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Local pairing at U impurities in BCS superconductors can enhanceTc

Ivar Martin and Philip Phillips
Loomis Laboratory of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street, Urbana, Illinois 61801-30

~Received 27 June 1997!

We analyze here the role electrons on AndersonU impurities play in superconductivity in a metal alloy. We
find that phonon coupling at impurities counteracts the traditional effects which dominateTc suppression in the
nonmagnetic limit. In some cases, we find that nonmagnetic impurities can enhanceTc . Qualitative agreement
is found between the predicted increase and the experimental data for IV-VI degenerate semiconductors doped
with Tl or In. In the Kondo limit, a Fermi-liquid analysis reveals that it is the enhancement in the density of
states arising from the Kondo resonance that counteracts pair weakening.@S0163-1829~97!07946-0#
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When a nonmagnetic Anderson-U impurity1 is placed in a
superconductor, two distinct mechanisms can operate to
press the superconducting transition temperature,Tc . First,
resonant scattering between theU impurity and the conduc-
tion electrons leads to a broadening of the impurity leve
Such broadening increases the amplitude for binding cond
tion electrons on the impurity thereby inhibiting pa
formation.2 Second, the on-site Coulomb repulsion leads t
weakening of the pairing interaction that keeps two electr
bound in a Cooper pair. As a result,Tc is suppressed.3,4

In the nonmagnetic limit, Kondo5 impurities also lead to
pair weakening. WhenT,TK , the formation of a Kondo
singlet state at each impurity quenches the local mome6

However, the conduction electrons forming the many-bo
resonance around each impurity are spin polarized. Co
quently, conduction electrons of opposite spin experienc
net Coulomb repulsion when they visit a Kondo impurity7

thereby weakening the pair interaction that holds a Coo
pair together.

In theoretical treatments of the pair-weakening effect,8–11

it is generally assumed that electrons on the impurities do
participate in superconductivity. That this view might not
entirely consistent can be seen from the early work of Ra
and Blandin~RB!.3 Within an Anderson-U model in a BCS
superconductor, Ratto and Blandin3 showed that the Coope
pair amplitude on aU impurity is nonzero. Hence, electro
pairs annihilated on aU-impurity reemerge in the conductio
band as a Cooper pair. In addition, Suhl also suggested
local impurities should give rise to local regions
superconductivity.12

In this work, we consider explicitly phonon-induced pa
ing on nonmagnetic Anderson-U impurities in a BCS super
conductor. First, we show that the phonon coupling consta
involving the impurity are at least as large aslkk8, the stan-
dard phonon coupling constant for the Cooper pairs in
conduction band. As a result, such local processes can le
an enhancement, relative to previous treatments3,4,8 of Tc .
While it is well-known that pure potential scattering can e
hanceTc in low-Tc materials13 through coupling to trans
verse phonon modes, the present work suggests that in
case of nonmagneticU impurities, an additional channel i
available to enhanceTc .

The starting point for our analysis is a collection of ide
tical noninteracting~dilute limit! Anderson-U impurities
560163-1829/97/56~22!/14650~5!/$10.00
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Vik~aks
† ais1ais

† aks!1U(
i

ni↑ni↓ . ~1!

In Eq. ~1!, ed is the defect energy of the impurity,Vik the
overlap integral between a band state with momentumk and
the i th impurity, aks

† creates an electron in the band,ais
†

creates an electron with spins on the i th impurity andnis

5ais
† ais . In the Hartree-Fock approximation, each impur

level is broadened with a widthG5r0^uViku2& wherer0 is
the density of states at the Fermi level. As a result of
hybridization of the localized level with electrons in the co
duction band, the on-site Coulomb repulsion is felt by
electrons in the system. To include the pairing interactions
the superconducting state, we write the total Hamiltonian
H5H01Hpair where Hpair contains the BCS interaction
among all the electrons:

Hpair5
1

2(k,k8
lkk8ak↑

† a2k↓
† a2k8↓ak8↑1ld(

i
ni↑ni↓

1(
ik

l ik~ai↑
† ai↓

† a2k↓ak↑1H.c.!, ~2!

where thel ’s are determined by the electron-phonon inte
action. The last two terms in Eq.~2! account for local pairing
on theU impurity as well as scattering of Cooper pairs b
tween the impurity and band states. In the nonmagnetic lim
this problem has been solved previously without the last t
terms.3,4,9

