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Percolation exponents and thresholds obtained from the nearly ideal continuum percolation
system graphite-boron nitride

Junjie Wu and D. S. McLachlan
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Johannesburg, South Africa
~Received 20 May 1996; revised manuscript received 28 October 1996!

Compressed disks made from graphite and, its mechanical but not electrical isomorph, boron nitride as well
as graphite-boron nitride powders, undergoing compression, are nearly ideal continuum percolation systems, as
the ratio of their conductivities is nearly 10218 and the scatter of the experimental points near the critical
volume fractionfc is very small. The following measurements, with the characteristic exponent~s! in brackets,
are made on some or all of the samples in~axial! and at right angles~radial! to the direction of compression,
as a function of the volume fraction of graphite~f!; dc conductivity~s and t!, dielectric constant~s!, magne-
toresistivity (t'), and noise power (K). The noise power is also measured as function of resistance (w) and
volume (b8). The fc’s obtained for all measurements are consistent and explicable. The results for the
exponents are less well understood but, where possible, these results are compared with theoretical predictions
and previous experiments. The reasons for the nonuniversality oft are clarified.@S0163-1829~97!00327-5#
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I. INTRODUCTION

The properties of conductor-insulator~or metal-insulator!
composites have been extensively studied by both exp
mental and theoretical physicists for many years. At fi
mixture rules and later effective media theories were use
analyze the data, but since the 1970s the main theore
models have involved percolation theory and the concep
scaling. This is due to the realization that the percolat
threshold in metal-insulator systems~lattice models, mode
systems, and continuum composites! is a critical point,
analogous to the critical points of phase transitions in th
modynamic systems. Some of the major review articles
this field are by Kirkpatrick,1 Landauer,2 Bergman and
Stroud,3 and Nan.4 In addition there is an extensive set
review articles on percolation processes in the book, ed
by Deutscher, Zallen, and Adler5 and also the revised text
book on percolation by Stauffer and Aharony.6

Most experimental work has been focused on the sim
dc resistivity properties, less on the ac dielectric or cond
tivity properties, the Hall effect and flicker noise, and ve
little on the magnetoresistivity and thermopower. In mo
experimental papers only one or two of these propertie
measured on the same system, which makes it difficul
compare and correlate the different exponents that appe
the various scaling laws, which have the formQ}uf
2fcux. Here Q is the physical~electrical! property mea-
sured,x the ~in some cases universal! exponent,f the vol-
ume fraction of the conducting component, andfc the criti-
cal volume fraction or percolation threshold.fc is the
volume fraction where the conducting component first for
an infinite or spanning cluster in the sample or a continu
dc conduction path across an infinite~in practice very large!
sample. In this paper we report on measurements of a l
number of exponents, together with thefc value, in two
reliable continuum percolation systems and then try to re
them to the theoretically predicted values and those m
560163-1829/97/56~3!/1236~13!/$10.00
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sured in similar systems. The measurements made~with the
corresponding exponent in brackets! were the dc conductiv-
ity ~s for f,fc and t for f.fc!, the real part of the ac
dielectric constant~s, measurable only forf,fc!, the ac
conductivity~t for f.fc!, the ratio of the anisotropic~axial
and radial! dc conductivities~l!, the flicker or 1/f noise~w
andK!, and the transverse magnetoresistivity (t'). The dis-
persion measurementse~v! ~exponentu, which is related to
s andt! and thermopower measurements will be discusse
further publications.

Up until nearly ten years ago it was widely believed th
all the exponents, whether measured in a lattice model~com-
puter simulation!, a model system or a continuum composi
were universal, in that they depended on the geometr
dimension only—3D in these experiments. Since then it
been realized that there are a number of continuum syst
in which unequivocal nonuniversal exponents have been
served or predicted.4 Many of the exponents presented in th
paper are nonuniversal and will be discussed using the
rently accepted models for nonuniversal exponents~see
theory section!.

In Sec. II the equations used are presented and discu
and the experimental procedures are described in Sec
The results are presented in Sec. IV and discussed in Se
Our conclusions, made from the discussion, are in Sec.

