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Stability of classical electron orbits in triangular electron billiards
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P. E. Lindelof
Niels-Bohr-Institute, University of Copenhagen, Universitetsparken 5, DK-2100 Copenhagen O” , Denmark

~Received 26 November 1996!

Using a triangular electron billiard, we investigate in detail which electron trajectories lead to the commen-
surability effects observed in the magnetoresistance. By comparing the magnetoresistance with simulations of
classical electron trajectories, we are able to correlate the maxima of the resistance with specific electron
trajectories. The findings are supported by a comparison with data obtained from other devices with different
geometries. An explanation why certain trajectories are more important for the resistance than others is
obtained from a numerical stability analysis using classical chaos theory. Short trajectories that have a small
Liapunov exponent are most important for the resistance. Application of a bias voltage has a strong effect on
the magnetoresistance. Here we suggest that voltage-induced small-angle electron-electron scattering acts like
a small perturbation of the electron motion, to which chaotic trajectories are most sensitive.
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I. INTRODUCTION

The transport properties of electrons that are confined
devices smaller than the electron mean free path, called e
tron billiards, can to a large degree be explained within
classical, single-particle picture.1 Electron focusing2,3 and
commensurability oscillations in periodical arrays
antidots4,5 are well known examples of effects that can
understood in a billiard ball model. In these examples, o
one type of electron trajectory needs to be considered for
successful explanation of the main features of the magnet
sistance. In the present paper, we address the questio
what makes specific trajectories, among a large numbe
possible trajectories, important for the magnetoresistanc
an electron billiard. We show that an analysis of the stabi
of the possible trajectories, with the help of classical ch
theory, can explain the magnetoresistance in great detai

As an example we study a triangular billiard. We rela
dominant maxima of the magnetoresistance to spec
simple trajectories that lead to the reflection of electro
This is done with the help of simulations of classical electr
trajectories. The interpretation of the commensurability
fects is further supported by a comparison with data obtai
from other devices of different geometry that selectively s
port a certain reflecting trajectory. The question why spec
trajectories are of particular importance is answered with
help of numerical calculations of the Liapunov exponent
possible trajectories. We find that trajectories that can
related to maxima of the resistance are consistently less
stable towards small changes in the initial conditions th
other, topologically similar trajectories that do not cause
dominant structure in the resistance. The stability of elect
trajectories is an important criterion for their importance
the magnetoresistance.

Further, we observe that the commensurability effects
qualitatively changed by a bias voltage. We tentatively
plain these changes by the increased electron-elec
560163-1829/97/56~3!/1440~7!/$10.00
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(e-e) interaction rate of electrons that are injected into t
billiard with an energy in excess of the Fermi energy. A
increased rate ofe-e interaction may be viewed as a sma
perturbation of the electron orbits becausee-e scattering is
dominated by scattering in the forward direction. Therefo
trajectories with a small Liapunov exponent, which are re
tively insensitive to small changes in the parameters of m
tion, are less sensitive to the increasede-e interaction rate
than unstable orbits. This effect is observed as a splitting
peaks of the magnetoresistance induced by a bias volt
These peaks consist of an unstable center region and m
stable flanks. Apparently, thee-e interaction accentuate
classical chaotic properties of the billiard. This result is p
ticularly interesting because Ulloa and Pfannkuche rece
predicted that thee-e interaction may induce a transitio
from regular to quantum chaotic behavior in quantum do6

The present paper is organized in the following way.
Sec. II we give experimental details. In Sec. III we prese
data of the magnetoresistance obtained from a triangular
liard and from a number of different test structures that h
to interpret the observed commensurability effects. In S
IV we relate the experimental data to simulations that s
port the commensurability model. The relative importance
specific commensurate orbits is explained by their stabi
as compared to other trajectories in Sec. V. In Sec. VI
show that differences in the stability of different trajectori
can be experimentally enhanced by inducing thee-e interac-
tion with the help of a bias voltage. Section VII contains t
conclusions.

