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Electronic, structural, and optical properties of crystalline yttria
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The electronic structure of crystalline Y2O3 is investigated by first-principles calculations within the local-
density approximation~LDA ! of the density-functional theory. Results are presented for the band structure, the
total density of states~DOS!, the atom- and orbital-resolved partial DOS, effective charges, bond order, and
charge-density distributions. Partial covalent character in the Y-O bonding is shown, and the nonequivalency
of the two Y sites is demonstrated. The calculated electronic structure is compared with a variety of available
experimental data. The total energy of the crystal is calculated as a function of crystal volume. A bulk modulus
B of 183 Gpa and a pressure coefficientB8 of 4.01 are obtained, which are in good agreement with compres-
sion data. An LDA band gap of 4.54 eV atG is obtained which increases with pressure at a rate ofdEg /dP
50.012 eV/Gpa at the equilibrium volume. Also investigated are the optical properties of Y2O3 up to a photon
energy of 20 eV. The calculated complex dielectric function and electron-energy-loss function are in good
agreement with experimental data. A static dielectric constant of«(0)53.20 is obtained. It is also found that
the bottom of the conduction band consists of a single band, and direct optical transition atG between the top
of the valence band and the bottom of the conduction band may be symmetry forbidden.
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I. INTRODUCTION

Yttria (Y2O3), together with alumina (Al2O3), are the
two most important sesquioxides within the general class
refractory ceramics. Y2O3 has many applications such as si
tering aids in the processing of ceramic materials, substr
for semi-conducting films, optical windows, and compone
for rare-earth doped lasers, etc. It is well known that a sm
addition of Y2O3 influences both the properties and the m
crostructures of Al2O3, the so-called yttrium effect;1,2 and Y
has a beneficial effect of increasing the adhesion oxide sc
in all Al-containing metals.3,4 Many of the unique propertie
of yttria and yttria-related materials depend critically on t
defect structures and their concentrations,5 and on the forma-
tion of intermediate phases.6 There are three intermediat
compounds of very different crystal structures between Y2O3
and Al2O3, YAlO3 ~YAP!, Y3Al5O12 ~YAG!, and Y2Al2O9
~YAM !. Their electronic structures are yet unknown. It
therefore important to study first the electronic structure a
bonding in crystalline Y2O3 at the microscopic level befor
any of the more challenging problems in the yttria-rela
materials can be tackled.

In comparison toa-Al2O3, the study of the electronic
structure in the Y2O3 system has received much less atte
tion. Only limited experimental measurements were carr
out,7–10 and theoretical support in the interpretation of the
data were totally lacking. Part of the reason is due to
rather complex crystal structure of Y2O3, and the complica-
560163-1829/97/56~23!/14993~8!/$10.00
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tion with the presence of the defects in the samples. In rec
years, fundamental research on ytteria has increased bo
theory11,12 and in experiment.12–16 However, a complete un
derstanding of the electronic structure and bonding in yt
has not been fully attained. For example, there is ample
dence that a formal charge description of Y31 and O22 is not
appropriate for the system, yet such a concept of long
torical standing has been conveniently used in models
account for many experimental data on diffusion, transp
and thermodynamic phase equilibria.

In 1990, we published a self-consistent band-structure
culation of Y2O3,

11 using the orthogonalized linear combin
tion of atomic orbitals~OLCAO! method in the local density
approximation~LDA ! of the density-functional theory. The
unique type of bonding in Y2O3 was emphasized, and a pa
tial charge description of Y2

12.16O3
21.44 was concluded. Also

studied were the optical properties of Y2O3. In the present
paper, we present improved results on that study, wit
more thorough description of the methodology used an
detailed discussion of results. Also included are results
the total-energy calculation for Y2O3. We also compare ou
results with some of the more recent experiments, and w
the other recent first-principles calculation.12 In Sec. II, the
crystal structure of Y2O3 is discussed first. This is followed
by a description of the method used in the calculation.
Sec. IV, the main results on band structure, density of sta
~DOS!, atom- and orbital-resolved partial DOS~PDOS!, ef-
fective charges, bond order, and charge-density distributio
14 993 © 1997 The American Physical Society
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total energy, and optical properties are presented and
cussed. In the last section, brief conclusions are made,
possible future work along the direction of this study is p
posed.