II. THEORY

A. The percolation equations and exponents

When the ratio of the conductivities of the two comp
nents of binary disordered conductor-insulator media is
very small (s i /sc<1), the conductivity of continuum me
dia can sometimes be described by an effective me
theory.2–4,7 However, when this ratio is very small (s i /sc
!1), conductor-insulator systems, especially nearfc , are
1236 © 1997 The American Physical Society
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56 1237PERCOLATION EXPONENTS AND THRESHOLDS . . .
best described by percolation theory, which is also a sca
theory for phase transitions.3,4,6,8,9A number books5,6,10 and
review articles1–4 cover percolation theory and compare t
results from both lattice and continuum systems with theo
The ‘‘binary’’ system considered in this paper has a cond
tivity sm(f) and a complex dielectric constantemr(f)
1 i emi(f)@emi(f)5sm(f)/ve0#, which is made up of a
conducting component@sc and ec5ecr1 i eci ~in which ecr
is usually ignored or put equal to zero andeci5sc /ve0!#
with a volume fractionf, an insulating component@s i and
e i5e ir1 i e i i ~in which e i i is usually taken to be zero!# and a
critical volume fraction or percolation thresholdfc . fc can
only be unequivocally directly measured as the first dete
able dc conductivity, in an infinitely~very! large sample
whens i /sc50 becauses i50, or where the dc conductivity
becomes̀ and agains i /sc50. In all other casesfc for
continuum systems must be obtained by fitting the data
theoretical expression~s!.

The expressions forsm(0,f)@v50#, emr(v,f), and
smr* (v,f)5ve0emr with uf2fcu5Df, given to lowest
order,3,4,8,9

sm5scDf t, emr5e irDf2s, smr* 5scDf t @f.fc#,
~1a!

sm5s iDf2s, emr5e irDf2s,

smr* 5~v2e0
2e ir

2 /sc!Df2t22s @f,fc#, ~1b!

sm5s i
usc

12u , emr5e ir
u ~sc /e0v!12u,

smr* 5~ve0e ir !
usc

12u @f'fc#, ~1c!

where u5t/(s1t). Equations~1c! apply in the regionuf
2fcu5d, given3,4,8,11by ddc5(s i /sc)

1/(t1s) or for ac mea-
surements, withs i!ve0e ir!sc and assuminge i i , due to
polar losses, is zero or negligible, by dac
5(ve0e ir /sc)

1/(t1s). As s i /sc in this paper is 10
218 andv

small, the region covered by Eq.~1c! is experimentally inac-
cessible and will not be further discussed.

If the data covers a large range off and especially where
f goes from 0 to 1, one should fit the data using the follo
ing normalized percolation equations,

sm5sc@~f2fc!/~12fc!#
t @f.fc#, ~2a!

sm5s i@~fc2f!/fc#
2s $or em5e i@~fc2f!/fc#

2s%

@f,fc#, ~2b!

with sc , s i , t, s, and a commonfc as parameters. Thes
equations givesc whenf51 ands i whenf50, so that
they can, in principle, fit data in the range 0<f<1.12,13

Until recently it was believed that simulations, based
lattices, and real continuum media both belonged to the s
universal class and thats and t depended on the dimensio
of the problem only.6 The most widely accepted univers
values, in three dimensions, aresun'0.87 andtun'2.0,6 but
values oft down to 1.7 are often taken to be acceptable.1 All
computer simulations and many continuum systems s
ported this belief,4 but it was also found, in a number o
continuum systems, thatt was 3 or even larger.7,13–16
g
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Kogut and Straley17 were the first to show that if the low
conductance (g) bonds in a percolating resistor network ha
a distribution h(g), characterized byh(g)'g2a with 0
,a,1, then the conductivity exponentt would be given by

t5tun1a/~12a! for 0,a,1, ~3a!

while for a,0, t5tun, where tun is the accepted universa
value. For a superconductor-normal resistor network~regime
II when sc→`! with the distribution of normal conduc
tances~now in thes i component! with high g, being char-
acterized byh(g)'g2b, the exponents would be given by17

s5sun1~22b!/~b21! for 1,b,2, ~3b!

while for b.2, s5sun. Note that this model does not allow
eithers or t to be lower than the accepted universal values
sun and tun.

The first model to propose a distribution of theg2a class,
leading to a nonuniversalt in a continuum system, was th
Swiss-cheese model3,4,18,19 where the narrow conducting
necks, joining the larger regions of the conducting mater
dominate the resistive behavior. This class of system w
realized by Leeet al.16 in a system of glass spheres random
distributed in indium and gavet53.1. However, the inverted
‘‘Swiss-cheese’’ model was shown not to lead to any chan
in the transport exponents.

