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Nonequilibrium superconductivity in spin-polarized superconducting tunneling junctions
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The presence of an applied magnetic field can lead to important effects as regards the nonequilibrium
properties of a superconductor when spin-flip scattering processes are taken into account. Here we consider
spin-flip transitions due to spin-orbit scattering of the quasiparticles by impurities, and introduce the kinetic
equations governing the quasiparticle and phonon excitations. We solve the kinetic equations for the case of a
superconducting film in a magnetic field driven out of equilibrium by quasiparticle injection. We consider also
two identical phonon-coupled superconducting tunneling junctions and calculate the current-voltage character-
istics as a function of the applied magnetic field and the spin-orbit scattering rate. Our results provide a natural
and simple interpretation of a recently reported experiment.@S0163-1829~97!00829-1#
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I. INTRODUCTION

The study of the phenomenon of nonequilibrium sup
conductivity has led to interesting applications, especially
tunneling devices. A direct measurement of the quasipart
recombination time, for example, has been obtained
means of superconducting tunneling junctions~STJ’s! driven
out of equilibrium by quasiparticle or phonon injection.1–3

STJ’s have also been used for quasimonochromatic pho
generation and detection,4–8 and the corresponding physic
processes have been studied extensively.9–11 Recently, the
time evolution towards a nonequilibrium state has also b
investigated,12 and a normal state junction has been succe
fully utilized as a phonon generator.13

The effects of magnetic fields on the properties of a n
equilibrium superconductor have also been investiga
Tunneling experiments on thin Al films have given eviden
for the Zeeman splitting of the quasiparticle density of sta
~DOS!,14 and deviations from the BCS theory were succe
fully explained by electronic spin-flip processes induced
spin-orbit scattering with impurities.15–18 By studying non-
equilibrium phonons, it was shown that the quasimonoch
matic emission of phonons can be tuned by varying
strength of the applied magnetic field.6

In a recently reported experiment,19,20 an effect of the
external magnetic field on the phonon generation and de
tion in ultrathin Al STJ’s was observed. Namely, th
detector-current–generator-voltage (I D-VG) characteristics
of the phonon-coupled junctions~with equal energy gaps
2D) showed a dependence on the magnetic fieldH implying
spin-flip transitions of the quasiparticles. In fact, in additi
to the structures ateVG52D andeVG54D due to the onse
of recombination and relaxation phonons,8 an increase of the
differential signal dID /dVG was recorded also a
eVG52D12mBH and eVG54D62mBH, wheremB is the
Bohr magneton. The electron-phonon interaction respons
for the recombination and relaxation processes is spin c
serving, and therefore the field-dependent signals mus
ascribed to spin-flip transitions. A possible origin of su
560163-1829/97/56~5!/2751~13!/$10.00
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processes is found in the elastic spin-orbit scattering of
quasiparticles by impurities or surface effects.21 In fact, the
current-voltage characteristics of the tunneling junctions
ported in Ref. 19 showed a clear signature of a small
finite value of the spin-orbit scattering rate. However, t
observed small amount of spin-mixed states in the quasi
ticle DOS due to spin-flip virtual processes, cannot prov
an explanation for the field-dependent signals. Instead,
experimental data require a spin-flip collision integral
magnitude comparable to the one associated with
electron-phonon interaction. An interpretation of the expe
mental results based on this mechanism has already
reported.21 Here, we clarify in greater details the physic
processes involved in a nonequilibrium superconductor w
the spin-orbit scattering is taken into account. Our analysi
based on a semiphenomenological approach in which
quasiparticle and phonon transitions are governed by the
netic equations, the input parameters of which are extrac
from the experimental data.

This article is organized as follows. In Sec. II we outlin
the properties of thin superconducting films in a magne
field and in Sec. III we introduce and describe the kine
equations for quasiparticles and phonons. In Sec. IV
solve the kinetic equations for a single tunneling junction
a magnetic field and study the nonequilibrium distributio
of quasiparticles and phonons. In the same section we c
sider a system of two phonon-coupled identical STJ’s in
magnetic field and discuss the effect of the spin-orbit sc
tering processes on the calculated differential detec
currentI D . The latter analysis is also an interpretation of t
experimental data reported in Refs. 19,20.

II. SUPERCONDUCTING THIN FILMS
IN A MAGNETIC FIELD

The physics of a superconductor under the influence o
external magnetic fieldH has been extensively studied in th
past.22 The magnetic field couples to the spin degrees
freedom via the electron magnetic moment and also in
2751 © 1997 The American Physical Society



ac
ai
.
a

lm
th

a
ld
e
by

n

rg

th

of

n

th

-

o

ld
o
o

n

-

in

di-
ing
ities
we
m

ic

ro-

the
me

er

e-

hen

of
nd

ef-

nel-
ng

y
i-

for
en-

c-
an

m
y

2752 56CLAUDIO GRIMALDI AND PETER FULDE
ences the orbital motion of the quasiparticles. Both inter
tions break the time-reversal symmetry and lead to p
breaking effects therefore suppressing superconductivity
the following we focus on superconducting thin films in
magnetic field applied parallel to their surfaces. For fi
thicknesses of the size of 100 Å or less, the effect of
magnetic field on the electron spin becomes dominant. In
idealized situation in which the effect of the magnetic fie
on the electron orbital motion can be completely neglect
the quasiparticle excitation energy is given
Es(p)5(jp

21D2)1/21smBH, wherejp is the normal elec-
tron energy measured from the chemical potential a
s561. The corresponding density of states~DOS! per spin
is of the BCS type, but shifted by the Zeeman ene
smBH:

Ns~E!5
N~0!

2
sgn~E!ReH E2smBH

@~E2smBH !22D2#1/2J , ~1!

whereN(0) is the density of states in the normal state at
Fermi energy summed over both spin directions.