It is instructive at the outset to establish the magnitude
the coupling constants in the last two terms in Eq.~2!. To
evaluateld and l ik we expand the impurity statesu is&
5(ka isksuks& in terms of thek states,uks&, in the band. In
the expansion for the impurity states, we relied on the co
pleteness of thek basis. If the bandwidthD is finite, thek
states do not form a complete set. However, what is esse
here is that the band contain the statesuek2eFu,G. As is
typically done, we assume that the matrix el
14 650 © 1997 The American Physical Society
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56 14 651LOCAL PAIRING AT U IMPURITIES IN BCS . . .
ment lkk85l0 is a constant fork states with uek2eFu
less thanvD , the Debye frequency of the metal. In th
estimates that follow, we will assume thatvD.G. Using
the standard form for the electron-phonon interaction,Vph

5l0ak1q↑
† ak82q↓

† ak8↓ak↑ , we find that

ld5^ i↑,i↓uVphu i↑,i↓&

5l0 (
k,k8,q

a i↑,k1q↑* a i↓,k82q↓* a i↑,k↑a i↓,k8↓5l0(
q

g~q!.

From the orthogonality of thek states, it follows that
(kua isksu251; hence,g(q50)51. From the continuity of
g(q) it follows thatld5Ñl0, whereÑ is proportional to the
number of electrons in the conduction band. Hence, the
site phonon interaction for the impurity electrons, is e
hanced over thek-state pairing value. Consequently, the e
fective on-site Coulomb repulsion is reduced toŨ5U
1ld . Similarly, the scattering matrix element

lki5l ik5^ i↑,i↓uVphuk↑,2k↓&

5l0(
q

a i↑,k1q↑* a i↓,2k2q↓* 'l0

is also related tol0. An exact equality obtains if two condi
tions are true, namelŷxud& is real anda i↑,k↑5a i↓,k↓ . As
we will see, the presence of the mixing termlki enhances the
density of electron states participating in superconductiv
We will assume thatlki is a constant. Both effects, reductio
of the on-site Coulomb repulsion and the enhancemen
density of states at the Fermi level, play a positive role
superconductivity.We show ultimately that they can co
spire to increase Tc in the nonmagnetic limit.

A simple way to make these heuristic arguments rigor
is through the Hartree-Fock decoupling of the Green fu
tion equations of motion method used by Ratto and Blan
~RB!.3 While more sophisticated methods exist,11,14,15 the
work of RB is sufficient to describe the nonmagnetic limit
the Anderson model. The linearized Hartree-Fock equati
of motion for the creation operators can be written succinc

@H,aks
† #5ekaks

† 1(
i

Vikais
† 2Dk

†a2k2s ,

@H,ais
† #5Eais

† 1(
k

Vikaks
† 2D iai

† ~3!
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-

.
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in terms of matrix elements of the gap,

Dk52l0(
k8

^ak8↑a2k8↓&2(
i

lki^ai↑ai↓&,

D i52Ũ^ai↑ai↓&2lki(
k8

^ak8↑a2k8↓&. ~4!

The Hartree-Fock on-site energy isE5ed1Ũ^ni&, with
^ni&5^ni↑&5^ni↓&. The presence oflki causes the gap equa
tions to become coupled. In fact, it is through this coupli
that the single-particle density of states becomes enhanc

Let us defineh5lki /l0 and introduce the Green func
tions G(p,q;t)52^T@aps(t)aqs

† (0)#& and F†(p,q;t)
5^T@a2p↓

† aq↑
† (0)#&. Herep or q represent either a local im

purity or a band state. In terms of the discrete frequenc
v5vn[(2n11)pT, the Fourier components of the Gree
functions are defined asG(p,q;t)5T(ve2 ivtGv(p,q). The
gap equations, Eq.~4!, are then linear combinations

Dk
†52l0T(

v S (
k8

Fv
† ~k,k8!1h(

i
Fv

† ~ i ,i !D ,

D i
†52TŨ(

v
Fv

† ~ i ,i !2Tl0h (
k8,v

Fv
† ~k8,k8! ~5!

of the Fv
† Green functions. The sum overk8 in Eq. ~5! is

restricted over a momentum shell around the Fermi surf
of width vD . Equation~5! must be solved to obtainTc . To
facilitate this, we introduce the Hartree-Fock approximati
to the Hamiltonian in the normal metal,H̃0, as well as the
corresponding Green function,G̃. From the Hartree-Fock
equation of motion, (iv2H̃0)G̃v51 and the Gor’kov
equations,16 ( iv2H̃0)G̃v1DFv

† 51 and (iv1H̃)Fv
†

1D†Gv50, it follows that to linear order in the gap
Fv

† (p,q)5G̃2v(2l ,2p)D l
† G̃v(l ,q), wherel is summed

over thek and i states. This approximation is valid at an
slightly below the critical temperatureTc where the gap first
appears. If we now substitute this expression into the s
consistent gap equations@Eq. ~5!# and average over the ran
dom position of the impurities as well as average products
Green functions, we obtain a quadratic equation,
11Tcl0(
v,k F(

k8
Sv~k,k8!1hns„Sv~k,i !1Sv~ i ,k!…G1TcŨ(

v, j
Sv~ i , j !

