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Competition between Kondo effect and RKKY interactions in heavy-fermion systems:
Transport properties
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Following Abrikosov’s pseudofermion approach, transport properties such as thermal conductivity, electrical
conductivity, and Lorenz ratio of highly correlated systems have been studied by taking into account the effect
of impurity-impurity interactiond Ruderman-Kittel-Kasuya-YosiddrRKKY)] in the presence of a crystalline
electric field in heavy-fermion systems. It is found that the RKKY contribution becomes significant at low
temperatures. At these low temperatures large values of the Lorenz number are obtained which are in close
agreement with the experimental results reported for Ce-based heavy-fermion systems.
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I. INTRODUCTION these systems, the RKKY exchange interaction is expected to

Recently much interest has been focused on Kondo |aS2uSe magnetically ordered states, not only ordinary ferro-

. ) magnetic and antiferromagnetic states, but also orbital or-
tices or heavy-fermion systems frelectron systems of rare-

- dered states in CeB®ften called quadrupole ordered states.
earth and actinide compounti$n general these systems are > .
.Even superconductivity has been argued to be realized by the

characterized by unusual low-temperature thermodynamlf_:QKKY exchange interactiofisn these systems. The study of
and transport properti€sAt low temperaturesan additional o AR .
T i . the competition between normal Fermi liquids and magnetic
characteristic feature is the presence of coherence which IS o
States or the competition between the Kondo effect and

found to be responsible for exh|b|t|ng a peak in the SpeCmCRKKY exchange interactions is required in order to under-
heaf [C(T)/T] near or belw 1 K in systems such as . :
stand a variety of ground states in thedeelectron

CeCySi,, Upl, URWS), and a sharp negative peak in the systems:1%Further, it is pointed out that the strong tempera-
Hall coefficient around=0.2 K in the case of CeGuand N . .
: L : ture variation in the intermediate temperature range {1

superconducting behavior in some of these systeithss . . e

i . ; <100 K) is due to elastic spin flipping of an electron from
well known that in cerium Kondo compounds in Kondo lat- he imourity pairs. counled by RKKY interactiofis
tices there is a competition between the Kondo effect and tha purity pairs, coup Y - '

Thermal conductivity, electrical conductivity, and Lorenz

Ruderman-Kittel-Kasuya-YosiddRKKY') interaction; the b i X f the HFS’ d
former tends to suppress the magnetic moment with decreaBUMP€r are important transport properties ot the san

ing temperature and the latter, tends to give a magnetic o2 _sensitive to thg various physical processes. Their_study
dering between the different rare-earth atoms. The neutrorRrovides an effective check on the success of a particular
scattering experiments reveal that these two competinﬂ“OdeL Previously these properties were considered theoreti-
mechanisms operating in these systems might explain th@ally by Fuldeet al,'* Bhattacharjee and Cogblifi, and
low-temperature behavior of the heavy-fermion system@thers® particularly for Ce systems. The reduced Lorenz ra-
(HFS's). tio L(T)/Lo measured for Ce-Kondo compounds shows large
In an earlier papérthe authors investigated the problem values'? five times the Sommerfield valus, for CeB; and
of resistivity in HFS’s in the presence of a crystalline electricCeCy at low temperatures while it is reported to lie between
field (CEF. It was found that in these systems, by consider-2L, and 4, for CeAl, and CelLa_,Cus.
ing the spin-flip scattering of electrons through Kondo- and In this paper an attempt has been made to study the ther-
RKKY-type terms, an extreme in resistivity at low tempera-mal and electrical conductivities and the Lorenz ratio in
tures below 50 K is manifested in the presence of a CEF. Théhese systems in which the Kondo scattering and RKKY cou-
nature of the extreme depends upon whether the RKKY coupling have been treated on equal footing in order to learn
pling between the impurities is positivéerromagnetit or  about their relative strength from a comparison of the results
negative (antiferromagnetic Ruvalds and Shedghave  with experimental data. The plan of this paper is as follows.
shown that the spin-flip scattering of conduction electrons bySection 1l briefly considers the formalism based upon
a pair of magnetic impurities depends strongly on the temAbrikosov’s** pseudofermion method and presents the key
perature and a sharp drop in magnetoresistivity towards lowesults for the thermal conductivity, electrical conductivity,
temperatures is attributed to a consecutive spin-flip scatteringnd Lorenz ratio. In Sec. Ill parameters are chosen and cal-
of an electron of two adjacent impurities as mentionedculations are given. Finally, in Sec. IV the results obtained
above. Due to the presence of well-localize@lectrons in  are presented and discussed.
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FIG. 2. (8 and (b) The third-order self-energy diagrams for
FIG. 1. Second-order self-energy diagram of conduction elecexchange Kondo scattering in the presence of a CEF. Solid and
trons in the presence of a CEF. The lakiglsndicate different CEF  dashed lines correspond to electron and impurity propagators.
split labels. The solid line is the propagating bare electron.
two level approximation scheme yields the following inverse