The effect of the magnetic field on the orbital motion
the electrons leads to a modification of Eq.~1!. Under the
assumption that the following inequalities holdl,
(l j0)1/2@d@l , wherel andj0 are the London penetratio
depth and the coherence length, respectively, andl is the
mean free path, the quasiparticle DOS becomes of
Abrikosov-Gorkov type,16 which is given in units of
N(0)/2 by

r↑↓~E!5sgn~E!ReF u6

~u6
2 21!1/2G . ~2!

u6 is implicitly defined by the following algebraical equa
tion:

E7mBH

D
5u6F12

z

~12u6
2 !1/2G , ~3!

where

z5
t tr~evFdH!2

18D
~4!

is the depairing parameter. Here,vF is the Fermi velocity
and t tr is the transport scattering time. For small values
z, the square root singularities in the DOS atE6mBH5D
are reduced to sharp peaks and the excitation thresho
shifted to lower energies. However, the spin is still a go
quantum number and the Zeeman splitting is preserved. N
that when the film thickness goes to zero (d→0) the mag-
netic field has no effect on the electron orbital motion a
the DOS becomes of BCS type as in Eq.~1!. The order
parameterD appearing in Eq.~3! is weakened by the pres
ence of the depairing parameterz. At zero temperature and
for z<1 it is found that22

ln~D/D0!52
p

4
z, ~5!

whereD0 is the order parameter in the absence of depair
effects (z50). For sufficiently small values ofz, the order
-
r-
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parameter can be approximated by its zero field valueD0 and
we will limit our analysis to this case.

Spin-flip scattering processes can lead to important mo
fications of the excitation spectrum of a superconduct
film. Such processes can be induced by magnetic impur
present in the film or spin-orbit scattering centers. Here,
consider only the latter mechanism, which originates fro
spin-orbit coupling to impurities or from strong electr
fields arising near the boundaries of the film.24 Regardless of
the specific nature of the spin-orbit scattering, the usual p
cedure is to introduce an effective concentrationni of scat-
tering centers with a scattering potential of the form16,17

V~p,p8!5
ivso

pF
2 ~p3p8!•s. ~6!

Herep, p8 are electronic momenta ands is the spin vector
operator. In the presence of the scattering potential~6!, the
electron spin is no longer a good quantum number and
electron will change its spin state during a characteristic ti
tso given by

tso
215

1

3

ni

\

N~0!

2 E dVuvsou2sin2u. ~7!

The inclusion of the spin-orbit scattering timetso modifies
the equations for theu6 functions appearing in the DOS~2!
in the following way:16,17,22,23

E7mBH

D
5u6F12

z

~12u6
2 !1/2G1bso

u62u7

~12u7
2 !1/2, ~8!

where bso5\/(tsoD) is the spin-orbit scattering paramet
andz is again the depairing parameter given by Eq.~4!.

The quasiparticle DOS for the two spin directions is r
ported in Fig. 1 for an applied magnetic field of 2 T and
several values of the spin-orbit scattering parameter. W
bso50, the DOS for spin ‘‘up’’~dashed line! and the one for
spin ‘‘down’’ ~solid line! are shifted by 2mBH and the Zee-
man splitting is clearly visible. The increase of the value
bso leads to a spin-mixing effect on the density of states a
for very short spin-orbit scattering times, i.e.,tsoD!1, the
Zeeman splitting is no longer observable. Because of its
fects on the quasiparticle DOS,bso can be experimentally
determined by measurements of the conductance of tun
ing junctions,15 and the same holds true for the depairi
parameterz.18

III. KINETIC EQUATIONS

A superconductor can be driven out of equilibrium b
different sources.10 In a nonequilibrium situation, the quas
particle and phonon distributionsf s(k,Ek) andn(q,vq) will
differ from their form at equilibrium in a way which criti-
cally depends on the particular mechanism responsible
the nonequilibrium state. Here, we are interested in the
ergy resolved nonequilibrium distributionsf s(E) and n(v)
resulting from the effect of quasiparticle and phonon inje
tion into a superconducting film under the influence of
applied magnetic fieldH. A Green’s functions formalism can
be suitably defined in order to deal with nonequilibriu
systems.25 However, here we follow a hybrid procedure b
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making use of Boltzmann-like kinetic equations10,11 where
the self-energy effects arising from the spin-orbit coupli
and the influence of the magnetic field on the electron or
are incorporated in the quasiparticle DOS and in the coh
ence factors. Since we will focus our analysis on aluminu
i.e., a weak-coupling superconductor, the self-energy eff
due to the electron-phonon interaction can be safely
glected. The resulting kinetic equations for the quasipart
and phonon distributionsf s(E) andn(v) are

d fs~E!

dt
5I s

qp,curr~E!1I s
qp~E!1I s,s̄

imp
~E!2

d f s~E!

tc
, ~9!

dn~v!

dt
5I ph,curr~v!1(

s
I s

ph~v!2
dn~v!

tesc
. ~10!

Here, I s
qp,curr(E) and I ph,curr(v) represent the injection rate

for quasiparticles and phonons, respectively.I s
qp(E) and

FIG. 1. Quasiparticle density of states for an applied magn
field of 2 T and different values of the spin-orbit scattering para
eter bso. r↑ and r↓ are shown by dashed and solid lines, resp
tively. A small value of the pair-breaking parameter, i.
z50.002, was introduced in order to smear the singularities
bso50.
ts
r-
,
ts
e-
le

I s
ph(v) are the collision integrals due to electron-phon

scattering processes andI s,s̄
imp (E) is the rate of the quasipar

ticle spin-flip induced by the spin-orbit scattering potent
~6!. tesc is the escape time of the phonons due to the ther
coupling between the superconducting film and the ther
reservoir andtc is a phenomenological quasiparticle lifetim
which will be specified later. The deviation from the equili
rium of quasiparticles and phonons distributions are given
d f s(E)5 f s(E)2 f 0(E,T) anddn(v)5n(v)2n0(v,T), re-
spectively, wheref 0(E,T) andn0(v,T) are the correspond
ing equilibrium distributions at temperatureT.

The system under consideration consists of phonons
quasiparticles which interact with the magnetic field main
via the electron magnetic moment. Therefore the set of
netic equations is composed of three coupled equations:
for the phonons, Eq.~10!, and two for the quasiparticles with
different spin orientationsf ↑(E) and f ↓(E).

