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Temperature-dependent single-particle properties of the two-dimensional Hubbard model

V. Zlatić
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The temperature-dependent self-energy of the hole-doped two-dimensional Hubbard model is calculated
perturbatively up to second order and used to find the spectral function for all points in the Brillouin zone.
Single-particle dispersion, density of states, and Fermi surface topology are thus obtained and the appearance
of the strong-coupling features studied. The renormalized quantities are temperature dependent due to an
interplay between the electron correlation and topology of free-electron bands close to the Fermi energy.
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Single-particle excitations of the hole-doped tw
dimensional~2D! Hubbard model often have been discuss
recently in connection with the electronic properties of m
tallic cuprates.1–6 For small correlationU, or large doping,
the model is in the weak-coupling regime, where the spec
function Ap(v) has the usual Fermi liquid form, the single
particle excitations are well described by uncorrelated d
persion, vp

05ep2m, and the uncorrelated band-widt
W58tx provides the only characteristic energy scale. H
ep522txcos(pxax)22tycos(pyay), p denotes a point in the
Brillouin zone ~BZ!, m is the chemical potential, andtx ,ty

are the nearest neighbor hoppings in thex andy directions,
respectively. For large enoughU and small doping, differen
strong-coupling features appear. In that regime, at low te
peratures, the position of the low-energy peak ofAp(v) still
defines the quasiparticle~QP! excitationsvp, but dispersion
is reduced with respect tovp

0 . The width of the QP band
between (p,0) and (p,p) defines the low-energy scaleJ(U)
such that the system behaves differently forT!J andT@J.

Experimentally, the single-particle excitations are prob
by angular resolved photoemission;7,8 these measuremen
provide information onAp(v) andvp as a function of angle
~momentum! and energy. The room-temperature data on
prate superconductors reveal an open Fermi surface, ind
the presence of flat bands close to (p,0) and (0,p), and
show an anomalously low-energy scale in the proximity
the Fermi energyEF . To compare the spectroscopic da
with theoretical predictions, one has to calculate the sing
particle excitations as a function of temperatures and dop

Insight into the spectral properties of the 2D Hubba
model for T>J has been obtained recently by quantu
Monte Carlo ~QMC! calculations9,10 and by exact
diagonalization.11 Thus it is found that at small dopin
strongly correlated features set in forU>W/2. However, the
low-T shape of the Fermi surface and the details of the
persion in the metallic region are difficult to obtain in such
way because QMC and exact diagonalizations are limite
rather small clusters and high temperatures. Here we
perturbation theory and evaluate the spectral propertie
hole-doped model in the full temperature range and up
560163-1829/97/56~23!/14875~4!/$10.00
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intermediate values ofU. We notice that the weak-couplin
regime breaks down for relatively smallU and find the
strong-coupling features forU>W/2. The perturbation cal-
culations are straightforward to do and, on a standardUNIX

station, the spectral function is obtained in a few minutes
all the points in the BZ, even for systems withN52563256
lattice sites.12

Renormalized spectral properties are obtained from
Dyson equation, which gives

Ap~v,T!52
1

p
Im

1

v1 ih2~ep2m!2Sp
~2!~v,T!

, ~1!

whereSp
(2)(v,T) is the single-particle self-energy andv is

measured with respect tom in units of tx . From Ap(v) we
obtain the renormalized dispersion, the temperature dep
dence of the Fermi surface, and the density of sta
r(v,T)5(1/N)(pAp(v,T). The renormalized particle num
ber is ne(m)52*dvr(v) f (v), where f (v) is the Fermi
function. Temperature is controlled by dimensionless para
eter btx (b51/kBT) and m is adjusted so as to kee
ne(T)50.8 for each value ofU andb.

The calculations are performed by writting the Hubba
Hamiltonian asH5HMF1HU8 , where HMF describes the
mean-field state andHU8 defines the repulsive interaction be
tween two particles of opposite spin at the same site~with
the mean-field value subtracted!,

HU8 5U(
i 51

N

~ni↑2^ni↑&!~ni↓2^ni↓&!. ~2!

The self-energy is then generated by the perturba
expansion withU as the expansion parameter. It is ea
to show ~for detailes see Ref. 4! that Sp

(2)(v,T) is given
by the Fourier transform of the space-time se
energy SR

(2)(t)5@aR
2 (t)b2R(2t)1a2R(2t)bR

2 (t)#, where
aR(t)5(1/N)(pexpi(pR2ept) f (ep2m) and bR(t)5(1/
N)(pexpi(pR2ept)@12 f (ep2m)#. The p summations run
14 875 © 1997 The American Physical Society
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14 876 56BRIEF REPORTS
over the full BZ and for periodic systems
can be performed exactly by a fast Fourier transfor
algorithm.