Il. FORMALISM relaxation time in second order:

The Hamiltonian of the systefrin which electron gas J\2 1 5
interacts with an array of magnetic impurity spins distributed ~ ——= 217N(O)(N) M§+ Mi2 1+ > tan)‘(ﬁ)
over a lattice may be written as 77 (w)

H=Ho+Hy, ) x[D(w,a)—D(w,—a)]”. 2
where
Here

Ho=> ECl,Cko—! > S SF, 5=5,=86—05

Ko i101 111 J ]

(i#]) and
le—i 2 (o1Bils SloaBr)e ke R D(w,8)=tan ©=2 —tanH o
N 'Rz i ’ 2T 2T)

71,02
B1.B2 and M. and M; are elastic and inelastic contributions from

I the matrix element. Furthermore, the functions
t t L b -
XCy0,Crr 8, 8ig,~ 5 2 (S, +S;,S)).

K10'2 _illj_l. (X)_PJD dg
(i1#]1) g b E—X

H, represents the unperturbed part of the Hamiltonian which
includes free electron enerdg,=#k?/2m and the part of the and
impurity-impurity interactions that conserves the spins. b tank(e/2T)
CL,(Ck,,) here represents the creati@@estruction operator h(x)=P f el d
with momentum statd& and spino and S, represents the -b &7 X

impurity spin at the siteR; . Since the heavy fermions are phaye peen introduced while arriving at the above result for
characterized for localized spin states corresponding to thehe reciprocal relaxation time given by E@).

impurity atoms, a coupling is expected between impurities Next, the Kondo contribution arising from the third-order
which are dominated by the RKKY indirect exchange self-energy diagrams, shown in FiggaRand 2b), and after
mechanism via conduction electrons. The main interest is isumming for the two lowest levels, yields the following ex-
the process of the spin-flip scattering of conduction electrongression:

via impurities.H is the interaction part of the Hamiltonian,

e (3)

where the first term in it represents the interaction between 1 2 3 J

the magnetic impurity ion and conduction electrons repre-m:m\'(o) N 2 N N(O)Meh(“’)+§ N
sented by a coupling constadi(---) represents the matrix

element of the transition betweew;3; and o,8;; XN(0)M M (1+e*'T)seck(5/2T){h(w— )
dJ-Tﬁ(dj p) are the creatioridestruction operators correspond- 3

ing to the impurity written in the Abrikosov’s pseudofermion +h(w+8)}+| = |N(0)MM[g(w— 5)
frame work!* The second term il represents the RKKY N

interaction responsible for spin-flip processes. The results —g(w+8)]tanh( 8/2T) +[h(w— 8)+h(w+ )]

obtained would be valid for an arbitrary number of impurity
levels, however, we will concentrate on an impurity with the
lowest two level structure. +(1+e”M)sech(8/2T)h(w) +2h(w)}|.  (4)
As the first step the lowessecond order contribution in
the self-energy in the presence of a CEF is fdufiig. 1), Further, higher order contributions to the self-energy arise
which after summing over the frequencies and in the lowestrom the RKKY interaction inlJ? corresponding to the dia-
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FIG. 3. The lowest order diagram of the self-energy of the con-
duction electron due to the presence of an impurity-impurity inter- 9
action in the presence of a CEF. The wiggly line represents th‘?/vhereal=(J/N)M N(0) is a constant
e .

