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By means of theab initio mixed-basis pseudopotential theory and the local-density approximation the
formation energyE1V

F and the formation volumeV1V
F of monovacancies in Mo are calculated with high

accuracy—including the structural relaxation of the atoms around the vacancy—in order to explore the reli-
ability of the ab initio electron theory for the treatment of vacancies in transition metals. The calculated
formation energyE1V

F 5(2.960.1) eV is in excellent agreement with experimental data from positron annihi-
lation. For the formation volume a value of (0.660.1) atomic volume is obtained.@S0163-1829~97!00945-4#
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One of the objectives of materials science is to comb
phenomenological theories~statistical mechanics, continuum
theories! with microscopic theories in order to understa
the mesoscopic and macroscopic behavior of materials f
the viewpoint of the electronic structure. An example is t
theory of self-diffusion via atomic defects. In this case t
macroscopic material parameter, i.e., the diffusion cons
D, may be directly related to microscopic parameters like
energies, entropies, and volumes of defect formation and
fect migration via equilibrium statistical mechanics~for the
formation! and via the transition-state theory1 ~for the migra-
tion!. The contribution of the microscopic theory is to calc
late these microscopic parameters and to explain the di
ences between various systems on the basis of their stru
and electronic properties. To obtain highly accurate and
liable results it is thereby important to perform the micr
scopic calculations from first principles~ab initio!, i.e., with-
out the use of adjustable parameters. The capability of s
calculations has been most convincingly demonstrated
silicon2 and for the simple metals Li,3 Na,4 and Al.5 For
instance, for Na and Al where highly accurate experimen
data exist, there is an excellent agreement between th
and experiment for the formation energyE1V

F of monovacan-
cies. For Li reliable data forE1V

F are missing, but there ar
accurate results for the activation energy for self-diffus
which at high temperatures agree very well with the theo
ical result3 for the activation energy of monovacancies. In
calculations it turned out that it is absolutely necessary
560163-1829/97/56~21!/13595~4!/$10.00
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refrain from approximations for the crystal potential,6–8 i.e.,
to perform a full-potential calculation, and to take into a
count the structural relaxation of the atoms near the ato
defects.

In recent years calculations on this level have been p
formed for intermetallic compounds of transition metals a
main group elements, for instance, NiAl,9 FeAl,9–11

Fe3Al, 11,12 and Ni3Al. 13 In these systems the properties
the electronic structure are very complicated and the us
ab initio methods is therefore indeed absolutely indispe
able. The comparison with experimental data is more co
plicated than in elementary metals because~i! there is a co-
existence of various types of defects,~ii ! the microscopic
parameters depend on the composition which is someti
hard to control with high accuracy in the experiment, a
~iii ! the sample homogeneity is not always guaranteed
view of these problems it is desirable to test the reliability
the ab initio calculations first for elementary transition me
als. Curiously enough, there are so far noab initio full-
potential calculations for vacancies in transition met
which are on the same level as those for elementary me
In the full-potential Korringa-Kohn-Rostoker~KKR!-
Green’s-function calculations7 for fcc and hcp transition met
als, in the full-potential linear-muffin-tin-orbital~FLMTO!
calculations14 for Cu, Ag, and Rh and in the FLMTO
calculations15 for bcc V, Cr, Nb, Mo, Ta, W, and fcc Ni, Cu
Pd, Ag, Pt, Au the structural relaxation of the atoms arou
the vacancy was neglected.~Most recently,16 the lattice dis-
13 595 © 1997 The American Physical Society
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tortion around a vacancy in Cu has been included in
KKR-Green’s-function calculation, and the tools to study
laxations around vacancies in bcc metals based on
method have been implemented.! In the present paper w
report onab initio calculations for the vacancy formatio
energy and the vacancy formation volume in Mo on a ma
mum possible, while still feasible, level of accuracy, inclu
ing structural relaxations, with two objectives. First, we wa
to demonstrate thatab initio calculations with the local-
density approximation17 are a powerful tool to determine va
cancy formation energies not only in simple metals but a
in transition metals. Second, we want to demonstrate
defect calculations for transition metals can be perform
with the ab initio pseudopotential method, if the basis set
plane waves is augmented by a few localized orbitals.
though such mixed-basis pseudopotential calculations18 have
been successfully performed for transition metals for nea
two decades, it is still often stated7,15 that pseudopotentia
methods are difficult to apply for transition metals. The b
advantage of the mixed-basis pseudopotential method is
the forces on atoms may be calculated simply and accura
~as becomes obvious from an extensive comparison of
forces calculated directly or via the energy change upon
placement!, so that the investigation of the structural rela
ation is feasible.