In principle, the kinetic equations should be accompan
by the following generalized gap equation:10,11

1

l
5

1

2(s E
0

vDdE

D
hs~E!@122 f s~E!#, ~11!

wherel is the dimensionless electron-phonon coupling co
stant andvD is the Debye energy. In Eq.~11! the effects
arising from the depairing and the spin-orbit scattering
rameters are included in the functionhs(E), which is given
by

h↑↓~E!5sgn~E!ReF 1

~u6
2 21!1/2G . ~12!

The u6 functions have to be evaluated from Eq.~8!.
When the superconductor is at equilibriu

f s(E)5 f 0(E,T), and Eq.~11! reduces to the ordinary ga
equation. On the other hand, when the quasiparticle distr
tion deviates from its equilibrium form, Eq.~11! gives the
modified gap value. If we assume that the deviati
d f s(E) of the quasiparticle distribution is small compared
f 0(E,T), then we can evaluate the changedD of the order
parameter by linearizing Eq.~11! with respect todD and
d f s(E). At zero temperature we obtain:10,11

dD

D
52(

s
E

0

vDdE

D
hs~E!d f s~E!. ~13!

For the parameters used in our calculations, we find that
maximal value ofudD/Du is of the order of 1022. Therefore
we can consistently solve Eqs.~9!, ~10! by neglecting the
changedD of the order parameter.

A. Driving mechanisms

In the case of a superconducting tunneling junction,
quasiparticles can be injected into one side of the junction
imposing a voltage differenceV between the films. If the
injecting film is assumed to be in equilibrium, the quasip
ticle injection rate is then given by

I s
qp,curr~E!5Ars~E2eV!@ f 0~E2eV,T!2 f s~E!#, ~14!
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2754 56CLAUDIO GRIMALDI AND PETER FULDE
where we have assumed that the order parameterD is the
same in the two superconducting films. The prefactorA in
the above equation is given by

A5
4p

\
uTu2VN~0!5

1

e2VN~0!RT
. ~15!

In this equation,T is the tunneling matrix element,V is the
volume of the film,e is the electronic charge, andRT is the
resistance of the junction. The latter can assume values r
ing from about 0.01 to about tens of ohm.

The phonon injection rateI ph,curr(v) becomes importan
when a STJ is driven out of equilibrium by phonon rath
than quasiparticle injection. This is the case when, for
e
ga

ui
lie

n

r
tio
ca
hi
g-

r
-

ample, a heater is attached to a superconducting film or w
phonons generated by another STJ are injected into the
In Sec. IV we will study the latter situation in detail.

B. Electron-phonon collision integrals

The inelastic scattering processes taking place betw
quasiparticles and phonons are given by the collision in
gralsI s

qp(E) andI s
ph(v). For a BCS superconductor, they ca

be easily obtained by applying Fermi’s golden rule.10,11 As
pointed out before, we include the self-energy effects due
tso andz in the DOS and the coherence factors. In this w
we obtain
I s
qp~E!52

2p

\ E
0

`

dva2F~v!rs~E1v!Ns,s~E,E1v!$ f s~E!@12 f s~E1v!#n~v!2 f s~E1v!@12 f s~E!#

3@11n~v!#%2
2p

\ E
0

`

dva2F~v!rs~E2v!Ns,s~E,E2v!$ f s~E!@12 f s~E2v!#@11n~v!#2 f s~E2v!@1

2 f s~E!#n~v!%2
2p

\ E
0

`

dva2F~v!rs̄~v2E!Ms,s̄~E,v2E!$ f s~E! f s̄~v2E!

3@11n~v!#2@12 f s~E!#@12 f s̄~v2E!#n~v!%, ~16!

I s
ph~v!52

4p

\

N~0!

N

a2F~v!

F~v!
E dEE dE8rs~E!rs~E8!Ns,s~E,E8!$ f s~E8!@12 f s~E!#n~v!2 f s~E!@12 f s~E8!#

3@11n~v!#%d~E82E1v!2
2p

\

N~0!

N

a2F~v!

F~v!
E dEE dE8rs~E!r s̄~E8!Ms,s̄~E,E8!

3$@12 f s~E!#@12 f s̄~E8!#n~v!2 f s~E! f s̄~E8!@11n~v!#%d~E1E82v!. ~17!
i-
ate
en-
re-

an
of

nd
f
ns:
In the above equations,a2F(v) is the Eliashberg function
for the electron-phonon interaction,F(v) is the phonon den-
sity of states, andN is the ion density. In our analysis, w
consider a weak-coupling superconductor for which the
function D is much smaller than the Debye energyvD . For
aluminum films of 30 Å,vD538 meV andD.0.5 meV,19

and this condition is well satisfied. Moreover, in the noneq
librium case, the other important energy scale is the app
voltageeV which we consider to be always less than 6D.
Therefore, we can safely approximate the Eliashberg fu
tion and the phonon DOS by their low-energy limits26

a2F~v!5bv2, ~18!

F~v!5av2. ~19!

For aluminumb.0.31731023 meV22 anda.0.1831023

meV23.12,26

In the collision integrals~16! and~17!, rs(E) is the qua-
siparticle DOS defined by Eqs.~2!, ~8! and the functions
Ns,s(E,E8) andMs,s̄(E,E8) are the coherence factors fo
quasiparticle scattering and quasiparticle recombina
and/or creation, respectively. The quasiparticle-phonon s
tering is a single-electron and spin-conserving process w
p

-
d

c-

n
t-

le

a recombination~creation! process involves two quasipart
cles~holes!. Because of the singlet nature of the pairing st
(k↑,2k↓) the quasiparticles must have opposite spin ori
tations in order to recombine in the Cooper pair, and the
fore the associated coherence factorMs,s̄(E,E8) depends
on two opposite spin eigenvalues.

For a BCS superconductor for which the presence of
external magnetic fieldH influences only the spin degrees
freedom through the Zeeman splitting (bso50, z50), the
coherence factors are given by

Ns,s~E,E8!5
1

2F12
D2

~E2smH !~E82smH !G , ~20!

Ms,s̄~E,E8!5
1

2F11
D2

~E2smH !~E81smH !G . ~21!