RKKY interaction. Here 4*(z) denotes the trigamma’® function. Next the

gram shown in Fig. 3. After performing frequency sums,fﬁgg'ﬁ&ty?nttgrg;zOtrr:sewhﬁéﬁ%r;%ug:x'gyst;ff;)ﬁ 'SE;;OQ;
taking the limitA—o, and summing over the lowest two g k8.

levels, one gets | tant?(8/2T) 1

ook R 2 2 q w—3 Krir =320 T o aT) @2 72
Ty (@) TemNOTRKR)| G| 7 | secht| 5 2
ot s X Z(f + 77 Sinh( 6/4T)
+secl| —=| |tant?| ==|.
The total inverse relaxation time may be written as 2 [5 (T) + 2 ?) ] cosh 6/4T)|. (10
7 Hw)= 710 {(7Z) T+ (712) "+ [ Triky (@)1, Here a,=(1,/M2)f{(2K(R) is treated as constant.
(6)
3\2 B. Electrical conductivity
-1_ 2 . .. . .
7o —ZWN(O)(N) Me, The electrical conductivityr is given as*
2_ . 2 Ne2 + o0
7= (Mi/Me)%, o= do(—dfldw) 7(w),
where 7®(w), 7?(w), and rrky(w) are the second- o
order, third-order, and RKKY contributions to the inverse @ (3
relexation time. o=[0'“+ 0"+ orkky]- (11)

Hereo®, o3, andorgyy are the second-order, third-order,
and RKKY contributions to electrical conductivity in the
Thermal conductivityK is given by presence of a CEFS is given below. Fora®® we have
used an approximation corresponding to the limit < &:

A. Thermal conductivity

N [+=
K=— dww?(—dfldw)7(w)
mT ) _ ' SIT
0'(2):0'0 1_’)/2% y (12)
whereN represents the total number of atoms per unit vol- sinf(&/T)
ume andn is the effective mass of electrons. Substituting for,yere
7(w) from Eq. (6) after the approximationd, T<<4) in the
third-order contribution, one is able to write N e?
O0= "5 70

K:[K(2)+ K(3)+KRKKY]' (7) 2m

The second-order contribution K is 1 D
) X ¥ =0y|{ 14| sech(8/2T)+ > 'y2+ aqln ?‘ —ayy?
K@ =K 1_L5/T) 1+ i (8)

ol sinh(&/T) aT) ||’ 2 T D ¢ D &
where X[1+sech(8/2T)] 15 In T+ T To7
Nm2T 4 (1)

Ko= 3 To- +4| 1+ 7T Imy' (i 8127T)

The third-order contributiorkK® corresponding to Kondo 2
N N ; +92 —
exchange scattering in the limii, T<<¢§ is found to be YD cytanf(&/2T) |, (13
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FIG. 4. Electronic conductivityo(T)/ o] in the presence of a 9.0

CEF; 6=90K and the RKKY interaction parametef=
—0.01 eV. The dashed curve shows the contribution from second- g
and third-order exchange scattering and the solid curve shows th 7.0 4
total contribution, i.e., on addition of RKKY interaction and ex-
change scattering contributions. The inset shows the RKKY contri-
bution to electrical conductivitydryxy /o) for the same CEF and

| values. 5.0

K/Ko

| 1
URKKY:ﬁ aza'otan}’f'( 5/2T) W Slnfﬁ( 5/4T) 30 4

)
X| cosH &/4T) +sinh( 6/4T) — T cosh 8/4T) |.

1.0 -
(14)
C. Lorenz number ~1.0 | | -
The Lorenz number is given &/ 0.06 0.10 0.14 0.18
b T/6
< (b) /
oTl’ FIG. 5. (a) Electronic thermal conductivityK(T)/Ky] with a
CEF; 6=90K and the RKKY couplingl=0.01 eV. The dashed
7 [Kg)? h d-ord ibution and the solid
T (15) curve represents the second-order contribution and the solid curve
073 | e/ is obtained on adding the RKKY interaction contribution in the

second-order exchange contribution. The inset shows the RKKY
interaction contribution for the same values of CEF &ntbh) The-
oretical plots for electronic thermal conductivitiK{K,). The dot-

ted curve represents the third exchange and RKKY interaction con-
Ill. CALCULATIONS tribution and the solid curve, i.e., total contribution, is obtained on
addition of the second-order exchange contribution to it, for CEF
0)=90 K and RKKY exchange coupling=—0.01 eV.

wheree is the electron chargé&g a Boltzmann constant, and
Lo is the Sommerfield value of the Lorenz number.