5Tc
2l0~Ũ2l0h2! (

v,v8,k,k8
FnsSv~ i ,k!Sv8~k8,i !2(

j
Sv~k,k8!Sv~ i , j !G , ~6!
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14 652 56IVAR MARTIN AND PHILIP PHILLIPS
for the transition temperature wherens is the impurity con-
centration. We have introduced the averageSv(p,q)
5^G̃v(p,q)G̃2v(2p,2q)&av. In obtaining Eq.~6! we de-
coupled the gap from the average of the product of Gr
functions.

To facilitate a solution forTc , we note that the on-site
repulsionŨ and the phonon coupling strengthl0 are of quite
different magnitudes. Typically,Ũ@ul0u. In this limit, Eq.
~6! simplifies to an equation linear in the phonon couplin

1

ul0u
5Tc(

v,k F(
k8

Sv~k,k8!12heffnsSv~k,i !

2nsTcŨeff (
v8,k8

Sv8~k,i !Sv~ i ,k8!G , ~7!

where the subscript ‘‘eff’’ indicates division by„1
1ŨTc(v, jSv( i , j )….

The averages appearing in Eq.~7! can be evaluated
straightforwardly following the ladder summation tec
niques. For example,3

(
k,k8

Sv~k,k8!'
2r0

uvu
tan21

vD

uvu
2ns

G

E21~ uvu1G!2
1O~ns

2!.

~8!

The other averages are computed analogously. If we
these expressions forSv coupled with the standard BCS ex
pression for the transition temperature, (ul0ur0)21

5 ln„2egvD /(pTc0)…, we obtain that

ln
Tc

Tc0
5nsA

rd~eF!

r0
@2heff212Ard~eF!Ũeff#, ~9!

where

A5 ln~2gAE21G2/pTc0!2
G

E
tan21

E

G
,

heff5
h

11~U/pE!tan21~E/G!
, ~10!

with g the Euler-Mascheroni constant. The correspond
expression forUeff can be obtained from Eq.~10! by replac-
ing h with U. The local density on the impurity,rd(eF)
5G/„p(E21G2)…, is given by the standard Lorentzia
form.1 Recall theh dependence arises from the scatter
from a Cooper pair between the band and localized sta
Also Ũ,U as a result of the phonon coupling onU impu-
rities. The importance of these terms should now be cl
When heff50 and Ũ5U, the correction toTc is precisely
the negative correction of RB.3 For hÞ0 and Ũ,U, the
transition temperature is enhanced relative to the predict
in earlier treatments of this problem.8–11 In fact, we compare
in Fig. 1 the predictions of the present theory for the init
slope ofTc with the earlier predictions of RB.3 For modest
values ofG andŨ, we find that nonmagnetic impurities ca
actually enhanceTc in contrast to the suppression indicativ
of pair weakening. The magnitude of the increase inTc is of
O„nseF /(n0G)…, wheren0 is the conduction electron density
n

se

g

s.

r.

ns

l

Experimentally,Tc has been observed to increase wh
transition metals were doped into Ti.17 Anderson18 has sug-
gested that transition metals such as Fe are nonmagnet
Ti and hence might possibly increaseTc . While the present
theory is consistent with the experimental trends, the ag
ment should not be taken as a confirmation because the
perimental samples contained unusually high dop
concentrations.17 Further experiments are needed on su
samples in the dilute impurity regime to determine if no
magnetic impurities do in fact increaseTc . However, in the
context of degenerate semiconductors such as PbTe
SnTe doped with Tl and In, respectively, the observed sup
conductivity has been attributed to arise solely from impur
states.19 In SnTe doped with In,Tc was increased by an orde
of magnitude with a 1% In-impurity level. More striking i
the behavior in PbTe. In this material, superconductiv
with a transition temperature ofTc5122 K was observed
only upon doping with Tl. Dopants such as Na yield n
superconductivity down to temperatures ofT50.009 K. Ex-
perimentally and theoretically,20 it is now well-accepted tha
local-phonon coupling at the dopant impurities is largely
sponsible for superconductivity in these semiconductors
addition, the impurities are thought to be in the extrem
mixed-valence regime as the on-site repulsion is much
than the hybridization energy.20 The large dielectric constan
(ePbTe'33) is primarily responsible for the lowering of th
on-site Coulomb repulsion. For the experimentally relev
carrier concentrations and an impurity doping level of 1
we estimate thatns /n0;1 andeF;0.8 eV. Also,G has been
estimated19 to range between 0.01 to 0.1 eV. ForG50.1 eV,
we estimate the magnitude of the relative increase inTc to be
O„nseF /(n0G)…'10 which is qualitatively consistent with
the increase seen experimentally.