However, for finite values of the spin-orbit scattering a
depairing parameters (bsoÞ0, zÞ0), a more general form o
the coherence factors is given by the following expressio

Ns,s~E,E8!5
1

2F12
hs~E!hs~E8!

rs~E!rs~E8! G , ~22!
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Ms,s̄~E,E8!5
1

2F11
hs~E!hs̄~E8!

rs~E!r s̄~E8!
G , ~23!

wherers(E) andhs(E) are given by Eq.~2! and Eq.~12!,
respectively. Forz→0 andbso→0 Eq. ~22! reduces to the
BCS limit Eq. ~20!.

The order of magnitude of the collision integralsI s
qp(E)

andI s
ph(v) can be obtained by rescaling the quasiparticle a

phonon energies with the order parameterD. In this way we
obtain I s

qp(E)5(t0
qp)21 Ī s

qp( Ē) and I s
ph(v)5(t0

ph)21 Ī s
ph(v̄),

where v̄5v/D, Ē5E/D and Ī s
qp( Ē) and Ī s

ph(v̄) are di-
mensionless electron-phonon collision integrals. The cha
teristic rates (t0

qp)21 and (t0
ph)21 are given below

~t0
qp!215

2p

\
bD3, ~24!

~t0
ph!215

2p

\

N~0!

N

b

a
D, ~25!

where we used Eqs.~18!-~19! for the Eliashberg function and
the phonon density of states. By making use of the value
a and b given above, and ofN(0)/N.2.0331024

meV21,12,26 we find for D.0.5 meV, (t0
qp)21.3.83108

sec21 and (t0
ph)21.1.73109 sec21.

In addition to the electron-phonon interaction, the qua
particles undergo inelastic scattering and recombination~cre-
ation! processes via the electron-electron interaction. The
sociated collision integral is rather cumbersome27 and
usually, in calculating the nonequilibrium distribution fun
tions f s(E) andn(v), its contribution is ignored.9–12 More-
over, in order to establish a voltage difference and to dete
tunneling current, STJ’s are connected to a circuit. There
the quasiparticles have a finite probability to escape from
film before they interact with the phonons or with the sp
orbit scattering centers. We decided to simulate these eff
in the simplest way by introducing a phenomenological q
siparticle lifetimetc in Eq. ~9!. We would like to stress tha
the Coulomb contribution totc is not to be confused with the
electron-electron scattering time at equilibrium but rather
to be interpreted as a nonequilibrium lifetime. In fact,
equilibrium and at zero temperature, all electrons near
Fermi surface are condensed into Cooper pairs. If we ad
quasiparticle, this will have an infinite equilibrium electro
electron relaxation time because there are no other quas
ticles to interact with. In this case, only recombination tra
sitions contribute to the electron-electron scattering tim
Instead, under a nonequilibrium condition such as inject
of quasiparticles, the quasiparticle population is increa
and there will be a finite contribution of the relaxation pr
cesses to the electron-electron lifetime.28 Because of the phe
nomenological nature oftc , its value is fixed by the experi
mental data in the way described in the next section.

C. Spin-orbit collision rate

As we have seen in Sec. II, the presence of the spin-o
scattering potential~6! can have strong effects on the qua
particle spectrum leading to spin-mixing features in the q
siparticle DOS. On the other hand, a finite spin-orbit scat
d

c-

of

i-

s-
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e

-
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s
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e
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ar-
-
.
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-
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ing timetso is also responsible for real processes in which
quasiparticle with initial spin states is scattered into a fina
state with reversed spins̄52s. This scattering is elastic
and the final and initial quasiparticle energies are the sa
We have included this process in the kinetic equation~9! by
introducing the following spin-orbit collision term:29

I s,s̄
imp

~E!52tso
21rs̄~E!Ns,s̄~E,E!@ f s~E!2 f s̄~E!#, ~26!

wheretso
21 is the spin-orbit scattering rate given by Eq.~7!.

WhenHÞ0 andtso
21→0, the quasiparticle kinetic equation

for spin ‘‘up’’ and spin ‘‘down’’ become decoupled. In this
case the nonequilibrium distributionsf ↑(E) and f ↓(E) are
independent and the superconductor remains spin polari
However, for finite values oftso

21 , the spin-orbit collision
integral~26! leads to a relaxation of the spin-imbalance. W
will see in the following that the combined action of th
elastic spin-orbit scattering and the electron-phonon inte
tion is responsible for the interesting features observed in
experiments.19–21

The effectiveness of the spin-orbit collision term
changing the spin state of a quasiparticle with energyE de-
pends on the characteristic time of the inelastic processes
to the electron-phonon interaction. The relative strength
the spin-orbit scattering with respect to the electron-phon
one can therefore be estimated by the following quantity

t0
qp

tso
5

\

2p

tso
21

bD3 5
bso

b

1

2pD2 , ~27!

where we used the expression~24! for (t0
qp)21. For D;0.5

meV the above quantity ist0
qp/tso;103bso. By including the

reduction due to the coherence factor appearing in Eq.~26!,
this value is decreased by one order of magnitude for a m
netic field of 2 Tesla. Therefore, also for very small values
the spin-orbit scattering parameter, i.e.,bso;0.01, the quan-
tity in Eq. ~27! can be of order unity. It is worth noticing
that, for the value ofbso used in the above estimate, th
quasiparticle DOS deviates slightly from the form expec
in the absence of spin-orbit scattering. This can be seen
comparing in Fig. 1 the DOS calculated forbso50 with the
one obtained forbso50.01.

In the numerical analysis of the kinetic equations~9! and
~10! we shall consider different values of the spin-orbit sc
tering parameterbso in order to study its effect on the non
equilibrium properties of a superconductor. Experimenta
this kind of analysis can be achieved by varying the conc
tration of impurities in the sample. Meserveyet al.18 were
able to prepare good quality Al tunneling junctions with M
impurities in a wide range of Mn concentrations. In this w
they were able to modify the value ofbso.