II. EXPERIMENTAL DETAILS

Most of the electron billiards studied in this work had th
shape of an isosceles triangle with contacts at the cente
the base and at the tip~inset of Fig. 1!. The geometry is
described byb, the half length of the base, and the ba
anglea. More than ten different devices, with a lithograph
1440 © 1997 The American Physical Society
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56 1441STABILITY OF CLASSICAL ELECTRON ORBITS IN . . .
b ranging from 1.2 to 2.0mm and base angles of the order
60°, have been studied with consistent results. The sam
were fabricated by electron-beam lithography and shal
wet etching from modulation-doped GaAs/AlxGa12xAs two-
dimensional electron gas~2DEG! wafer material with a mo-
bility of m5114 m2 V21 s21 at 0.3 K. The distance betwee
the devices and the voltage probes exceeded all characte
lengths of transport in the 2DEG such that true two-po
resistances were measured. All resistance measurem
were carried out in a current-controlled, four-terminal geo
etry using the lock-in technique. For some experiments, a
bias voltage was added to the ac component.

The triangular billiard from which most data presented
detail in this paper were obtained~device I! had a litho-
graphic half base length of 1.5mm and a lithographic bas
angle of a560°. Our experimental data are in agreeme
with an electric half base lengthb51.8mm. The carrier con-
centration, as determined from measurements of the Hal
fect in the unstructured 2DEG areas, w
n53.031015 m22, giving a Fermi energyEF510 meV and
a mean free path of 10mm, such that transport inside th
device was ballistic. The point contacts had an estima
electric width of 100 nm and the estimated number of s
bands in the point contacts was 3.

III. MAGNETORESISTANCE

Figure 1 shows the magnetoresistance of device I at
temperaturesT50.3 and at 4.5 K. For the measurement t
currenti ac55 nA was used and no dc bias was applied. T
magnetoresistance was highly symmetric upon reversa
the magnetic field, which indicates good sample quality. T
low-temperature data show reproducible fluctuations with
amplitude that corresponds to a conductance change of a
0.1 e2/h. These conductance fluctuations are due to the in
ference of electrons inside the billiard.7 At 4.5 K most of the
quantum interference effects are smeared out due to a ph
destructivee-e interaction8 and only the classical, ballistic

FIG. 1. Magnetoresistance of a triangular billiard~device I! at
0.3 K ~upper curve! and at 4.5 K~lower curve!. The inset shows the
geometry of the billiard, which is described by the half base len
b and the base anglea. Also indicated is the electron trajectory th
is thought to be related to the absolute maximum of the resista
The lower curve has been set off by2500V for clarity.
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effects are left. These classical effects are the main subje
this paper.

The dominant ballistic feature is the absolute maximum
B'50 mT, which we interpret as follows. Electrons passi
through a point contact are known to be strongly focused
the forward direction.9,10 Electrons that have entered the b
liard through one contact will therefore, to a high probabili
also pass the second point contact and leave the billiard w
out having collided with the boundaries. At zero magne
field the exact shape of the billiard is therefore not of vi
importance and the resistances of the two point contacts
not add.11,12 As the magnetic field increases, the electr
beam is deflected sideways. The electrons are scattere
the boundary and a certain fraction of the electrons, dep
dent on the magnetic field, will be reflected by the billiar
We suggest that the maximum of the resistance is reac
when the cyclotron radius equals half the base length. T
electrons that enter the triangle centrally through the b
contact are reflected very efficiently backward, with only tw
collisions with the boundaries~inset of Fig. 1!. The field at
the center of the peak corresponds to a cyclotron radiul c
5mvF /eBof 1.8mm, which is close to the lithographic, ha
base length of 1.5mm. Herem is the effective electron mass
vF is the Fermi velocity, ande is the elementary charge
Apart from this peak and some structure at higher fields,
magnetoresistance decreases with increasing magnetic
as the cyclotron radius decreases, as is the case for a s
point contact~Fig. 2!. The smaller peaks at higher fields wi
be discussed in more detail later.

