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Cluster approach to the three-band Hubbard model of the Cu-O plane: Superconducting pairs
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The fully symmetric Cu-O clusters with a central Cu have two-hole singlet eigenstates which are not
affected by the on-site repulsion. These pairs become bound states if the number of holes in the cluster is
appropriate; moreover, the quantization at half-integer values of a magnetic test flux is consistent with a
superconducting pattern. To investigate the mechanism of pairing, we study the symmetric clusters with<21
atoms and four holes by exact diagonalization. Further, by the diagrammatic expansion of the ground-state
energy and of the scattering amplitude, we obtain the spin-flip diagrams for the effective interaction, which is
attractive for singlets and repulsive for triplets. A criterion for pairing in cluster calculations is thereby
obtained.@S0163-1829~97!04446-9#
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I. INTRODUCTION

The three-band Hubbard model has been widely used
electron spectroscopy studies1 of the Cu-O plane of high-Tc
superconductors and for investigating their electronic pr
erties, and the relevant region of the parameter space
been fairly well estabilished byab initio calculations2 as
well. The infinite-U limit of this model givesd-wavesuper-
conductivity mediated by an attractive effectiv
interaction.3,4 The possibility that bound pairs arise fro
purely electronic processes, like the exchange of spin fl
tuations, has been suggested long ago;5–7 in the relatedt-J
model, finite cluster calculations have also provided e
dence of pairing8 and diagrammatic studies9,10 have sup-
ported a mechanism based on the exchange of spin w
with large momentum transfer. Since the three-band H
bard model makes direct reference to the individual ato
orbitals and to the on-site interaction, we believe that it c
provide a useful viewpoint on the correlation effects th
allow the holes to overcome repulsion and convert it into
effective attraction; exact calculations on finite models m
bring to light interesting local aspects of the microsco
dynamics, and can be used as tests for the analytical app
mations.

Recently,11–14 we have pointed out that a class of high
symmetric clusters exhibit hole pairing in real space; a
criterion for pairing we used15 D(n),0, where
D(n)5E(n)1E(n22)22E(n21), and E(n) is the
ground-state energy of the system withn holes. In this paper
we first extend the previous findings by performing nume
cal calculations on larger clusters. Next, we investigate
nature of the effective interaction which explains the resu
of the exact diagonalizations; it is clear that a thorough
derstanding of the microscopic processes is needed be
attempting to address the thermodynamic limit. Similar
other approaches, the mechanism which operates in our
ters involves spin flip; in our description, the effective inte
action is a correlation effect which depends in an essen
way on the point symmetry of the plane. The pairing int
action and the symmetry of the wave function remove
ambiguity in theD(n),0 criterion; in fact, negativeD by
560163-1829/97/56~22!/14711~6!/$10.00
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itself does not necessarily mean pairing, and in unsymme
geometries and exotic parts of the parameter space it
arise from different mechanisms. The above criterion h
also been questioned16 because when one introduces t
nuclear degrees of freedom, the sign ofD can be reversed
This can happen when the ground state withn21 holes is
degenerate, and Jahn-Teller distorts, gaining energy by
distortion; the pairing then looks like an artifact due to t
neglect of vibrations. Ultimately, the argument runs in
trouble because it depends on a comparison of ground-s
energies with different hole numbersn.

In this paper, we begin by usingD(n),0 as a preliminary
criterion, but the analysis will lead us eventually to propos
new one, which is free from the above criticisms. When
actual point symmetry of the system is accounted for, as
our model, the effective interaction provides the dynami
explanation forD(n),0 and for the fact that it does imply
pairing in this case. Finally, still by exact diagonalization, w
study the quantization of a test flux in these clusters, and
a behavior which is consistent with superconducting pairi

II. MODEL HAMILTONIAN

The key ingredient of our approach is cluster geome
while the semiempirical Hubbard Hamiltonian that we use
quite standard.11 It readsH5h1Hc , whereh is the one-
body part andHc is the interaction. Here,

h5( e i j cis
† cis , ~1!

wherecis are hole annihilation operators,« i i 5«p for an O
site, « i i 5«d50 for a Cu site,« i j 5t for a Cu-O bond, and
« i j 5tox for an O-O bond. Here, we are concerned primar
with the dynamical meaning ofD, 0, and since the O-O
hopping integraltox is marginal~maximum binding occurs
for vanishingtox in all cases!, we limit the present analysis to
tox50. We split the interaction partHc as follows:

Hc5W1Hoff -site, ~2!

where the on-site part is
14 711 © 1997 The American Physical Society
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W5(
i

Uini 1ni 2 , ~3!

n is a number operator,Ui5Up or Ud for O and Cu sites,
respectively. We have included the off-site repulsionHoff -site
in our model;11 it was seen that O-Cu interactions favor pa
ing and O-O interactions oppose it; with reasonable value
Up andUd the effect ofHoff -site does not change matters
any important way and we are going to neglect it altoget
in the following for the sake of simplicity. Below, we use th
following parameter values~in eV!: Cu-O hoppingt51.3,
on-site interactionsUd55.3, Up56 for Cu and O, respec
tively; atomic energy-level difference«p-«d53.5. Such val-
ues compare well with theoretical predictions2 and with evi-
dence from electron spectroscopy, as we have discu
elsewhere.11

III. W50 PAIRS, ‘‘ALLOWED’’ CLUSTERS, AND D<0

Two holes in the same degenerate level of the one-b
Hamiltonianh may form several singlet pairs; diagonaliz
tion of the on-site repulsionW in this space yields pair eigen
states of the total HamiltonianH. The W50 pairs aretwo-
holesinglet eigenstates ofH which are also exact eigenstat
of W with eigenvalue 0. While triplet pairs are trivially no
affected by the on-site repulsion in this model, the sa
property for singlet pairs results from a configuration int
action which yieldsW50; a null result, however, can onl
arise because of symmetry. In the infinite Cu-O plane, s
pairs exist,12 along with ‘‘normal’’ singlet pair eigenstate
for which ^W& does not vanish. This suggests that finite clu
ters can faithfully represent the hole-hole correlations t
occur in the plane only if they possess the fullC4v symme-
try. We found11 that this condition is necessary but not su
ficient; only if the cluster is centered around a Cu ion, so
of the degenerate levels~but not all of them! always yield
W50 pairs.

Thus, for short, we term ‘‘allowed’’ clusters those ce
tered around a Cu atom and having the fullC4v symmetry.
The W50 pairs have far reaching consequences on
many-body properties, and single out the allowed cluster
good models of the plane. The present discussion does
apply to the forbidden geometries, like those examined
Hirsch et al.15 and Balseiroet al.17 The Cu4O4 geometry
considered by Ogata and Shiba18 has theC4v symmetry of
the lattice, but lacks the central Cu, and therefore it is f
bidden~the pairs on degenerate levels feel the on-site re
sion, as one can see by performing the two-hole configu
tion interaction calculation11!. The dynamics of holes in
Cu4O4 ~Ref. 19! does not lead to pairing if the on-site repu
sion on oxygen is included.

Consider an allowed cluster in the noninteracting lim
and suppose filling the levels withn holes according to the
Au f bauprinciple; when interactions are introduced, pairi
is favored if n is such that the uppermost pair is aW50
singlet. We reported previously exact diagonalization cal
lations with n54 yielding D, 0 in CuO4 ~Ref. 11! and
Cu5O4 ~Ref. 13! in a physically relevant part of the param
eter space. Here, we study Cu5O8, Cu5O12, and Cu5O16
~44 100 configurations!, using an improved Lanczos tech
nique. The present paper is primarily devoted to the dyna
of
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ics of the paired state in this series of clusters, namely, all
allowed ones up to 21 atoms;n54 holes are enough to show
the effect, because the lowest one-hole level belongs20 to a1
symmetry, and the nexte(x,y) level yields theW50 pair.
The latter has a spatial wave function transforming li
x(1)y(2)1x(2)y(1), where x and y are orbitals, and be-
longs to the1B2(xy) representation; note, however, that t
charge density of the pair has lobes along the axes, and
line with an order parameter having the1B1(x22y2)
symmetry12 which is favored by experimental evidence.21

Group theory shows that in the four-body problem, the int
actions resolve the grounde^ e configuration into3A2, 1A1,
1B1, and 1B2; the numerical ground state of the system b
longs to 1B2 like the W50 pair andD, 0. The calculated
trend ofD with the number of atomsN is shown in Fig. 1.
The size of these clusters is comparable with that of pair
high-Tc superconductors, while the magnitude ofuDu at fixed
n decreases asN is increased.