II. CRYSTAL STRUCTURE OF Y 2O3

The crystal structure for yttria is sketched in Fig. 1. A
though there are several more recent determinations of
crystal structure of Y2O3,

16–18 we find the differences with
the older data are quite small. For consistency, we used
crystal data with a lattice constant of 10.604 Å as provid
by Wyckoff.19 Y2O3 has a cubic structure of space gro
Ia3-(Th

7) ~No. 206!. The unit cell contains two inequivalen
cation sites, Y1 at the 8a site and Y2 at the 24d site, and one
type of O at the 48e site. The cubic cell contains a total of 8
atoms. The fluoritelike structure, named after the mine
bixbyite, can best be viewed as consisting of 64 slightly d
torted minicubes with Y atoms sitting at the centers of 32
the minicubes. The O atoms are at six of the eight corner
the cube such that an approximate octahedral coordina

FIG. 1. Crystal structure of Y2O3. ~a! Along the@001# direction.
~b! In a direction slightly deviated from@001#. The large light~dark!
ball is for Y1 ~Y2!, and the smaller ball is for O.
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for the cation is maintained. The missingO are either at the
face diagonal~75%! or at the end of the body diagonal~25%!
of the minicube. For minicubes having Y1 at the cent
three O are at one face of the cube, and the other three O
at the opposite face. There are six equal Y1-O bonds
2.261 Å. For minicubes containing Y2, four O are at o
face and the other two at the opposite face. There are t
different pairs of Y2-O bonds of 2.249, 2.278, and 2.336
in length. On average, the Y1-O bonds are slightly sho
than the Y2-O bonds. Each O atom is linked to one Y1 a
three Y2 atoms in the form of a distorted tetrahedron. T
shortest O-O separations are 2.865 and 2.927 Å.

III. METHOD OF CALCULATION

We used the OLCAO method to calculate the electro
structure of Y2O3. This method has been described in som
detail before,20 and has been successfully applied in stud
of the electronic structure of solids including many oth
ceramic crystals such asa-Al2O3,

21,22 MgO,21 MgAl2O4,
21

ZrO2,
23 a- and b-Si3N4

24 and Si2N2O.24 More recently, it
has been used to investigate the O vacancy~Ref. 25! and Y
substitutional impurity26 in a-Al2O3, using a supercell ap
proach. Here we present only the essential steps in the
culation that are pertinent to the Y2O3 study. We used a full
basis set which includes the minimal basis set~core orbitals
plus Y 5s, Y 5p, Y 4d, O 2s and O 2p! plus additional
excited state orbitals~O 3s, O 3p, Y 6s, Y 6p, and Y 5d!.
In the previous study,11 a near-minimal basis set including Y
5d orbitals was used. We applied a rather arbitrary criter
of considering any state whose energy is lower than the Os
level as a core state. Hence Y 4p was treated as a core sta
and frozen in the present calculation. All atomic orbita
were expanded in terms of Gaussian types of orbitals~21
terms for Y, 17 terms for O! with orbital exponents ranging
from 0.12 to 0.13107. The crystal potential and the charg
density were represented by the sums of atom-centered f
tions, which were also expressed as combinations ofs-type
Gaussians. The accuracy of the potential representation
improved by treating the functions centered at the Y1 and
sites as independent, and by a more judicious choice of
fitting functions. The crystal potential was constructed a
cording to the usual LDA formalism. The Wigner interpol
tion formula was used for the exchange-correlation poten
No attempts were made to use other forms of exchan
correlation potential or to go beyond the LDA. Ten speciak
points were used in self-consistent iterations with the conv
gence reached in less then 20 iterations. The energy ei
values and the Bloch wave functions were obtained at
regularly spacedk points in the irreducible portion of the
Brillouin zone ~BZ! by straightforward matrix diagonaliza
tion. Because of the large unit cell, this number ofk-point
samplings is a adequate.Ab initio wave functions were used
to calculate the effective charges, bond order, and opt
properties, and for the partial decomposition of the DO
Test calculations were carried out with different levels
k-point sampling for both Y2O3 anda-Al2O3. For the DOS
calculation, the present level of sampling is more than su
cient. For optical calculations, we find the present level
k-point sampling is also adequate in the sense that no
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56 14 995ELECTRONIC, STRUCTURAL, AND OPTICAL . . .
cernible differences were noted when the number ofk points
were increased.