This explanation for the absolute maximum of the ma
netoresistance emphasizes the specific trajectory show

h

e.
FIG. 2. Magnetoresistance atT54.4 K of six devices with the

geometries indicated in the figure. The magnetoresistance of
three devices I–III~left axis! shows an absolute maximum a
B/B051. HereB0 is defined as the field at which an electron tr
jectory like the one in Fig. 1 is geometrically possible in ea
device. This type of electron trajectory is not possible in devic
IV–VI and their magnetoresistance does not show the related p
~right axis!. For clarity, curves I–VI have been set off by 0, 60
1400, 300, 0, and2600V, respectively.
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1442 56LINKE, CHRISTENSSON, OMLING, AND LINDELOF
the inset of Fig. 1. If this simple picture is correct, any b
liard of a different shape should show the same peak of
magnetoresistance provided that the new geometry also
ports this trajectory. We have fabricated a number of diff
ent test structures and were in this way able to test the m
for the peak. Figure 2 shows the geometry of six differe
devices and their magnetoresistance as a function of the
duced magnetic fieldB/B0. HereB0 is the field where the
cyclotron radius equals the half base length of the struct
Spectra I–III correspond to structures that were designe
such a way that they support the trajectory that is sugge
to give rise to the peak atB/B051. Devices IV–VI do not
support this trajectory and consistently do not have the pe
This is strong evidence that, in fact, theB/B051 peak is
related to the electron trajectory of Figs. 1 and 2. Obvious
this trajectory is of great importance for the electric prop
ties of the billiard. The reason, as will be shown later, is t
this trajectory is relatively stable towards small changes
the parameters of motion.

IV. SIMULATION

In order to further establish the origin of the magneto
sistance in specific trajectories that are commensurate
the shape of the billiard, we have carried out simulations
classical electron orbits. Electrons that start at different
tial angles from the base contact at Fermi velocity w
traced inside the billiard until they left it through one of th
contacts. The starting point was varied over the entire b
contact. Electrons that had not left the billiard after 1
boundary collisions were neglected. The ratio of electro
that left the billiard through the contact at the tip gave t
transmission probabilityt(B) for each magnetic field. A di-
mensionless value for the resistance was then obtaine
takingR(B)}t(B)21. The electrons were treated entirely
classical, charged particles. A hard wall potential was
sumed and no electron-electron interaction was taken
account. The focusing effect of the point contact1,9was simu-
lated by taking the distribution of the initial angles
P(f)5 1

2f cos(f) if ufu,arcsin(1/f ) and P(f)50 other-
wise. Heref is a dimensionless normalization constant. T
initial anglef is defined as the deviation from the symme
axis of the triangle. For the simulations we usedf51.41,
which gives ufu,45°. This is a typical value found in
experiments.9 Our simulations were not sensitive to sma
changes inf . Impurity scattering was taken into account b
changing the direction of motion randomly after an expon
tially distributed random distance of travel with the expe
mentally determined mean free path as the characteristic
tance.

Figure 3 shows the result of the simulation for device
and the experimental data as a function of the reduced m
netic field. The global maximum atB/B051 and the overall
decrease of the magnetoresistance at higher fields are cl
reproduced. In addition, the simulation has local maxi
also at higher odd values ofB/B0 that are also visible in the
experimental data. This series of peaks is correlated wi
certain type of trajectories with an incident anglef50°, as is
also indicated in the figure. These trajectories lead to
reflection of electrons entering the billiard from the base c
tact. The positions of the peaks atB/B051,3 in the simula-
e
p-
-
el
t
re-

e.
in
ed

k.

,
-
t
n

-
ith
f
i-
e

se

s

by

-
to

e

-

is-

I
g-

rly
a

a

e
-

tion and in the experimental data agree well. However,
peak in the experimental data atB/B0'5 is shifted to higher
fields compared to the simulation. We suggest that this co
be due to deviations of the shape of the electron billiard fr
a perfect triangle. In particular, one can expect that the c
ners of the electric device were rounded, which would
most important atB/B0'5 because the relevant trajecto
reaches deep into the corners.

It is interesting that no peaks are observed at even va
of B/B0, although similar trajectories exist as at odd valu
of B/B0. It will be shown in Sec. V that the trajectories
evenB/B0 are more unstable than at odd values, and
believe that this is the reason for the missing structure.

