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Local pairing at U impurities in BCS superconductors can enhance
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We analyze here the role electrons on Andergompurities play in superconductivity in a metal alloy. We
find that phonon coupling at impurities counteracts the traditional effects which doriinatspression in the
nonmagnetic limit. In some cases, we find that nonmagnetic impurities can enhan@eialitative agreement
is found between the predicted increase and the experimental data for IV-VI degenerate semiconductors doped
with Tl or In. In the Kondo limit, a Fermi-liquid analysis reveals that it is the enhancement in the density of
states arising from the Kondo resonance that counteracts pair weakg®0ig3-18207)07946-0

When a nonmagnetic Andersahimpurity® is placed in a N N
superconductor, two distinct mechanisms can operate to sup-  Ho= kE €8x ko T fdz 8i,8i s
press the superconducting transition temperatiige, First, 7 "
resonant scattering between tbeimpurity and the conduc- N N
tion electrons leads to a broadening of the impurity levels. +k2_ Vik(af,ai,+al,ag,) +U . (1)
Such broadening increases the amplitude for binding conduc- " '
tion electrons on the impurity thereby inhibiting pair
formation? Second, the on-site Coulomb repulsion leads to dn Eq. (1), €4 is the defect energy of the impurity/;, the
weakening of the pairing interaction that keeps two electronsverlap integral between a band state with momenkuaind
bound in a Cooper pair. As a resuilt, is suppressed!? the ith impurity, alo creates an electron in the barwﬁ,

In the nonmagnetic limit, Kondoimpurities also lead to creates an electron with spin on theith impurity andn;,,
pair weakening. Whem <Ty, the formation of a Kondo =a/ a,, . In the Hartree-Fock approximation, each impurity
singlet state at each impurity quenches the local mofhentievel is broadened with a width = po(|Vie|2) where pg is
However, the conduction electrons forming the many-bodythe density of states at the Fermi level. As a result of the
resonance around each impurity are spin polarized. Consewyhbridization of the localized level with electrons in the con-
quently, conduction electrons of opposite spin experience guction band, the on-site Coulomb repulsion is felt by all
net Coulomb repulsion when they visit a Kondo impufity, electrons in the system. To include the pairing interactions in
thereby weakening the pair interaction that holds a Coopefhe superconducting state, we write the total Hamiltonian as

pair together. . . H=Hgo+Hpar Where Hy,;, contains the BCS interactions
In theoretical treatments of the pair-weakening effett, among all the electrons:

it is generally assumed that electrons on the impurities do not

participate in superconductivity. That this view might not be

entirely consistent can be seen from the early work of Ratto 1 A

and Blandin(RB).® Within an AndersorlJ model in a BCS Hpair=§2 N akali @i @+ ha2 miny

superconductor, Ratto and Blandishowed that the Cooper k! '

pair amplitude on & impurity is nonzero. Hence, electron -

pairs annihilated on B -impurity reemerge in the conduction + % k(8188 & +H.C), @)

band as a Cooper pair. In addition, Suhl also suggested that

local impurities should give rise to local regions of

superconductivity? where the\’s are determined by the electron-phonon inter-
In this work, we consider explicitly phonon-induced pair- action. The last two terms in E¢R) account for local pairing

ing on nonmagnetic Andersdd-impurities in a BCS super- on theU impurity as well as scattering of Cooper pairs be-

conductor. First, we show that the phonon coupling constantsveen the impurity and band states. In the nonmagnetic limit,

involving the impurity are at least as large )ag., the stan-  this problem has been solved previously without the last two

dard phonon coupling constant for the Cooper pairs in theerms®*9°

conduction band. As a result, such local processes can lead to It is instructive at the outset to establish the magnitude of

an enhancement, relative to previous treatniévftof T.. the coupling constants in the last two terms in E2). To

While it is well-known that pure potential scattering can en-evaluatehy and \; we expand the impurity statg$o)

hanceT, in low-T, material$® through coupling to trans- =3a;j.«,|/ko) in terms of thek states|ka), in the band. In

verse phonon modes, the present work suggests that in tike expansion for the impurity states, we relied on the com-

case of nonmagnetid impurities, an additional channel is pleteness of th& basis. If the bandwidtlD is finite, thek

available to enhancg.. states do not form a complete set. However, what is essential
The starting point for our analysis is a collection of iden- here is that the band contain the states—eg|<I'. As is
tical noninteractingdilute limit) Andersont impurities typically done, we assume that the matrix ele-
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ment A =X\g iS a constant fork states with|e,— eg|
less thanwp, the Debye frequency of the metal. In the
estimates that follow, we will assume that,>I". Using
the standard form for the electron-phonon interactigp,