The calculations were performed with the local-dens
approximation17 ~LDA ! and the exchange-correlation fun
tional of Ref. 19. Theab initio mixed-basis pseudopotentia
method18 with a basis set consisting of plane waves~energy
cutoff Ec! and five nonoverlappingd orbitals per atom was
used, for which recently an extended computer code w
improved accuracy~especially for the forces! and efficiency
has been developed.20 Thed orbitals are constructed from a
atomic pseudowave function by smoothly cutting off the t
beyond a certain cutoff radius. This cutoff is done by mu
plying the radial part of the wave function with 1 minus
Gaussian function centered at the cutoff radius and vary
the Gaussian width parameter to minimize the energy of
bcc ground state. The optimally smoothab initio pseudopo-
tentials of Vanderbilt21 with a reference configuration
@Kr#4d4.55s0.75p0.8 and r c,s51.87 a.u.,r c,p52.12 a.u., and
r c,d51.16 a.u. were applied. The cutoff radiusr pc for the
partial-core correction22 was chosen in such a way~0.94 a.u.!
that the outermost maximum of the core-charge density
peared forr .r pc. The 4p states were treated as true co
states~for the problem of 4p states in Mo see, for instance
Ref. 23!. The transferability of the pseudopotential w
tested for several excited atomic states. The excitation e
gies computed with the pseudopotential agreed with the
electron results within about 1 mRy.

The cubic lattice parametera0 and the bulk modulusK of
the perfect lattice as obtained by converging the results w
respect to the plane-wave cutoffEc ~up to 24 Ry! and the
number ofk points used for the sampling of the Brilloui
zone~up to 240! area053.135 Å andK52.77 Mbar, which
compares rather well~see, for instance, Table I of Ref. 15!
with other theoretical and experimental~a053.15 Å, K
52.73 Mbar! values. It should be noted that the results a
well converged already forEc512.5 Ry and for 56k points
in the irreducible part of the Brillouin zone!.

For the computations of the vacancy properties perio
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arrangements of supercells withN58, 16, 27, 32, and 54
atoms in the defect-free cells, respectively, were used.
vacancies were inserted at the supercell centers so that
odic arrangements of vacancies with bcc~8,27!, sc ~16, 54!,
and fcc ~32! symmetry arise. The formation energies we
calculated according to

E1V
F 5E~N21,1,V1V!2

N21

N
E~N,0,V!. ~1!

Here E(N21,1,V1V) denotes the energy of a superce
with N21 atoms and one vacancy at the volumeV1V of the
supercell, andE(N,0,V) is the energy of an ideal superce
with N atoms at the volumeV. In order to obtain a maxi-
mum possible error cancellation, we evaluated both term
Eq. ~1! for the sameEc and the same number ofk points.
The relaxation of the atomic positions around the vaca
was performed by first moving the atoms until the calcula
forces on the atoms are nearly zero~‘‘structural relaxation’’!.
During this first step the supercell volume was kept consta
and we inserted forV1V andV the experimental equilibrium
volume. In a second step both the ideal supercell and
supercell with vacancy were allowed to expand or shr
homogeneously~‘‘volume relaxation’’! until the total ener-
gies reached their respective minimum at the volumesNV0

and V1V,0 . The volume difference,DV1V
F 5V1V,02NV0

thereby corresponds to the relaxation volume of the vacan
i.e., to the change of the volume of a finite crystal wi
traction-free surfaces upon removal of an atom, andV1V

F

5DV1V
F 1V0 is the vacancy formation volume~see, for in-

stance, Ref. 4!. In a third step we checked whether forces
the atoms reappeared after the volume relaxation wh
would give rise to a noticeable structural relaxation, but t
was not the case. The combined effect of structural and
ume relaxation is denoted as ‘‘total relaxation’’ in the fo
lowing.