It should be noted that all trajectories in Fig. 3 start a
end at the base contact. No equally simple trajectories e
for electrons entering the triangle from the tip contact. O
may therefore suspect that the magnetoresistance is diffe
for different directions of the current in the asymmetric p
tential under consideration. However, in the linear-respo
regime the resistance does not change if the directions o
electric and the magnetic field are reversed simultaneous13

The apparent contradiction is resolved if transmitted traj
tories are considered instead of reflected because transm
trajectories are symmetric upon time reversal, i.e., they
the same if both the current direction and the magnetic fi
are reversed. This concept has been applied in the sim
tions. In fact, the simulations give qualitatively the sam
result independently of the source contact used. It is inter
ing that the discussion of reflected trajectories coming fr
only one side can, nevertheless, explain so much about
behavior of the resistance. The reason is that the probab
of reflectionr is directly related to the probability of trans
mission ast5(12r ). Therefore it is equivalent to conside
reflected or transmitted electron orbits; both approaches
to the same result.

V. STABILITY ANALYSIS

In the previous sections, details of the magnetoresista
of triangular billiards were explained in terms of a sm
number of electron trajectories. In this section we investig

FIG. 3. Upper curve, the measured magnetoresistance of de
I at 4.4 K, lower curve, data obtained from a classical simulat
using a hardwall potential. Also indicated in the figure are the cl
sical electron trajectories that can be related to the three maxim
the simulated data.
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56 1443STABILITY OF CLASSICAL ELECTRON ORBITS IN . . .
the reason for the importance of these specific trajecto
with the help of classical chaos theory. We show that th
trajectories are only weakly unstable with respect to chan
in the initial conditions, while other, similar trajectories th
do not give rise to structure in the magnetoresistance
relatively unstable.

In order to quantify the stability of the different electro
trajectories against small perturbations we have calcula
numerically the Liapunov exponentl of the different trajec-
tories. The Liapunov exponent describes the sensitivity
the parameters of motion to small changes in the ini
conditions.14,15 If l.0, two trajectories that start close t
each other in phase space diverge exponentially. Such tra
tories are called chaotic, while for regular behaviorl→0. In
the following,l is the larger of the two Liapunov exponen
of angle and position of the electron. The value forl has
been determined in such a way that the difference in ph
space is, on average, increased by the factor exp~l! after
each boundary collision. The final difference in phase sp
is larger for longer trajectories with more boundary co
sions than for short trajectories with few boundary collisio
Therefore, we define a stability parameter for each spec
trajectory asS5exp(2lN), where N is the number of
boundary collisions of the trajectory until the electron leav
the billiard.

Figure 4~a! shows a logarithmic plot ofS for trajectories
that start at the center of the base contact as a function o
reduced magnetic field andf, the initial angle of motion.
The white regions in the plot represent initial conditions th
lead to the transmission of electrons. Gray areas repre
reflected trajectories. The darker the color, the more sta
the reflected trajectory. Therefore, dark areas are impor
for the resistance.S is not symmetric in the initial angle
because the magnetic field breaks the symmetry of the
angle.

Major areas of stable, reflecting trajectories are fou
centered aroundf50 andB/B051,3,5, . . . . This is in very
good agreement with the experimental data that also s
resistance maxima at odd values ofB/B0. At even values of
B/B0, where the magnetoresistance has minima, we find o
transmitting or unstable, reflecting trajectories. In gene
the number of transmitting trajectories increases with
creasing magnetic field. This is in agreement with the
creasing resistance and reflects the formation of edge c
nels. At sufficiently large fields, when the cyclotron radius
smaller than the width of the point contact, all electrons w
be transmitted by the billiard.

Figure 4~b! shows the integral of the stability paramet
of reflected trajectories in the range245°,f,45°. This plot
gives a measure of the averaged stability of the trajecto
that lead to reflection as a function of magnetic fie
weighted by their number. As one would expect, maxima
the average stability are centered around odd values
B/B0. However, the stability maxima have a local minimu
at the center because the trajectories at exactly odd valu
B/B0 are on average less stable than those correspondin
the outer regions of the peaks@Fig. 4~a!#. The local minimum
of the average stability atB/B051 is also reproduced in
simulations of the magnetoresistance when an infinite m
free path is used. However, it is not visible when a fin
mean free path is used~Fig. 3!. The reason is that trajectorie
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that are longer than the mean free path are unimportan
reality also if they are very stable.

