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Structures of hydrogen at megabar pressures
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The atomic and molecular phases of hydrogen at megabar pressures are studied with use of the band
theoretical calculation based on the local density approximation. The free energies, in the atomic phase of the
hydrogen, of structures in a tetragonal diamond family are calculated and compared with those of structures
studied earlier. The Cs-IV structure is of lowest free energy at pressures from 360 GPa to 1.7 TPa. And the
stable region for theb-Sn structure is narrow, which lies in the region from 260 GPa to 360 GPa. At pressures
lower than 260 GPa, the molecular phase becomes stable. Possibilities of the metallization in the molecular
phase are briefly discussed.@S0163-1829~97!05029-7#
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Recently, from the Raman and infrared spectra,1,2 impor-
tant information on the phase diagram in the molecular ph
has been obtained and the phase boundaries have be
clearer in the molecular phase.3 Very recently the crysta
lattice has been determined at pressures up to 119 G4

although orientations of the molecule in the lattice are s
vague.

Pressure induced molecular dissociation and the insula
metal ~IM ! transition at megabar pressures have long b
the central interest and the possibility of metallization in t
molecular phase due to the band overlapping has also
tracted much experimental and theoretical interests.5–7 Re-
cent experiments,1,2 however, show no sign of the metalli
transition up to about 220 GPa at low temperatures. T
predicted pressures for the molecular dissociation lie in
region from 300 GPa to 600 GPa.8,9

The crystal structures in both molecular and atom
phases are fundamental to the prediction of the pressure
the possible band overlapping in the molecular phase and
the molecular dissociation at low temperatures. Many rec
theoretical studies have been done mainly by the band t
retical approach8,10,11based on the local density approxim
tion ~LDA ! and the quantum Monte Carlo~QMC!
calculation.12–14 However, vanishingly small energy differ
ences among structures in both molecular and atomic ph
together with the possible large effects of the zero point m
tion of the atoms make the prediction of the transition pr
sures difficult.

At pressures of celestial interests, the dominant contri
tion to the structural energy is from the Madelung ener
which prefers the densely packed structures, for which
bcc structure is lowest. As the pressure decreases the
tronic energy begins to play a significant role which leads
structure to less densely packed ones, and the possibilitie
the anisotropic structures was pointed out based on the s
tural expansion.15,16However, stable regions of the predicte
structures in the atomic phase are still diversified.

According to our LDA calculation17 in the atomic phase
the bcc structure becomes stable beyond 4 TPa and
hexagonal-close-packed~hcp! structure in the region 2–4
TPa. These pressure regions are high compared with o
results,11,13 which is due to the presence of the region
‘‘planar’’ structures.17 In their early studies, Brovmanet al.15
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predicted the ‘‘filamentary’’ structure in the atomic phas
and Barbeeet al.11 supported its stability and showed th
possibility of high temperature superconductivity.18 Recently
Natoli, Martin, and Ceperley13 performed the QMC and
LDA calculations for atomic phases of compressed hydro
at zero temperature, and reported no region of the anisotr
structures and the diamond structure to be stable in
atomic phase.

In this paper we present the results of the detailed stud
the total energy for the structures of compressed hydro
using a band theoretical calculation based on the LDA, w
special concern for the structures in the tetragonal diam
family . We compare the free energies with those of str
tures studied earlier8,17 and with those of calculated struc
tures in the molecular phase.

We use the bare Coulomb form of the atomic poten
and set the number of the plane-wave basis at;1303n
~wheren is the number of atoms in the primitive cell! which
corresponds to the energy cutoff of;60 Ry atr s51.6 and
;90 Ry atr s51.3, wherer s denotes the radius of a sphe
of volume per electron in units of Bohr radiusa0. The use of
the plane-wave basis will avoid the errors originating fro
the ambiguities in the construction of basis functions wh
the shape of the unit cell is changed.16 We take energy cor-
rections due to the cutoff of the plane waves into acco
using the second-order perturbational treatment19 for the cor-
rection to the one electron energy, which improves the c
vergence of the total energy. The number of thek points
sampled in the Brillouin zone is set at; 4000/n for the
molecular phase, which is proved to be sufficient for t
accuracy of the energy differences among the structures s
ied. For the atomic phase, twice the number of thek points is
sampled. We used the exchange-correlation potential
Barth and Hedin.20,21

The b-Sn, the cubic diamond, and the Cs-IV structu
belong to the tetragonal diamond family. They transform in
each other by the stretch or compression along thec axis of
the rectangular unit cell. The quasireciprocal relation b
tween theb-Sn and the Cs-IV structure has been pointed
and they have almost the same Madelung energy at the l
minima22 when the Madelung energy is plotted as a functi
of c/a. The Madelung energy of the diamond is located
the local maximum. In Fig. 1 our results of the total energ
2295 © 1997 The American Physical Society
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for the tetragonal diamond family are shown as functions
c/a. As is shown in the figure, at lower densitiesr s.1.50,
there are three local minima: the first is located n
c/a;0.32, the secondc/a;1.4 which is near the cubic dia
mond, and the third nearc/a;5.1. At higher densities
r s,1.50, the local minimum near the diamond disappe
and turns into a local maximum and two new local minim
appear at both sides of the new maximum.

