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NMR structural analysis of incommensurate modulated systems with multiple active symmetry
modes: A case study of deuterated bis-„4-chlorophenyl…-sulfone
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We report single-crystal deuteron NMR measurements both in the normal~N! and the incommensurate~IC!
phase of bis-~4-chlorophenyl!-sulfone~BCPS!. From the quadrupole splitting data obtained in the N phase, the
quadrupole coupling~QC! tensors of all deuterons in BCPS are derived. The central part of the paper is
concerned with the analysis of the deuteron NMR frequency distributions observed in the IC phase as a
function of the orientation of the applied magnetic field relative to the BCPS crystal. This analysis is carried
out in terms of the amplitudes and phases of the rotational symmetry modes that contribute to the fundamental
IC modulation wave in BCPS, i.e., directly in terms of the structural changes associated with the IC phase
transition. Both a semiquantitative graphical, and a fully quantitative numerical approach are given. The former
is used to identify particularly simple and therefore particularly informative crystal orientations. The latter uses
as an input the deuteron QC tensors measured in the N phase. Quantitative and complete structural information
about the rotational displacements that atoms experience in an N–IC phase transition is deduced from NMR
spectra. Our results are in full agreement with corresponding data of an x-ray-diffraction study. We also report
on measurements of the spin-lattice relaxation timeT1 across the deuteron NMR frequency distributions. The
results are at variance with the established theory and this is traced back to the fact that multiple rotational
modes are contributing to the IC modulation wave in BCPS.@S0163-1829~97!05342-3#
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I. INTRODUCTION

The NMR spectra of single crystals of incommensur
~IC! systems display, instead of sharp resonances chara
istic of normal~N! crystals, more or less broad, inhomog
neous frequency distributions. These frequency distributi
result from the fact that nuclei in adjacent unit cells of an
crystal are~slightly! displaced from theiraveragepositions
and that, when viewed over the whole crystal, there i
continuum of such displacements. The displacements c
changes~often rotations! of the chemical shift and quadru
polar coupling tensors of the nuclei and these lead to va
tions of the chemical shiftsn and of the quadrupole satellit
splittingsDnQ of the nuclear magnetic resonances.

Traditionally, the variation of these shifts and splittings
described by a ‘‘coupling’’ of the NMR frequency to th
complex order parameter%5Aexp$ ikIC•r% characterizing
the IC phase of the crystal in the framework of the Land
theory of second-order phase transitions.1 For simplicity we
restrict ourselves here to systems with a one-dimensiona
modulation wave and to situations where the so-called pla
wave-limit approximation is applicable.A is the amplitude
of the order parameter,kIC the ~frozen-in! incommensurate
wave vector, andr is the position of the nucleus being co
sidered. Depending on whether this nucleus occupies agen-
eral or specialposition of the average structure, the coupli
of n, respectively,DnQ , to the order parameter is usual
assumed to be linear with a coupling constantc1, or qua-
dratic with a coupling constantc2. For both the linear and
quadratic cases, the shape of the resulting NMR freque
560163-1829/97/56~21!/13774~11!/$10.00
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distribution can readily be calculated.2 The parameters gov
erning such a distribution areAc1 and Ac2, respectively.
These parameters provide little insight into what happen
the structure of the crystal at the N–IC phase transition,
cept that their temperature dependences reflect that of
order parameter and thus allows people to deduce the cri
exponentb of the phase transition.

We will demonstrate in this paper that, provided that
IC phase can be studied by deuteron NMR, a direct a
quantitative relation can be established between the obse
NMR frequency distribution and the IC displacements of t
deuterons. This is due to the fact that the quadrupole c
pling tensor of a deuteron is, to an excellent approximati
rigidly connected to the bond by which the deuteron is co
nected to the rest of the rigid molecule, or to a rigid part o
such as a phenyl ring.

The displacements that atoms and rigid molecular enti
experience in an N–IC phase transition constitute a froze
normal modeof the crystal in its N phase. Any displaceme
of a rigid entitiy can be described by a translation plus
rotation. Essentially, deuteron NMR senses only the rotat
Usually, it will be a small-angle rotation that can be repr
sented by the components of a vector. These compon
need not be orthogonal. It is convenient to choose for th
components the rotational symmetry modes contributing
the frozen-in normal mode. Each rotational symmetry mo
is described by an amplitudeamax, a phasew of the modu-
lation function, and a rotation axisR.

Crystals of bis-~4-chlorophenyl!-sulfone ~BCPS!,
SO2~C6H 4Cl! 2, are monoclinic and possess twofold axes3,4
13 774 © 1997 The American Physical Society
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56 13 775NMR STRUCTURAL ANALYSIS OF INCOMMENSURATE . . .
Therefore, the symmetry modes can be classified accor
to whether they are invariant, or change sign under a2
rotation. The former are said to be ofA or L1, the latter ofB
or L2 symmetry. Only modes ofL2 symmetry may contrib-
ute to the fundamental modulation wave of the frozen
normal mode in BCPS.5 By contrast, only modes ofL1 sym-
metry contribute to the second harmonic of the modulat
wave. The complete description of the structural changes
crystal during an N–IC phase transition is contained in
set of amplitudes and phases of the various symmetry mo
We point out, however, that these amplitudes and phase
not independent of each other. They are linked by the
quirement that, together, they constitute anormal modeof
the crystal. Therefore, the amplitudes will growunisonoon
lowering the temperature while, ideally, the phases will
main unchanged.

For BCPS, such a complete description of the N–IC ph
transition was achieved in an x-ray diffraction study a
careful data analysis.5 The aim of the present paper is,
principle, to reach the same goal by deuteron NMR. T
general goal is, however, too ambitious. By the very nat
of the deuteron NMR technique, we are limited to determ
ing the amplitudes and phases of therotational symmetry
modes and, at least at the present time, we must restrict
selves to the symmetry modes of the fundamental of the
modulation wave, i.e., to the modes ofL2 symmetry. Our
strategy will be to analyze the IC frequency distributions in
large number of deuteron NMR spectra recorded at differ
orientations of deuteron-enriched sample crystals relativ
the applied fieldB0.