D. Phonon escape time

The last term in Eq.~10! is the phonon escape rate due
the coupling between the superconducting film and the th
mal reservoir.tesc is a quantity which depends on the sp
cific material and on the geometry of the junction, and
proportional to the thickness of the film. Following Ref
8,11,12, the rate of the phonon escape from a thin film
given as
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tesc
215

a tvs

4d
, ~28!

wherevs is the velocity of sound,d is the thickness of the
film, anda t is the phonon transmission coefficient. We tre
tesc as a phenomenological quantity, and in this perspec
also the anharmonic effects due to the phonon-phonon in
action can be included in it. A useful quantity in evaluati
the effectiveness oftesc is the ratiot0

ph/tesc wheret0
ph is the

characteristic lifetime for the electron-phonon interaction
the phonon channel displayed in Eq.~25!. When t0

ph/tesc

diverges (tesc→0) the steady-state solution of Eq.~10! is
n(v)5n0(v) and therefore the quasiparticles are coupled
a thermal bath in equilibrium. On the other hand, with t
increase oftesca nonequilibrium distribution of phonons se
in, meaning that the system is under the effect of an exte
source injecting quasiparticles or/and phonons.

IV. RESULTS AND DISCUSSION

The steady-state nonequilibrium quasiparticle and pho
distributions are obtained by imposing the stationary con
tions d fs(E)/dt50 anddn(v)/dt50 on the kinetic equa-
tions ~9! and ~10!. The numerical solution is then achieve
by transforming the integrals appearing in Eqs.~16!–~17!
into summations over discrete energy levelsEi and v i .
In this way the kinetic integral equations reduce to a n
linear system of equations where the unknown va
ables ared f s(Ei)5 f s(Ei)2 f 0(Ei ,T) and dn(v i)5n(v i)
2n0(v i ,T). We introduce a vectorX with componentsXi
given by

Xi5H d f ↑~Ei ! i 51, . . . ,n,

d f ↓~Ei ! i 5n11, . . . ,2n,

dn~v i ! i 52n11, . . . ,4n,

wheren5MMd with M53, Md545 and in units of 1 meV
the discrete energy levelsEi andv i are defined as

Ei5~ i 21!/Md , i 51, . . . ,n,

Ei5~ i 2n21!/Md , i 5n11, . . . ,2n,

v i5~ i 22n21!/Md , i 52n11, . . . ,4n.

The upper energy cutoffsEmax andvmax are therefore 3 and
6 meV, respectively. They correspond toEmax56D and
vmax512D for D50.5 meV. The kinetic equations are the
solved in theXi variables by using standard library routin
for systems of nonlinear equations. Theu6 functions enter-
ing the DOS and the coherence factors have to be evalu
numerically as well.

Several parameters entering the kinetic equations~9! and
~10! depend strongly on the specific tunneling junctio
These are the order parameterD, the prefactorA in the qua-
siparticle injection termI s

qp,curr(E), the depairing paramete
z, the spin-orbit scattering timetso, the phonon escape tim
tesc, and finally the phenomenological electron lifetimetc .
The first four quantities, namely,D, A, z and tso, can be
obtained by fitting the calculated tunneling current with t
experimental current-voltage characteristics. Here, we h
chosen to extract the value of some of these quantities f
the experimental data reported in Refs. 19,20 but to lettso
t
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al

n
i-

-
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ted

.
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m

vary in a certain range of interest. Therefore we putD50.5
meV, and t0A51.2531023 which corresponds to
RT50.4V for an Al film with thickness of 30 Åand cros
section 1 mm2. The depairing parameterz, Eq. ~4!, is pro-
portional to the square of the magnetic field. Howev
experiments18 reported that even forH50, z has a small but
finite value. Thereforez should be given by the following
expression:18

z5z01C~mBH !2, ~29!

where the parametersz0 andC do not depend on the mag
netic field. Estimates of the values ofz0 andC are obtained
as explained above and we findz050.002 andC50.2
meV22. Note also, that for the highest magnetic fields us
in this work (Hmax55 T!, the depairing effect is rather sma
(zmax50.0188) and the order parameter can be approxima
by its zero field value of 0.5 eV. In performing the numeric
calculations, we considered also the situation in wh
z5z050.002, whatever the value ofH.

The fit of the current-voltage characteristics does not g
information on the values of the phonon escape timetescand
the phenomenological quasiparticle lifetimetc . We fixed the
first quantity by imposingt0

ph/tesc51, which correspond to
an Al film of thicknessd530 Å and a phonon transmissio
coefficienta t.0.731022. The value oftc was instead de-
termined in the following way. By looking at the data for th
second derivative of the detection current in the phon
spectroscopy experiment reported in Refs. 19–21, we no
that at zero magnetic field, the signals labeledA andB have
nearly the same intensity. Iftc

2150, a numerical calculation
would give anA signal~which results from electron-phono
recombination processes in the generator! much bigger than
the B peak~which is due to relaxation processes in the ge
erator!. Therefore we tuned the value oftc

21 in order to
obtain nearly the same intensity for theA and B signals at
zero magnetic field. In this way, we fixed the value
t0

qp/tc to be equal to 3.6 and we kept this value also
magnetic fields different from zero since theH dependence
of tc should be negligible. As reported in Ref. 21, this a
sumption led to fairly good agreement with the experimen
data.

We solved the coupled kinetic equations~9! and~10! for a
superconducting film driven out of equilibrium by quasipa
ticle injection. This situation is encountered when t
superconductor-insulator-superconductor~SIS! junction is
biased with a voltage. We also studied a system compose
two equal SIS tunneling junctions separated by a crys
After traveling through the crystal, the phonons generated
the voltage biased junction can influence the second junct
This is basically the mechanism which permits phonon sp
troscopy.

A. Symmetric tunneling junction

In this case the nonequilibrium quasiparticle and phon
distributions are induced by the application of a voltageV
through the junction which leads to a quasiparticle injectio
Therefore, in the kinetic equations~9! and ~10!, the phonon
current I ph,curr(v) is absent and the quasiparticle injectio
rate is given by Eq.~14!. We performed the calculation fo
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different values of the applied magnetic field and of the sp
orbit scattering parameterbso. In this case we se
z5z050.002, i.e., we neglected the effect of the magne
field on the electron orbits. Moreover we performed the c
culations for a temperature of 0.4 K.

