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Electronic calculations on the MgTiOBO3 warwickite: A real-space renormalization approach
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Electronic properties of a warwickite, MgTiOBO3, are calculated within the Green’s functions formalism,
taking into account the crystallographic structure of the system and using a multiorbital basis to represent the
Hamiltonian. The many body problem is considered through an alloy analog approximation for the intra-
atomic interaction at the titanium sites by using real-space renormalization techniques. Local and total density
of states reflect the one-dimensional character of the structure and its insulating nature. The metal-nonmetal
transition is also analyzed as a function of the charge doping.@S0163-1829~97!04031-9#
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I. INTRODUCTION

The interest in low-dimensional systems has been larg
increased since the first evidences of quantum confinem
properties exhibited by semiconductor nanostructures w
very important industrial applications. On the other hand,
discovery of high temperature superconductivity in cop
oxides and the attempts of understanding the role played
the ~two-dimensional! cuprate planes have opened a n
class of investigations on strongly correlated lo
dimensional systems. In particular, a family of oxybora
named warwickites, was recently characterized from
magnetic point of view. Titanium warwickites were iden
fied via magnetization, ac susceptibility and x-ray measu
ments, as belonging to a family of inorganic, on
dimensional, disordered magnetic systems.1 Magnetic
properties of Vanadium warwickites have been theoretic
and experimentally studied by Continentinoet al.;2 they have
shown that this borate structure presents an ac suscepti
which can be described by a power law over up to 40
above which it follows a Curie Weiss law.

The warwickites are formed by substructures, similar
ribbons extending along thec axis of an orthorhombic crys
talline structure, weakly connected to each other, and c
taining boron atoms in the space between them. Each rib
is formed by edge-sharing oxygen octahedra in a four c
umn group, with divalent and trivalent metal ions inside. F
the MgScOBO3 warwickite, Norrestam3 has shown that the
transition metal preferentially occupies the two inner octa
dra, while the Mg ions are preferably located inside the t
outer ones~see Fig. 1!. More recently, Matoset al.4 have
presented a theoretical investigation of the electronic st
ture of the MgTiOBO3 warwickite, based on an extende
Hückel molecular orbital calculation.5 They concluded tha
the electronic band structure of the crystal is basically o
dimensional near the Fermi level which is located insid
Ti-3d band. The 1D character of the band structure w
shown to be independent of the particular arrangement o
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and Mg ions among the octahedra units; when different
cupation patterns were considered, only small changes w
seen in the density of states due to weak metal-metal in
actions between adjacent ribbons. Even though the molec
orbital calculation was clarifying, some of the most intere
ing properties of the warwickite, i.e., its magnetic behav
and it’s insulator nature, cannot be understood within a o
electron approach. For a proper understanding of the e
tronic properties of the system, it is essential to incorpor
in the theoretical framework an adequate description of
electronic correlations in the transition metal sites, which
know could change completely the description of the ba
structure by, e.g., opening a Mott gap near the Fermi lev

In this work we present a multiorbital tight-binding ca

FIG. 1. Schematical view of the structure of the warwickit
projected in the plane~001!. The numbers 1 and 2 represent th
sites where the metallic ions are located,a andb are the sides of the
unitary cell, and the open circles are the boron ions~adapted from
Ref. 3!.
3672 © 1997 The American Physical Society
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56 3673ELECTRONIC CALCULATIONS ON THE MgTiOBO3 . . .
culation developed to describe the main electronic proper
of the Ti warwickite. We follow the Green’s functions for
malism and adopt real spatial renormalization technique
simplify the representation of the real, more intricate, cr
talline lattice. Intrasite electron repulsion terms are trea
through the ‘‘chain approximation’’ of a Green function c
mulant expansion. For simplicity, we have assumed the
atoms occupying the two inner octahedra, according to
more probable pattern found in the Sc warwickite.