The properties ofSp
(2)(v,T) are described in Ref. 13 and

we recall only that the effects of temperature are most p
nounced at low energies, where the slope of ReSp

(2)(v,T)
changes sign and the magnitude of ImSp

(2)(v,T) increases
linearly with T. For T.J, damping exceeds the energy o
excitations and the quasiparticles cease to be well defin
The anisotropy ofSp

(2)(v,T) in the BZ, which marks theT
50 result,4 is reduced by the increase of temperature. W
notice that forU>W/2 andne50.8 the self-energy gives rise
to qualitatively different spectral features, but emphasize th
the description of the strong coupling regime by secon
order approximation requires some care.

The problems encountered by straightforward perturb
tion theory for large values ofU are illustrated in Fig. 1,
wherene(m) is plotted forbtx532, 4, 2, and 1 andU/tx56,
3, and 2. These curves, which are parametrized byU andT,
provide m, which corresponds tone50.8. Figure 1 shows
that the correlation shiftne(m) curves upward and reduces
the slope ofne(m) in the small-m (ne.1) region, which is
in agreement with QMC simulations for doped systems14

Close tom50, wherene51, the low-T charge susceptibility
xc.]ne /]m becomes very small,14 as expected for systems
driven by correlations towards an insulating state with a g
in the excitation spectrum.~Note thatxc50 for m within the
gap.! However, for sufficiently large correlationsSp

(2)(v,T)
leads tone(m) with a negative slope aroundm50, which is
unphysical. Thus the renormalization ofGp(v,T) by

FIG. 1. Particle numbern(m) plotted versusm for U/tx52, 4,
and 6 at temperaturesbtx51, 2, 4, and 32.
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Sp
(2)(v,T) has to be supplemented by the conditi

]ne /]m>0, which limits the value ofU in the Dyson equa-
tion. For ne50.8 andU/tx.6 the system is already in th
strongly correlated regime and we still havexc.0. The
anomalous shape of]ne /]m deduced from Fig. 1 is due to
an interplay between the on-site correlation and the V
Hove singularities that apear invp

0 . Temperature has a ver
strong effect onne(m) for small m; one finds that]ne /]m
changes substantially betweenbtx54 ~the lowest tempera-
ture used in QMC simulations! andbtx532. ForUtx<6, the
reduction of temperature belowbtx532 does not lead to any
further renormalization of the low-energy properties. No
that xc calculated from Eq.~1! andSp

(2)(v,T) is very close
to the results of Ref. 15, obtained by expanding the tw
particle correlation functions up toU2.

The temperature dependence ofr(v) calculated for
U/tx56, 2, and 0 is shown in Fig. 2 forbtx532, 4, 2, and 1.
The Van Hove singularity in the uncorrelated density
states is located aboveEF since ne50.8. At low tempera-
tures,r(v) shows for largeU a characteristic triple-peake
structure: a narrow singularity aroundEF and broad wings at
very high energies. The correlations shift the singularity
wardsEF and reduce its spectral intensity. The low-ener
peak persists up tobtx54, but the transfer of spectral weigh
out of the low energy region is found at all temperatures. T
high-T shape ofr(v) relates mainly to the temperature d
pendence of ImSp(v,T).

Properties ofAp(v,T) for U/tx56 andbtx532, 4, 2, and
1 are shown in Fig. 3 along several cuts through the BZ. T
low-energy peak definesvp(T), while the high-energy peak
correspond to Hubbard excitations.4 These two types of ex-
citations are found at all temperatures and for all points
the BZ, although the shape and the relative weight of
Hubbard and QP excitations change with temperature.
vp /W!1 the position of the QP peak~indicated by dots in
Fig. 3 coincides with the solution of secular equati
vp* (T)5(ep2m)1ReSp(vp* ). At T50, we find on the
Fermi surfaceApF

(v).ZpF
d(v2vpF

* ), whereZpF
describes

the reduction of the quasiparticle weight due to self-ene

FIG. 2. Density of statesr(v) plotted versusv for ne50.8 and
U/tx50, 2, and 6 at temperaturesbtx51, 2, 4, and 32.
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corrections 1/ZpF
512]ReSp(v)/]vuvpF

* . Close to half fill-

ing we find thatZpF
is rapidly reduced byU. In the proxim-

ity of the Fermi surface, the renormalized QP are well d
fined, but since ImSp(0)50, Ap(v) is split into two
asymmetric peaks located at the opposite sides ofEF . At
elevated temperatures the QP peak broadens and forT>J
merges with the background; here the propagation is c
pletely incoherent due to large damping. Far away from
Fermi surface the QP peak is always rather broad. The sh
ness of the Hubbard peak found forp in the vicinity of (0,0)
and (p,p) is an artifact of the second order approximatio
This high-energy peak becomes singular forT50 because
the secular equation has a solution atuvp* u.W/2, where
ImSp

(2)(vp* )50. However, the phase-space restrictions t
make ImSp

(2)(v) band limited are removed by higher-ord
diagrams, which makes the high-energy spectral weight
coherent.