In the OLCAO method, it is natural to define the effecti
chargeQd* 5Sgrg,d on atomd by the overlap population
rg,d between atomsg andd, using the Mulliken scheme27

rg,d5 (
n5occ.

(
i

(
j

(
k

W~k!~Ai ,g
n !* Aj ,d

n Sig, j d~k!, ~1!

whereW(k) is thek-point weighting factor. The summation
over k is for the entire BZ and overn is for all occupied
states.Ai ,g are the wave function coefficients.Si ,g, j d(k) are
the overlap integrals between the Bloch functions atk, i and
j are the orbital specifications for atomsg and d, respec-
tively. Since the Mulliken scheme works best when the ba
functions are relatively localized, the calculations forQd*
and rg,d are based on a separate minimal basis calcula
for Y2O3.

The total energyE of the crystal is part of the self
consistent LDA calculation. We simply repeated the calcu
tion with different lattice constant or volume~V! to obtain
theE(V) relation for Y2O3. This is a reasonable approxima
tion for the case of hydrostatic pressure applied to a cu
crystal like Y2O3. The accumulatedE vs V data were fitted
to three types of equations of state~EOS’s! for the bulk
modulusB and the pressure coefficientB8: ~1! a fourth-order
polynomial expansion inV; ~2! the Murnagan EOS~Ref.
28!; and~3! the Birch-Murnagan EOS.29 Our past experience
with many crystalline systems indicates that the total-ene
calculation using a minimal basis set is not sufficient to p
dict the equilibrium volume and bulk modulus of the crys
accurately because of the limited variational freedom. Ac
racy generally improves when more orbitals are added.
the full basis level~as explained above!, the total energy
values are well converged. Additional augmentation of

FIG. 2. Calculated band structures of Y2O3.
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basis set makes only a marginal difference, but at the ris
running into numerical problems associated with the lin
dependency of the basis set.

The frequency-dependent interband optical conductiv
s~v! is calculated according to

s~\v!5
e2

~2p!2m\v E dk(
n,m

u^cm~k,r !upucn~k,r !&u2

3 f n~k!@~12 f m~k!#d@Em~k!2En~k!2\v#, ~2!

whereCm(k,r ) is the Block function for themth band atk.
\v is the photon energy, andf n is the Fermi function for the
staten. The optical matrix elements were evaluated at eack
point using theab initio wave functions. Integration over th
BZ was performed using the linear analytic tetrahedr
method. In the present calculation, because the semicor
4p state was frozen and not considered in the optical tra
tion, we restricted our optical calculations to photon energ
below 20 eV. Froms~v!, the imaginary part of the dielectric
function e2(v) is obtained frome2(v)5(4p/v)s(v). The
real part of the dielectric functione1(v) is extracted from
e2(v) using the Kramers-Kronig relation. The electro
energy-loss function is derived from the complex dielect
function. We find thek-space convergence is more stringe
in the optical spectrum calculation than for the DOS calc
lation. The present calculation is based on 55k points in
1/48th of the BZ. The computational burden for optical c
culations in a complex crystal such as Y2O3 is rather heavy
because a large number of pairs of transitions between
occupied valence-band~VB! states and the unoccupie
conduction-band~CB! states must be considered.

IV. RESULTS

A. Electronic structure and bonding

Calculated band structures along the high-symmetry a
of the BZ for Y2O3 are shown in Fig. 2. This band structur
characterized by a flat top in the VB, and a single band at
bottom of the CB, is similar to the previous one,11 with two
exceptions. The calculated direct LDA gap of 4.54 eV atG is
larger than the previous calculation because of a more a
rate treatment in the potential representation. This gap is
same as that of Ref. 12 calculated using the linear muffin
orbital ~LMTO! method. Actually, we find the top of the VB
to be along the direction fromG to H. However, the differ-
ence in their energies is negligibly small. There are m
CB’s now because of a more extended basis set used.

FIG. 3. Calculated total DOS of Y2O3.
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calculated total DOS is presented in Fig. 3. The major f
tures can be summarized as follows.~1! The upper VB has a
width of 3.5 eV and has multiple structures. Roughly spe
ing, three peak structures at20.5,22.0 and22.5 eV can be
identified.~2! The lower O 2s band is centered at215 eV,
and has a width of about 1.3 eV. The CB DOS has mos
the states in the 5–11-eV range. Above 11 eV, there are
significant structures. It should be noted that although
calculated minimal gap is 4.5 eV, the CB edge has a foot
structure due to a single CB dipping down atG, so the
steeper part of the CB starts at 5.0 eV. This feature is v
similar to a-Al2O3.