Larger allowed clusters are outside the scope of
present paper. We note in passing, however, that beyon
atoms more than four holes become necessary; for insta
in Cu13O36 the second one-hole level, although twice dege
erate, gives rise to ‘‘normal’’ pairs. Ascending the series
bonding levels, one finds that the fourth is a set of deg
eracy 5 containinge(x,y), a1 ~twice! and b2 components.
By two-hole configuration interaction, one obtains 6W50
pairs, and we predict pairing for evenn, with 10<n<20.
Such systems might shed light on interactions between p
and eventually on superconductivity in the three-band H
bard model. Unfortunately, the numbers of configuratio
(.1012 already forn510) puts them outside the reach
direct diagonalization methods.

IV. EFFECTIVE INTERACTION

In all the allowed clusters up to 21 atoms, the lowe
one-hole level belongs20 to a1 symmetry, and the nex

FIG. 1. D and singlet-triplet separationD for allowed clusters
containingN atoms and four holes. The dots are the values ca
lated with the parameters listed in the text;tox50 . The curves are
a guide to the eye. The clusters are CuO4, Cu5O4, Cu5O8, Cu5O12,
and Cu5O16.
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e(x,y) level yields theW50 pair; there areb1 anda1 empty
orbitals, that below we shall write with the short-hand no
tions b anda8, respectively; empty orbitals ofe(x,y) sym-
metries also exist in all cases except CuO4. We noted above
that the interactions produce a nondegenerate1B2 four-hole
ground state withD, 0. NegativeD values are usually take
as indication of pairing, but in principle they could resu
from other microscopic mechanisms;16 however, the very
fact that the present symmetry-driven mechanism invol
two holes in degenerate states strongly suggests that a
fective attraction between those holes is leading to bo
pairs~rather than to a condensation or bag of particles!. Fur-
ther support for an effective hole-hole attraction comes fr
the observation13 that the hole charge distribution of the pa
shrinks and tends to concentrate more on oxygen when p
ing prevails. Indeed, we show that in the case of dres
W50 singlet pairs, D,0 arises from an effective pairin
interaction which is attractive; the same interaction is rep
sive for triplet pairs. The argument rests on a comparison
the perturbation series forD and for the two-hole amplitude
for the dressedW50 pair the two-hole amplitude actuall
involvesD and yields its dynamical interpretation.

A. Diagrams for D

The perturbation series forD in powers ofW is obtained
by the well-known diagrammatic expansion22 of the ground-
state energyE of a many-body system. This is based on t
theorem

E5E~0!1 i lim
t→`~12 ih!

d

dt
lnR̃~ t !, ~4!

where E(0) is the noninteracting ground-state energ
h510;

R̃~ t !5^F0uU~ t !uF0&, ~5!

uF0& is the noninteracting ground state, andU(t) is the time
evolution operator in the interaction representation. One t
expands the correlation functionR̃(t) using the linked cluster
theorem, that simplifies the expansion, but the diagrams
violate the Pauli principle and/or the number of partic
must be retained. The diagrammatic rules are readily app
to the n52 case, whenuF0. is a nondegenerate single
determinant state. Forn53 and n54, the non interacting
ground state is degenerate, while the derivation of Eq.~4!
assumes that the interactions do not modify the symmetr
the ground state; therefore we takeuF0& as thex component
of the 2E irreducible representation forn53 and 1B2 for
n54; we know from direct diagonalization that these sy
metries are correct for the whole series of clusters. The1B2
component of the noninteracting ground state reads

uF0&5
uxy&1uyx&,

A2
~6!

where in terms of orbitalsuxy& is the single determinan
ux1y2a1a2u. Since this cannot be written as a single det
minant, some care is necessary in the diagrammatic ex
sion; the correlation function is
-
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R̃~ t !5^xyuU~ t !uxy&1^yxuU~ t !uxy&. ~7!