Balberg20 proposed a model similar to the inverte
‘‘Swiss-cheese’’ model but where the interparticle condu
tion mechanism is tunneling. This leads to the expression4,20

t5tun1~a/ l !~12 l /a!, ~4!

where a is the average closest approach distance betw
two particles, which could belong to different clusters, a
l is the tunneling distance coefficient. This equation pred
a considerable increase int for high a/ l . However, high
a/ l values would lead to very resistive media. This mod
may apply to some carbon black-polymer composites.20 Fur-
ther experimental evidence for larget values, when tunneling
is clearly shown to be a dominant conduction mechanism
superconducting measurements, is given in McLach
et al.13 and Eytanet al.21

Another model that may allowt values of somewha
greater than 2 is the links-nodes-blobs~LNB! model of
Stanley22 and Coniglio23 ~see also Ref. 3!, which supercedes
the oversimplied links-nodes model of de Gennes24 and Skal
and Shklovskii,25 and provides a realistic picture of the bac
bone on a lattice and enables the critical exponents to
calculated or estimated. In this picture, a node is any site
the backbone that is connected to the boundaries by at
three independent paths and the internode spacing, a
fc , is the corrolation lengthj'(p2pc)

2n @(f2fc)
2n in a

continuum#. A link consists of lengths of single or cuttin
bonds ~i.e., those which, if cut, will interrupt the curren
flow! and blobs~which are multiply connected paths on th
backbone, where each path carries a fraction of the backb
current!. The average resistance of two sites, separated
percolation correlation lengthj, or the resistance of the in
cipient infinite cluster isa(p2pc)

2d, which leads to the
expressiont5d1(d22)n.23,26 If the links are made up of
cutting bonds only, the model proposed in Refs. 24 and
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1238 56JUNJIE WU AND D. S. McLACHLAN
d51. According to Refs. 23 and 26, the random resis
model givesd51.12 in 3D, which leads tot51.95 (1.12
10.83). To account for the largert, that is found in some
continuum system,d would have to be larger than 1.1
~which implies a large fraction of blobs on the backbon!.
Fisch and Harris26 give the limit n,d,n/ns , wherens is
the correlation length exponent for self-avoiding walks. U
ing their values ofn50.83 andns50.588, this givesd an
upper limit of 1.49, whilen values of 0.83–0.89 have bee
put forward. Therefore, in its current form, the links, node
and blobs model is unable to account fort values higher than
about 2.35 unless, the complexities of the links, nodes,
blobs in a system of real grains~with the possibility of an
anisotropic conductivity and/or shape and a range of in
grain conductances! allows d to be higher than 1.49.

Breakdowns in universality have also been found in tw
dimensional anisotropic percolation systems. Model exp
ments and computer simulations in two dimensions, wh
both sun and tun'1.3, give nonuniversal values fors and t
which, depending on direction, can be either larger
smaller thantun ~Ref. 4 and the references therein!. There
appears to be no similar data in three dimensions.

The magnetoresistance of percolating systems has
been extensively studied; there being, to the best of the
thors’ knowledge, essentially one previous theoreti
paper27 and two experimental studies.28,29The Hall effect has
been more widely investigated but, as this was not mea
able in this system, the reader is referred to the review
ticles by Bergman and Stroud3 and Nan.4 Bergman27 devel-
oped expressions for the low-field Hall effect an
magnetoresistance using a scaling approach. For the tr
verse and longitudinal magnetoresistance two new expon
t' and t i had to be introduced. Using these it is predict
that, in systems wheresc@s i ,

2Ds}H2 and ~f2fc!
t' or t i ~5a!

and

Dr/r}H2 and ~f2fc!
t'2t or t i2t ~5b!

Here2Ds is the change in conductivity between zero an
given field, whileDr/r is the usual@r(H)2r(0)#/r(0).