As outlined, for instance, in Refs. 4, 8, 10, the results
E1V

F andV1V
F have to be tested for convergence with resp

to the energy cutoffEc , the number ofk points used for the
Brillouin-zone sampling and the numberN of atoms in the
ideal supercell. Concerning the convergence with respec
N it turned out4,8 that for systems with simple electroni
structure that part ofE1V

F which depends on the supercell siz
N originates almost exclusively from elastic interactions b
tween the periodically arranged vacancies, whereas the e
tronic interaction is screened almost perfectly even for sm
N. For Na, for instance, the energy of the residual elas
interactions forN554 amounts4 to 0.01–0.02 eV only. In
contrast, for FeAl the electronic interaction is muc
stronger,10 probably because the Fermi energy is located
the right-hand slope of a sharp peak in the electronic den
of states, and thereforeE1V

F depends very sensitively onN.
In ideal Mo the Fermi energy falls in a pronounced valley
the electronic density of states, and we therefore expect a
convergence ofE1V

F with respect toN. In order to facilitate
the comparison of the convergence with respect to the n
ber of k points for the supercell sizes, we exhibit in Table
the numbern1 of k points which had to be used in a on
atom supercell to get the same single-particle states as
perfectN-atom supercell, i.e., we used ‘‘equivalent’’ sets
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TABLE I. Results forE1V
F ~in eV! for different N, n1 , Ec , and various degrees of structural relaxation

N
Ec ~Ry! 12.5

8 ~bcc!
16.0 12.5

16 ~sc!
16.0 12.5

27 ~bcc!
16.0 12.5

32 ~fcc!
16.0 12.5

54 ~sc!
16.0

n1

20
No relaxation 3.74 2.70 2.94
Structural relaxation 2.86
Total relaxation
40
No relaxation 3.72 3.72 3.34 3.33 3.12
Structural relaxation 3.32
Total relaxation 3.07
112
No relaxation 3.72 3.28 3.27 3.02 3.02 3.13 3.16
Structural relaxation 3.27 2.98 3.09
Total relaxation 3.00 2.90
240
No relaxation 3.75 3.33 3.14
Structural relaxation 3.31
Total relaxation
330
No relaxation 3.74 3.02 3.07
Structural relaxation 2.98
Total relaxation
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k points. The specialk-point sets of Chadi and Cohen24 and
a Gaussian broadening scheme25 with a smearing paramete
of 0.1 eV was applied. For a 16-atom supercell we used
addition the broadening scheme of Methfessel and Paxt26

and found that the influence of different broadenings onE1V
F

is smaller than 15 meV.
Table I represents our results forE1V

F for different values
of N, n1 , Ec , and various degrees of relaxation. It becom
obvious that the data are already well converged forEc

512.5 Ry. Going toEc516 Ry changesE1V
F by only few

0.001 eV. The data are also rather well converged already
n15112. Going ton15330 changes the values only by a
amount of several 0.01 eV. The test of the convergence w
respect toN for fixed n1 is aggravated by the fact that th
various supercells have different symmetries. Nevertheles
appears that the results depend only weakly onN if we ex-
clude the smallest supercell (N58). Thereby the data with
no relaxation and the data with total relaxation exhibit a v
similar dependence onN, which shows that the convergenc
with respect toN is mainly determined by small electron
effects rather than by the even smaller elastic effects.
guess is that the results forN554 differ by considerably less
than 0.1 eV from the result which would be obtained for
infinitely large supercell. Altogether, we think that the r
sidual uncertainty due to all convergence problems amo
to 60.1 eV. Taking the value of 2.895 eV for the total
relaxedN554 supercell atn5112 for our best value, we
arrive atE1V

