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Site-bond correlations in the three-dimensional Heisenberg model: Application to KNipMg12pF3
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Site-bond-correlated dilution pictures have been successfully proposed to account for the striking differences
experimentally observed by nuclear-magnetic-resonance~NMR! measurements between random-diluted
KNi pMg12pF3 and the isostructural system KMnpMg12pF3 . The present work makes use of a variational
principle for the free energy to treat the critical behavior of the system KNipMg12pF3 in the three-dimensional
Heisenberg model by considering the interaction of the nearest neighbor and next-nearest neighbor in the spin
system. The calculated phase diagram in theT-p plane for the Heisenberg model is in good accordance with
experimental data obtained by NMR, and the value of the correlation parameter is estimated.
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For many years physicists tried to understand the col
tive behavior of magnets and other condensed matter
tems by studying the pure materials, such as crystals w
perfect structure and full translational symmetry. Howev
all materials have some structural disorder in their atom
constitution.1–3 Therefore, it is natural that an increased u
derstanding of the collective phenomena that occur in m
nets materials has arisen from the study of the structur
disordered magnetic systems. Also, disordered systems
intrinsic properties that cannot be treated by employing ov
simplified methods. Thus, the literature is filled with diffe
ent models and their variants. In this paper, we consider
technique usually applied to describe disordered magn
materials, namely, the dilution picture.

The effect of diluting a magnetic system with nonma
netic impurities has attracted the attention of many resea
ers and, in the last several years, the theoretical and ex
mental study of randomly diluted magnetic systems has b
intensively investigated such that an enormous increas
work, in the literature, has arisen from these studies.1–10

The uncorrelated diluted model is well known and suit
to describe the critical properties of certain magnets.4–10 In
this model, some magnetic atoms on the lattice are rando
replaced by nonmagnetic atoms and a bond connecting
pair of occupied magnetic first neighbors is modified. In t
context, the diluted magnetic systems are usually associ
with an uncorrelated percolation problem when the tempe
ture goes to zero. Particular interest has been given to
phase diagram for the critical temperature vs concentrat
However, recent experiments have shown that the introd
tion of nonmagnetic species in some magnetic materials
plays effects not predicted by the usual dilution model~i.e.,
neither bond nor site dilution!. In these materials the corre
lation is relevant to describe the system and therefore s
effects must be included. Thus, other models have been
560163-1829/97/56~21!/13650~4!/$10.00
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posed to take into account the correlation effects. Examp
of this approach to alternative site-dilution models are
bootstrap percolation11,12 and dilution, high-density
percolation,11,13 and, more recently, the site-bond-correlat
~SBC! dilution model.14

SBC is a recent dilution model proposed by de Aguiar a
co-workers14 to explain the differences, observed by nucle
magnetic resonance, in the phase diagramTc vs p between
the diluted Heisenberg antiferromagnet KMnpMg12pF3 and
the isostructural system KNipMg12pF3. The experiments
have shown that for the randomly diluted Heisenberg m
netic compound KNipMg12pF3, Tc decreases faster than fo
isostructural KMnpMg12pF3 when the concentration de
creases. This happens because the latter system is mor
equately described by an uncorrelated site-dilution pictu
Furthermore, the phase diagram in theT-p plane for
KNi pMg12pF3 displays an upward curvature in contrast
the compound KMnpMg12pF3. In the pure materials men
tioned above, the Ni12 ions can form onlys bonds, while the
Mn12 ions can form boths andp bonds. The symmetry o
the s bonds suggests that the substitution of a Ni12 ion in
KNi pMg12pF3 by a nonmagnetic one has a stronger effect
the exchange interaction of a nearest-neighbor magnetic
situated along the line joining the three atoms than the sa
effect induced by substitution of a Mn12 ion in
KMnpMg12pF3. In the SBC model, the coupling betwee
two nearest-neighbor magnetic atoms is assumed to be
pendent upon the occupancy of the other nearest-neig
sites, where a parametera measures the correlation betwee
the spins.