B. The general effective media equation

Another method of fitting continuum conductivity da
(s i /scÞ0), as a function off, is to use a modification o
the general effective media equation proposed
McLachlan30 and McLachlan, Blaskiewicz, and Newnham7

This modification31 is

~12f!~s i
1/s2sm

t/s!

s i
1/s1Asm

1/s 1
f~sc

1/t2sm
1/t!

sc
1/t1Asm

1/t 50, ~6!

where A5(12fc)/fc . This equation reduces to th
Bruggeman symmetric equation, whent5s51, has the
mathematical form of the Bruggeman asymmetric equat
whenfc50 or 1 ands i→0 or sc→`, and the percolation
equations@Eq. ~2!# whens i50 or sc→` and 0,fc,1. It
is also a smooth interpolation between the two conductiv
equations given in Eqs.~2!, whens i /sc.0.7,31When the dc
conductivity data in this paper was fitted to both Eq.~2! and
r
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~6!, virtually identical values for the parameters were o
tained, which is to be expected ass i /sc'10218. In the re-
sults section, the parameters given are usually those obta
from Eq. ~2!. Note that all three-dimensional data~where
s i /sc was usually greater than 10

28! previously7,13 fitted to
Eq. ~6!, using t5s, gave a fit to the data which was a
statistically good or nearly as good as that obtained usint
Þs.

C. 1/f or flicker noise

Low frequency or 1/f noise has been observed in a wid
variety of both homogeneous and percolation systems
many years.32,33 When a constant ‘‘noise free’’ current i
passed through a resistor the observed noise increases
increase is known as the 1/f or flicker noise. The noise
power spectrum in terms of voltage fluctuations is describ
by Hooge’s34 empirical formula,

Sv~ f !5aV2/~Nfg!, ~7!

where g is an exponent close to unity~usually
g51.060.1!, V is the dc voltage drop across the samp
N is the total number of charge carriers in the sample~usu-
ally proportional to the volume!, anda is a dimensionless
number with a value of the order of 1025→1021 in small
volume metallic samples32,33 and as high as 103→107 in
granular high-Tc materials.

35

In this paper after checking thatSv is proportional to
V2 ~or I 2R2 as the resistance is Ohmic! and determiningg,
the quantitySv /V

25a/(Nfg) is examined as a function o
(f2fc) orR, the dcresistanceof the sample. Many experi
mental workers have observed the following power laws
percolation systems:

Sv /V
25A~f2fc!

2K ~8a!

5BRw, ~8b!

as the percolation threshold is approached from the cond
ing side. Note that theory predicts thatw should be given by
w5K/t. As the plot ofSv /V

2 againstR should eliminate
some of the statistical fluctuations in thesm against (f
2fc) results, the exponent given in this paper isw, but K
can be found by multiplying by the appropriatet. Measure-
ments on percolation systems include those in both two36–40

and three41–42dimensions.
Theoretical calculations give aw of 0.85 for a three-

dimensional random resistor lattice43,44and 2.15 for a Swiss-
cheese structure.43 For a three-dimensional Swiss-cheese a
inverted Swiss-cheese model, Tremblay, Feng, and Bret45

calculatedw to be 2.1 and 2.4, respectively. Using a mod
where the noise is generated in a granular medium
‘‘metal-to-metal’’ contacts, in the so-called Sharvin regim
Pierreet al.40 obtained aw of 1.5, forf.fc .

Using scaling arguments Rammal, Tannois, a
Tremblay46 showed that for fractal structureSv( f )/V

2 is
proportional toL2b, whereL is the linear size of the cubic
sample,L!j, andb is a new exponent, with a value of 1.1
for a three-dimensional random resistor network mod
While the noise power may scale asL2b nearfc , it should
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scale asL23 for f51, i.e., a homogeneous system in thr
dimensions; the change over should be whereL'j.46

III. EXPERIMENTAL APPARATUS AND PROCEDURES

All the samples used in these experiments consist of m
tures of graphite powder (G) and hexagonal boron nitrid
~BN! powder together with dry air, as there was always
certain amount of porosity. Graphite and BN are mechan
isomorphs, with almost the same crystal structure~hcp!, pa-
rameters, and density~2.25 gm/cc!. Compressed pellets o
the BN, with a porosity of 18% have a resistivity o
1016 V cm along the direction of compression and 4
31014 V cm at right angles to this direction. Similar com
pressed graphite pellets have a resistivity along the direc
of compression of 0.12V cm and a transverse resistivity o
2.8831023 V cm. For mixed compositions, the appropria
weights ofG and BN were ground together in a planeta
mill for an hour. This resulted in a powder in which 80%
the grains lay between 3 and 24mm.

