

l 52`

1`

Jl
2~nedE1 /v!

3
~1/vt!22~nvB /v1 l !2

~vt!@~1/vt!21~nvB /v1 l !2#2 . ~2.10!

The term for a givenn and l is peaked atE05( l /n)
3(v/ed), with a width 1/nedt which is increasingly nar-
rower for larger n, and with a peak height given b
j 0n2(Rn /R1)tJl

2(nedE1 /v) which may become negativ
for negativeRn /R1 and oscillate withedE1 /v. Also, be-
cause of the additional factor ofn in the coefficient, the rich
structures of theI -V characteristics can be more eas
brought out in the differential conductivity.

Harmonic generation

We consider first the regime ofvt@1, where only terms
satisfyingnvB1 lv50 in ~2.5! are important. Themth har-
monic of the long-time current is given by

j m5 j 0(
n

8 n
Rn

R1
J2nvB /v@JnvB /v1m2JnvB /v2m#,

~2.11!

where the arguments of the Bessel functions are
nedE1 /v, and the symbol(n8 indicates a summation ove
thosen satisfyingnvB /v equal to an integer. In the absen
of a dc field (vB50), the amplitude vanishes for evenm,
which is a result of time-reversal symmetry. The vanish
of even harmonics in the absence of a dc field is also
tained in the quasistatic limit for a different reason.17 In gen-
eral, such a result does not hold for finitevt according to our
formula ~2.5!, as is also evident from the experimental r
sults of Ref. 17.

In the nearest-neighbor approximation, the above am
tude reduces to

j m5 j 0J2vB /v~edE1 /v!@JvB /v1m~edE1 /v!

2JvB /v2m~edE1 /v!#, ~2.12!

where vB must be an integer multiple ofv. For nonzero
integers of vB /v, the amplitude still vanishes whe
edE1 /v is a zero ofJvB/v, which is a result of band col
lapse. In general, in order to obtain a sizable amplitude of
mth harmonic, the ac field should have a strength w
edE1 /v comparable to or larger than the orders of t
Bessel functions in the above equation. Such a condition
be made easier to satisfy if the dc field is chosen such
vB /v is the integer part ofm/2.

Beyond the nearest-neighbor approximation, the am
tude is nonzero even for fractional values ofvB /v. For ex-
ample, if the fraction isp/q where p and q are mutually
prime numbers, the leading term~in n! of the mth harmonic
amplitude is given by
if-
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j m5 j 0q
Rq

R1
J2p~edE1 /v!

3@Jp1m~edE1 /v!2Jp2m~edE1 /v!#. ~2.13!

This is an oscillatory function ofedE1 /v, and vanishes
when the latter is a zero ofJp , which is a manifestation of
band collapse in the fractional Wannier-Stark ladders.

Therefore, when measured as a function of the dc fie
the power of themth harmonic (} j m

2 ) shows a serious o
peaks at integer values ofvB /v in the nearest-neighbor ap
proximation, and with additional peaks at fractional values
vB /v beyond the nearest-neighbor approximation. Th
peaks are broadened to a width ofdvB51/t when the scat-
tering effect is taken into account. In the limit ofvt!1, the
peaks overlap and disappear into an overall envelope g
by the quasistatic approximation~2.6!.

III. NUMERICAL RESULTS

We consider a superlattice with GaAs wells of widtha
separated by AlxGa12xAs barriers of thicknessb. The con-
duction electrons can be well described by the Kron
Penney model,18 which leads to the eigenvalue equation f
the energy dispersione(k) as

Q22K2

2QK
sinh~Qb!sin~Ka!1cosh~Qb!cos~Ka!

5cos@k~a1b!#. ~3.1!

HereQ5A2m(U2e) andK5A2me, wherem is the effec-
tive mass of the electron, andU is the barrier height.

The barrier heightU can be designed through the adjus
ment of the concentrationx. For example, takingx50.3, we
have U50.3 eV. We take in our modela540 Å and b
510 Å, which leads to a superlattice periodd550 Å. Using
these numbers and the effective massm50.067me ~me is the
free-electron mass!, from Eq. ~3.1! for the first band we ob-
tain R2 /R1520.202 andR3 /R150.069. The higher coeffi-
cients are very small, and will be ignored in the followin
calculations.

From the formulas derived in Sec. II we calculated the
current j / j 0 and the differential current (d j /dvB)/( j 0 /v) as
functions of the dc biasvB /v for different ac field strengths
edE1 /v. We took the scattering time to bet50.78T, or
equivalently vt54.9, where T is the laser periodT
52p/v. In the following, we display the results for thre
physical situations, and compare the results with and with
the nearest neighbor approximation.

Figure 1 shows the dc current~upper panel! and the dif-
ferential conductivity~lower panel! for the case ofE150,
i.e., with the dc field only. The two curves for the dc curren
have essentially the same shape, but the Esaki-Tsu pea
the lower curve is shifted slightly to the right due to th
nonzeroR2 . There is a similar rightwards shift of the struc
tures for differential conductivity when couplings beyond t
nearest neighbor are taken into account.

Figure 2 shows an example foredE1 /v50.9, where the
upper panel is still for the dc current, while the lower pane
for the differential conductivity. Besides the Esaki-Tsu pe
of the dc current, a second peak appears near the positio
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56 3979PHOTON ASSISTED TRANSPORT IN SUPERLATTICES . . .
vB /v51 due to one-photon resonance, which was obser
in a recent experiment.15 Additional features emerge whe
we go beyond the nearest-neighbor approximation~lower
curve!. A small peak develops slightly to the right of th
Esaki-Tsu peak, and another small peak develops nea
valley between the Esaki-Tsu peak and the one-photon r
nance.