Let us look into the above transition of local minima fro
the viewpoint of coordination of the structure. F
c/a,2/A1550.516, the structure has two nearest neigh

FIG. 1. Total energies for the tetragonal diamond structure
functions of c/a. The arrows point to the places of the loc
minima.
f

r

s

r

atoms lying in thec direction, which implies the structure
has ‘‘filamentary’’ character, and atc/a52/A15, the struc-
ture has six nearest neighbor atoms. For 2/A15,c/a,A12
53.464, including the cubic diamond, the structure has f
nearest neighbors. Atc/a5A12 the structure has eight nea
est neighbors and forc/a.A12 it has again four neares
neighbors lying in thec plane, which implies the ‘‘planar’’
character of the structure made of sheets of the square la
So the first minimum nearc/a;0.32 corresponds to the
‘‘filamentary’’ structure and the third nearc/a;5.1 corre-
sponds to the ‘‘planar’’ one, which is similar to other fam
lies, for example, the rhombohedral, etc.17

As the density is increased the contribution from t
Madelung energy becomes important and a hump app
near c/a;1.4 and consequently the local minimum at t
diamond splits into two local minima atc/a;0.9 and
c/a;1.9. The smaller value of thec/a’s for the local
minima decreases and the larger one increases as the h
grows up, respectively. At extremely high density,r s,0.9,
the energy curves approach the shape of double minima,
that of the Madelung energy. We show in Table I our LD
energy at several densities for the structures of interest w
c/a values for theb-Sn and the Cs-IV structure. Our resul
of slightly lower energies than those of Natoliet al.13 is at-
tributed mainly to the inclusion of the energy correctio
which improves the equation of states but the energy dif
ences between structures are in good agreement.

From our energies, we calculate the Gibbs free energ
T50 ~the enthalpy!, and in Fig. 2, we plotted the difference
among structures in comparison with those stud
earlier.8,17 The b-Sn structure is the lowest at pressur
lower than 360 GPa and the Cs-IV structure becomes
lowest in the region 360 GPa,P, 1700 GPa. There are n
stable regions for the rutile (g-nitrogen! structure which Na-
garaet al.8 predicted to be stable. At 1700 GPa, the Cs-
structure transforms into another ‘‘planar,’’ rh~II !,
structure.17 The c/a of the above Cs-IV structure does n
grow beyondc/a5A12 at pressures up to 1700 GPa, whi
means that the number of the nearest neighbor atoms rem
four and they form a tetrahedron in the stable region like
diamond although it is stretched along thec direction to
more than twice thec/a of the diamond. There are no stab
regions for the new ‘‘planar’’ structure with a square lattic

s

for the
TABLE I. Total energy per atom in units of rydberg.

P63 /mmca Pca21
b P21 /b c Diamondd b-Sn Cs-IV

r s Etot Etot Etot Etot Etot c/a Etot c/a

1.2 20.96449 20.96757 20.96715 20.96451 20.97113 0.865 20.97258 2.712
1.3 21.02767 21.02833 21.02776 21.02646 21.02998 0.902 21.02981 2.422
1.4 21.06872 21.06957 21.06911 21.06564 21.06693 0.941 21.06653 1.965
1.5 21.09603 21.09756 21.09722 21.08913 21.08889 0.980e 21.08890 1.960e

1.6 21.11456 21.11621 21.11586 21.10188 21.10077 1.020e 21.10054 1.960e

aThe m-hcp structure in Refs. 11 and 17, in which the direction of the molecule is along thec axis.
bMolecules sit on the ideal hcp lattice sites. The direction of the central molecule is set at (u,f)5(55°,43.5°).
cMolecules sit on the ideal hcp lattice sites. The direction of the central molecule is set at (u,f)5(59.3°,37.6°).
dThe value ofc/a for the diamond is equal toA2.
eThere are no local minima around thesec/a, as is seen in Fig. 1. These values are taken tentatively to obtain the free energy curves
structures.
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and no stable region for the new ‘‘filamentary’’ one eith
because of the stable molecular phases which are discu
below.

In the molecular phase, the center of the molecule in
solid hydrogen occupies the hcp site with slightly decrea
c/a at pressures lower than 119 GPa, according to the re
experiment.4 At low pressures the molecules are in an isot
pic rotating state. However, as the pressure is increased
molecules are thought to order in some orientationally
dered structure3,23,24 which has been controversial in clos
connection with the metallization by the band overlapping
the molecular phase.7,11 Miyagi and Nakamura25 studied the
molecular orientation in the hcp lattice assuming the elec
quadrupole-quadrupole~EQQ! interaction between mol
ecules. The EQQ interaction favors thePca21 structure
most, thenP21 /b and theP212121 @these structures corre
spond to~a!, ~b!,and~c! of Fig. 3 in Ref. 25, respectively, al
of which have four molecules in the primitive cell#. Our
preliminary calculations for the hcp lattice show that t
lower the EQQ energy is, the lower the total energy is.