The first system is the compressedG-BN series of
samples, where disks~diameter 26 mm and thickness abo
2.5 mm! were produced in a cylindrical pressure die at 2
Mpa. The porosity of these disks was always very close
0.18. A comparison of the x-ray spectra of the surfaces
compressed disks and loosely packed powders, showed
during compression the grains oriented, such that 80% of
c axis lay within one degree of the compression axis. T
leads to a large anisotropy in the conductivity. For axial m
surements silver paste ‘‘capacitor’’ plates, with two~I or
V! loops of thin copper wire embedded in them, were pain
on the end faces. For radial measurements bars, with dim
sions of about 243832.5 mm, were cut from the disks an
two or four point leads were attached with silver paste. N
that, because of this geometry, neither capacitive or v
high resistivity radial measurements could be made.

The dc conductivity of freshly compacted disk samp
nearfc were found to vary fairly rapidly at first and then
an ever decreasing rate. A typical change was 45% in
first ten weeks and then less than 1% in the remainder
year. All measurements on disk and parallelepiped sam
reported here were made on samples aged for at leas
weeks. The origin of this phenomenon is not known and i
planned to investigate it further.

dc resistivity measurements on the low-resistance sam
(R,0.1 MV) were made using standard procedures a
where necessary, separateI and V wires. Resistivity mea-
surements, whereR.0.1 MV, were made using a Keithle
617 operating in theV/I mode. Capacitance measureme
where made using an ESI video bridge. This is an ac ve
voltmeter and the separateV and I leads were used.

To measure the dependence ofSv /V
2 on the volume of

the compressed samples, radial samples~with selectedf val-
ues! where cut and polished so as to decrease the volu
Typical dimensions are~1! 18.6318.632.2 mm, ~2! 16.9
316.932.2 mm, ~3! 14.6314.632.2 mm, ~4! 12.7312.7
32.2 mm, ~5! 1131132.2 mm, ~6! 6.836.832.2 mm, ~7!
6.136.132.2 mm. In addition two disk samples with a d
ameter of 50 mm and a thickness 3.8 mm were pressed
Sv /V

2 measured as a function of volume. Typical dime
sions here are~1! 35.1335.133.8 mm, ~2! 31.4331.4
-
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33.8 mm, ~3! 2532533.8 mm, ~4! 1831833.8 mm and
~5! 1331333.8 mm. Note that in all these samples it is t
area that is being reduced, but as the samples are thre
mensional, this should not be important.

The second system consisted ofG-BN 50:50 and 55:45
powders undergoing compression in various piston-cylin
apparatus in which the pressure was applied by a pis
driven by a precision 0.5-mm pitch thread. Reproduci
pourings were obtained by pouring the powder into the c
inder through a sieve, which covered the mouth of the c
inder. In one set of measurements the powder was introdu
into the slot in a special cylindrical piston, at the bottom
the cylinder. The piston was then raised with a rotating m
tion, using a screw. In this method the powder underwent
free fall and can be thought of as being ‘‘stroked’’ into p
sition.

The dc powder resistivity measurements were made
cylindrical vessels with internal diameters~ID’s! of 42 mm
and a length of 90 mm. Preweighed and ground powder
50%G-50% BN and 55%G-45% BN were poured into the
cylinders, so as to achieve very low apparent densities.
resistivity measurements were made as the top close fit
nonrotating moving plunger was slowly and incrementa
moved down into the cylinder. The volume fraction of th
graphite, between the plunger and bottom plate, was a
rately known at all times from the weight and density of t
graphite and the total volume between the plates, calcula
from the accurately known position of the plunger. Near t
metal insulator transition~MIT ! transition the volume frac-
tion increments were very low, 0.001~0.1%!. For the axial
measurements the vessel walls were polyethylene and
metal plunger and bottom of the vessel were the electro
For radial measurements the cylindrical vessel walls con
of 90° of brass, 90° of polyethylene, 90° of brass, and ag
90° of polyethylene. In this case the plunger and bottom
the vessel are both polyethylene. All the resistivity measu
ments were made using a Keithley 617 electrometer ope
ing in theV/I mode.