II. EXPERIMENTAL DETAILS

A. Samples

Fully deuterated bis-~4-chlorophenyl!-sulfone was pre-
pared by oxidation of perdeuterated bis-~4-chlorophenyl!-
sulfoxide with potassiumpermanganate.6 The perdeutero-
sulfoxide was prepared by a Friedel-Crafts catalyzed reac
~AlCl 3) in which chlorobenzene-d5 was reacted with
SOCl2.

For reasons which will become clear in Sec. III, we a
made an effort to synthesize BCPS in which only theortho-
hydrogens~relative to chlorine! are deuterated. To this en
2.4.6-trideuterochlorobenzene was prepared out of 2.
d3-aniline. After the Friedel-Crafts reaction as above, NM
and mass spectroscopy showed some scrambling of
ortho-deuterons to themetapositions of the sulfoxide. The
ortho positions were still deuterated to approximately 70
while themetapositions were deuterated to about 30%. Af
oxidation, the deuterated BCPS was recrystallized from e
anol and sublimed twice.

Single crystals were grown by the Bridgeman method
both the fully deuterated and the 70%ortho, 30%metadeu-
terated BCPS. The~100! plane is an easy-cleavage plane
BCPS. This plane could easily be identified in our cryst
and served as a welcome starting point for their final ori
tation by means of x rays.

From the oriented raw crystals, five samples I–V, fitti
into standard 5 mm NMR tubes, were prepared for the d
teron NMR measurements. Samples I and II are fully deu
ated, samples III–V are partially deuterated. The NMR pro
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is equipped with a goniometer that allows us to rotate
sample tube with the crystal inside about an axis perpend
lar to B 0. To specify crystal-fixed directions, such as t
principal directions of quadrupole coupling tensors, but a
the rotation axes of our sample crystals, we introduce a s
dard orthogonal axes system~SOS! with xSOS parallel to the
primitive crystal axisa, ySOS parallel to the monoclinic axis
b, andzSOSparallel to the reciprocal-lattice axisc* . In Table
I we specify the directions of the rotation axess of our
sample crystals. In this table we also specify for each cry
a reference directiond and areference anglea ref . If, in the
NMR goniometer, the rotation angleC of the sample crysta
equals the reference angle, the projection ofd on the plane
perpendicular tos is parallel toB 0. Note thats, d, a ref , and
a rotation angleC fully specify the direction ofB 0 in the
crystal-fixed axes system SOS. Note also that the rota
axes of crystals I, III, and IV are approximately parallel
zSOS,2ySOS, andxSOS and are thus along ‘‘natural’’ direc
tions. The rotation axis of crystal V has been chosen to
perpendicular to the S–Cl direction of one of the wings
the BCPS molecule. This crystal can, therefore, be rota
into a position whereB0 is parallel to the S–Cl direction
which is special with regard to the incommensurate NM
frequency distributions, see Sec. V.

B. NMR

All measurements we report were carried out on a hom
built Fourier-transform spectrometer operating for deuter
at 72.13 MHz. The bulk of the data was acquired atT
5100 K. To reach this and lower temperatures, we used
Oxford Instruments helium-flow cryostat. The temperatu
was regulated with an ITC4 controller from the same co
pany and was measured with a calibrated carbon glass
sor. The stability was better than60.1 K.

Free induction decays~fids! were excited withp/2 pulses
of duration 2.5ms. The fids were sampled with a dwell tim
of 1.5ms and Fourier transformed after discarding the fi
four data points which are spoiled by the pulse and its t
The subtraction method of Speier7 which cleans the fid from
acoustic ringing effects, as well as Heuer’s baseline cos
fitting ~BCF! routine,8 which reconstructs the discarded in
tial data points, were applied routinely. AtT5100 K, the
spin-lattice relaxation timeT1 of the deuterons in BCPS var
ies, depending on the crystal orientation and on the spec
position in the IC frequency distribution, between 8 and

TABLE I. Directions of the rotations and referenced axes and
of the reference anglesa ref of the BCPS sample crystals I–V. Di
rections are specified by their polar anglesu andf in the SOS. The
last column indicates the deuteration of the respective sample c
tals: fully (f ) or selectively (s) in ortho positions.

s d a ref Deuteration
Sample u rot f rot u ref f ref

I 0.9° 325.0° 90° 90° 135.6° f
II 90.5° 29.3° 90° 90° 103.0° f
III 90.0° 270.0° 0° 0° 34.8° s
IV 89.5° 1.0° 0° 0° 36.3° s
V 90.1° 48.8° 0° 0° -2.5° s
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13 776 56MEINEL, ZIMMERMANN, HAEBERLEN, AND ETRILLARD
min. Because of these rather long relaxation times we
stricted ourselves to recording just one fid for most of
spectra.

III. DEUTERON NMR SPECTRA
AND QUADRUPOLE COUPLING „QC… TENSORS

IN THE NORMAL PHASE OF BCPS

The normal phase of BCPS is monoclinic, space gro
I2/a, Z54.3,4 All four molecules in the unit cell are mag
netically equivalent and the two wings of the molecule a
related to each other by a twofold axis. Therefore, it is s
ficient to specify the QC tensors of the deuterons of only o
phenyl ring. We choose the ring of which the atomic po
tions are directly given in Table 8 of Ref. 3, and in Table I
Ref. 4. We also follow these references for labeling the d
terons, see the left part of Fig. 1.

Figure 2~a! shows a deuteron NMR spectrum of the ful
deuterated sample I forC5140°, recorded at ambiant tem
perature. It displays, as expected, eight doublets, i.e.,
doublet from each of the eight deuteron positions in the m
ecule. The eight doublets come in four groups of two. T
feature is quite general and not specific to the spectrum
Fig. 2~a!. The doublets within each group arise from deut
ons in opposite positions of the phenyl rings, e.g., from d
terons 3 and 6. These deuterons have nearly parallel b
and therefore nearly equal QC tensors.

The almost but not perfectly coinciding resonances fr
deuterons in opposite positions complicate the interpreta

FIG. 1. The BCPS molecule, SO2~C6H4Cl!2, and our labeling
of the deuterons. The two phenyl rings are related by a twofold
parallel the crystal axisb. Right: the rotation axesR1, R18 , R2, and
R3 of the rotationalL2 symmetry modes in the first harmonic of th
IC modulation wave.