22

To compare with recent soft-x-ray emission spectrosc
~XES! ~Ref. 12! and x-ray-absorption spectroscopy~XAS!
measurements,13,14 we resolved the total DOS of Y2O3 into
its atomic and orbital components, which are presented
Figs. 4–7 for energy ranges from25 to 35 eV. The main
results can be summarized as follows:~1! The upper VB is
mainly derived from O 2p orbitals, with some mixing from
Y 4d at the low-energy side and Y 5p at the high-energy
side.~2! The s orbitals of Y and O make very small contr
butions to the upper VB. In the lower CB region, Y1s has a
higher contribution than Y2.~3! From the standing point o
the PDOS the difference between Y1~25%! and Y2~75%! is

FIG. 4. Atom-resolved PDOS of Y2O3. ~a! Total. ~b! Y1. ~c!
Y2. ~d! O.
-

-

f
o
e
e

ry

y

in

FIG. 5. Orbital-resolved PDOS of Y1.~a! s type.~b! p type.~c!
d type.

FIG. 6. Orbital-resolved PDOS of Y2.~a! s type.~b! p type.~c!
d type.
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rather small. However, it can still be observed that the sp
tral weight of Y2 4d is shifted to the lower-energy side o
the CB than the Y1 4d, and the Y2 has more states distri
uted above 27 eV.~4! The lower CB’s up to 11 eV are
predominately from Y 4d and Y 5p. This part of the CB
DOS is somewhat different from the previous minimal ba
calculation.11 The CB in the latter was dominated by Y 4d
orbitals, separated into two parts by a gap. The lower p
has contributions mainly from states ofG12 symmetry. In the
present calculation, the division of Y 4d CB into two parts is
less clear because of thep-d mixing, although a clear dip in
the PDOS at 8.2 eV is still present. This difference is
course due to the more extensive basis used in the pre
calculation, and the fact that Y1 and Y2 have slightly diffe
ent PDOS’s. We believe the present calculation of the to
DOS is more accurate. However, its decomposition into p
tial components, which is based on the Mulliken scheme
only approximate. This is especially true for the CB beca
of the extended nature of the basis function.

The above results are in general good agreement
XES, x-ray photoemission spectroscopy~XPS! and extended
x-ray-absorption fine-structure~EXAFS! measurements on
Y2O3.

12–14 Soft-x-ray emission spectroscopy provides info
mation on the occupied VB DOS. The calculated Y 5p and
O 2p PDOS’s in the VB region are in close agreement w
the Y M v and OK emission spectra of Ref. 12. It is also
good agreement with the XPS data of Ref. 13, but the ene
resolution in that work is rather low. Also, our calculate
PDOS agrees quite well with the PDOS from the LMT
calculation.12 The XAS edges of the YK and YL II from the
EXAFS measurements probe the unoccupied Yp and Y d
PDOS in the CB region. The main features in the experim
tal data are the two peak structures separated by rough
and 2.15 eV, respectively for theK andL II edges.13,14 These
are in reasonable agreement with our calculations as sh
in Figs. 5 and 6. If we further smooth the PDOS curves a
take the center of gravity of the structure as the peak p
tions, we can roughly estimate the separation of the two p

FIG. 7. Orbital-resolved PDOS of O.~a! s type. ~b! p type.
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in the Y 4d PDOS to be 2.3 eV. For the Yp PDOS in the
CB, Y1 and Y2 show some differences. Still, the center
gravity of the lower group is around 6.5–8.5 eV, and the fi
recognizable structure at a higher energy is at 14.5 eV.
difference is about 761.0 eV. The data for the OK edge
from Ref. 13 show complex structures near the edge for b
stoichiometric and reduced samples. The measuremen
the stoichiometric sample was hampered by the charging
fect, and the reduced sample contains as much as 10%
vacancies. It is therefore difficult to compare with the resu
from the perfect crystal calculation. Our calculated O 2p
PDOS’s in the CB region show no major structures above
eV, which seems to be consistent with the data of Ref. 1