Applying the linked cluster theorem,22 the first term leads
to the standard diagrams, while the second is anomalou
the sense that it vanishes in the noninteracting limit. Th
we find all the diagrams contributing to the expansion
U(t) averaged overux1y2a1a2u, plus the anomalous
or spin-flip diagrams that have enteringx1 and y2 and
outgoing y1 and x2 lines ~Fig. 2!. Let W(k,l ,m,n)
5^k1l 2uWum1n2&; the anomalous diagram@Fig. 2~b!# can
be obtained from the normal one@Fig. 2~a!#, which is pro-
portional to W(a,b,x,x)2, simply by letting W(a,b,x,x)
→W(a,b,y,y) in the upper interaction line. A sign chang
follows, in agreement with the standard diagrammatic ru
In summary, one starts the expansion as if the ground s
were the single determinantux1y2a1a2u; the diagrams that
involve propagating x and y lines get corrections, which a
obtained by exchangingx andy in the upper interaction line
where thex or y lines end; the loose lines should then
joined, and the diagram so obtained carries a minus s
because of the change in the number of loops. After so
algebra, we obtain the second-order approximation

D~2!522F(
b

W~a,b,x,x!2

~«b2«a!
2(

a8

W~a,a8,x,x!2

~«a82«a!
G , ~8!

where«a is the one-hole energy of thea orbital and so on;
the sums run over all empty states of the appropriate s
metries (a1 and b1), while no contributions arise from the
emptye orbitals since the relevantW matrix elements van-
ish. The sign ofD is seen to depend on the relative weight
the virtual transitions to states of different point symmet
and ultimately on the parameters in the Hamiltonian.

B. Diagrams for the two-hole amplitude

Let G denote the two-hole amplitude for holes of oppos
spin in the degenerate (x,y) orbitals. Singlet and triplet arise
from the space spanned by the noninteracting statesuxy& and
uyx&, which are connected byC4v operators. In the Nambu
formalism,G is a matrix

FIG. 2. Linked diagrams contributing to the second-order
pansion ofE(4). Diagram~A! is normal, while~B! is anomalous.
Thea, b, x, andy lines are labeled according to the representatio
of the C4v group.
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G~v!5S A Asf

Asf A D ; ~9!

hereA is a normal propagator, whileAsf involves a spin flip
and vanishes in the noninteracting limit. When interactio
are included, the first-order contribution to the scattering a
plitude vanishes because the product ofx andy orbitals van-
ishes on all sites. Therefore, the spin-flip process,Asf , shown
in Fig. 3, is the lowest-orderx2y scattering, and produce
the effective interaction to second order.

EvaluatingAsf according to the standard rules, we fi
that nearv52«x52«y , Asf' iD (2/(v22ex)

2 1less singu-
lar terms; moreover, to second order,A5 i /(v22ex). We
know from symmetry thatG(v) has singlet and triple
eigenvectors 1/A2(1,61); for the singlet and triplet we ge

A1Asf5
i

v2hs
, A2Asf5

i

v2h t
, ~10!

wherehs,t are the new eigenvalues. Therefore, for the sin
the expansion is

1

v2hs
'

1

v22ex
1

D~2

~v22ex!
2
'

1

v22ex2D~2!
, ~11!

that is hs52«x1D (2); the triplet receives the opposite co
rection, and the1B223A2 separation isD52uDu. Negative
D means that the spin-flip interaction is attractive for1B2
which is pushed down byuDu and becomes the ground sta
while the triplet is pushed up by the same amount.

Since Up and Ud are not small compared to the Cu-
hopping termt, the second-order is generally a poor appro
mation; interestingly,W50 pairs are an exception, becau
the large interactions aredynamicallysmall. The first-order
term vanishes, and the second order is of the order of ten
meV. Comparison with exact numerical diagonalization
sults shows that the second-order approximation forD andD
is already rewarding, and In Fig. 1 we show howD andD
scale with the cluster size; they are indeed very closely
portional, although their ratio is somewhat larger than 2.

FIG. 3. Typical spin-flip diagrams for the anomalous propaga
Asf .
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,
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-

V. FLUX QUANTIZATION

We test the paired state by exposing the system to a
tor potentialA„r … according to the Peierls prescription,

e i j→e i j expF2p i

f0
E

r i

r j
A•dr G , ~12!

wheref05hc/e is the flux quantum, and looking for supe
conducting correlations. In a macroscopic experiment,
makes a sample with a large hole, and inserts a magn
field; the ground-state energyE(f) is trivially a periodic
function off/f0 , wheref is the flux in the tube, andf50
is an extremum. Superconductors quantize the flux by allo
ing integer and half-integer multiples off0. The reason is
that a flux f0/2 corresponds to a superconducting grou
state with pairs having different symmetry than those p
vailing atf50 , and the system is stable; arbitraryf values
are not allowed because they cost large amounts of~free!
energy.