In Fig. 2 we show the calculated deviation of the phon
distribution dn(v)5n(v)2n0(v,T) as a function of the
phonon energy. Here the voltage difference is set equa
1.33 in units of 2D/e and the spin-orbit scattering paramet
is bso50.01. In zero magnetic field, the injection of quas
particles cannot produce a spin imbalance and the spin-o
collision term~26! is zero. The calculated emission phon
spectrum shows a low-energy contribution arising from q
siparticle relaxation processes. This gives rise to emissio
phonons up tov.eV22D. The spectrum associated wit
quasiparticle recombination processes has an energy wid
approximatively 2eV24D and shows two sharp peaks
v.2D and v.eV. The former is due to recombination o
quasiparticles with energyE.D, while the latter corre-
sponds to direct recombination of injected quasipartic
with energyeV2D,

As we increase the magnetic field, new structures sta
develop in the nonequilibrium phonon spectrum. A seco
tail, smaller in intensity, is added at energ
eV22D12mBH while two peaks ateV62mBH grow at the
sides of the main peak atv.eV. Other tails can be noticed

FIG. 2. Phonon emission in the generator STJ for various
plied magnetic fields given in Tesla. The applied voltage
eV/2D51.33 andD50.5 eV. The spin-orbit scattering parameter
bso50.01 and the pair-breaking parameter isz50.002 for all values
of the magnetic field. The curves for different values ofH have
been shifted for clarity.
-

c
l-

n

to

bit

-
of

of

s

to
d

at energies 2eV22D62mBH. Becausebso is very small,
these features cannot be merely ascribed to the spin-mixi
influence on the DOS. Instead, their origin is due to th
presence of the spin-orbit collision term~26!. In order to
clarify this point, we show in Figs. 3 and 4 the physica
processes that lead to some of the just mentioned features
Fig. 3, the Zeeman-split density of states for both films of th
junction is displayed in the usual semiconductor represen
tion. If the junction is biased with a voltageV, then quasi-
particles can tunnel from one side of the junction to th
other. Let us consider the tunneling process of a quasiparti
with spin ‘‘up’’ as shown in the figure. After the tunneling,
the quasiparticle can relax to the lower permitted energ
states by emitting phonons with energies up toeV22D. This
transition does not involve spin-flip processes and gives ri
to field-independent low-energy contributions in the phono
emission spectrum. However, the presence of the spin-or
collision integral~26! gives rise to the possibility of a differ-
ent relaxation process: the tunneled quasiparticle can u
dergo a spin-flip transition and relax by the emission o
phonons. But in this case the maximum phonon energy i
volved in the process iseV22D12mBH, therefore, the non-
equilibrium phonon spectrum shows a tail at that energy
in Fig. 2. The features associated with the recombinatio
processes have an interpretation similar to the one giv
above. In Fig. 4, the recombination processes are depicted
quasiparticle transitions from the empty to filled state. Spin
conserving transitions give rise to emission of phonons wi
energyeV, while the combined action of the spin-orbit elas
tic scattering and the electron-phonon interaction leads
recombination processes with emission of phonons of ener
eV12mBH, Fig. 4~a!, andeV22mBH, Fig. 4~b!.

-

FIG. 3. Quasiparticle relaxation processes for a tunneling jun
tion in an external magnetic fieldH. The process labeled 1 does not
involve spin-flip transitions and gives rise to an emitted phono
with energy ofeV22D. The presence of the elastic spin-orbit scat
tering leads to a spin-flip~process 2a! followed by a relaxation
transition by emission of phonons with energyeV22D12mBH
~process 2b!.
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2758 56CLAUDIO GRIMALDI AND PETER FULDE
The main effect of a nonzero spin-orbit collision term
~26! is therefore the opening of new channels for relaxatio
and recombination processes. This leads, together with
above mentioned features, to an increase of the total amo
of emitted phonons with the magnetic field. We define th
integrated emission spectrum of phonons as:

S~H !5E
0

`

dvF~v!dn~v!, ~30!

whereH is the magnetic field andF(v) is the phonon den-
sity of states in the low-energy limit~19!. In Fig. 5 we show
the numerical results forS(H) normalized to its value at
H50 and foreV/2D51.33 andbso50.01. The increase of
the magnetic field leads to a clear enhancement ofS(H). In
our analysis we used a Debye model for the phonon sp

FIG. 4. Recombination processes in the semiconductor rep
sentation of the excitations in a tunneling junction. When a qua
particle undergoes a spin-flip transition it can recombine by em
ting phonons with energyeV12mBH ~a! or eV22mBH ~b!.
n
he
nt

e

c-

trum with no distinction between longitudinal and transve
modes. However, in Al and for small phonon energies,
coupling of the electrons to the transverse phonon mode
stronger than the coupling to the longitudinal ones.8 There-
fore, if we decomposeS(H) in its longitudinal and trans-
verse componentsSl(H) andSt(H), respectively, we obtain
that St(H).Sl(H). This gives an interpretation of th
phonon-pulse measurements reported in Ref. 19, wher
was observed that the detection signal for the transve
modes increased more strongly with the magnetic field t
the detection signal associated with the longitudinal mod

The nonequilibrium quasiparticle distributions are show
in Fig. 6. Here, d f ↑(E) and d f ↓(E) are represented by
dashed and solid lines, respectively, and the parameters
the same as in Fig. 2. At zero magnetic field the distributio
for different spins merge together and the width of the sp
trum is approximativelyeV22D. The increase of the mag
netic field leads to a broadening of the width which is a
proximativelyeV22D12mBH for single spin quasiparticle
distribution. Also in this case, because of the smallness
bso, this behavior can be understood as resulting from ela
spin-flip transitions due to Eq.~26! rather than from pro-
cesses involving the spin-mixing states in the Zeeman s
quasiparticle DOS. This can be easily seen in the exam
reported in Fig. 3 where the spin-flip process labeled by
increases the width of the spin ‘‘down’’ quasiparticle excit
tions by 2mBH.