At the beginning of an experiment the plunger was ab
70 mm above the bottom plate and the apparent den
about 0.36 gm/cc which corresponds to a packing fraction
about 0.16. The downward motion was limited by the torq
that could safely be applied to the 0.5-mm thread. At
lowest point of the motion the plunger was about 40 m
above the bottom plate, the apparent density about 0.63
cc, and the packing fraction about 0.28, which means t
there are always air filled cavities in these powders.

The axial ac dielectric~conductivity! measurements wer
made with the same powders as above, in a cylindrical ve
with an ID of 70 mm and a length of 50 mm. The volum
fraction calculations and packing fractions are similar
those described for dc measurements. The dielectric m
surements reported here were all made at 100 and 1000
using an ESI video bridge~vector voltmeter!.

As the geometry used for radial resistance measurem
was not suitable for capacitance measurements, a diffe
cell geometry had to be used. A slot shaped ‘‘cylinde
1003100310 mm was constructed, where the 1003100
faces were the electrodes. The powder was compresse
above, but using a piston with a face of 103100 mm. The
parallelapiped piston-cylinder system was also measu
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1240 56JUNJIE WU AND D. S. McLACHLAN
with no sample present to obtain the capacity of the pis
only. After correcting for this, the dielectric constant of th
powder was obtained. The measurements were made u
the same ESI video bridge.

The samples used for magnetoresistivity measurem
were parallelepipeds approximately 2032.532 mm in size,
the 2-mm edge being in the axial direction. The voltag
current contacts were silver painted onto the 2032 faces, so
the current direction~along the 2.5 mm edge! was in a radial
direction. The magnetic field, supplied by a conventio
1.5-T iron core magnet, was perpendicular to the 2.5-m
edge, or in the axial direction, which resulted in the tra
verse magnetoresistance being measured in a radial direc
This is the geometry recommended by Putley47 to minimize
the interference in magnetoresistivity measurements by
Hall effect. The magnetoresistance could only be measu
for f.fc and the current and voltage measurements w
made using two Digital Multimeters. The magnetic field w
measured using a calibrated Hall probe.

An attempt was made to measure the Hall effect in
243832.5 mm radial samples, previously used for resist
ity measurements. The current flowed along the 24-mm e
~radial! direction and the field was perpendicular to the
38 mm plane, i.e., in the axial direction. This was not su
cessful, even though an ac lock-in amplifier technique~to
improve the sensitivity and signal-to-noise ratio! was also
tried. Attempts to measure the Hall effect at 77 K, were
Hall coefficient of graphite is considerably larger,48 also
failed.

Flicker noise measurements were made on the compa
disks in the axial direction and on the parallelpipeds cut fr
the discs in the transverse direction. No measurements w
made on the powders as the readings were too unstable
kaline batteries, wire wound buffer resistors~the total of
which was always at least ten times the sample resistan!,
the sample, and a Stanford Applied Research SR560
noise preamplifier~running on its internal batteries! were all
placed in a grounded shielded steel container. The input
pedance of the preamplifier limited the measurements
samples with resistances of less than 100 KV, i.e.,f.fc .
The output of the preamplifier went to a HP 3562A Sign
Analyzer, which performed fast-fourier transforms to gi
the noise spectra. The current was varied and calculated
ing various buffer resistance-applied voltage combination
series with the sample, and the measurements were all m
at 2061 °C.

The noise spectrum between 1 and 1000 Hz was ta
and averaged over 1000 sweeps by the spectrum anal
The flicker noise spectrum was then measured for a num
of selected currents, so that the expected current~voltage!
Sv( f )}I

2 dependencies of spectrum could be verifie
These measurements were repeated for a number of axia
radial disk samples, all with approximately the same volum
for different fs(f.fc). For some selected composition
the noise was measured for various samples, nearfc , with
ever decreasing volumes~as previously described!.

IV. RESULTS

In this section the experimental results and the result
fitting the data to the experimental data will be present
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with the minimum of discussion. A more detailed discussi
will be given in the next section when all the values offc
and the exponents, together with their experimental unc
tainties, have been presented.