Then for theP21 /b and P212121 structure, we perform
the same full calculations. The molecular orientations
fixed at values given in Fig. 3 of Ref. 25 and the values
c/a is fixed at an ideal hcp structure. We searched the ene
minimum, changing the atomic distanceRb in the molecule.
The energy minimum is located aroundRb;1.45a0 for all
molecular structures atr s;1.8 but theRb increases or de
creases slightly at higher density, depending on the struc
The LDA can be blamed for slightly largerRb as pointed out
by Averill et al.26 Throughout our calculations for the mo

FIG. 2. Gibbs free energy differences,DG5G2Gdiamond, per
atom. The solid lines represent the curves for the atomic phase
the dot-broken lines for the molecular phase. The diamond struc
is taken to be the reference. The namings of the structures a
conformity with Refs. 8 and 17.
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lecular hcp structures, we fixed the atomic distance
Rb51.45a0. The energy difference betweenPca21 and
P21 /b or P212121 is very small. Their free energy differ
ences are plotted also in Fig. 2. The free energy differen
among these structures are less than 10 meV/atom at p
sures lower than 200 GPa. For these structures, we did
deform the lattice. However, the symmetry of the spa
group for the structures allows the deformation of the h
lattice, which may slightly lower the energy of the structur
~see Edwardset al.27!. As is shown in Fig. 2, the stable re
gion of the molecular phase terminates at 260 GPa where
b-Sn structure becomes stable.

Recent experiments cannot detect signs of the metall
tion up to over;220 GPa.1,2 The band gaps forPca21 close
at ;140 GPa, according to our LDA calculation a
Rb51.4a0. However the LDA generally underestimates ba
gaps, and the band gaps must close at much higher press
by a factor of 2–3 higher than the LDA estimates accord
to Chacham and Louie.7 Then it can be probable that th
metallization occurs with the molecular dissociation.

In Fig. 3, we show our equation of states~EOS! with
those of the experimental one. In the low pressure reg
P,100 GPa, the discrepancy between our EOS and the
perimental one becomes large. This is partly because
cutoff energy of the plane-wave basis decreases with
creasing density, though the energy correction has b
taken into account. Our results do not include the zero-po
energy of the proton motion. The contribution of the zer
point energy to the pressures, which is estimated to
;6% at 100 GPa by the use of Mie-Gruneisen-Debye mo
according to Loubeyreet al.,4, improves the results.

Finally, we discuss Natoli, Martin, and Ceperley’s13,14 re-
sults of QMC and LDA calculations for both atomic an
molecular phases of compressed hydrogen at zero temp
ture. They reported a small difference in the zero-point
ergy between two structures in the molecular phase when
lattice of the centers of the molecule is the same.14,28 They
also reported a large difference in the zero-point energy
tweenb-Sn structure and the cubic diamond in the atom
phase. However, we point out that in Barbeeet al.’s11 free

nd
re
in

FIG. 3. The equation of state for hydrogen. The solid line re
resents the present results; the broken line the experimental EO
Loubeyreet al. ~Ref. 4!; the dotted line the LDA results by Barbe
et al. ~Ref. 11!; the filled square QMC~Ref. 13!; the open diamond
our results for the cubic diamond. None of our results contain ze
point energy.
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energy curves, which include the zero-point energy wit
the quasiharmonic approximation, the free energy cross
of m-hcp and ph occurs at 380 GPa while Nagaraet al.’s8

crossing ofm-hcp and rh~I! occurs at 360 GPa~Ref. 29!
without zero-point energy. We mention here that the pres
Cs-IV structure (c/a;3.0) is on the way from the cubic
diamond to the eight-nearest-neighbor structure
c/a53.464. The structure might not be as anisotropic as
‘‘planar’’ or ‘‘filamentary’’ structure for which Straus and
Ashcroft30 reported the large difference in the zero-point m
tion energy. We mention also the Loubeyreet al.’s reports4

of a significantly small difference of the EOS between H2
and D2.
.
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Our conclusion is that the Cs-IV structure is stable in th
wide region of the pressure in the atomic phase. The d
mond structure becomes a local maximum of the ener
when plotted as a function ofc/a. The energy differences
among structures with the hcp lattice of molecules tilte
from the c axis are very small regardless of the molecula
orientations. It is probable that the metallic transition
caused by the molecular dissociation at;300 GPa which
will be within the range of current static techniques.4

We wish to thank Professor H. Miyagi and Dr. Yamagu
chi for valuable discussions. The computations were done
the Institute of Laser Engineering, Osaka University.
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