Calculations for the electrical and thermal conductivities
and the Lorenz number have been carried out, by considerin
the second- and third-order exchange and RKKY interaction
contributions separately for two CE# values 90 and 140 obtained for different orders and CEF values, wWithositive
K. Graphs fora(T)/ oo, K(T)/Ky, andL(T)/L, have been and negative for the above mentioned values are shown in
plotted as a function of/ 8 for which the ratio of the square Figs. 4, 5, and 6, respectively, for electrical and thermal con-
of the inelastic to elastic scattering matrix elementsductivity and the Lorenz ratio, the values of which vary from
[(M;/My)?=+~?] is equal to 0.1,) is chosen to be 0.1 eV, 0.1 to 0.3 in the rang&/ s, are found to exhibit the correct
D=10000 K, N(0)=0.2 eV'%, a;=0.001 eV, a,=0.01, trend with respect to the results reported in the literature for
and RKKY couplingl = +0.01 eV have been chosen. Plots Ce-based heavy-fermion systems.
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9.0 so— — : been calculated systematically. The extrema in the total elec-

trical conductivity occurs around 20 K fof=140 K and
around 13 K for§=90 K (Fig. 4), while in the thermal con-
ductivity it appears around 6.8 K with=90 K [Fig. 5a)]
and around 10.5 K witls= 140 K. Thus the increase in the
CEF (6) values increases the temperature at which the ex-
trema is found. This extrema is minimum fopositive(i.e.,
for ferromagnetic RKKY coupling and maximum forl
negative(i.e., antiferromagnetic RKKY coupling Calcula-
tions for the Lorenz ratigL(T)/Ly] also show a minimum
around 17 K for6=90 K and around 27 K fos=140 K
. (Fig. 6). Here L, is the Sommerfeld value of the Lorenz
o e ratio*? and is equal to 2.4810°% W Q K2 Furthermore,
1.0 + PR -+ the calculated value of the Lorenz number at low tempera-
e T tures is large compared to its Sommerfeld valygand is
e —— consistent with the results reported for Ge&nd CeCy,
-1.0 = } ; which was not explained earliéf From Fig. 6 the role of the
0.14 0.18 0.22 0.26 0.30 third-order exchange interaction in explaining the large
T/6 L/L, ratio at low temperatures is obviotisThe clear devia-
tions of thermal and electrical conductivities in HFS'’s from
FIG. 6. Theoretical plots for Lorenz ratipL(T)/L,] from  the conventional Kondo behavior at low temperatures pro-
second-ordefdotted ling and third-order exchang@lashed ling  vides a good testing ground for the role of RKKY processes
RKKY interaction(dotted-dashed lineand total contributiorisolid considered here. The Kondo exchange and RKKY interac-
line) with CEF (9)=90K and the RKKY couplingl=0.01 eV.  tijons show their distinct influence in all properties. It is im-
The inset shoyvs the theoretical plots'for the Lorenz_raFio fromportant to note from Figs. 4 and 5, that in these properties at
second-plus third-order exchangotted ling and total(solid lin®) |4,y temperature the RKKY interaction contribution becomes
contribution for the same CEF ardvalues. significant in their total contribution. Furthermore, extrema
obtained at finite temperature in these properties in the ab-
sence of an external magnetic field can be regarded as the
Contributions to electrical[o(T)/og] and thermal clear cut manifestation of the presence of an internal CEF,
[K(T)/Ky] conductivities and Lorenz numbe(T)/L, from  which plays a significant part in these systeéh@ualitatively
different orders, i.e., second, third, RKKY contributions, andthe calculations for these properties are quite consistent with
total contributions to these, in the presence of a CEF havthe experimental results in the literatdfe’®
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