FIG. 2. Deuteron NMR spectra of BCPS atT5290 K. ~a! Fully
deuterated sample I,C5140°. The doublets of all inequivalen
hydrogen positions are resolved. All doublets appear in nearby p
that arise from deuterons in opposing ortho/meta positions in
phenyl ring.~b! Sample V, selectively deuterated in the ortho po
tions,C5130°. Only four doublets appear.
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of the frequency distributions in the IC phase of BCPS. T
is the reason why we made the effort to synthesize BC
with only theortho hydrogen positions deuterated.

As stated in Sec. II A, we had only partial success. In
spectra of samples III–V the resonances of themetadeuter-
ons are hardly visible or, at most, appear as mere shoul
of the resonances from the deuterons in the strongly deu
ated oppositeortho positions, see Fig. 2~b!. An undesired
side effect of the specific deuteration is that the resonan
are generally broader than in the fully deuterated samp
The reason for this effect is the much stronger deuter
proton than deuteron-deuteron dipole-dipole interaction.

To get the necessary starting information for the interp
tation of the frequency distributions in the IC phase
BCPS, we measured the deuteron QC tensorsQ at T5290 K
and atT5155 K, i.e., at 5 K above the N–IC phase trans
tion. To this end we recorded from samples I and II~fully
deuterated! at T5290 K sets of deuteron NMR spectra fo
increments of the rotation angleC of 10°. Likewise, we
recorded from samples III–V similar sets of spectra atT
5155 K. The so-called rotation pattern of line positions f
crystal V at T5 155 K is shown in Fig. 3. The data in thi
and the other rotation patterns were analyzed by a stan
least-squares fitting procedure in terms of~traceless! QC ten-
sors. In Table II we list the principal componentsQXX ,
QYY, QZZ , the related quantities QCC5 2

3 QZZ ~quadrupole
coupling constant! and h5(QYY2QXX)/QZZ ~asymmetry
parameter!, and the principal directionseX ,eY , andeZ of the
deuteron QC tensorsQ in BCPS, as measured atT5290 K.
In Table III we give the same information for deuterons
and 5 atT5155 K.

Note that the QCC’s found in BCPS are typical for ar
matic deuterons.10 They increase slightly on loweringT from
290 to 155 K which indicates that at 290 K there is som
motional averaging due to thermally excited vibrations. T
principal directioneZ associated with the largest princip
component,QZZ , agrees for deuterons 3, 5, and 6 quite w
with the corresponding C–D bond direction that follow
from the neutron-diffraction data which we have, for conv
nience of the reader, also listed in Table II. For deutero
the agreement is poor~deviation 6°). However,eZ of deu-
teron 2 agrees quite well with the direction of the intern
clear vector connecting the carbons C2 and C5 ~deviation
1.6° respectively, 1.9°, depending on whether we take
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e

-

FIG. 3. Rotation pattern of NMR line positions of sample V
T5155 K. The curves display fittings to QC tensors.
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56 13 777NMR STRUCTURAL ANALYSIS OF INCOMMENSURATE . . .
x-ray or neutron-diffraction data for the C2–C5 direction!.
We think that the deviation of the C–D bond direction
deuteron 2 as determined by diffraction experiments fr
the C2–C5 direction ~4.9°), also determined by diffraction
and from eZ ~6.0°) is indicative of an inaccuracy in th
neutron-diffraction data.

Closing this section we would like to point out that it
very difficult to distinguish the QC tensors in opposite po
tions of the phenyl rings. As a matter of fact, we are n
absolutely sure whether the assignment in Table II is cor
or whether tensor 2 must be interchanged with tenso
and/or tensor 3 with tensor 6. Our assignment is based on
following ~rather weak! arguments. First, the alternative a

TABLE II. Deuteron QC tensors in BCPS at 290 K. Princip
values and QCC’s are given in units of kHz. The assignment of
signs to the principal components relies on the experience
QCC’s of deuterons bound to carbons are positive~Ref. 9!. The
polar anglesu andf of the principal directionseX , eY , andeZ are
given with respect to the SOS axes system. For comparison
give in the last two columns the C–D bond directions and
directions of the C3–C6 and C2–C5 internuclear vectors as dete
mined by neutron and x-ray diffraction~Refs. 3 and 4!.

Deuteron QXX QCC Bond directions
positiona QYY u f h from diffraction

QZZ u f

3 -136.9 107.2° 59.5° 177.9 52.4°b 341.9°
-130.0 40.8° 128.4° 0.026 52.0°c 341.6°
1266.8 54.4° 342.3° 52.4°d 341.4°

5 -137.5 111.4° 62.6° 178.1 21.8°b 83.1°
-129.5 96.8° 155.3° 0.030 22.1°c 82.7°

1267.1 22.5° 81.9° 22.6°d 78.7°
2 -135.7 112.6° 65.3° 176.7

-129.3 95.1° 157.5° 0.024
1265.0 23.2° 79.6° 24.1°d 94.3°

6 -138.1 112.5° 54.0° 176.8
-127.1 44.1° 118.7° 0.041

1265.2 54.4° 341.2° 52.8°d 340.7°

aDeuteron position according to Fig. 1.
bC–C direction as determined by neutron diffraction.
cC–C direction as determined by x-ray diffraction.
dC–D direction as determined by neutron diffraction.

TABLE III. QC tensors of the ortho-deuterons 3 and 5 in BCP
at T5155 K. Principal values and QCC’s are given in units of kH
The underlying quadrupole splitting data were collected from
selectively deuterated sample crystals III–V.

Deuteron QXX QCC
position QYY u f h

QZZ

3 -141.2 104.7° 60.8° 179.1
-127.6 41.0° 133.2° 0.051

1268.7 52.8° 342.2°
5 -138.0 106.6° 34.6° 180.8

-133.1 106.9° 129.8° 0.014
1271.1 24.0° 82.7°
-
t
ct
5,
he

signments would make the increase of the QCC’s fromT
5290 to 155 K larger than for the assignment we have c
sen. We think that the smaller increase is more proba
Second, for the assignment chosen, theeZ’s of deuterons 3
and 6 agree better with the C–D bond directions followi
from the neutron-diffraction data than for the oppos
choice. The same is true of the angleu of the deuterons 5
and 2. As pointed out before, we do not trust the anglef of
the C–D bond direction of deuteron 2 (n diffraction!. Fortu-
nately, the uncertainty in the assignment of the 290 K Q
tensors to deuterons 3 and 6, and to deuterons 2 and
hardly of any relevance to the analysis of the observed
quency distributions in the incommensurate phase in BC
to which we now turn.