F 5(2.960.1) eV. For our feeling, the most reli
able experimental data were obtained27 by positron annihila-
tion experiments, yielding (2.960.3) eV from Doppler
broadening experiments and (3.060.2) eV from lifetime ex-
periments. It becomes obvious that our result agrees v
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well with the experimental data, and the accuracy of o
calculation probably~the systematic LDA error is hard to
estimate! exceeds the accuracy of the experimental deter
nation. It thereby should be noted that the experiments h
been performed at high temperatures whereas the calc
tions are for zero temperature, so that the question of a p
sible temperature dependence ofE1V

F arises. Experimentally
however, there is no evidence for such a temperature de
dence in the considered temperature regime~T*2/3 melting
temperature!. The FLMTO calculation of Ref. 15 was per
formed forN527, no structural relaxation was allowed an
both the supercell with and without the vacancy were trea
at the LDA lattice constant of perfect Mo. The obtaine
value forE1V

F is 0.23 eV larger than our final value.
The structural relaxation of the atoms around the vaca

in Mo is rather small and has only a very weak influence
E1V

F . It is of course largest forN554 where there are mos
structural degrees of freedom and results in a decreas
E1V

F by about 0.08 eV. Former semiempiric
calculations28–31 also yielded relaxational energies of abo
0.1 eV. This is a rather astonishing result. In Li3 and Na4 the
relative decrease ofE1V

F due to structural relaxation is abou
a factor of 5 larger than in Mo. Whereas in Li there is
oscillatory relaxation pattern, in Mo all neighbors are sligh
attracted forN554. The relaxation is strongest~about 1% of
the original distance! for the next-nearest-neighbor she
whereas for the nearest neighbors there is nearly no re
ation. The reason for this discrepancy between Li/Na and
is certainly the much larger ionic radius of Mo. Our resu
concerning the relaxation of the nearest- and next-nea
neighbors are in agreement with the data obtained by a m
recently developed environment-dependent tight-bind
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model31 and with those of a tight-binding bond model
Ohta29 et al. In contrast, Xu and Moriarty30 obtained by a
multiatom interatomic potential derived from first-principle
generalized pseudopotential theory an oscillatory displa
ment pattern, with an inward relaxation of21.83% of the
original distance to the vacancy for the nearest neighbors
an outward relaxation of 0.46% for the next-nearest nei
bors. Common to all calculations is that the relaxations
small, except for the tight-binding study of Khannaet al.32

which yields an inward~outward! relaxation of26% ~3%!
for nearest neighbors~next-nearest neighbors!. Obviously the
results on the structural relaxations depend very sensiti
on the details of the calculations.

According to Table I the effect of the volume relaxatio
on E1V

F by going from the experimental lattice constant to t
respective LDA equilibrium lattice constant of the superc
with and without the vacancy is considerably larger than
effect of the structural relaxation. It thereby should be no
that about half of the effect results from the fact that
started the calculation for the two supercells at the exp
mental lattice constant rather than at the LDA lattice cons
e
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of the perfect lattice. The second part results from the f
that the LDA lattice constant is different for the superc
with and without the vacancy, and from this difference t
vacancy formation volumeV1V

F can be calculated~see
above!. For N554, n15112, andEc512.5 Ry we obtained
V1V

F 5(0.660.1) V0 . ~It should be noted that essentially th
same value ofV1V

F was obtained forN516 for various sets
of n1 , Ec.! There is a large error of60.1V0 because the
dependence on the total energy of the supercell volum
rather weak, and it is therefore numerically difficult to loca
the minimum ofE(V) accurately. For comparison, for Li an
Na the LDA calculations33 yielded a larger relaxation vol
ume and hence a smaller vacancy formation volume of ab
0.5V0 . By calculations based on empirical Finnis-Sincla
potentials34 a value ofV1V

F 50.73V0 was found35 for Mo.
Experimentally, from a combined study of Huang diffu
scattering and changes of the lattice parameter in elect
irradiated Mo a range of 0.75V0<V1V

F <V0 was
estimated.36
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