To conclude this section, an analysis of the relative s
bility of different trajectories in an electron billiard can ex
plain commensurability effects in great detail. Only rel
tively stable, short, commensurate trajectories are impor
for the magnetoresistance. In the next section we will sh
that the commensurability effects are qualitatively chang
when a bias voltage is applied. We suggest that the dif
ences in the stabilities of the different trajectories are

FIG. 4. ~a! Logarithmic plot of the stability parameterS of
reflected trajectories that start at the center of the base contact
function of the initial angle and the reduced magnetic field. T
darker the color, the more stable the trajectory. White areas re
sent initial conditions that lead to transmission of electrons. T
three stable areas centered around odd values ofB/B0 correspond to
the three maxima observed in the magnetoresistance.~b! The sta-
bility parameter of reflected trajectories averaged over the incide
angles245°,f,45° as a function of the magnetic field, weighte
by the number of reflected trajectories at each field. The center
the stable areas aroundB/B051 and 3 are less stable than the ou
regions.
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1444 56LINKE, CHRISTENSSON, OMLING, AND LINDELOF
hanced when electron motion is perturbed by thee-e inter-
action.

VI. INFLUENCE OF ELECTRON-ELECTRON
SCATTERING

The electron-electron interaction is a function of the te
perature of the electron gas and of the electron excess en
D with respect to the Fermi level.16 In order to increase the
e-e interaction rate experimentally, it is convenient to add
dc bias voltage to the ac voltage used for the lock
technique.17,18 In this way one can tune the excess energyD
of the electrons that are detected by the lock-in technique
addition, a significant fraction of the additional kinetic e
ergy of electrons entering the triangle is transferred to
other electrons inside the billiard, heating the electron
up. Both effects lead to an increase in thee-e interaction rate
with increasing bias voltage.

Figure 5 shows the magnetoresistance of the triang
billiard at different bias voltages. The curves are offset
clarity.19,20 At small voltages, the conductance fluctuatio
disappear because of the phase-destructive effect ofe-e
interactions.8 A bias voltage of 1 mV has been found to be
typical value for phase destruction in small devices.21 Here
we are interested in the strong, qualitative change in
commensurability effects as a function of bias voltage. W
increasing bias voltage, the maxima at oddB/B0 are
quenched and gradually local minima of the resistance
formed at the same positions.

We tentatively explain this striking effect as follow
Electron-electron scattering of excess electrons above
Fermi level is dominated by small-angle scattering.22 We
suggest, therefore, thate-e scattering causes small perturb

FIG. 5. Magnetoresistance of device I at different bias voltag
From the top the bias voltage is given by 0, 0.5, 1.0, . . . ,3.5 mV.
The electron-electron interaction perturbs the ballistic trajector
The less stable centers of the resistance peaks are quenched
than the more stable flanks. From the top, the curves have bee
off by 0, 2200,2400, . . . ,21200V for clarity.
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tions of the parameters of motion. The Liapunov exponenl
measures the sensitivity of trajectories towards such sm
perturbations. Therefore, we believe that trajectories wit
large stability parameterS5exp(2lN) are less sensitive to
e-e scattering than such with a smallS. The stability analy-
sis in Sec. V has shown@Fig. 4~a!# that fewer of the trajec-
tories that underlie the center of the magnetoresistance p
at odd values ofB/B0 are stable compared to the flanks
the peaks. Therefore, the contribution to the resistance of
trajectories underlying the center of the peak is redu
faster bye-e scattering than the contributions of the traje
tories that are related to the flanks of the peak. This is
served in our experiment as a splitting of the peaks
B/B051,3.

As already mentioned, at zero bias the finite mean f
path makes the contribution of long trajectories unimporta
such that the local minimum of the averaged stability at o
B/B0 is not observed experimentally~Fig. 1!. However, as
the bias voltage is increased, the perturbation due toe-e
scattering is large enough to make small instabilities imp
tant also for short trajectories and the local minimum can
observed. In this sense,e-e scattering appears to accentua
classical chaotic behavior of electron billiards.