IV. TEMPERATURE DEPENDENCE OF DEUTERON NMR
SPECTRA IN THE IC PHASE OF BCPS

In Fig. 4 we show the temperature evolution of the fr
quency distributions of the deuteron resonances in the
phase of BCPS for the~fully deuterated! sample II, rotation
angleC5126°. In this series of spectra the innermost do
blet stems, as indicated, from deuterons 2 and 5, the next
from deuterons 3 and 6, whereas the outermost doublet a
from the coinciding resonances of all deuterons in
‘‘other’’ wing of the BCPS molecule. In the spectrum re
corded atT5155 K the resonances of all deuterons a
‘‘sharp,’’ whereas atT5145 K the two inner doublets hav
developed into frequency distributions with distinct edg
For the deuterons of these doublets, the coupling of the o
parameter to the quadrupole splittingDnQ is linear to a very
good approximation. The fact that the outermost doublet
mains narrow is a consequence of the particular crystal
entation. On lowering the temperature to, ultimately, 10

FIG. 4. Temperature evolution of deuteron NMR frequency d
tributions in the IC phase of BCPS in sample II,C5126°. At T
5155 K, all lines are narrow. BelowTi5150 K, most of the lines
display a significant broadening which increases with decrea
temperature. The lineform is typical of crystals in a 1d IC phase.
The outermost doublet remains accidentally narrow in this part
lar crystal orientation.
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13 778 56MEINEL, ZIMMERMANN, HAEBERLEN, AND ETRILLARD
the widthsw2,5 andw3,6 between the edges of the frequen
distributions increase gradually. This is displayed for the f
quency distributions of deuterons 2 and 5, and 3 and 6
Figs. 5~a! and 5~b!. The curves in these figures represent
function w(T)5w0(12T/Ti)

b with Ti5150 K and
b50.5. These functions obviously fit well the experimen
data in the temperature range 90 K,T,150 K. This means
that the N–IC phase transition in BCPS can be described
the Landau mean-field theory. The same conclusion
drawn from x-ray and neutron diffraction, Raman expe
ments, and35Cl NQR spectra of BCPS.11–14 The finding of
b50.5 puts BCPS aside of numerous other IC systems
cluding biphenyl, C12H 10, and rubidium zinc chloride
Rb2ZnCl4, for which the nonclassical exponentb50.35 has
been determined15 indicating that the appropriate Hami
tonian describing the phase transition is that of the thr
dimensionalXY model.16

V. ANALYSIS OF DEUTERON NMR FREQUENCY
DISTRIBUTIONS FOR IC MODULATION WAVES WITH

MULTIPLE SYMMETRY MODES

We will present two approaches for analyzing the sha
and the width of the deuteron NMR frequency distributio
in BCPS that are governed by the threeL2 symmetry modes
of the fundamental IC modulation wave. The first approa
is graphical and qualitative. It will help to understand, e.
why and how the frequency distributions depend on the r
tive phases of the various symmetry modes and it will a
help us to spot orientations ofB0 that represent special an
therefore most informative cases. The second approac
numerical and quantitative. It consists of simulating deute
NMR spectra. It is based on the knowledge of the deute
QC tensorsQ in the normal phase of BCPS that we ha
measured and presented in Sec. III, and on the idea thQ
follows rigidly any rotation of the rigid molecular entity t
which the deuteron is bound covalently. For BCPS, this
tity is the phenyl ring of one of the two wings. The x-ra
work of Zunigaet al.5 has established that this ring retains
shape in the IC phase, as expected, to an excellent app
mation.

A. Graphical approach

The deuteron QC tensorsQ in BCPS are nearly axially
symmetric, i.e.,h!1, see Tables II and III. In this sectio
we shall assume thath50 and that the symmetry axis ofQ
coincides with the C–D bond direction. Then, the splittin

FIG. 5. Widthsw between edges of the IC frequency distrib
tions in the spectra of Fig. 4 vsT. Left: for deuterons 2 and 5; right
for deuterons 3 and 6. The curves arew(T)5w0(12T/Ti)

b with
b50.5 andTi5150 K.
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DnQ5b0•Q•b0 , ~1!

of a deuteron resonance varies, as a function of the angq
between the bond andB0, according to

DnQ5
3

4
QCC~3 cos2q21!. ~2!

In Eq. ~1!, b05B0 /uB0u. Two- and three-dimensional repre
sentations of Eq.~2! are shown in Fig. 6. For brevity, a figur
like that in Fig. 6~b! will be called atensor. The length of the
arrow in the direction ofB0 from the center of the tensor t
its surface is proportional toDnQ of the respective
deuteron.17 Figure 7~a! shows the tensors of translational
equivalent deuterons in consecutive unit cells of a comm
surate crystal. The C–D bonds are all parallel. When go
from the N to the IC phase, the C–D bond directions ex
rience rotations that are different in different unit cells. T
QC tensors of the respective deuterons follow these rotat
rigidly. Figure 7~b! shows schematically the tensors in th
IC phase assuming, unrealistically but without consequen
for NMR spectra, that the IC wavelengthl IC is very much
larger than the commensurate lattice period. The crosse
Fig. 7~a! and 7~b! mark the loci whereB0 passes through the
tensors. Relative to the tensors, the loci of these crosses
constant in the N phase, while they vary in the IC phase.
this reason, we see narrow lines in the N, and inhom
enously broadened lines in the IC phase. Now, let us lo
closer at the situation in the IC phase, change the poin
view and move into an axes system in which the bond
fixed and in which, consequently, the direction ofB0 moves
as we proceed in the IC phase from one unit cell to the n
In this way, we get a mapping of the crosses from Fig. 7~b!
onto one tensor. For an IC modulation wave with a sin
rotational symmetry mode, the map will be a~possibly
curved! line. This is shown in Fig. 7~c!. As shown in this
figure, the length of the line will vary depending on the me
orientation ofB0 relative to the bond~which can be con-
trolled by the experimenter! and, as well, on the orientatio
of the axisR of the active rotational symmetry mode~which