It is worth noticing that the scheme adopted does not
scribe the full-warwickite crystal, rather, it restricts the stu
to an isolated ribbon. Although each ribbon interacts with
others through the boron and some of the oxygen atoms
model adopted is a good approximation for the electro
properties at the Fermi level, as reported by Matoset al.4

II. THEORY

The Hamiltonian taken to describe the crystal is one of
Hubbard type and contains contributions of oxygen, ti
nium, and magnesium atoms. The orbitals we consider
O-2p (px , py , andpz), Ti-3d (dxy , dyz , dxz , dx22y2, and
dz2), and Mg-3s. The 0-2s, Ti-4s and -4p, and Mg-3p or-
bitals were not included in our calculation since they do
contribute to the density of states around the Fermi level.4 To
this multiorbital description, it is important to incorporate th
electronic interaction terms on the transition metal sites. T
Hamiltonian then takes the form

H5 (
i ,a,s

Ei
aci ,a,s

† ci ,a,s1 (
i , j ,a,b,s

Vi , j
a,bci ,a,s

† cj ,b,s

1UTi ( 8
i ,a,s

ni ,s
a ni ,s̄

a
1YTi ( 8

i ,a,b,s,s8
ni ,s

a ni,s8
b , ~1!

wherei and j denote atomic positions,a andb orbitals, and
UTi and YTi are titanium electron-electron repulsion term
both related to the same atom~intrasite! but involving either
one singled orbital (UTi) or two differentd orbitals (YTi) in
that atom. The symbol(8 indicates a summation restricte
to the titanium sites. The operatorci ,a,s

† creates an electron
on site i , in the a orbital, with spins. The matrix element
Vi , j

a,b corresponds to the hopping energy between orbitala
andb, belonging, respectively, to atomsi and j considered
to be first neighbors. For the hopping integrals we use
rameters of the extended Huckel method, the same ones
in a former study of the warwickite.4 These are given by the
well known formula Vi j

a,b5kSi , j
a,b (Hi ,i

a,a1H j , j
b,b)/2, where

Si , j
a,b corresponds to the overlap integral andk is a constant.

The hopping matrix elements are then proportional to
overlap integrals. The diagonal elementsHi ,i

a,a are taken as6

EO
p8s5214.8 eV,ETi

d8s5210.8 eV, andEMg
s 529.0 eV. We

have done some calculations including the Ti-4s orbitals in
order to study their influence in the present approach. T
effect on the total Ti density of states is negligible over
sufficiently wide range of energy around the Fermi lev
confirming the molecular orbital result of Ref. 4. This ‘‘re
pulsion’’ of Ti-4s states is due to the large overlap betwe
Ti-4s and O-2p orbitals, a consequence of the more e
tended Ti-4s orbitals as compared to Ti-3d.
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We have not explicitly incorporated thep states of the Mg

atoms (EMg
3p8s524.5 eV!, since the oxygen-crystal field act

on the Mg-p energy by pushing it far above the Fermi leve
For this reason the bonding between O and Mg orbitals
been considered by taking into account a renormalized
ergy value for the Mgs orbitals. As the boron atoms ar
strongly bounded to the neighbor oxygen atoms and do
contribute significantly to the electronic structure near
Fermi level, the electronic properties of the warwickite c
be studied on the ribbon.

Isolated oxygen octahedra, containing Ti or Mg ions
the interstitial sites were considered primarily as being
basic units of the structure. To describe the warwickite,
define two distinct renormalized lattices: one formed
renormalized oxygen octahedra~the ‘‘oxygen lattice’’!, in
which the original hoppings between oxygen and transit
metal atoms~O-Ti, O-Mg! are replaced by effective hoppin
integrals between ‘‘dressed oxygen’’ atoms~O-O!, and an-
other lattice~the ‘‘Ti-Mg lattice’’ ! made of dressed Ti and
Mg atoms where the new effective hopping interaction ter
are obtained after a decimation of the oxygens. Figure
illustrates, schematically, the first decimation step used in
construction of both effective lattices.

The Green’s functions corresponding to the undressed
oms are

gO~Mg!
a ~v!5

1

v12EO~Mg!
a , ~2!

with v15v1 ih, h501, anda denoting ap, or s orbital of
the O and Mg atom, respectively. For the Ti sites, the u
dressed Green functions are obtained by defining
operators7 which diagonalize the titanium atomic Hami
tonian with the intrasitee-e interaction,

FIG. 2. Schematic representation of the renormalization sch
adopted in the calculation of the effective locator and hopping e
ments for both effective lattices described in the text. Full d
represent oxygen atom whereas gray dots describe Mg and Ti
ments. The symbols ‘‘O,’’ ‘‘Ti,’’ ‘‘Mg,’’ and ‘‘V’’ are used to
represent renormalized Green’s functions and hoppings, res
tively.
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Ai ,s;a,b,g
r 5ci ,s

r n
i ,s̄

r ,ar )
mÞr 51

5

ni ,s
m,bmn

i ,s̄

m,gm , ~3!

wherem stands for the band indices, and witha, b j , and
g j assuming two values, 1 and 2, such that,

ni ,s
m15ni ,s

m , ni ,s
m2512ni ,s

m . ~4!

