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Linear Jahn-Teller effect: A connected-moments approach
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The ground-state energy of the linearE^ e Jahn-Teller effect is obtained using a connected-moments
expansion. The calculation is straightforward and leads to a set of simple algebraic expressions for the con-
nected moments of the Hamiltonian. This is then compared to a recent calculation wherein a coupled-cluster
scheme has been applied resulting in a set of thirteen nonlinear coupled algebraic equations.
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Interest in the dynamical Jahn-Teller effect by both che
ists and physicists has remained consistent for the past
decades.1,2 Systems which exhibit such behavior present
only a number of theoretical complexities, but also are
thermodynamic interest as they display nonadiab
behavior.3 The simplest nontrivial example of such a syste
is the linear E^ e Jahn-Teller effect wherein a double
degenerate electronic level is coupled to two degene
oscillators.4–11 One such environment in which this syste
may be found is if there exists a foreign ion embedded i
trigonal or hexagonal host crystal or molecule as in the co
plex AgCl:Fe21. Further interest in certain aspects of t
Jahn-Teller effect has come to the fore as a possible phy
mechanism for high-temperature superconductors.12–15

A complete numerical solution of the linearE^ e system
has been known for a number of years.5 However, interest in
analytic methods applied to this system has not waned
fact, this has provided fertile testing grounds for a numbe
analytic methods, among which are canonical transform
tions and variational calculations.7–10,16–18 Most recently,
Wong and Lo19 have applied the successive coupled-clus
method ~CCM! up to the third level in order to study th
ground state of the linearE^ e effect. Their results are valid
throughout parameter space and give excellent agreem
with both exact numerical diagonalization results and a
other analytic studies. The CCM represents a readily un
standable and systematic approximation scheme20 and has
recently been applied to Heisenberg-type spin systems21 as
well as the two-level periodic Anderson lattice.22

Although mathematically straightforward, the set of equ
tions generalized by the CCM can in fact become quite
dious and involved. In their work, in which they claim th
the mathematical treatment is ‘‘quite simple,’’ Wong an
Lo19 need to solve 13 nonlinear coupled algebraic equatio
In general, these equations have no closed-form solut
and must be solved using numerical methods.

In this paper, we wish to study the ground state of
linear E^ e Jahn-Teller effect using the connected-mome
expansion ~CMX! as developed by Cioslowski.23 This
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scheme has been applied to a number of many-body Ha
tonian systems with varying degrees of success.24–27 There
are a number of motivating factors for using the CM
among which is the fact that it is size extensive, usua
convergent, and trivial to program. Furthermore, the nec
sary algebra for the linearE^ e system may be generate
manually in a few hours. This is in stark contrast to t
myriad to equations generated by the CCM.

The third-order CMX expression for the ground-state e
ergy is given by23

E0
CMX~3!5I 12

I 2
2

I 3
2

1

I 3

~ I 2I 42I 3
2!2

I 3I 52I 4
2 ••• . ~1!

Here the connected momentsI k of the Hamiltonian are given
by

I k5^Hk&2 (
i 50

k22 Fk21
i G I i 11^H

j 2 i 21&, ~2!

with ^Hk&[^C0uHkuC0&.
We shall also calculate the ground-state energy as g

by the recently developed alternate-moments expan
~AMX !.28 To second-order we have

E0
AMX ~2!5I 12

I 2I 3

I 4
, ~3!

with the I k defined above.
Explicitly, the Hamiltonian for the linearE^ e Jahn-

Teller system is given in second-quantized notation by

H5a1
†a11a2

†a2112
k

&
~a1

†1a1!sz1
k

&
~a2

†1a2!sx ,

~4!

where a1
†(a1) and a2

†(a2) are boson creation~annhilation!
operators and thesx and thesz are Pauli spin matrices
2309 © 1997 The American Physical Society
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Following Ref. 19, we shall transform the Hamiltonian giv
by Eq. ~4! according to the prescription

Ĥ5exp~T†!H exp~T!, ~5!

with

T5
k

&
~a1

†2a1!. ~6!

The result is

Ĥ5a1
†a11a2

†a2111h~a1
†1a1!~122Sz!

1h~a2
†1a2!~S11S2!, ~7!

whereh5k/& andSZ andS6 are the usual spin opertors. I
order to explicitly evaluate the connected moments a
hence obtain the ground-state energy, we shall need
choose an initial trial vector. In order to make direct co
parison, we again follow Wong and Lo19 and choose

uC0&5uvac&u↑&. ~8!

As was mentioned above, the algebra within this sche
is trivial and may be done manually in a few hours. W
summarize our results below. Powers of the Hamiltonian m
trix are expressed as function of the parameterh as

^H&512h2,

^H2&512h21h4,

^H3&511h214h42h6,

^H4&5117h2120h412h61h8,

^H5&5112lh2198h4172h6119h82h10. ~9!

The first five connected moments may be written explic
using Eq.~2!:

I 15^H&,

I 25^H2&2^H&2,

I 35^H3&23^H2&^H&12^H&3,

I 45^H4&24^H3&^H&23^H2&2112̂ H2&^H&226^H&4,

I 55^H5&25^H4&^H&210̂ H3&^H2&120̂ H3&^H&2

130̂ H2&2^H&260̂ H2&^H&3124̂ H&5. ~10!

In Fig. 1 we have plotted the connected momentsI k . This
is of interest so that the nature of the singularities wh
appear in Eqs.~1! and ~3! might be investigated. Such sin
gularities are well known to plague moments schemes29 and
indeed for certain many-body Hamiltonian systems yield
sults for the ground-state energy which are intractable.11,24,26

For the linearE^ e system, our results for the ground-sta
energy are void of such troubling points. This demonstra
once again that the schemes derived from Cioslowski w
best for atomic and molecular Hamiltonian systems rat
than true many-body ones. This is evident in Fig. 2 wh
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represents our main results. Here we have plotted the per
error in ground-state energy values obtained using CMX~2!,
CMX~3!, and AMX~2! expressions and compared them
the results in Ref. 19. We find that estimations using m
ments expansion schemes up to the second order@CMX~2!
and AMX~2!# are similar to the first-order coupled-clust
approach. The CMX~3! result lies in between CCM~2! and
CCM~3!, all in reasonable agreement with the exact res
throughout parameter space. Further calculational effor
investigate CMX~4! and AMX~3! would require the evalua
tion of matrix elements of the Hamiltonian to order^H6& and
^H7& and would necessarily improve the agreement w
Ref. 19. This is a straightforward matter and requires
evaluation of long strings of second-quantized operators.
proved agreement with exact results may also be achieve
choosing an initial trial vector which has maximal overla
with the true ground-state wave function in Hilbert space

FIG. 2. Error in the ground-state energy is plotted usi
CMX~2!, CMX~3!, and AMX~2! expressions and comparing the
to the results of Ref. 19.

FIG. 1. First five connected moments are plotted as a functio
the parameterk2. We note the absence of singularities which is w
known to plague moments.
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To conclude, it was found that using a moments exp
sion with a minimum calculational effort, excellent agre
ment with the more tedious coupled-cluster scheme may
achieved for the linearE^ e Jahn-Teller effect. Our finding
k,

c

s

-
-
e

that such schemes work well for atomic and molecular s
tems is consistent with earlier work. The simplicity of th
method should serve as a model for future calculations
this area.
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