The SBC model has been studied by means of vari
methods.6,7,11,12,14–21At first, de Aguiar and co-workers14

studied the SBC model by employing the effective-fie
theory for the diluted spin Ising model on a square lattice
a cluster with one spin. They found qualitative trends, su
13 650 © 1997 The American Physical Society
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56 13 651BRIEF REPORTS
as an increase in the initial slopeD[1/TcdTD/dp, at p
51, and an upward curvature in theT-p plane, which is
consistent with the experimental data for KNipMg12pF3.22

They also found three different percolation thresholds at z
temperature. This result, as noted by the authors of Ref.
is not consistent with their model Hamiltonian, from whic
one should obtain only two different thresholds: one for
correlation case and the other for the uncorrelated case.
thermore, de Aguiar and co-workers14 obtained values for
the critical temperature that is dependent on the correla
parameter. This unphysical result was also not expec
However, da Silva and Moreira17 studied the critical proper
ties of the SBC model, on a square lattice employing
same scheme of Ref. 14, and obtained good qualitative
quantitative results, for example, finding only two critic
concentrations. In 1987, Coutinhoet al.18 studied the SBC
model, on the Bethe lattice, in a version of ann-vector model
obtaining an exact solution. In this work, the behavior
phase diagramsTc vs p exhibited most of the expecte
physical properties. The exceptions were in theT50 axis,
where only one value ofpc was found for 0<a<1, and an
upward curvature in theTc vs p curve even fora50 and the
Ising model, which is in contradiction to both effective-fie
theory17 and Monte Carlo results.16,21 These undesired as
pects seem to be due to the pathological geometry of
Bethe lattice. Particularly, in the SBC model, where dire
tional effects are important, the fact that it is only in th
‘‘radial’’ direction that is uniquely defined for the Bethe la
tice may introduce an undesirable bias. More recently,
SBC model has been applied to the three-dimensio
Heisenberg model by employing the Migdal-Kadano
approximation20 and it has also been studied by the Mon
Carlo method for two- and three-dimensional systems.16,21In
these works, the authors of Refs. 16, 20, and 21 suggest
the value of the phenomenological parametera for the com-
pound KNipMg12pF3 is above zero. However, neither valu
has been estimated. The SBC model has also been revi
by the mean-field renormalization-group23 scheme.6,7,15 In
these works various interesting aspects were observed.
example, a universal relation for the initial slope atp51
between the correlated case and uncorrelated case
obtained.6 Furthermore, the phase diagrams for this mod
using two different exchange interactions in two- and thr
dimensional lattices, was presented.7,15 In both the exchange
interactions used, we obtained only two critical concent
tions. On the other hand, we recall that in neither of th
works mentioned above, the experimental contact with
compound KNipMg12pF3 has been presented.

In the present work, it is our main interest to study t
randomly diluted site-bond-correlated Heisenberg model,
cluding both the contribution of the nearest and next-nea
neighbor (NNN) sites in the Hamiltonian that describe th
system. The introduction of the effect of theNNN sites re-
sides in the fact that experimental observations
KNi pMg12pF3 suggest an apperfeccioned version that c
rectly describes the spin-lattice relaxation nuclear mec
nism in high temperatures.24–26 The experimental estimativ
for the value of the exchange interaction between theNNN
sites is 0.009 K,24 where K is the exchange interaction of th
nearest-neighbor sites. This same value would be used in
present work.
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The Hamiltonian considered is given by

H52 (
^ i ,d&

Ji ,i 1dSi•Si 1d2(
~ i , j !

Ji j* Si•Sj , ~1!

whereSk ~k5 i , j , i 1d! is a spin-1/2 vector operator, with
componentSk along the directionz, Ji ,i 1d is the exchange
interaction between the nearest-neighbors spins for the
at sitesi and i 1d on ad-dimensional lattice, defined by

Ji ,i 1d5Je ie i 1d@~12a!e i 12de i 2d1a#. ~2!

d is an elementary vector of the lattice ande i is a random
variable that obeys the probability distribution

P~e i !5pd~e i21!1~12p!d~e i !, ~3!

where p is the concentration of magnetic atoms.J(J/kBT
[K.0) is the ferromagnetic coupling constant anda is a
parameter governing the correlation. The casesa51 and
a50 correspond to the standard uncorrelated and comple
correlated site dilution, respectively. On the other hand,Ji j*
~with J* [lJ, l.0! are the next-nearest-neighbor exchan
interactions with the probability distribution given by

P~Ji j* !5pd~Ji j* 2J* !1~12p!d~Ji j* !. ~4!