Renormalized QP dispersion defined by the momen
dependence ofvp(T) is shown in Fig. 4. Circles show th
dispersion corresponding to Fig. 3, crosses representvp* ,
while the full line givesvp

0 . At low temperatures, the reduc
tion of the width of the QP band is particularly pronounc
between the (p,0) and (p/2,p/2) points in the BZ. Thus
correlations generate a low-energy scaleJ and expand the
saddle points in the BZ. AtT50 we find J/tx52 for U/tx
56. The increase of temperature shifts the saddle point
lower energies and broadens the overall QP bandwidth.

The temperature dependence of the renormalized Fe
surface is shown in Figs. 5~a! and Fig. 5~b! for bt532, 4, 1
and two values ofU. Figure 5~a! is obtained by using the
condition npF

5*dv f (v)ApF
(v,T)51/2, while Fig. 5~b! is

obtained by usingvpF
50. At low T, where both definitions

FIG. 3. Single-particle spectral functionAp
m(v) plotted versusv

along high-symmetry cuts through the Brillouin zone forne50.8
and U/tx56 at temperaturesbtx51, 2, 4, and 32. The dots mar
the positions of the quasiparticle peaks.
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lead to identical results, the Fermi surface centers at (0
and encloses the volumevF , which is very nearly equal to
ne(U,T). For U/tx56 we find a small deviation from the
Luttinger theorem, (vF2ne)/ne.0.01, which is due to the
fact thatne(U,T) is calculated by substitutingSp

(2)(v) into
the Dyson equation.16 For small U the Fermi surface ex-
pands withT, regardless of definition. For largeU the Fermi
surface in Fig. 5~a! shrinks and that in Fig. 5~b! expands with
T. For large enoughT, the Fermi surface in Fig. 5~b! be-
comes nested and then closes around (p,p).

FIG. 4. Renormalized dispersion plotted versusp for ne50.8
and U/tx56 at temperaturesbtx51, 2, 4, and 32. Open symbol
indicate the peak positions of the spectral function, crosses s
the dispersion obtained from the secular equation, and the full l
display the dispersion of the noninteracting system.

FIG. 5. Renormalized Fermi surface corresponding tone50.8
shown forU/tx52 and 6 at temperaturesbtx51, 2, 4, and 32. In
~a! pF is defined bynpF

51/2, while in ~b! we usevpF
50.
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Finally, we remark that the imaginary-time Green’s fun
tion calculated by second-order perturbation theory agr
surprisingly well with the QMC data.17,18 On the real axis,
our high-T results forAp(v,T) are qualitatively similar to
the QMC results.9,10 Both methods lead to incoherent exc
tations at high energies and QP excitations at low ener
and show that close to the Fermi surface the coherent s
tral weight is rapidly suppressed byU. The QP dispersion
obtained by perturbation expansion agrees with QM
calculations9,10 in large parts of the BZ, but poor agreeme
is found around the antiferromagnetic (p,p) point. Thus, for
large values of U, the low-energy scale provided b
Sp

(2)(v) does not reproduce quantitatively the QMC sca
Since for very largeU the present approximation leads
incorrect xc , it is not surprising that forU/tx56 only a
qualitative agreement with the QMC data9,10 is found. Here
we notice that the full spectral function obtained by pert
bation expansion and QMC is very different from the o
obtained by the fluctuating exchange approximatio5

~FLEX!: the triple-peaked structure that is found inAp(v,T)
and r(v,T) by perturbation expansion and QMC is n
present in the FLEX data. Thus, nearly perfect agreem
-
es

es
c-

t

.

-

nt

between FLEX~Ref. 5! and QMC~Refs. 9 and 10! calcula-
tions regarding the QP dispersion is somewhat surprising

In summary, we studied the spectral properties of the
Hubbard model with 0.8 electrons, using the perturbat
expansion above the paramagnetic metallic state. For largU
and small doping, we find reduced QP dispersion and a
namically generated, low-energy scaleJ. In this regime, the
position and the relative weight of QP and Hubbard exc
tions are found to be strongly temperature dependent.
spectral function and the density of states have at low te
peratures a characteristic triple-peaked structure. Corr
tions reduce the singular spectral weight and shift it towa
EF . The doping and temperature dependence ofne indicate
that correlations suppressxc and drive the system closer to
metal-insulator transition. The topology of the Fermi surfa
determined from the QP dispersion is also found to be te
perature dependent. Our results show many features se
the spectroscopic data,7,8 which might be taken as an indica
tion that the large-U limit of the 2D Hubbard model de-
scribes the essential properties of metallic cuprates.
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