=Noa; g8 _q 3 8 » We find that

)\d=<IT1|l|Vph|IT!IL>
=Xo 2

*
S a;kT,kJquail,k'7qlai1,kTaiL,k’¢:)\O% g(a).
K'.q

From the orthogonality of thek states, it follows that
S @iokel2=1; henceg(q=0)=1. From the continuity of
g(q) it follows that\ 4=NX,, whereN is proportional to the

number of electrons in the conduction band. Hence, the on- | ot ;s definen=»X

site phonon interaction for the impurity electrons, is en-
hanced over thé&-state pairing value. Consequently, the ef-
fective on-site Coulomb repulsion is reduced th=U
+Ag4. Similarly, the scattering matrix element

Mi=Nik=(1 1,1 [ [VprlkT,—k])
:Ro% o kg1 @ —k—q1=No

is also related to.,. An exact equality obtains if two condi-
tions are true, namelyx|d) is real anda;; \;=a;| k. AS
we will see, the presence of the mixing tek enhances the
density of electron states participating in superconductivity
We will assume thak ; is a constant. Both effects, reduction
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in terms of matrix elements of the gap,
A= —No2 <ak’Ta7k’1>_2i Meidaira)),
k!
Aj= _U<ai1aii>_)\ki2 (agpa—yr ). (4)
k/

The Hartree-Fock on-site energy B=eq+U(n;), with
(niy=(n;;)=(n;;). The presence oX; causes the gap equa-
tions to become coupled. In fact, it is through this coupling
that the single-particle density of states becomes enhanced.
I\ and introduce the Green func-
tions  G(p,q;t)=—(T[ap,(t)aj,(0)]) and F'(p,q;t)
=(T[aima£T(0)]). Herep or q represent either a local im-
purity or a band state. In terms of the discrete frequencies
o=w,=(2n+1)7T, the Fourier components of the Green
functions are defined &8(p,q;t)=T= e '“'G,(p.q). The

gap equations, Ed4), are then linear combinations

Af=—\oTY

w

> Flkk)+972 Fiai|,
Kk’ ]

: Al= (5)

—TUX Fl(i,i)—Then> FI(k' k)
o k' @

of the on-site Coulomb repulsion and the enhancement of
denSity of states at the Fermi |eve|, play a pOSitive role inof the FI) Green functions. The sum ové&’ in Eq (5) is

superconductivity We show ultimately that they can con-
spire to increase Jin the nonmagnetic limit

restricted over a momentum shell around the Fermi surface
of width wp . Equation(5) must be solved to obtaifi.. To

A simple way to make these heuristic arguments rigorougacilitate this, we introduce the Hartree-Fock approximation

is through the Hartree-Fock decoupling of the Green func—t
tion equations of motion method used by Ratto and Blandin

(RB).2 While more sophisticated methods exist**® the
work of RB is sufficient to describe the nonmagnetic limit of
the Anderson model. The linearized Hartree-Fock equation

o the Hamiltonian in the normal metaf,, as well as the
corresponding Green functioi;. From the Hartree-Fock
equation of motion, iw—Hy)G,=1 and the Gorkov
equationd® (iw—Hg)G,+AF =1 and (o+H)F!

of motion for the creation operators can be written succinctly+ ATG_=0, it follows that to linear order in the gap,

T 1_ T T T
[H ’aka] - ekaka'+ EI Vikaio_ Aka'*kffr!