FIG. 6. Two- and three-dimensional graphical representation
a deuteron QC tensor, assumed to be axially symmetric, with
C–D bond as symmetry axis. In the text, such figures are ca
tensors. DnQ is proportional to the distance from the center of t
tensor to the point whereB0 intersects the tensor surface. Apa
from the QCC,DnQ depends only on the angleq. The sign ofDnQ

is positive forq,54.7° and negative for 54.7°,q<90°.
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is a fixed crystal property!. From Eq.~2! it follows that the
mean latitude of the line, and the projection of the line on
a meridian of the tensor determines the width of the IC f
quency distribution in the NMR spectrum. Theshapeof this
distribution is determined by the density of crosses on
line. If the IC modulation wave is sinusoidal, the density h
the shape of the histogram of a sinus function, that mean
has two edge singularities. If the mean orientation ofB0 is
far away from both the pole and the equator of the tens
and if the line obtained by the mapping of the crosses
short,DnQ will vary approximately linearly withq along the
line. In this approximation the histogram of the sinusoid
modulation function translates, with a rounding off of th
singularities, directly into the shape of the frequency dis
bution in the NMR spectrum.

The ends of the lines in Fig. 7~c! correspond always to
those deuterons whose bonds experience the extreme
tions during the N–IC phase transition. Thus, by measur
the orientation dependence of the edge singularities of th

FIG. 7. Visualization of the origin and nature of IC frequen
distributions.~a! N phase: the QC tensors are parallel in all u
cells. B0 intersects the tensor surfaces in the same point, indic
by a cross.DnQ is the same for all deuterons, we see narrow lin
in the spectrum.~b! IC phase: the QC tensors are no more para
in adjacent unit cells, because the corresponding C–D bonds
not. Consequently,B0 intersects these tensors in different loci, i
dicated by crosses.DnQ is different in all unit cells, we see fre
quency distributions in the spectra.~c! In an axes system, in which
the C–D bond is fixed,B0 is modulated from cell to cell. We can
map the occurring directions ofB0 on one single tensor. For
single rotational symmetry mode, these directions are lying o
curved line. If the crystal is rotated, the line moves on the ten
surface, and its length and curvature change.~d! Same as~c! but
multiple symmetry modes. The map ofB0 is a Lissajous figure
which changes size and shape depending on the crystal orienta
The rotation axesR1, R2, andR3 are realistic for BCPS. Note tha
the bond direction~the symmetry axis of the tensor!, R1 andR2 are
lying in a plane.
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frequency distribution, we can determine the QC tensors
these deuterons, and, in so doing, the rotational amplitud
the IC modulation wave. This we have done, in essence,
biphenyl.18 We will presently see that this procedure, appe
ing as it is, is limited to IC modulation waves consisting
only one single symmetry mode.

Let us now turn to IC modulation waves with multipl
symmetry modes. To make the discussion realistic, we fo
attention on deuteron 5 in BCPS. The axesRi of the three
rotationalL2 symmetry modes, which contribute to the fu
damental IC modulatation wave in BCPS, are indicated
the right-hand part of Fig. 1. Relative to the bond of deute
5, these axes are situated as indicated in Fig. 7~d!. The map
of crosses from Fig. 7~b! onto the tensor is, in general, n
longer a line but a kind of a Lissajous figure because
rotation angles

a1~r j !5a1,maxsin~kIC•r j1w1!,

a2~r j !5a2,maxsin~kIC•r j1w2!, ~3!

a3~r j !5a3,maxsin~kIC•r j1w3!,

associated with the three axesR1 ,R2, andR3 can have and
dohave in BCPS different phasesw1 ,w2, andw3.5 In Eq. ~3!,
the indexj labels the deuterons 5 in consecutive unit cells.
Fig. 7~d! we also show how the Lissajous figures chan
their shape as the mean orientation ofB0 relative to the bond
is changed.

The width of the NMR frequency distribution is aga
governed by the mean latitude of the Lissajous figure, and
the extension of the projection of the Lissajous figure ont
meridian of the tensor. Remarkably, the shape of the NM
frequency distribution is, irrespective of the shape of the L
sajous figure, the same as that for the single-symmetry-m
case. However, the NMR frequency distribution is no mor
direct histogram of a modulation function. The three mod
lation functions in Eq.~3! lead to a certain density of crosse
on the Lissajous figure. This density of crosses is projec
onto a meridian of the tensor and it is this projection that
see in the NMR frequency distribution. This projection
equivalent to the histogram of a sinusoidal function, the
fore the multiple-symmetry-mode and the single-symmet
mode cases lead to the same shape of the NMR freque
distribution. However, there is one important difference b
tween the two cases. When in the former case the m
orientation ofB0 is changed, the edge singularities of th
NMR frequency distribution arise, unlike in the latter cas
from different deuterons in the crystal. This is the reas
why the edge singularities do not arise from those deuter
whose bonds experience the extreme rotations during
N–IC phase transition. By following the orientational depe
dence of the quadrupole splittingsDnQ of the edge singulari-
ties, it is thus not possible to measure the QC tensor of
selected set of deuterons. That means, it is not possibl
monitor in this way the rotational displacements of any se
deuterons during the N–IC phase transition. This fact co
plicates the analysis of IC frequency distributions result
from multiple symmetry modes and also affects, as we s
see in Sec. VI, the variation ofT1 across the frequency dis
tribution.
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Still, from Fig. 7~d! it is intuitively clear that there are
special orientations ofB0 which simplify the situation. One
of them is obtained when the mean orientation ofB0 coin-
cides with any of the axesRi . In such a case, the respectiv
symmetry mode will not contribute to the NMR frequen
distribution. Another special case is obtained when one
the symmetry modes does not contribute to the extensio
the Lissajous figure along a meridian of the tensor. This h
pens whenever the bond direction, a rotation axisRi , and the
mean orientation ofB0 are lying in one plane. This specia
case may arise simultaneously for two rotation axesRi and
Rj , namely, when the bond direction,Ri as well asRj are all
lying in a plane. If, in such a case, we moveB0 into the same
plane, both symmetry modesi and j will not contribute to
the width of the NMR frequency distribution. A look at th
right-hand part of Fig. 1 will convince the reader that t
rotation axesR1 and R2, and the bond directions of a
~unprimed! deuterons of the BCPS molecule are almost ly
in one plane. This gives us the chance to record deute
NMR frequency distributions from BCPS whose widths a
almost exclusively due to the third rotational symme
mode and thus allow a direct determination ofa3,max in Eq.
~3!. This doubly special situation we have exploited in o
experiments on BCPS, see Sec. V C.

