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Electronic spin resonance of a weakly interacting Bose gas
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Study of the physical properties of Bose condensed gases has recently become a very active topic due to the
experimental realizations of Bose-Einstein condensation in magnetically trapped gases of alkali atoms. In this
paper we theoretically study the microwave electronic spin resonance of a weakly interacting Bose gas. For a
Bose gas above the critical temperature for Bose-Einstein condensation, the microwave radiation induced by
the driving microwave field in the electronic spin resonance exhibits the ordinary Rabi oscillation damped by
the inhomogeneous Doppler dephasing. For a Bose gas with a condensate, the induced radiation is composed
of two components. One is the strong coherent Rabi oscillation from the condensate. The other is a modulated
Rabi oscillation due to the noncondensed part of the gas. We show that the modulation of Rabi oscillation of
the noncondensed gas is directly related to the elementary collective excitation of atoms in the gas.
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I. INTRODUCTION

In recent years, the study of different physical propert
exhibited by an ultracold atomic gas in the presence of
electromagnetic field has been one of the most active
search topics in quantum optics and atom optics. The exp
mental success with generating Bose-Einstein condensat
atoms in magnetic traps1–6 is offering a new challenge in thi
area. Current research focuses on several aspects for d
ent purposes. Studies of weak light scattering from B
condensed gases are stimulated by seeking for optical si
tures of Bose-Einstein condensates.7–15 Theoretical studies
towards generation and applications of ultracold atom
samples and coherent atomic sources such as atom las
atom optics started before the realizations of Bose-Eins
condensation~BEC! in magnetic traps16–22and are attracting
strong interest both theoretically and experimentally.23–30

For example, very recently the MIT group has demonstra
an output coupler for a trapped Bose-Einstein conden
which could be regarded as a rudimentary version of a pu
atom laser.23 The other aspects involve understanding
BEC in atomic traps and collective quantum dynamics of
trapped Bose gas.5,6,31–37In this paper we propose to stud
the Rabi oscillation38 of a Bose gas in the regime of ele
tronic spin resonance~ESR!. To observe the Rabi oscillatio
in the microwave ESR, a strong stationary microwave field
used to excite the electronic spin-flip transitions of atoms
the Bose gas. In the ESR regime, the heating and los
atoms due to incoherent spontaneous emission can
avoided since the electron-spin magnetic dipole transiti
have extremely long spontaneous-emission lifetimes. But
a magnetically trapped atomic gas, the spin-flip transitio
can lead to a loss of atoms due to the spin-dependent
ping potential.39 Such a loss limits the observation of Ra
oscillation in the ESR regime for atomic gases confined
spin-dependent traps. However, the difficulty can technic
be overcome by confining atoms in other spin-independ
traps before applying the microwave field. For example,
can employ the techniques developed in atom optics to c
560163-1829/97/56~22!/14645~5!/$10.00
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fine atoms in a U-tube hollow fiber cavity40,41 or a gravity
cavity.42

In this paper, to simplify our analysis, we are not co
cerned with the techniques for trapping atoms. We consid
homogeneous, weakly interacting Bose gas in the thermo
namic limit as our example system. Furthermore the B
gas discussed here is not limited to an ensemble compose
alkali atoms. It may include other ensembles such as an
citon gas in semiconductors43,44 or even superfluid helium.45

The latter cases are closer to the homogeneous Bose ga
This paper is organized as follows: in Sec. II we brie

introduce the vector quantum field theory for a two-state s
system which we have developed for the electronic s
echo.46 In Sec. III, we study the magnetic resonance coupl
of a weakly interacting Bose gas to a stationary microwa
field through the transition between the ground-state Zeem
sublevels. The induced microwave signal by the driving m
crowave field is calculated in terms of the quantum fie
equation given in Sec. II. The Rabi oscillation of the signa
displayed and the dependence of the signal on the temp
ture of the gas is analyzed. The difference between the R
oscillation of the signal from a Bose gas with a condens
and that without a condensate is discussed. The conclus
are drawn in Sec. IV.