The calculated Mulliken effective charges and bond
ders for Y2O3, according to Eqs.~1! and ~2!, are listed in
Tables I and II, respectively. A minimal basis was used
this calculation. For comparison, similar values fora-Al2O3
are also listed. From the calculated effective charges, it
be seen that Y2O3 is far from being fully ionic, and that
bonding between Y and O has a substantial covalent com
nent. Only about one electron per Y atom is transferred to
The effective charges on Y1 and Y2 are very similar, w
Y1 smaller than Y2 by only 0.02 electron. These values
quite close to the ones based on a more elaborate real-s
integration scheme,11 in which an ionic formula of
Y2

12.16O3
21.44 was suggested. The calculated bond order

Y2O3 anda-Al2O3 are listed in Table II. The bond order is
quantitative measure of the strength of the bond. We see
the bond orders for Y-O in Y2O3 and Al-O in a-Al2O3 are
comparable, even though the Y-O bond lengths are lon
than the Al-O bond length by more than 20%.

Figure 8 displays the calculated valence charge-den
distributions in three crystallographic planes. The first is
~001! plane containing the O ions. The empty sites are
‘‘missing’’ O of the minicubes discussed in Sec. II. There a
considerable interactions between the O ions. The sec
plane is also a~001! plane, but contains Y1 and Y2 atom
The slight difference between Y1 and Y2 is demonstra
here by noting the different bonding pattern with O plane

TABLE I. Calculated Mulliken effective chargesq* in Y2O3

anda-Al2O3.

Y2O3 a-Al2O3

Cation 12.08 ~Y1! 11.89
12.10 ~Y2!

O 21.39 21.26

TABLE II. Calculated bond order and bond distanced between
pairs of atoms in perfect crystals of Y2O3 anda-Al2O3.

Y2O3 a-Al2O3

d ~Å! r i , j d ~Å! r i , j

2.261~Y1! 0.098 1.857 0.105
2.249~Y2! 0.104 1.969 0.083
2.278~Y2! 0.092
2.336~Y2! 0.087
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above and below it. The third plane is a vertical one conta
ing the Y1-O-Y2 bonding segment. The covalent charac
of the bonding is quite evident. The rather unique type
Y-O bonding in Y2O3 was discussed in Ref. 11.

B. Ground-state lattice properties

Figure 9 shows the calculated total energy as a functio
crystal volume. Also shown is the volume dependence of
band gapEg . Our calculation shows that the predicted eq
librium lattice constant underestimates the measured on
about 2.0%. Such a discrepancy is not unusual for LDA c

FIG. 8. Valence charge density contours in the~a! O plane and
~b! Y plane, and~c! in a plane containing a Y1-O-Y2 bonding. Th
contour lines range from 0.01 to 0.25 electrons/~a.u.!3 in intervals of
0.005.
-
r
f

of
e

-
by
l-

culations. The energy vsV data were fitted to three differen
EOS’s for the bulk modulusB and pressure coefficientB8.
The results are summarized in Table III. The three EO
gave close values forB. We believe the result based on th
Burch-Murnagan EOS is more accurate, especially forB8.
The calculated values compare favorably with the values
elastic modulus deduced from compressive measuremen
densified polycrystalline samples of Y2O3.

15,30,31It is noted
that the experimental values are rather scattered. In the
of Y2O3, we tend to believe the calculated values forB and
B8 may be more reliable. In a similar calculation fo
a-Al2O3,

22 the calculated bulk modulus of 242 Gpa is
very close agreement with the measured data. Our calc
tion also indicates that Y2O3 is considerably softer than
a-Al2O3. This may be related to the fact that the cubic stru
ture of Y2O3 is less closely packed. Figure 8 shows lar
void spaces in both the O and Y sublattices.

Figure 9 also shows the band gap of Y2O3 increases with
pressure. The increase is not strictly linear. It is estima
that near the calculated equilibrium volume, the rate
change in the gap,dE/dP is about 0.012 eV/Gpa. This rat
of change is about a factor 5 smaller than found in the v
hard materials such asb-C3N4 ~Ref. 32! or diamond.33

C. Optical properties

The calculated optical properties of Y2O3 are presented in
Fig. 10 in the form of~1! interband optical conductivity

FIG. 9. Calculated total energy~left scale! and band gapEg

~right scale! vs V/V0 in Y2O3. V0 is the measured equilibrium vol
ume taken to be 1192.36 Å3 here.

TABLE III. Calculated bulk modulus and pressure coefficient
Y2O3 using different EOS’s.