We can extend this analysis to the nonmagnetic limitT
,TK , of the Kondo problem. In this limit̂ni&51/2. Below
TK , a Kondo system is described by a screened impurity
Landau Fermi liquid with relatively weak quasipartic
interactions.7 Sakurai9 has shown that the nonmagnetic lim
of the Hartree-Fock treatment of an Anderson impurity c
be used to describe a Kondo system forT,TK by making
the following transformation: ~1! G→G/ x̃ ↑↑ and ~2!

Ũeff→G↑↓
d 5pGx̃ ↑↓ . We have introduced the vertex func

tion G↑↓
d for the inelastic scattering of a pair ofd electrons of

FIG. 1. Theoretical values for the initial slope ofTc predicted
from Eq.~9! as a function of the filling,̂nd&, on the impurity.r0 is
the density of states,ns is the impurity concentration andG52.0 eV

and Ũ50.5 eV.
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56 14 653LOCAL PAIRING AT U IMPURITIES IN BCS . . .
opposite spin. BelowTK , the susceptibilities are given b
x̃ ↑↓5 x̃ ↑↑5pG/(4TK). To calculate the transition tempera
ture, we also need an expression forheff . According to Eq.
~9!, h and U are rescaled in the same way. Hence, in
ladder approximation, the value ofheff can be obtained by
comparing two diagrams which correspond toG↑↓

d @see Fig.
2~a!#, and the diagram for the scattering of a pair ofk elec-
trons into a pair ofd electrons as shown in Fig. 2~b!. We
obtain thatheff5h(pG)2/(4TKŨ). Hence, the initial slope
in Tc is

DTc

Tc0
5

ns

4r0TK
A8S 2pGh

Ũ
2A8D , ~11!

whereA85 ln„8g(TK /p2Tc0)…21.
To make contact with the Fermi-liquid picture of th

Kondo problem, we rewrite this expression in the sugges
form

DTc

Tc0
'

ns

r0Tk
lnS TK

Tc0
D S 2h2 lnS TK

Tc0
D D , ~12!

where we have used the fact that in the Kondo limit,21 pG

5Ũ54TK /w with w the Wilson number and we hav

FIG. 2. ~a! The vertex part ofG↑↓
d in the ladder approximation

~b! The corresponding vertex for the scattering of a pair ofk elec-
trons into a pair ofd electrons.
.

e

e

dropped all irrelevant constants. Within the Fermi-liquid p
ture, Tc}TKexp(l21) wherel is the dimensionless phono
coupling. In this expression,TK replacesvD because elec-
trons which are further away from the Fermi level thanTK
are strongly scattered. In the presence ofU impurities, there
are two corrections to the dimensionless coupling constanl.
First, we must include the enhancement in the density
states arising from the Kondo resonance. This enhancem7

scales asns /TK . In addition, we must include the repulsio
between quasiparticle states of opposite spin. The repul
energy is essentiallyTK below the Kondo temperature.7,21

Within the quasiparticle picture, this repulsion is spread o
(r0TK)2 states because there are two electrons participa
in each scattering event. Hence, the change in the dimens
less coupling constant is given by22

dl

l
5

dr

r0
1

dV

V
5

ns

r0TK
1

ns

lr0TK
. ~13!

However,DTc52Tcdl/l2. Consequently, the initial slope
in Tc from the heuristic Fermi-liquid arguments

DTc

Tc0
5

ns

r0TK
lnS TK

Tc0
D S 12 lnS TK

Tc0
D D ~14!

is identical in form to the more exact expression derived
Eq. ~12! becauseh is O(1). The second term in both of
these expressions is the standard pair-weakening ef
whereas the first is a positive correction arising from t
enhancement in the density of states at a Kondo impurity
the strong-coupling regime,ulu.1, Eq. ~13! predicts that
Kondo impurities can enhanceTc . We conclude then tha
nonmagnetic impurities by virtue of local phonon pairing c
counteract the standardTc suppressing effects and in som
cases actually enhanceTc . Experimental systems on whic
this prediction can be tested are the transition metal a
Ti~Fe! and degenerate semiconductors.
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