A much clearer picture of the structures can be seen in
differential conductivity. The one-photon resonance now l
exactly atvB /v51. The fractional resonances in the low
curve ~beyond the nearest-neighbor approximation! are
shown as peaks atvB /v5 1

3 and 2
3 , and a deep valley a

vB /v5 1
2. The reason for the structure atvB /v5 1

2 being a
valley instead of a peak is thatR2 and R1 have opposite
signs. Degraded echoes of these structures also appea
yond the one photon resonance.

Figure 3 shows the case ofedE1 /v52.405. A remark-
able result of this case is that the Esaki-Tsu peak in the
current~upper panel! completely disappears, and correspon
ingly the differential conductivity~lower panel! becomes
negative even at zero dc bias. This is a result of dyna
localization8 becauseedE1 /v52.405 is the first root of
J0 , and this effect has now been observed in
experiment.14

FIG. 1. The dc current~upper panel! and the differential con-
ductivity ~lower panel! of a superlattice under the action of pure
fields. In both panels, the upper curve is for the case of the nea
neighbor approximation, while the lower curve is for the case
long-range hoppings~up to third neighbor!. We takevt54.9. To
avoid a crossing of the two curves, we shifted the upper cur
upward by 0.1 in the upper panel, and 0.6 in the lower panel.
d

he
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Because of the larger ac field, multiple-photon resonan
are much more pronounced than before. Also, the fractio
resonances which occur beyond the nearest-neighbor
proximation have much stronger echoes beyond the o
photon resonance. Here we remark thatl -photon resonance
can be quenched ifedE1 /v is a zero ofJl .

In Figs. 4–6, we show the behavior of the powers
harmonic generation as functions ofvB /v. In our plots,
these powers are represented by the square of the ac cu
amplitudes,u j mu2/ j 0

2, at the frequency of the ac field~m
51, Fig. 4! and its higher harmonics~m52 and 3, Figs. 5
and 6!. In each figure, the strength of the ac field is s
respectively, atedE1 /v51 for the first column and a
edE1 /v53.83 for the second column. The upper panels
for the case of nearest-neighbor approximation, where
see peaks centered only at integer values of the horizo
axis, in agreement with the analytical formula~2.12!. The
power of the second harmonic vanishes at zerovB /v, as is
also expected from this formula. The finite width of th
peaks are due to the finite relaxation time (vt54.9). In the
lower panels, we switch on the second- and third-neigh
couplings while keeping all the other parameters fixed.
comparison with the upper panels reveals some fractio
structures.

st-
f

s

FIG. 2. The dc current~upper panel! and the differential con-
ductivity ~lower panel! of the superlattice under the influence of th
ac field whenedE1 /v50.9. The upper and lower curves in bo
panels correspond to the cases of the nearest-neighbor appro
tion and beyond, respectively. We still takevt54.9. The upper
curves in the figure were shifted upward by 0.1 in the upper pa
and 0.9 in the lower panel.
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IV. DISCUSSIONS

In summary, we studied the electronic transport proper
in supperlattices at and beyond the nearest-neighbor app
mation. We compared results for the pure dc transport, p

FIG. 3. The dc current~upper panel! and the differential con-
ductivity ~lower panel! of the superlattice under the influence of th
ac field whenedE1 /v52.405, a zero of the Bessel functionJ0 .
The upper and lower curves in both panels correspond to the c
of the nearest-neighbor approximation and beyond, respectiv
We still takevt54.9. The upper curves in the figure were shift
upward by 0.1 in the upper panel, and 0.6 in the lower panel.

FIG. 4. Powers of the first-harmonic generation,u j 1u2/ j 0
2, as

functions ofvB /v. The upper panels are for the nearest-neigh
approximation, while the lower panels are for the case with seco
and third-neighbor couplings. In the left column,edE1 /v51. In
the right column,edE1 /v53.83. In both cases,vt54.9.
s
xi-
o-

ton assisted transport, and harmonic generation. Fracti
resonant structures are found in the case beyond the nea
neighbor approximation, which are related to the fractio
Wannier-Stark ladders proposed in our earlier publication10

We have designed an explicit example
GaAs-AlxGa12xAs superlattice in which the second- an
third-neighbor couplings are important. A character of o
model is that the barriers are narrower than those in co
monly used superlattices. This makes the wave function
the GaAs wells overlap strongly, and therefore results
wide minibands for the electronic spectrum. Consider
sample consisting of 80 periods of 40-Å-wide GaAs we
and 10-Å-thick Al0.3Ga0.7As barriers, we have a width for th
lowest miniband about 170 meV. The second miniband
separated from the first one by a gap about 110 meV. Th
two numbers are obviously comparable, but the fact does
contradict the single-band approximation used in our ana
sis as long as the bias is low enough (,400 mV).19

Under such low bias action, the Bloch frequencyvB is in
the THz range. Hence, to observe the fractional reson
structures, the laser frequency should be in the THz ran
This is also the frequency range used in recent experim
on photon assisted transport.20 Therefore, our theoretica

es
ly.

r
d-

FIG. 5. Powers of the second-harmonic generation,u j 2u2/ j 0
2, as

functions ofvB /v. The upper panels are for the nearest-neigh
approximation, while the lower panels are for the case with seco
and third-neighbor couplings. In the left column,edE1 /v51. In
the right column,edE1 /v53.83. In both cases,vt54.9.

FIG. 6. Powers of the third-harmonic generation,u j 3u2/ j 0
2, as

functions ofvB /v. The upper panels are for the nearest-neigh
approximation, while the lower panels are for the case with seco
and third-neighbor couplings. In the left column,edE1 /v51. In
the right column,edE1 /v53.83. In both cases,vt54.9.
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findings in this paper should be observable using the av
able experimental facilities.
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