B ~Gpa! B8

Fourth-order polynomial 180 6.92
Murnagan 182 7.65
Birch-Murnaghan 183 4.01
Expt. 150,a 170,b

57–177c

aReference 15.
bReference 30.
cReference 31.
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s~v!, ~2! real and imaginary parts of the dielectric functio
and ~3! the electron-energy-loss function. The calculatio
are limited to photon energy of 20 eV and less. Above
eV, transitions from the semicore Y 4p levels may become
important. The calculated dielectric functions are in go
agreement with the vacuum ultraviolet measurement
Tomiki et al.10 on Y2O3 crystal more than 20 years ago. Th
experimental absorption threshold is at 5.5 eV compare
the calculated absorption edge at 5.0 eV, which is qu
sharp, and the intrinsic band gap of 4.5 eV. This may in
cate that the direct interband transition between the top of
VB and the single CB atG is symmetry forbidden. Our cal
culation seems to support the interpretation that the sh
peak observed experimentally near the absorption edge
be an excitonic peak. The presence of an excitonic peak
erally sharpens the absorption edge. The major peak in
calculated optical spectrum for Y2O3 is at 8.0 eV, while the
data of Tomikiet al.10 show the major peak to be at 7.2 eV
Tomiki et al.also identified eight absorption structures in t
5–13-eV region. Although, there are also many sma
structures in the calculated«2(v) curve in the same region,
one-to-one correspondence with the experimental struct

FIG. 10. Calculated optical properties of Y2O3: ~a! s~v!. ~b!
«1(v). ~c! «2(v). ~d! Energy-loss function. The dashed line in~d!
is the experimental data of Ref. 9.
s
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appears to be difficult. Figure 10~d! also shows the experi
mental electron-energy-loss~EEL! spectrum of Ref. 9. The
agreement with the calculated one below 13 eV is very go
Above 13 eV, the theoretical EEL spectrum has a mu
higher amplitude, although the shape of the curve is qu
well reproduced. Since both«1(v) and «2(v) are fairly
small above 13.0 eV, the uncertainty in the calculated E
spectrum can be magnified. The main peak in the EEL sp
trum is interpreted as the bulk-plasmon frequencyvp . The
calculatedvp is 14.5 eV, while the experimentalvp is 15
eV.

From the«1(v) curve of Fig. 10~b!, it can be seen that the
electronic part of the static dielectric constant in the ze
frequency limit is about 3.20. This value is in fairly goo
agreement with the refractive index measurement. Niga7

measured the refractive index of Y2O3 within the
1000– 5000-cm21 region. In the gap region, Fig. 7 of Ref.
shows the refractive index to be about 1.9, which suggest
«1(v) value at this range of frequency to be about 3.6,
quite good agreement with the theoretical value of«1(v)
53.50 athv52.0 eV.

V. CONCLUSIONS

In this paper, we presented detailed results of the e
tronic structure and optical properties of the Y2O3 crystal.
Also calculated are the ground-state structural propert
The calculated results are in general agreement with a va
of experimental data including XES and EXAFS for th
orbital-projected PDOS. In some cases, we believe the
culated results to be more reliable then the measured o
considering the difficulty in obtaining pure, simple crysta
line samples for Y2O3. It is also shown that Y2O3 can not be
considered as a highly ionic crystal. It is softer, and ha
smaller band gap thana-Al2O3. The CB is dominated by the
Y 4d states, and the CB edge consists of a single band.
direct optical transition atG may be symmetry forbidden
Hence the optical-absorption edge is larger then the intrin
band gap by about 0.5 eV. A static dielectric constant
3.20, and a plasmon frequency at 14.5 eV, are obtained

With the electronic structure and bonding in Y2O3 and
a-Al2O3 reasonably well understood, it is now feasible
carry out first-principles studies on the defect structures
Y2O3, or with Y as an impurity in other ceramic oxides. Th
OLCAO method used in the present study is quite w
suited to such studies.25,26 It is also fruitful to study the in-
termediate phases of YAP, YAG, and YAM formed betwe
Y2O3 and Al2O3. For example, in the garnet structure, th
cations occupy fourfold-, sixfold-, and eightfold
coordination positions of various bond lengths. Such stud
are currently being carried out;34 and will further our under-
standing of the electronic structure and properties of this
portant class of refractory and optical materials.
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