B. Numerical simulation of IC frequency distributions

The ingredients of the simulations are as stated in
introductory paragraph of this section. In addition, we e
ploit the fact that, in the IC phase of the crystal, the set
numberskIC•r j modulo2p is dense in the interval 0–2p and
that the density is constant. For our simulations we subdiv
the interval 0–2p into a large numberK of equal steps, e.g.
K5100. The QC tensorQ(k) of a particular deuteron in the
molecule corresponding to thekth step will be

Q~k!5D1~a1
~k!!•D2~a2

~k!!•D3~a3
~k!!•QN

3D3
21~a3

~k!!•D2
21~a2

~k!!•D1
21~a1

~k!!, ~4!

where QN is the known QC tensor of this deuteron in th
normal phase of the crystal and

an
~k!5an,max•sinS 2p•

k

K
1wnD . ~5!

TheDn(an
(k)) in Eq. ~4! are the rotation matrices correspon

ing to the various rotationalL2 symmetry modes of the IC
modulation wave. The quadrupole splitting of the NMR
this deuteron will be

DnQ
~k!5b0•Q~k!

•b0 . ~6!

Equation~4! implies a certain order in which the rotation
are carried out. This order is unknown. Fortunately, it
irrelevant because all thean

(k) are small, see below.
By folding thekth stick spectrum by a Gaussian of appr

priate width and summing overk, we get the IC frequency
distribution of this particular deuteron for the chosen orie
tation ofB0. Superimposing the frequency distributions of
four ortho, respectively, all eightdistinct deuterons of the
BCPS molecule yields the spectrum that can be compa
with the experimental one for the same orientation ofB0.
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C. Application to BCPS

Because the NMR frequency distribution is independ
of the phase of the modulation wave, which we may ident
with w1 without loss of generality, there remain five param
eters that enter the simulations. These parameters
a1,max,a2,max,a3,max, andw22w1 ,w32w1. We wish to de-
termine these parameters from a comparison of experime
with simulated spectra. It is clear from the outset that it is n
sufficient to compare a single experimental spectrum w
simulations for the same orientation ofB0 that are carried out
with different parameters.

Thus, from all sample crystals I–V, we recorded, varyi
the rotation angleC, a total of 52 deuteron NMR spectra a
T5100 K. Six of these spectra are reproduced in Fig.
They document how strongly the overall appearance of
spectra, and as well, the IC frequency distributions cha
when the orientation ofB0 relative to the crystal is changed
Obviously, these spectra contain a rich amount of inform
tion. However, it is a formidable task to extract from the
this information in the form of the desired paramete
a1,max. . . ,w32w1. Therefore, we begin the analysis wit
the special cases discussed in Sec. V A.

As mentioned in Sec. II A, sample V allows us to rota
the crystal such thatB0 is parallel to the S–Cl direction o
the unprimed wing of the BCPS molecule and thus along
axis R1. For this situation, the rotational symmetry mode
does not contribute to the width of the IC frequency dist
butions of the unprimed deuterons. Neither contributes
rotational symmetry mode 2, because in this doubly spe
situation R2 is, in addition, ~almost! in the plane that is
spanned byB0 and any of the C–D bonds in this wing.

The experimental spectrum for this crystal orientation
shown in line~a! of Fig. 9. The resonances marked by t
arrows arise fromall unprimed deuterons because the an
q betweenB0 and the bond of each of these deuterons is

FIG. 8. Left: deuteron spectra of crystals of BCPS in differe
orientations,T5100 K. ~a!–~d! crystal V, C540°, 100°, 10°,
115°, total spectral width 333 kHz;~e!,~f! crystal II,C560°, 130°,
total spectral width 500 kHz. Right: simulations for the same crys
orientations anda1,max, a2,max, a3,max, w22w1, w32w1 as deter-
mined in Sec. V.
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same forB0iS–Cl, namely 60°. The resonances in Fig.
with the larger quadrupole splittings arise from the deuter
of the other wing. For the moment, we disregard them.

Having been biased from our experience with biphe
where a rotation about the long axis of the molecule con
tutes the only symmetry mode of the IC modulation wa
we were surprised to see in BCPS a broad frequency di
bution for B0iR1, i.e., when IC rotations about the S–C
direction cannot cause a spread of the deuteron resona
The spectrum in Fig. 9~a! provides, therefore, direct and im
mediate evidence that other symmetry modes of the
modulation wave must exist in BCPS. The simulated sp
trum in Fig. 9~b!, which was calculated under the assumpti
that the symmetry mode 1 is the only active one, proves
point: This spectrum shows no IC spread of the inner re
nances. As discussed above, we expect that forB0iS–Cl the
symmetry mode 2 as well does not contribute to the width
the IC frequency distribution. This is demonstrated by
simulation in Fig. 9~c! ~the simulation parameters are liste
in the figure caption!. In line ~d! of Fig. 9 we display a
simulation that was calculated under the assumption
only the rotational symmetry mode 3 is active. Under t
assumption, we do get a spread of the resonances an
width of the IC frequency distribution depends only o
a3,max. By adjustinga3,max in the simulations such as t
obtain the best match between the~inner! resonances of the
simulation@line ~d!# and those of the experimental spectru
@line ~a!#, we conclude thata3,max must be 3.2°60.2°. We
stress that this number applies toT5100 K. Anticipating the
determination of the other amplitudesan,max and that of the
relative phaseswn2wm , we show in line~e! of Fig. 9 the
simulated spectrum calculated with the final amplitudes
the final relative phases. As can be seen, the inner resona
hardly change when going from line~d! to line ~e!, however,
the outer resonances in line~e! also agree, unlike those i
line ~d!, remarkably well with those in the experiment
spectrum.