II. VECTOR QUANTUM FIELD THEORY

A sample containing magnetic dipoles might be expec
to interact with the magnetic component of a microwa
radiation in the presence of a static magnetic field. The st
magnetic field leads to different Zeeman levels in terms
the magnetic quantum numbers. The microwave radia
can induce transitions between these Zeeman levels. In te
of the ESR selection rules, for a single-electron system w
spinS51/2 , only the spin-flip transitions between two Ze
man levels is involved. As an example, we consider
ground state2S1/2 of alkali atoms with total nuclear spin
I 53/2. The static magnetic field prepares the atoms in
doubly spin-polarized stateu↑e↑n&5uMs51/2,MI53/2&.
Hence only the transition between the statesu↑e↑n&
14 645 © 1997 The American Physical Society
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5uMs51/2,MI53/2& and u↓e↑n&5uMs521/2,MI53/2&
can occur in the ESR regime. Similarly for an exciton g
we are only concerned with two electronic spin sta
u↑e&5uMs51/2& and u↓e&5uMs521/2&. In this paper, we
will limit our discussion to a Bose gases with only two i
ternal Zeeman levels. In this case, the Bose gas can
treated as a two-component vector quantum field,46

c~rW,t !5c1~rW,t !u↓e↑n&1c2~rW,t !u↑e↑n&. ~2.1!

Including the two-body interaction, the quantum field equ
tions for the two-state field components have the forms46

i\
]c1

]t
5H 2

\2¹2

2m
2mJ c12

\V

2
e2 ikWH•rWc2

1\xT~2c1
†c11c2

†c2!c1 ,

i\
]c2

]t
5H 2

\2¹2

2m
2m2\DJ c2

2
\V

2
eikWH•rWc11\xT~2c2

†c21c1
†c1!c2 ,

~2.2!

wherekWH is the wave vector of the microwave field andm
the chemical potential of the gas. Equation~2.2! has been
transformed into the rotating frame with the frequencyv0 of
the microwave fieldHW 1(t)52BW cos(v0t). The parameter
D5v02va denotes the detuning of the microwave field fr
quency from the atomic Lamor frequency and the resona
condition D50 is considered in this paper. The Rabi fr
quencyV52mW M•BW (t)/\ describes the electronic spin-fli
transition between Zeeman levels. The nonlinear terms
equation~2.2! arise from interparticle interactions in the ga
For a Bose gas composed of alkali atoms, these terms c
spond to the triplet state collisions between atoms. For
exciton gas, they phenomenologically describe the inte
tion between excitons. The nonlinear coefficient is defined
xT54p\aT /m with aT denoting the s-wave scattering
length. The factor of 2 in the nonlinear terms originates fro
the Bose enhancement of collisions between atoms in
same states.

III. RABI OSCILLATION OF A BOSE GAS

To study the magnetic resonance dynamics of the B
gas driven by a stationary microwave field, we solve
nonlinear vector quantum field equations~2.2! at a different
temperature of the gas. Above the critical temperatureTc for
BEC, the induced microwave radiation from the gas is
fected by two types of broadening mechanisms. One is
random thermal motion of the individual atom which resu
in an inhomogeneous Doppler broadening through
sample. The other is the collisional relaxation due to
nonlinear terms in Eq.~2.2!. At high temperatures, the colli
sional relaxation is negligible compared to the Dopp
broadening. At low temperatures, both the Doppler broad
ing and the collisional relaxation can be neglected. So
collisional relaxation can be excluded in our discussions
temperatures above the critical temperature. In this c
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Eq. ~2.2! becomes a linear vector field equation and its so
tion can easily be obtained in the momentum space by
following Fourier transformation:

c1~rW,t !5
1

AV
(

kW
akW~ t !exp@ i ~kW2kWH!•rW#,

c2~rW,t !5
1

AV
(

kW
bkW~ t !exp~ ikW•rW !, ~3.1!

where V is the volume occupied by the gas. Substituti
equation~3.1! into equation~2.2!, we obtain the expression

]

]tS akW~ t !

bkW~ t !
D 5S 2 i ~vkW2dkW ! iV/2

iV/2 2 ivkW
D S akW~ t !

bkW~ t !
D , ~3.2!

where\vkW5\2kW2/2m is the kinetic energy of the gas, an
dkW5\kW•kWH /m the Doppler shift due to the center of ma
motion of the atoms in the gas. In terms of Eqs.~3.1! and
~3.2!, the signal induced by the driving microwave field
given by

HW e~ t !5mW M^c1
†~rW,t !c2~rW,t !&exp~2 iv0t !1c.c.