In a two-band scheme proposed previously by Anda,7 the
undressed locators are obtained by calculating s
consistently the mean value of different occupation num
operators of both bands. By performing an approximation
the actual five-band problem, we calculate the Ti Green fu
tion replacing the mean values of products of occupat
operators by products of mean values of occupation op
tors,

gi ,s
m ~v!5 (

a,$b%,$g%

^ni ,s̄
m,a

& )
nÞm51

5

^ni ,s
n,bn&^n

i ,s̄

n,gn&

v12Ea,$b%,$g%
, ~5!

whereEa,$b%,$g% is calculated on the basis of the electron
occupation of each one of the fived bands and̂ & stands for
a mean value calculated on the ground state of the sys
As an example, it is easy to show that for the configurat
corresponding to only one occupied band with two electr
~spin up and down! E5ETi1U, whereas for the case of thre
half full occupied bandsE5ETi13Y, and for one full and
two half-full occupied, the energy is given b
E5ETi1U12Y. The titanium occupation number,nTi

a , is
solved self-consistently and we assume, for simplicity,
identical mean value for the fived orbitals.

The hopping matrix elements representing the effec
interactions between the renormalized atoms~see Fig. 2!
were calculated by taking into account symmetry proper
of the distinct atomic orbitals considered in our model. T
dressed Green functions for Ti, Mg, and O atoms are
tained through the solution of a Dyson equation.7 For the
case of the effective Ti-Mg lattice, we solve a 535 matricial
Dyson equation to get the renormalized Green functions
the transition metals,G̃Ti,Ti . It can be written as

G̃Ti,Ti5 g̃Ti1 g̃Ti (
ox.sites,m

T̃Ti,Oxi

m G̃Oxi ,Ti , ~6!

wherem5x, y, andz, defines the direction of the bindin
along the structure, and the hopping matrices are

T̃o,1
x 5S o t1 o

o o t1

o o o

t2 o o

t3 o o

D , T̃o,1
y 5S t1 o o

o o o

o o t1

o t2 o

o t3 o

D ,
f-
r

n
c-
n
a-

m.
n
s

n

e

s
e
-

f

T̃o,1
z 5S o o o

t1 o o

o t1 o

o o o

o o t4

D , ~7!

with t1 , t2 , t3, and t4 being the corresponding nonzer
hopping energies between Tid orbitals and Op orbitals of
distinct symmetries. The values for the hopping elementst i ’s
are related to those previously defined, and therefore are
tained from an extended Hu¨ckel molecular orbital
parameters.5 They result to bet152.74 eV, t253.05 eV,
t353.648 eV, andt451.734 eV. In Eq.~6!, the undressed
locators g̃Ti and g̃0 are 535 and 333 diagonal matrices,
respectively. The resulting dressed Green’s functions
given by

G̃Ti,Ti5S g1 o o o o

o g1 o o o

o o g1 o o

o o o g2 g3

o o o g3 g2

D , ~8!

with the g’s being

g15
gTi

124gTigOt1
2 , ~9!

g25
gTi@122gTigO~ t4

212t3
2!#

12gTigO~4t2
212t4

214t3
228t2

2!
, ~10!

and

g35
4gTi

2 gOt2t3

12gTigO~4t2
212t4

214t3
228t2

2!
. ~11!

The original undressed Ti Green’s functions have been
placed by dressed Ti locators which together with the M
ones relate the effective Ti-Mg lattice. By applying a
equivalent procedure, it is possible to obtain the renorm
ized oxygen Green functions,G̃O,O associated to the ‘‘oxy-
gen lattice.’’ The effective oxygen lattice can be consider
as being formed by sharing-edges renormalized octahe
whereas, the effective Ti-Mg lattice is a simpler one defin
by ribbons constituted by four sites occupied by dressed
and Mg atoms in the two central columns, and on the ex
nal ones, respectively.