FIG. 9. ~a! Deuteron spectrum of crystal V,C5106°, T5100
K. B0 is almost parallel to the S–Cl direction of one phenyl rin
~b!–~e! simulations with different parameter sets.~b! a1,max53.2°,
a2,max5a3,max50°; ~c! a2,max53.0°, a1,max5a3,max50°; ~d!
a3,max53.2°, a1,max5a2,max50°. The phasesw2–w1 and w3–w1

are irrelevant in simulations~b!-~d!. ~e! a1,max5a3,max53.2°,
a2,max53.0°, w2–w1565°, w3–w15300°.
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The foregoing discussion applies also to the other dou
special case, namely whenB0 is parallel toR2. Unlike R1,
however,R2 is lying in the monoclinic plane of the crysta
Therefore, the resonances of pairs of symmetry-related d
terons 5 and 5’, etc., on the two wings of the BCPS molec
must coincide forB0iR2. For an exact hexagon-symmetry o
the aromatic rings even the resonances ofall deuterons
should coincide. To avoid this only approximately fulfille
special situation, we recorded a spectrum withB0 lying in
the monoclinic plane, but~nominally! 4.3° off R2 ~away
from the –c* direction!. The deviation of 4.3° is smal
enough, on the one hand, for the consequences of the do
special caseB0iR2 to apply at least approximately, and, o
the other hand, it is large enough to separate the resona
of deuterons 5 and 5’ from those of deuterons 3 and 3’. T
spectrum is shown in line~a! of Fig. 10. Lines~b!–~e! dis-
play analogous simulations as in Fig. 9. The new feature
Fig. 10 is that both pairs of resonances behave alike whe
they behaved differently in Fig. 9. The quantitative conc
sion from the experimental spectrum in line~a! of Fig. 10
and from the simulations in lines~d! and~e! is the confirma-
tion thata3,max must be 3.2°60.2° atT5100 K.

Unfortunately, there are nodoubly specialorientations of
B0 that would allow a separate determination ofa1,max and
a2,max, and ofw22w1 andw32w1. The reason is that nei
ther R1 nor R2 are lying in the plane spanned by any of th
C–D bonds andR3. Therefore, in our further analysis of th
experimental spectra, we had to go the hard road wh
means testing numerous simulations with different sets
parameter values. The criterium forsuccesswas a match of
the width of all IC frequency distributions in the experime
tal and simulated spectra for all 52 different orientations
B0. How sensitively these widths depend on the relat
phasesw22w1 and w32w1 is illustrated in Fig. 11. In the

FIG. 10. ~a! Deuteron spectrum of crystal III,C 5 10°, T
5100 K. B0 is in the monoclinic plane and almost parallel toR2.
~b!–~e! simulations with different parameter sets.~b! a1,max53.2°,
a2,max5a3,max50°; ~c! a2,max53.0°, a1,max5a3,max50°; ~d!
a3,max53.2°, a1,max5a2,max50°. The phasesw2–w1 and w3–w1

are irrelevant in simulations~b!-~d!. ~e! a1,max5a3,max53.2°,
a2,max53.0°, w2–w1565°, w3–w15300°. The shoulder on the in
ner flank of the inner of the two frequency distributions in~a! indi-
cates a slight deviation ofB0 from the monoclinic plane.
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top row of this figure we have reproduced four times t
spectrum~a! from Fig. 8. Below this experimental spectru
we show a matrix of 24 simulated spectra, calculated
different values ofw22w1 andw32w1. Except for the simu-
lation marked by a frame, a single glance is sufficient to r
out the respective combination of phases. On the other h
in the framed simulated spectrum, the widths of all four
frequency distributions match the corresponding widths
the experimental spectrum quite well. That means, the
rameter set used for this simulation, is a candidate forsuc-
cess. A search on a finer grid revealed that the best matc
obtained for

a1,max53.2°60.2°, w22w1565°610°,

a2,max53.0°60.2°, w32w15300°610°,

a3,max53.2°60.2°.

This set of parameters led to the simulated spectra in Fi
that match well the corresponding experimental ones. A
matter of fact, all of the 52 spectra recorded atT5100 K can
be reproduced reasonably well by simulations with the ab
set of parameters. We may thus claim that this set of am
tudes and phases of the three rotational symmetry mo
describes the rotational part of the fundamental IC modu
tion wave in BCPS atT5100 K.

VI. DEUTERON SPIN-LATTICE RELAXATION

In sample V at the rotation anglesC510° andC540°,
we measured, using the saturation-recovery method, at
different temperatures 100 K<Tk<145 K the deuteron spin
lattice relaxation time across the IC frequency distributio
A C 11 program was written that takes as input directly t
Fourier spectra for different relaxation delays and perform
least-squares fitting of the recovery curves to exponen
for each of the discrete frequencies in the spectrum. Fig
12 shows the result forT5100 K in both crystal orientations
We recognize thatT1 varies across the IC frequency distr
butions, depends on the crystal orientation relative toB0 and
also on the site of the deuteron in the BCPS molecule.

FIG. 11. Top line: Four replications of the deuteron spectrum
crystal V, C540°. Below: a matrix of simulations for differen
combinations of relative phasesw2–w1 and w3–w1 and fixed am-
plitudes a1,max5a3,max53.2°, a2,max53.0°. The best match o
simulation and experiment is achieved withw22w1560° andw3–
w15300° ~framed simulation!.
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smallestT1’s encountered are 500 s, the largest 2300 s. Si
larly to the case of35Cl14, the ratios T1max/T 1min within the
deuteron frequency distributions do not deviatevery much
from unity. This is at variance with the classical theory
Z̆umer and Blinc.19 This theory predicts that the edge sing
larities of the IC frequency distributions should not be se
sitive to so-called phasons, and therefore should exh
longer ~even very much longer! relaxation times than the
centers of the frequency distributions whichare sensitive to
phasons.