5
mW M

2
exp~ ikWH•rW2 iv0t2 ip/2!

3
1

V(
kW

NkW
V

AV21dkW
2sin~AV21dkW

2
t !. ~3.3!

We numerically calculate the summation in the moment
space. The atomic numberNkW51/$exp@(Ek2m)/kT#21% is
chosen to be a Bose-Einstein distribution. The signals
shown in Figs. 1 and 2. In Fig. 1, we see a damped osc
tion with the Rabi frequency. The damping is caused by
inhomogeneous Doppler broadening which depends on
temperature of the gas. The damping rate is determined
the Doppler widthdD52Aln2kHA2kBT/m. With the de-
crease of the temperature, the damping rate decreases.
result, we see a Rabi oscillation with almost equal amplitu
at the low temperature as shown in Fig. 2.

Now we consider Rabi oscillation of the Bose gas bel
the critical temperature where a condensate exists. W
there is a condensate, Eq.~2.2! can be solved by separatin

FIG. 1. The microwave induced electron-spin-resonance R
oscillation of a Bose gas above the critical temperature for BE
The temperature for the gas is chosen to beT51 mK.
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the condensate component and noncondensed compone
terms of the generalized Bogoliubov transformation for
vector quantum fields,

c1~rW,t !5f1~ t !exp~2 ikWH•rW !

1
1

AV
(
kWÞ0

akW~ t !exp@ i ~kW2kWH!•rW#,

c2~rW,t !5f2~ t !1
1

AV
(
kWÞ0

bkW~ t !exp~ ikW•rW !, ~3.4!

wheref1 andf2 describe the condensates corresponding
two different electronic spin states. The operatorsakW andbkW

describe the corresponding noncondensed component in
mentum space. Substituting Eq.~3.4! into Eq. ~2.2!, we ob-
tain the following equation for the condensates:

i
]

]tS f1

f2
D 5S xT~r01uf1u2! 2~V/2!exp~2 ikWH•rW !

2~V/2!exp~ ikWH•rW ! xT~r01uf2u2!
D

3S f1

f2
D . ~3.5!

In deriving Eq. ~3.5!, we assume a homogeneously e
tended condensate and neglect the collision-induced co
tion from the noncondensed components if the condensa
big enough. The total densityr05uf1u21uf2u2 for the con-
densate is a conserved quantity in terms of Eq.~3.5!. For a
stationary driving microwave field with an amplitud
V@xTuf i u2, Eq. ~3.5! has the following approximate Rab
oscillation solutions if the initial condensate is prepared
the doubly spin-polarized state:
s.
rr
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f1~ t !' iAr0sinS Vt

2 Dexp~2 ikWH•rW2 ixTr0t1 iu0!,

f2~ t !'Ar0cosS Vt

2 Dexp~2 ixTr0t1 iu0!, ~3.6!

whereu0 is the phase of the initial condensate. In the a
proximations made above, the condensate exhibits a R
oscillation which is the same as in a single-atom case. T
result agrees with the recent experiment for an out
coupler23 of a trapped condensate.

On the other hand, in the low-temperature Bose c
densed gas, except the condensate, a noncondensed p
ways exists. The noncondensed part is due to the collec
excitation and the incompletely condensed factor. In term
Eqs. ~3.4! and ~2.2!, the noncondensed part in the drivin
microwave field is described by the following equation in t
rotating frame with frequencyvc :

FIG. 2. The microwave induced electron-spin-resonance R
oscillation of a Bose gas above the critical temperature for BE
The temperature for the gas is chosen to beT50.1 mK.
]

]tS akW~ t !

bkW~ t !

a
2kW
†

~ t !

b
2kW
†

~ t !

D 5S 2 iv2 iVeff* ~ t !/2 2ivcsin2S Vt

2 D vc

2
sin~Vt !

iVeff~ t !/2 2 iv1
vc

2
sin~Vt ! 22ivccos2S Vt

2 D
22ivcsin2S Vt

2 D vc

2
sin~Vt ! iv1 2 iVeff* ~ t !/2

vc

2
sin~Vt ! 2ivccos2S Vt

2 D 2 iVeff* ~ t !/2 iv1

D S akW~ t !

bkW~ t !

a
2kW
†

~ t !

b
2kW
†

~ t !