In order to obtain the local electronic density of state c
responding to different sites of the original system, matric
Green’s function equations of motion of different sizes m
be evaluated. In the case of the effective Ti-Mg lattice
system of 12 equations has to be solved, whereas for th
effective lattice a system of 30 is necessary. Finally, the
agonal Green’s functions are calculated by applying a re
space renormalization technique8 by successive decimation
of dressed lattice points displayed along a one-dimensio
chain laying in the warwickitec direction. These points cor
respond to previously renormalized unit cells which, wh
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56 3675ELECTRONIC CALCULATIONS ON THE MgTiOBO3 . . .
displayed together, form the full ribbon structure. The rec
sive equations used in the renormalization procedure of
effective 1D chain are

G̃̂o,o8 5@ 1̃2 Z̃o,1Z̃1,o2 Z̃o, 1̄Z̃ 1̄ ,o ,#21G̃̂o,o , ~12!

Z̃o,18 5@ 1̃2 Z̃o,1Z̃1,o2 Z̃o, 1̄Z̃ 1̄ ,o ,#21Z̃o,1Z̃1,2, ~13!

Z̃o, 1̄
8 5@ 1̃2 Z̃o,1Z̃1,o2 Z̃o, 1̄Z̃ 1̄ ,o ,#21Z̃o, 1̄Z̃ 1̄ , 2̄ , ~14!

with

G̃̂o,o5@ 1̃2G̃o,oT̃o,o#21G̃o,o , ~15!

and

Z̃o,1~ 1̄ !5Ĝo,oT̃o,1~ 1̄ ! . ~16!

Notice thatZ̃1,2 and Z̃ 1̄ , 2̄ follow the same recursive rela
tions defined in Eqs.~13! and ~14! since Z̃1,2 5 Z̃o,1 and
Z̃ 1̄ , 2̄ 5 Z̃o, 1̄ . The above equations define an iterative p
cedure which is implemented until a fixed point is attain
for the Green function. At this point the effective interactio
between distant renormalized elements of the structure g
to zero. The local density of states can be obtained by tak
the imaginary part of the renormalized locator.

The position of the Fermi energy,EF , and the occupation
numbers at the Ti sites are obtained self-consistently by s
ing the following charge balance coupled equations:

2E
2`

EFF (
a51

5

rTi
a ~v!1rMg~v!1 (

b51

3

(
i 51

5

rOi
b ~v!Gdv5Q,

~17!

and

(
a51

5

2E
2`

EF
rTi

a ~v!dv5nTi , ~18!

wherer i
b(v) corresponds to the local electronic density

states of each atomi and orbitalb, andQ is the number of
electrons per unit cell which was taken to be equal to 31
unit cell in the case of the isolated ribbon. This number c
responds to the situation in which each oxygen atom re
six electrons~full p-orbital occupation!, whereas the Ti-III
remains like 3d1. The factor 2 appearing in both integra
takes into account the spin degeneracy. It is worth notic
that for the isolated ribbon we have five oxygens atoms~each
one has a particular atomic neighborhood! rather than four
which would be the full-warwickite value since two oxyge
atoms are shared with neighborhood ribbons. Otherwise
changing theQ value it is possible to investigate the chan
in the electronic properties and in particular the met
nonmetal transition with doping.

III. RESULTS

We present here the results obtained for the calcula
local density of states on different sites of the warwicki
ribbon lattice following the iterative scheme described abo
~we have added an imaginary part equal to 1021 eV in the
real frequencies!. Figure 3 shows the local density of stat
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at the different atoms as a function of energy, neglecting
e-e interaction (UTi5YTi50). These results exhibit a ver
good agreement with the local and total density of sta
obtained previously using the extended Hu¨ckel molecular or-
bitals scheme4 in which all the orbitals of the Mg, Ti, and O

FIG. 3. Local density of states for the warwickite elements:~a!
Ti, ~b! Mg, and~c! O atoms. Results are presented for all the orb
als considered in the theoretical description and for the case oU
andY equal to zero. The position of the Fermi energy is denoted
a dotted line in the figures.
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3676 56MARCUCCI, LATGÉ, ANDA, MATOS, AND FERNANDES
were included. The sequence of peaks and gaps are quit
same in both results reflecting the one-dimensional natur
the total density of states in the energy range close to
Fermi level.