[H'aro]:EaiTo—’—z VikaIU_Aiar (3)
k

1+Tc7\02k [2 Su(kk") + 7ng(S,(k,i) +S,(i,k))
w, k’

=T U-Ne7d X

w,0" Kk

ngS, (i

KISy (K1) = 2 Su(k,k)S, (0,0 ],
J

Fl(p,q)=G_,(—7/,—p)AlG,(~.q), where/ is summed
over thek andi states. This approximation is valid at and
slightly below the critical temperatufg. where the gap first
appears. If we now substitute this expression into the self-
consistent gap equatiofi§g. (5)] and average over the ran-
dom position of the impurities as well as average products of
Green functions, we obtain a quadratic equation,

+T U, S,(i4))
,)

(6)
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for the transition temperature wheng is the impurity con-

0.06
cerEration. We have introduced the avera&g(p,q) 0.04 | ' Pres'em The;ry I i
=(G,(P,9)G-,(—P,—Q))ay- In obtaining Eq.(6) we de- 0.02 | .
coupled the gap from the average of the product of Green 0
functions. 002+ A
.- . . po AT, Y- . :

To facilitate a solution fofT., we note that the on-site neleo .04 L g i
repulsionU and the phonon coupling strengtl are of quite -0.06 - -
different magnitudes. TypicallyJ>|\,|. In this limit, Eq. -0.08 - " Rm .

(6) simplifies to an equation linear in the phonon coupling, 0.1 | o . 7
-0.12 ' e :
1 . 0 02 04 06 08 1
WZTCEK 2 S, (K,K')+27:nsS, (K, i) Impurity Occupancy (n4)
w, K’
FIG. 1. Theoretical values for the initial slope ®f predicted
—ngTeUett 2 Sur(k,i)S,(i,k") |, (7)  from Eq.(9) as a function of the filling(n,), on the impurity.p, is
o' K the density of states is the impurity concentration arid=2.0 eV
andU=0.5 eV.

where the subscript “eff” indicates division by(1

+UTCEw,J—Sw(i,j)). Experimentally,T. has been observed to increase when
The averages appearing in E() can be evaluated transition metals were doped into ¥iAndersod® has sug-
straightforwardly following the ladder summation tech- gested that transition metals such as Fe are nonmagnetic in

niques. For examplg, Ti and hence might possibly increa$g. While the present
theory is consistent with the experimental trends, the agree-
D 2po L @D r ) ment should not be taken as a confirmation because the ex-
S, (k,k")~+—tan - — —ng———————=+0(nY). i i '
D (k,k") o] o] " ™24 (0| +T)? (ng) perimental samples contained unusually high dopant

®) concentrations’ Further experiments are needed on such
samples in the dilute impurity regime to determine if non-
The other averages are computed analogously. If we us@agnetic impurities do in fact increa3g. However, in the
these expressions f@&, coupled with the standard BCS ex- context of degenerate semiconductors such as PbTe and
pression for the transition temperature,|\d|po) ! SnTe doped with Tl and In, respectively, the observed super-
=In(2eywp /(7 T)), we obtain that conductivity has been attributed to arise solely from impurity
. (e0) states™® In SnTe doped with InT, was increased by an order
e A Pdl€F 4 ~ of magnitude with a 1% In-impurity level. More striking is
InTco_nSA Po [27e= 1= Apg(er)Uerl, (9 the behavior in PbTe. In this material, superconductivity
with a transition temperature af,=1—2 K was observed
only upon doping with Tl. Dopants such as Na yield no
T E superconductivity down to temperaturesTof 0.009 K. Ex-
A=IN(2yVEZ2+T? wTeo) — Etan‘lf, perimentally and theoreticalf?,it is now well-accepted that
local-phonon coupling at the dopant impurities is largely re-
sponsible for superconductivity in these semiconductors. In
7 (10) addition, the impurities are thought to be in the extreme
1+ (U/mE)tan XEIT) ' mixed-valence regime as the on-site repulsion is much less

] ) . than the hybridization energf)‘?.The large dielectric constant
with y the Euler-Mascheroni constant. The correspondin €PPTe< 33) is primarily responsible for the lowering of the

expression fok) ¢ can be obtained from EQL0) by replac- o _sjte Coulomb repulsion. For the experimentally relevant
ing 7 W'ﬂz‘ U.2The_ local density on the impuritypy(€r)  carrier concentrations and an impurity doping level of 1%,
:F/(fT(E +I'%), is given by the standard Lorentzian e estimate that,/n,~1 ande-~0.8 V. Also,I" has been
form.” Recall then_ dependence arises from the _Scatter'”gestimateée to range between 0.01 to 0.1 eV. Ad=0.1 eV,
from a Cooper pair between the band and localized stategye estimate the magnitude of the relative increask.ito be
Also U<U as a result of the phonon coupling thimpu-  O(nger/(neI"))~10 which is qualitatively consistent with
rities. The importance of these terms should now be cleathe increase seen experimentally.