In the present work, we present the results of a system
calculation of the SBC model with first- and secon
neighbor interactions based on a variational principle for
free energy.27

The critical line obtained is given by

p3tanh1/2~3Kc!1p~12p3!tanh1/2~3aKc!5
1

Z212Z* l
,

~5!

where tanh1/2(x) denotes the generalized hyperbolic tange
represented by modified Bessel functions of the first k
defined by

tanh1/2~x!5
I 3/2~x!

I 1/2~x!
, ~6!

whereZ is the coordination number andZ* is the number of
NNN on a d-dimensional lattice. Here, we shall us
l50.009,Z56 ~simple cubic lattice!, Z* 512, and 0<a<1.

On the other hand, the initial slopeD[KcdKc
21/dp, at

p51, is given by

D~a!

D~0!
512

2

3

tanh1/2~3aK !

tanh3/2~3K !
. ~7!

This equation presents an interesting relation betw
D~a51! andD~a50!, i.e.,28

D~1!

D~0!
5

1

3
. ~8!

The relation~8! show a universality for the SBC model in th
limiting for a51 anda50 and is independent of the dimen
sionality of model as well of the lattice structure. Therefo
with this result, it is possible to estimate the exact values
the initial slope for the case of complete correlation. F
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13 652 56BRIEF REPORTS
example, for a simple cubic lattice the initial slope for th
uncorrelated case isD~1!51.04.29 By using the relation~8!
we find D~0!53.12.30

In this part we are interested in evaluating the value of t
correlation parametera that better adjusts to the experimen
tal data obtained by de Aguiar and co-workers.22 It was men-
tioned previously, that all works that studied the SBC mod
do not make experimental contact with the compoun
KNi pMg12pF3. Furthermore, the value estimated for th
correlation parameter was not obtained. However, in t
present work we aim to obtain an estimate for the correlati
parametera for the Heisenberg model that better adjusts
the SBC model. This value, by experimental expectatio
must be in the range 0,a,0.20.24 A computational-
analytical evaluation can provide a value fora that ad-
equately describes KNipMg12pF3. In the present work, we

FIG. 1. Phase diagram in the randomly site-bond-correlated
luted Heisenberg model for the compoud KNipMg12pF3 with inter-
action betweenNNN sites. The correlation parameter estimated b
the SBC model in the present work isā50.145.
e
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use the experimental data and assume that it satisfies Eq~5!.
In this approach, for each experimental point~pE , TE!,22 we
find one value for the correlation parameter. All these val
are such that 0,a i,0.2 (i 51,2,3,4). In order to obtain th
curve fitting that adjusts itself better to the experimental d
we evaluated the arithmetic mean of the values found forā1.
Therefore, our estimate for the correlation paramete
a50.145. The phase diagram in theT-p plane for the
Heisenberg model whena5ā50.145 is presented in Fig.
together with the experimental data. We observe that
value obtained for the correlation parametera shows good
adjustment with the experimental data as well as exhibi
the behavior of the experimental evidence
KNi pMg12pF3. On the other hand, we also observe thatPc
~0<a,1!50.205, while pc ~a51!50.589. Therefore, the
Heisenberg adequately describes the compo
KNi pMg12pF3 with the value of the correlation paramet
within experimental expectation. The reduced critical te
perature and critical concentration for the three-dimensio
Heisenberg model in the SBC model is quoted in Table

This work was supported in part by CNPq~Brazilian
Agency! and Fundac¸ão Universidade do Amazonas.
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TABLE I. Values for reduced critical temperature and critic
concentration for the Heisenberg model for the SBC dilution mo
are compared with exact results or by expansion series.

Critical temperature

kBTc /J 4.767 4.330a

Critical concentration

pc ~0<a,1! 0.205 0.31a

pc ~a51! 0.589

aReference 31.
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