The effects of the electronic correlation on the Ti dens
of states can be seen by studying the Ti local density
states for a particular pair ofU and Y values; this is pre-
sented in Fig. 4. The value ofU was estimated from the

FIG. 4. Local density of states for the Ti site in the warwick
system. Results are present for all the orbitals considered and
for the case of~a! U510.0 eV andY55.0 eV; ~b! U58.0 eV and
Y54.0 eV; and~c! U54.0 eV andY52.0 eV. The positions of the
Fermi energy are denoted by dotted lines in the figures.
the
of
e

f

electronegativity energy associated to the metallic
whereas theY value was arbitrarily considered to be equal
U/2. By changing theU andY value, it is possible to analyze
the changes on the Fermi energy value and the gap ne
the Fermi level; as the values ofU andY increase a sequenc
of peaks and gaps appears. It can be clearly noticed tha
distance between successive peaks in the density of stat
proportional to the value ofY, as expected. In fact, the fea
tures of the electronic density of states are very sensitiv
the inclusion of electronic correlations showing, unambig
ously, that a correct description of the present problem m
take into account these terms in the Hamiltonian of the pr
lem. The system is an insulator as reported experimenta
From the theoretical point of view the insulator character i
result of the interplay between localization due to disord
and electronic correlation. A small reduction of the Fer
energy produced by doping would localize it on the corre
tion gap and the crystal would be a pure Mott insulat
Figure 5 shows the results for the Ti local density of sta

FIG. 5. Local density of states for the Ti site in the warwicki
system as in Fig. 4 but forU56.0 eV and~a! Y55.0 eV and~b!
Y54.0 eV. The positions of the Fermi energy are denoted by do
lines in the figures.
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56 3677ELECTRONIC CALCULATIONS ON THE MgTiOBO3 . . .
by considering a fixed value ofU ~6.0 eV! and two values of
the Ti intrasite interactions between different orbitals~pa-
rameterY). As mentioned before, the sequence of gaps in
local density of states depends on this electronic interac
value since electronic states are shifted for higher ene
values as it increases.

The dependence of the Ti charge on theU andY param-
eters of the Hamiltonian is displayed in Fig. 6. It is intere
ing to point out here that from a chemical study of the co
pound it was previously stated that each Ti atom contribu
with one electron to the warwickite structure; this leads to
charge content of 0.2 electrons per orbital and spin which
only achieved for high values of the electronic interactio
U andY. It seems from our theoretical results that the se
consistent calculation of the Ti charge could be prope
used to better understand the electronic properties of
crystal.

To simulate different doping in the warwickite-ribbon la
tice, which can be obtained substituting, for instance,
boron atoms by Be, we have studied the shift of the Fe
level as the net charge is increased. As the typical densit
states exhibits a sequence of gaps and peaks in the ran
energy that we are interested in, a sequence of steplike
tures is expected with doping. This is clearly illustrated
Fig. 7 for a particular pair of parameters (U56.0 eV and
Y55.0 eV!. Although this can be considered as a gene
behavior, the width and height of the steps would depend

FIG. 6. Dependence of the Ti charge on the Ti-intersite cor
lation value.
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the set of parameters (U and Y) adopted. This theoretica
prediction could be investigated, for instance, by measur
the specific heat of Ti warwickites or by photoemission e
periments. Unfortunately, to the best of our knowledge,
data have been reported in the literature up to the prese

IV. CONCLUSIONS

We have presented a detailed study of the electronic p
erties of Ti warwickite, by performing a multiorbital calcu
lation within a real-space renormalization scheme. We h
shown that a proper description of the system requires
incorporation of the electronic interaction at the transitio
metal sites. Moreover, the insulating nature of the compo
is properly described and the metal-nonmetal transition
studied by performing a direct self-consistent calculation
the Fermi level for different doping situations. Interest in th
family of compounds continues to grow due to its intrins
cally one- and two-dimensional magnetic and cristal
graphic characteristics.
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