An influence ofe-e scattering on ballistic transport ha
been observed previously in electron focusi
experiments.18,23 In these investigations it was found that
good approximation for the momentum relaxation rate due
thee-e interaction is given by the energy relaxation rate f
the ideal electron gastee(D,T), which has been calculate
by Chaplik24 and Giuliani and Quinn.16 This observation is
in line with the theory by Gurzhi, Kalinenko, and Kopeliov
ich, who predict that the angular distribution of a collimat
beam with excess energyD is widened by a factor of
(D/EF)

1/2 within a time of the order oftee(D,T).
22 We can

therefore, as a rough estimate, approximate the mean
path with respect to small-anglee-e scattering by l ee
5vFtee. If we neglect heating effects inside th
billiard,25–27tee for kBT50 andD!\2kFqTF /m5390 eV is
given by

tee~x!215
EF

4p\
x2F lnS 2qTFkF

D1
1

2
2 ln~x!G .

Here x5D/EF , qTF52me2/«\2 is the Thomas-Ferm
screening wave vector, and«512.7 is the dielectric constan
Figure 6 showsl ee as a function of the electron excess e
ergy. Also indicated in the figure are the dimension of t
deviceb and the elastic mean free pathl e . We assume tha
the electron excess energy is approximately given by the
voltage. The electron-electron interaction is expected to
important for ballistic effects only ifl ee, l e or uVu.0.7 mV.
Strong effects are expected whenl ee,b or uVu.1.5 mV.
This is in agreement with the experimental observations
we conclude that thee-e interaction rate is of the right orde
of magnitude to explain the observed ballistic effects.

We have also considered the possibility that the volta
induced changes of the magnetoresistance might be due
difference between the Fermi velocity of electrons enter
the billiard through the base and those entering through
tip. The model considered is similar to the explanation
half plateaus that are observed in the quantized conduct
of narrow constrictions when a bias voltage
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56 1445STABILITY OF CLASSICAL ELECTRON ORBITS IN . . .
applied.28–30We assume that a portionaU of the bias volt-
ageU drops at the base contact of the billiard and a port
(12a)U at the contact at the tip, wherea is a parameter
between 0 and 1. Then the Fermi velocity of an elect
entering the billiard through the base contact is given
@2(EF1aeU)/m#1/2 and that of electrons entering the b
liards via the tip contact by {2@EF1(12a)eU#/m} 1/2.The
difference in Fermi velocity increases with increasing b
voltage. The maxima of the magnetoresistance that are
lated to classical orbits will then split into two peaks and t
changes in the magnetoresistance might be qualitati
similar to those shown in Fig. 5. However, the observ
changes are too strong to be explained by this effect alo
Even if all voltage drops at one contact~a51!, the peak at 50
mT would shift towards higher fields only by a factor~ 1
1eU/EF)

1/2 or by 15% at the highest voltage used in t
experiment. In the experiment, however, the field value
the maximum is changed by more than a factor of 2. Clea
although they may be important, voltage-induced change
the Fermi velocity alone cannot explain the dramatic chan
shown in Fig. 5.

FIG. 6. Calculated mean free path with respect to energy re
ation due to thee-e interaction as a function of the excess energy
the electrons. The energy relaxation rate is used as an approx
tion for the small-anglee-e scattering rate~see the text!.
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VII. CONCLUSION

We have observed commensurability effects in triangu
electron billiards. By comparing the magnetoresistance
different geometries and simulations of classical electron
jectories, we have been able to correlate specific elec
trajectories with maxima in the resistance. An explanat
why certain trajectories are more important for the resista
than others was established on the basis of a numerical
bility analysis. Short trajectories with a small Liapunov e
ponent are most important for the resistance.

The experiments indicate that the commensurability
fects of a billiard are influenced by an electron-electron
teraction that is induced by a bias voltage. It is specula
that unstable electron orbits are most sensitive to the pe
bations caused by thee-e interaction than stable orbits
which accentuates the classical chaotic behavior. A sim
effect has recently been predicted for the case of quan
chaos in a theoretical investigation of the influence of
e-e interaction on the level statistics in a quantum dot.6 It
would be an exciting experiment to correlate the influence
e-e scattering on classical trajectories with the changes
the level statistics in the same device.

Another interesting problem is the question concern
the degree to which the conductance of a highly asymme
potential such as a triangle is symmetric. At higher voltag
nonlinear effects may be important and the conductance
experience nonsymmetric contributions.31 In fact, such ef-
fects are observed at low temperatures and zero magn
field. This is the focus of ongoing investigations.32
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