The calculations presented above were performed by
ing a rather small value of the spin-orbit scattering para
eter, namely,bso50.01. By increasingbso, and therefore
tso

21 , the scattering rate for spin-flip transitions~26! in-
creases, and the magnetic-field-dependent features desc
above should become more pronounced. On the other h
as shown in Fig. 1, the increase of the spin-orbit param
bso lowers the intensity of the peaks of the quasiparticle D
and enhances the amount of spin-mixed states for ener
below E.D1mBH. Moreover, for the same reason, th
spin-imbalance of the injected quasiparticles is depressed
shown in Fig. 7, an increase ofbso leads to a smearing of th
structures of the emission phonon spectrum associated
the elastic spin-flip transitions. Moreover, the lowering of t
DOS peaks also suppresses the structures associated wi
transitions without spin-flips, as in the peaks atv.2D and

e-
i-
t-

FIG. 5. Integrated emission phonon spectrum normalized
H50. The spin-orbit scattering parameter isbso50.01 and the ap-
plied voltage iseV/2D51.33. The dashed line is a guide to the ey
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56 2759NONEQUILIBRIUM SUPERCONDUCTIVITY IN SPIN- . . .
v.eV. Both the increase of the spin-flip scattering rate a
the DOS effects lead to a weakening of the differences
tweend f ↑(E) and d f ↓(E) as shown in Fig. 8. In the limit
tso→0, a quasiparticle has the same probability for each
the two spin states, and therefore the quasiparticle and
non distributions will be indistinguishable from the ones
zero magnetic field.

B. Phonon spectroscopy

In Refs. 19,20 the results of a phonon spectroscopy
periment are reported under the influence of an external m
netic field. A theoretical interpretation of the experimen
results has already been given elsewhere.21 Here we analyze
in more detail the physical mechanisms which account
the experimental findings.

As we have seen in the previous analysis, in superc
ducting tunneling junctions a nonequilibrium population
phonons can set in under quasiparticle injection. If the sup
conducting film is thermally coupled to the environme
~through the phonon escape timetesc) these nonequilibrium
phonons can eventually be emitted from the film. In this w
the STJ behaves as a phonon emitter or phonon gener
On the other hand, a STJ can also be exposed to pho
rather than quasiparticle injection. If we suppose that
temperature is zero, then an injected phonon with an ene

FIG. 6. Nonequilibrium quasiparticle distribution in the gene
tor STJ foreV/2D51.33 and for different magnetic fields. Here th
spin-orbit scattering parameter isbso50.01 and the spin ‘‘up’’ and
spin ‘‘down’’ quasiparticle distribution functions are given b
dashed and solid lines, respectively. The curves for different va
of H have been shifted for clarity.
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larger than 2D can be absorbed by breaking a Cooper pa
This process leads to an enhancement of the quasipar
population in that side of the junction which is exposed
the phonon source and, consequently, establishes a pote
difference between the two films of the junction. Therefo
this phonon absorption process can be detected by meas
the tunneling current induced by the potential differen
through the STJ junction.

One of the different techniques used for phonon spect
copy is based on the principle of phonon emission and
sorption in tunneling junctions. Two STJ’s are placed
opposite sides of a crystal with a phonon transmission co
ficient G t . One STJ~generator! is biased with a voltageVG
and the emitted phonons are absorbed in a second STJ~de-
tector! after crossing the crystal. Measuring the currentI D in
the detector junction gives information on the resonant p
non frequencies in the crystal.

A theoretical description of this double junction system
carried out by making use of the kinetic equations for bo
generator and detector STJ’s coupled together by the pho
transmission coefficientG t which simulates the presence o
the crystal. Therefore, for the generator tunnel junction,
use the kinetic equations~9! and ~10! where I s

qp,curr(E) is
given by Eq.~14! and I ph,curr(v) is zero. In the steady-stat

-

es

FIG. 7. Phonon emission in the generator STJ for different v
ues of the spin-orbit scattering parameterbso. The curves have been
shifted for clarity. The applied magnetic fields isH52 T and
eV/2D51.33. Forbso50.3, the structures associated with spin-fl
transitions are considerably smeared because of the presen
spin-mixed states and the reduction of the peaks in the quasipa
DOS. The latter effect leads also to a reduction in intensity of
field independent structures such as the peak atv.eV.
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2760 56CLAUDIO GRIMALDI AND PETER FULDE
regime, the solutions are given byd f s
G(E) and dnG(v),

which represent the deviation from equilibrium of the qua
particle and phonon distribution in the generator, resp
tively.

The kinetic equations for the detector tunneling juncti
are obtained by replacing in Eqs.~9! and ~10! the quasipar-
ticle and phonon injection rates by the expressions

I s
qp,curr~E!52Ars~E!d f s

D~E!, ~31!

I ph,curr~v!5G tdnG~v!, ~32!

whered f s
D(E) is the deviation of the quasiparticle distribu

tion from equilibrium in one side of the detector STJ a
dnG(v) is the nonequilibrium distribution of phonons em
ted by the generator. The first equation represents the tun
ing rate of the quasiparticles through the junction. Note t
at equilibrium this term is zero~no tunneling current!. Equa-
tion ~32! represents the injection rate of the phonons emit
by the generator. The solution of the second system of
netic equations is given byd f s

D(E) anddnD(v). In this way
the tunneling current in the detector can be calculated o
d f s

D(E) is known.
Before presenting our numerical results, let us briefly

scribe the qualitative behavior of the detector currentI D
when the generator voltageVG is varied and the magneti
field is set equal to zero. The description of theI D-VG char-
acteristics of a double junction system is simplified if w

FIG. 8. Nonequilibrium distributions of quasiparticles with sp
‘‘down’’ ~solid line! and spin ‘‘up’’ ~dashed line! for different val-
ues of the spin-orbit scattering parameterbso. The applied magnetic
field is H52 T andeV/2D51.33.
-
c-

el-
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ce
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suppose that the crystal allows for phonon transmission o
the energies of interest and that the order parameterD is
equal for both the junctions. As we have already seen
eVG,2D, no quasiparticles are injected into the genera
STJ and therefore no tunneling current flows in the detec
WheneVG.2D, phonons resulting from recombination pro
cesses are emitted from the generator. These phonons
energiesv.2D and can be absorbed in the detector jun
tion. Therefore, a sudden increase fromI D50 to I D.0 is
observed in the detector aseVG crosses 2D from below.
Under appropriate conditions, foreVG.2D, the detected
current increases linearly withVG . WheneVG.4D, also the
phonons resulting from relaxation processes have energy
ficient to break Cooper’s pairs in the detector, andI D in-
creases its slope. The sudden enhancement ofI D for
eVG52D and eVG54D can be emphasized by evaluatin
the second derivative ofI D with respect to the generato
voltageVG .