This predicition fails even qualitatively for BCPS: Fo
both inner pairs of resonances in Fig. 12~b!, it is thecenterof
the distribution, rather than the edge singularities, which
the longer relaxation times. That shows right away that a
attempt to deduce the size of a phason gap from theT1 ratio
of the center and the singularities of the frequency distri
tion is bound to fail. After all, the gap of the phason cann
be larger than that of the amplitudon. As regards the ou
pairs of resonances, the relaxation time appears to incr
monotonically across the frequency distribution. That mea
the edge singularities relax with a different rate. This stres
once more that for IC modulation waves with multiple sym
metry modes it is not possible to assign the nuclei belong
to the edge singularities in the spectrum to any maxima
minima of the modulation wave.

Finally, we may compare, after proper scaling, the de
teron relaxation times with the35Cl relaxation time measured
in BCPS.14 At T5100 K, Mikacet al. foundT1(35Cl!'7 ms
~average over the frequency distribution!. The proper scaling
factor S is the square of the ratio of the strengths of t
quadrupole interactions, i.e.,

S5S QCC~35Cl !

QCC~2H !
D 2

'S 35 MHz

178 kHzD
2

'43104. ~7!

f

FIG. 12. Variation of deuteron spin-lattice relaxation timeT1

across the spectrum in crystal V at~a! C540° and~b! C510°,
T5100 K. Spectra are displayed by dashed lines. Note that the
innermost doublets in~b! have a frequency dependence ofT1 op-
posite to that predicted by the classical theory: the edge singular
relax more rapidly than the centers of the frequency distributio
The two outermost doublets in~b! show an almost linear increase o
T1 across the frequency distribution.
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Assuming that the dynamics of the35Cl and 2H QC tensors
is the same, we thus arrive at the estimate

T1,estimate5S•T1~35Cl!'280 s ~8!

for the deuteron relaxation time atT5100 K. This estimate
compares favorably with our direct experimental result a
indicates that the dynamics of the35Cl and 2H QC tensors is
indeed essentially the same.

VII. DISCUSSION AND OUTLOOK

The central result of this paper is the deuteron NMR
termination of the amplitudes and relative phases of the th
rotational symmetry modes of the fundamental IC modu
tion wave in BCPS. This was achieved by linking the
frequency distributions with the spread of the C–D bo
directions.

We recall that this determination was done atT5100 K.
From an analysis of x-ray diffraction patterns, Zunigaet al.5

determined in 1993 the same set of parameters atT590 K.
Their result is~error limits are not given!

a1,max53.5°, w22w1572°,

a2,max53.3°, w32w15302°,

a3,max53.5°.

It is highly satisfying that both the x-ray and the deuter
NMR methods lead to the same result within our error lim
Of course, our work was done with full knowledge of th
paper of Zunigaet al. Therefore, one might suspect that o
work is not independent of theirs. This is indeeed the ca
however, only in so far as we learned what the allowed
tational symmetry modes of the fundamental IC modulat
wave are in BCPS. Our determination of the parameter
a1,max•••w32w1 is independent. We have documented t
in some detail fora3,max. After having determineda3,max,
we were aided, somewhat, by Zunigaet al.’s values ofa2,max
anda1,max. Nevertheless, there can be no doubt that our
of deuteron NMR spectra in its entirety does contain the
information about all parametersa1,max, . . . ,w32w1.

So far, we focused attention exclusively on the fundam
tal IC modulation wave. Correspondingly, we focused att
tion on thewidthsof the IC frequency distributions. On th
other hand, Zunigaet al. report also about a finite secon
harmonic. The contributing modes are of symmetryL1.

While theshapeof an IC frequency distribution does no
depend on whether there are one or several active symm
modes of an IC modulation wave, it does depend on
presence or absence of harmonics. The experimental s
trum in Fig. 13~a! shows some conspicuous deviations fro
the familiar shape. They are marked by arrows. We w
dered whether they arise from the second harmonic. To
out we again returned to simulations.

Our simulation program can easily incorporate harmon
All that is needed is to supplement Eqs.~3! by the harmonic
terms. Including the second harmonic, these equations
read
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an~r j !5an,max•sin~kIC•r j1wn!1an,max8 •sin~2kIC•r j1wn8!.

The an,max8 and wn8 are the amplitudes and phases of t
rotational symmetry modes of the second harmonic. N
thatR 3 does not contribute in the second harmonic, wher
R y does contribute in the second, but not in the fi
harmonic.5 In parts ~b! and ~c! of Fig. 13, we show two
simulations. The first was calculated as before, i.e., tak
into account only the fundamental wave, while the latter
cludes the second harmonic with the amplitudesan,max8 and
phaseswn8 as given in Ref. 5, see, however, figure captio
This simulation exhibits all the conspicuous features pres
in the experimental spectrum and thus suggests that t
features indeed arise from the second harmonic. Unfo
nately, the features in the deuteron NMR spectra originat
in the second-harmonic IC wave are too weak and are see
too few of the experimental spectra to warrant an attemp
determining the amplitudesan,max8 and phaseswn8 by the
same deuteron NMR strategy that was successful for the
damental modulation wave. By lowering the temperature t
value far below 100 K, the second harmonic will becom
stronger and, as well, the respective features in the deut
NMR spectra will also become more pronounced. This w
improve the chances to determine the structural parame
of the second harmonic by deuteron NMR. However, p
liminary neutron-diffraction experiments show that atT510
K the distortion of the IC modulation wave comprises
least five harmonics, all of which will affect the deutero
NMR spectra.
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FIG. 13. Influence of the second harmonic of the IC modulat
wave on deuteron NMR spectrum in crystal V,C520°. ~a! Spec-
trum at T5100 K; the arrows point to features of IC frequenc
distributions~hump in the center, one horn is much larger than
other! that are inconsistent with a purely sinusoidal modulati
wave.~b! Simulation including only the first harmonic with param
eters as deduced in Sec. V.~c! Simulation including the first har-
monic as in~b! and additionally the second harmonic witha1,max8
50.6°, a2,max8 5ay,max8 50.7°, w185280°,w285223°, andwy85144°.
Apart from wy8 , these values are those from Zunigaet al. Zuniga’s
value forwy8 is 36°5180° –144°.
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