Canright and Girvin have shown23 that cluster calcula-
tions can be used to obtain qualitative insight on the occ
rence of superconductivity, by looking for a tendency to fl
quantization. The signature24,25 is present whenf50 is a
minimum of E(f) and the only other minimum of compa
rable depth occurs atf/f05 1

2; the barriers separating th
minima are small in a small system but one expects them
increase with size, leaving the flux quantized in units
f0/2. Canright and Girvin23 used a square lattice of rectan
gular geometry and periodic boundary conditions along o
of the axes; to demonstrate the effect, they assumed anat-
tractive on-site interaction and observed superconduct
flux quantization for even hole numbers and strong eno
attraction. SinceW is purelyrepulsive, we cannot modify the
geometry in analogy with Ref. 23, because the cluster wo
become very unsymmetric and forbidden. We must insert
flux tube inside allowed clusters, but since no closed p
encircling the central Cu is available for the holes, there is
response to a central flux tube. Therefore, we use anexternal
device providing a closed path around the flux tube. T
device, however, cannot be chosen arbitrarily, because
cluster must remain allowed and the singlet pair must rem
one with W50. To fulfill this condition, we introduce an
infinitesimal hopping td between the external Cu’s~see the
inset of Fig. 4! and study the linear response to this pert
bation. The relevant response functionR is

FIG. 4. Four-hole response functionR versus the normalized
flux, for ~a! Cu5O4 and ~b! Cu5O16. The parameter values are th
same as in Fig. 1. The inset shows the geometry of Cu5O16 with the
closed path.
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R~f!5
E~f!2E~0!

td
~13!

and depends on the test fluxf ~in units of f0). The results
for Cu5O4 and Cu5O16 with four holes are shown in Fig. 4;
the same trend is obtained for all clusters. The minimum a
f0/2 is the microscopic precursor of the superconductin
flux quantization; by looking atD and analyzing the numeri-
cal ground-state wave functions atf0/2 we find that it cor-
responds to pairs of1A1 symmetry which are bound in the
presence of half a flux quantum. Quite different patterns i
which the flux quantization is absent are obtained for tw
and three holes~Fig. 5!. Also, it is clear that it isW that
forces the paired holes to screen the vector potential like
charge 2e; actually, the noninteracting case is quite differen
~Fig. 6!. If the input data are modified in such a way thatD
becomes positive by severe distortion of the symmetry, th
characteristic central minimum is lost altogether.

VI. CONCLUSIONS

The three-band Hubbard cluster models having allowe
geometries and appropriate hole numbers predictd-wave
pairing; the geometry and the hole numbern must be such

FIG. 5. Two-hole and three-hole response functionsR versus
the normalized flux, for Cu5O4 and Cu5O16. The parameter values
are the same as in Fig. 1.
B
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that the two least bound holes occupy aW50 singlet state.
We have diagonalized exactly the Hamiltonian for a series
clusters, confirming and extending the earlier finding th
this symmetry enhances correlation effects to the point
repulsion generates attraction; the paired ground state
longs to 1B2. In the presence of a vector potential, a suita
response function measures the strength of supercondu
correlations. We find that along with the1B2 paired state
which holds for no flux, a second1A1 paired state corre-
sponds to half a flux quantum; the change of symmetry
similar to what happens with BCS pairs.24

The numerical results are a test ground for the diagra
matic analysis and allow us to identify the pairing mech
nism, at least for the models at hand. The spin-flip seco
order term in the scattering amplitude provides the effect
interaction, which is attractive for singlets and leads
bound states; the same interaction is repulsive for tripl
The effective interaction can be monitored by the1B2
ground state it produces, while its strength is measured
the singlet-triplet separation; thus we can safely interp
D,0 as pairing without having to depend on a comparis
between systems with different hole numbers.

The basic correlation effect depends crucially on the po
symmetry of the cluster. We believe that owing to their sy
metry these allowed clusters share important many-b
properties of the infinite plane, and definitely deserve furt
study.
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FIG. 6. Four-hole response functionR versus the normalized
flux, for ~a! Cu 5O4 and~b! Cu5O16 in the absence of interactions
The parameter values are the same as in Fig. 1, exceptUp5Ud50.
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