If spin-flip processes are forbidden, the qualitative beh
ior described above remains unchanged even when
double junction system is under the influence of an exter
magnetic field. However, whenHÞ0 we have also seen tha
for a single STJ, the spin-flip processes induced by an ela

FIG. 9. Second derivative of the detector currentI D with respect
to the generator voltageVG for different applied magnetic fields
given in Tesla. The curves for different values ofH are shifted
vertically for clarity. The spin-orbit scattering parameter
bso50.01 and the pair-breaking parameterz is set equal to 0.002
The position of the peaks ateVG52D ~A! and eVG54D ~B! is
field independent while the structures labeled withA1 andB6 de-
pend strongly on the magnetic field.
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spin-orbit scattering strongly modify the nonequilibriu
quasiparticle and phonon distributions. Our numerical res
are shown in Fig. 9 whered2I D /dVG

2 is plotted for different
values of the magnetic field. The spin-orbit scattering para
eter is bso50.01 andz50.002. At zero magnetic field th
second derivative shows two sharp structures ateVG52D
(A) and eVG54D (B) as expected by the qualitative d
scription given above. The relative intensity of these t
structures is tuned bytc , and we have fixed this value a
0.5 in order to obtain peaks with approximatively the sa
intensity as reported in Refs. 19,20.

When the magnetic field is switched on, other structu
start to split from theA andB peaks. Their position is given
approximatively byeVG52D12mBH for the signal labeled
by A1 and eVG54D62mBH for the ones indicated by
B6 .

In Fig. 10 results are reported forbso50.05. The positions
of the A1 andB6 peaks are close to the ones shown in F
9. However, the increased value ofbso leads to an enhance
ment of their intensity compared to theA andB signals.

The origin of theA1 and B6 peaks can be completel
understood in terms of elastic spin-flip transitions follow
by recombination and relaxation processes taking plac
the generator junction. For example, the peak
eVG54D22mBH labeled byB2 in Figs. 9,10 is given by
the processes labeled by 2a and 2b in Fig. 3. These transi-
tions generate phonons with energyv(2b)5eVG22D

FIG. 10. Second derivative of the detector currentI D with re-
spect to the generator voltageVG for different applied magnetic
fields.The spin-orbit scattering parameter isbso50.05 and the pair-
breaking parameterz is set equal to 0.002.
ts

-

e
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t

22mBH52D which therefore can be absorbed in the det
tor STJ and increase the tunneling currentI D . The peaks
labeled byB1 in Figs. 9,10 can be explained in a similar wa
by considering tunneling of quasiparticles with spin ‘‘down
in the generator while theA1 peaks are due to spin-flip tran
sitions followed by recombination processes shown in Fig

For small values ofbso, the field-dependent features i
d2I D /dVD

2 can be readily interpreted in terms of elastic sp
flip transitions due to the spin-orbit scattering term given
Eq. ~26!. For larger values ofbso, also the spin-mixed state
in the quasiparticle DOS begin to affect the intensity and
shape of theA1 andB6 peaks. In Fig. 11 we report calcu
lations for H52 T and for different values ofbso. At
bso50.5, the structures shown in Figs. 9,10 are no lon
visible and only two broad peaks centered arou
eVG.2D andeVG.4D are left. In the limit ofbso→`, the
spin states are completely mixed andd2I D /dVD

2 should be
the same as forH50 T.

Finally, we have also studied the effect of the depairi
parameterz on d2I D /dVD

2 . As we have already pointed ou
the finite thickness of the superconducting films in the tu
neling junctions leads to a dependence ofz upon the applied
magnetic field as given in Eq.~29!. The results are shown in
Fig. 12 for z050.002 andC50.2 meV22 ~solid lines! and
compared with the ones obtained forC50 ~dotted lines!
already displayed in Fig. 10. The reduced sharpness of
quasiparticle DOS caused byz, leads to a lowering of the

FIG. 11. Effect of the spin-orbit scattering parameterbso on the
shape of the peaks. The external magnetic field isH52 T. For
bso50.5, the enhancement of the spin-mixed states in the quas
ticle DOS leads to two broad peaks.
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2762 56CLAUDIO GRIMALDI AND PETER FULDE
intensity of the peaks. Moreover, the position of the peak
slightly shifted to lower voltages because of the redu
threshold in the density of states. These calculations
good agreements with the experimental data.19–21

FIG. 12. Effect of the depairing parameterz on the second
derivative ofI D . Dotted lines are the calculations forz50.002 as in
Fig. 10. Solid lines are the results forz5z01C(mBH)2 where
z050.002 andC50.2 meV22.
i

e

is
d
e

V. CONCLUSIONS

The results presented in this work show that the inclus
of spin-orbit scattering processes leads to important mod
cations in the properties of nonequilibrium superconduct
in magnetic fields. In particular, the possibility of spin-fl
transitions opens new available channels for quasiparticle
combination and relaxation processes. Of course, this wo
be equally true if, instead of considering spin-orbit scatt
ing, spin-flip transitions with dilute magnetic impurities we
taken into account. In this case, the main difference com
from the presence of coherence factors valid for spin-
scattering processes which break the time-reversal invaria
and weight therefore the basic processes depicted in Fig
and 4 in a different way. On the other hand, the situat
should change drastically when spin-flip scattering cen
are given by Kondo magnetic impurities. In such a case,
present analysis is no longer valid, since the effect of stro
electronic correlations has not been taken into account. T
is of course an interesting problem worth investigating.

Our numerical analysis also provides an explanation
the experimental findings reported in Ref. 19, and raises
teresting questions regarding, for example, the time evo
tion towards the nonequilibrium state as a function of t
magnetic field and the spin-flip scattering rate. In particu
the spin-imbalance relaxation time should present interes
properties when considered in a nonequilibrium situation
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