When 7,4=0 andU=U, the correction tdT, is precisely We can extend this analysis to the nonmagnetic lifit,
the negative correction of RBFor »#0 andU<U, the ~ <Tk., of the Kondo problem. In this limitn;)=1/2. Below
transition temperature is enhanced relative to the prediction§k , & Kondo system is described by a screened impurity in a
in earlier treatments of this problefit! In fact, we compare Landau Fermi liquid with relatively weak quasiparticle
in Fig. 1 the predictions of the present theory for the initialinteractions. Sakuraf has shown that the nonmagnetic limit
slope of T, with the earlier predictions of RBFor modest ©Of the Hartree-Fock treatment of an Anderson impurity can
values ofl" andU, we find that nonmagnetic impurities can be used to. describe a Kon.do system TO(IK by making
actually enhancd, in contrast to the suppression indicative the following transformation: (1) I'—I'/x;; and (2)

of pair weakening. The magnitude of the increasé dns of Ueﬁ—>F‘T’l=TrFXH. We have introduced the vertex func-
O(nger /(nol™)), whereng is the conduction electron density. tion F‘T’l for the inelastic scattering of a pair dfelectrons of

where

Neft—
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dropped all irrelevant constants. Within the Fermi-liquid pic-
ture, T,xTeexp 1) where\ is the dimensionless phonon
coupling. In this expressionfk replaceswp because elec-
trons which are further away from the Fermi level thBg

are strongly scattered. In the presencéJoimpurities, there

are two corrections to the dimensionless coupling constant
First, we must include the enhancement in the density of
states arising from the Kondo resonance. This enhancément
scales a® /T . In addition, we must include the repulsion
between quasiparticle states of opposite spin. The repulsion
energy is essentiallflc below the Kondo temperatufe?!
Within the quasiparticle picture, this repulsion is spread over
(poTk)? states because there are two electrons participating
in each scattering event. Hence, the change in the dimension-

less coupling constant is given By
FIG. 2. (a) The v_ertex part of’}, in the Ia('jder appro>_<|mat|on. SN Sp &V ne ne
(b) The corresponding vertex for the scattering of a paik @fec- R T + )
trons into a pair ofl electrons. Nopo VoopoTk  ANpoTk

(13

o

!

A, (11)

) , N ) However,AT.= —T.8\/\2. Consequently, the initial slope
gpposje spin. BelowTy, the susceptibilities are given by ;. T, from the heuristic Fermi-liquid arguments
X1,=x11=ml'/(4Tg). To calculate the transition tempera-
ture, we also need an expression fgy; . According to Eq. AT, LS In(l k)) (14)

(9), » andU are rescaled in the same way. Hence, in the Teo PoTk |\ Teo Teo
ladder approximation, the value ofer can be obtained by s iqantical in form to the more exact expression derived in
comparing two diagrams which corre;pondﬂ?)l [see Fig.  £q (12) becausey is O(1). The second term in both of
2(a)], and the diagram for the scattering of a pairkotlec-  hese expressions is the standard pair-weakening effect,
trons into a pair ofd electrons as shown in Fig(l. We  \hereas the first is a positive correction arising from the
obtain thatyer= n(7I)%/(4TU). Hence, the initial slope enhancement in the density of states at a Kondo impurity. In
in T is the strong-coupling regimé\|>1, Eq. (13) predicts that
Kondo impurities can enhanck.. We conclude then that
ﬂ LS 2wl'y _ nonmagnetic impurities by virtue of local phonon pairing can
Teo  4poTk ¥] counteract the standarff, suppressing effects and in some
cases actually enhande . Experimental systems on which
whereA’ =In(8y(Tx/m°T))—1. this prediction can be tested are the transition metal alloy
To make contact with the Fermi-liquid picture of the Tj(Fe) and degenerate semiconductors.
Kondo problem, we rewrite this expression in the suggestive

form We thank P. Nozieres for assistance with the Fermi-liquid
formulation, A. Castro Neto, E. Fradkin, Y. Wan, W. Bey-
AT, ng Tk Tk erman, and Z. Fisk for useful discussions, V. Chandresekhar
T POTkIn(T_cO) ( 2m— '”(E) ) (120 for pointing out Ref. 13 to us, and A. L. Shelankov for point-

. o ing out his related worksee Ref. 2Dpand the application to
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