D , ~3.7!
on-
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where v65vkW6dkW13vcsin2(Vt/2), v15vkW

13vccos2(Vt/2), vc5xTr0 is the collective excitation fre-
quency, andVeff(t)5V1 ivcsin(Vt) is the effective Rabi
frequency. From Eq.~3.7! we see several interesting effect
For the noncondensed component, a time-dependent co
tion to the Rabi frequency is induced via the interatom
interaction. The induced term is proportional to the stren
of the oscillation field emitted by the driven condensate
terms of Eq.~3.6!. This means that the noncondensed co
ponent can ‘‘see’’ the Rabi oscillation of the driven conde
ec-

h

-
-

sate through the interatomic interaction. In addition, the n
linear interatomic interaction induces collective excitatio
which result in the coupled terms between the operator p
(akW ,bkW) and (a

2kW
† ,b

2kW
† ) . Being different from those dis-

cussed in spin echo,46 the collective excitations shown in Eq
~3.7! are time dependent. The time dependence is due to
Rabi oscillation of the condensate driven by a stationary
crowave field. Neglecting Doppler effects at the low tem
peratures, Eq.~3.7! can be solved analytically. This gives
signal emitted by the noncondensed component,
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DHW e~ t !5mW MS ^c1
†~rW,t !c2~rW,t !&2

r0

2
eikWH•rW2 ip/2sin~Vt ! D

3exp~2 iv0t !1c.c.

'
mW M

2
eikWH•rW2 iv0t2 ip/2

1

V

3 (
kWÞ0

FNkW1
6NkWvc

2

vM
2

sin2~vMt !Gsin~Vt !1c.c.

~3.8!

FIG. 3. The microwave induced electron-spin-resonance R
oscillation of a Bose gas below the critical temperature for BE
The parameters chosen for the simulation are the temperatureT550
nK, and the densities for the condensate:~a! r05231014, ~b!
r05431014, ~c! r051.231015.
The signal shown in Eq.~3.8! is a Rabi oscillation modulated
by an oscillating sine function with a modulation frequen

vM5A(vkW14 1
4 vc)(vkW1

3
4 vc). The modulation frequency

depends on the kinetic energy of the noncondensed com
nent and the collective excitation frequencyvc . It reflects
the elementary excitation spectrum of the Bose conden
gas. We numerically solve Eq.~3.7!. The exactly calculated
signal is plotted in Figs. 3~a!–3~c! which clearly shows the
modulation of the Rabi oscillation. The collective excitatio
frequency depends on the density of the condensater0. The
higher the density of the condensate is, the higher the col
tive excitation frequency. As a numerical example, we u
the data from MIT experiment for the23Na Bose-Einstein
condensate:3 m53.8310223g, aT54.931027 cm,
r05431014 cm23, which give the collective excitation fre-
quency vc56.83104 Hz. The modulated Rabi oscillation
corresponding to the23Na BEC is plotted in Fig. 3~b! with
the Rabi frequency chosen to beV5100vc . By increasing
or decreasing the density of the condensate, one can ch
the modulation in the Rabi oscillation as shown in Figs. 3~a!
and 3~c!.

In real observation, the modulation component is usua
buried in the total radiation field. However it can be observ
and analyzed by microwave spectroscopy techniques. He
this suggests that the microwave spectroscopy techniq
could be employed to detect the elementary collective ex
tation and other information involving the complicated inte
atomic interaction in a Bose condensed gas.

IV. CONCLUSIONS

In this paper, we studied the physical properties of
weakly interacting Bose gas driven by a stationary mic
wave field. The Bose gas was treated as a two-compon
vector quantum field. We derived the coupled quantum fi
equations to describe the magnetic resonance interactio
the gas with the microwave field. By solving the couple
quantum field equations, we studied the induced microwa
radiation. For a Bose gas above the BEC critical temperat
the induced microwave radiation exhibits the ordinary Ra
oscillation38 due to the existence of the driving microwav
field. For a Bose gas composed of a condensate, the R
oscillation exhibits modulated structures. We show that
modulation of Rabi oscillation depends on elementary c
lective excitation of the Bose condensed gas.
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