In all analysis made in this section the insulating comp
nent is a BN-dry air composite. The porosity of all com
pacted samples, fromf50 to 0.82, is close to 0.18. As th
BN and graphite grains have the same crystal structure, d
sity and similar size distributions one may consider this
ries of composites to be such that one starts with a gran
BN-air composite and replaces the BN grains by graph
grains asf increases. If this picture is adopted, then one
merely replacing the insulating sites with conducting ones
f increases, and the composite nature of the insulator c
ponent is less troublesome. In Fig. 1 plots of the axial c
ductivity, on a logarithmic scale, for a series of disk samp
and a single run on a 55% G-45% BN powder, as a funct
of f are shown. The large change in the resistivity and
relatively small scatter of the data very nearfc , probably
make this the best conductivity data yet observed in a c
tinuum system nearfc . The ddc region, where Eqs. 1~c!
apply and given by (s i /sc)

1/t1s5(10216/102)1/t1s, is too
narrow whether one takes the universal values ofs and t or
the measured ones given below, and no samples lie in
region. Thesm data shown in Fig. 1 and similar data fo
another series of disk and powder samples are fitted u
equations in Eq.~2!, with sc , s i , s, t, and a single value of
fc as parameters. The results of these fits to disk data, sh
in Fig. 1, are also plotted in Figs. 2~a! and 2~b!. Also shown
in Fig. 2~a! is the radial dc conductivity data, for the para
lelpiped samples~with f.fc! cut from the same disk
samples shown in Fig. 1, and the best fit to this data. Fig
2~c! shows the data for the capacitive measurements, mad
100 and 1000 Hz, on the insulating side of the above se
of disks fitted to theem equation in Eq.~2!. The best fit
values ofs, t, andfc , used to plot the theoretical curves
Fig. 2, are given in Table I. Radial conductivity and diele
tric measurements on the insulating side of the parallelepi
samples could not be made due to the high resistances
low capacitances, caused by the unfavourable geometric
tor. No capacitive measurements could be made on the
ducting side of the MIT, due to the high conductivity of th
samples and the limitations of the ESI vector voltmeter.

The values offc , s, andt, together with the experimen

FIG. 1. A plot of the log of the axial dc conductivitysc against
the volume fractionf for a series of disk-shaped samples and
single run on the 55% graphite-45% boron nitride powder.
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56 1241PERCOLATION EXPONENTS AND THRESHOLDS . . .
tal uncertainties, obtained for both series of disk samples a
summarized in Table I. As previously stated thefc , sc ,
s i , s, and t parameters for the axial dc data for disks wa
obtained from simultaneous fits to Eq.~2!. ~For brevity the
values ofsc ands i are not given in the table, but are men
tioned elsewhere in the text.! This method eliminates the
problem of getting nearly equally good statistical fits for dif
ferent combinations offc and t, as emphasized by Lee
et al.;16 who suggested thatfc could only be reliably ob-
tained by direct (sm50) measurements. However, for rea
systems (s i /scÞ0), the experimental results depend no
only on the system, but also the measuring equipment us
~note ‘‘s50’’ is very different using a digital multimeter
and an electrometer!. Therefore, we believe that, where the

FIG. 2. ~a! A plot of the log of the axial and radial dc conduc-
tivities (sdc) against log10(f2fc) for compacted disk samples,
wheref.fc . ~b! A plot of the log of the axial dc conductivity
~sdc) against log10(fc2f), wheref,fc . ~c! A plot of the log of
the axial real dielectric constante against log10(fc2f), wheref
,fc . fc50.150 in all three cases.
re

t
ed

data goes over a sufficient range off on either side offc ,
simultaneous fits to Eq.~2! or a single fit to Eq.~6! are the
best methods. The problem of differentfc2t combinations
fitting the data nearly equally well is also commented on
McLachlan12 and Chen and Johnson.49 The radial parallel-
epiped data was fitted to Eq.~1a! only and the best statistica
fit parameters are listed. However, the values offc and t
tabled for the radial measurements were clearly the best
tistical fits, within the error limits. The fact that thefc
~axial! andfc ~radial! values agree with each other to with
the experimental accuracy, as is to be expected,4 increases
our confidence in thefc ~radial! and t values.

Note that the virtually linear and parallel data, forsdc
whenf.fc , shown in Fig. 2~a! does not agree with eithe
of the two models proposed by Shklovskii,50 for the conduc-
tivity of anisotropic percolation systems.

The data given in Table I are for disks with a maximumf
of 0.24. Conductivity measurements for 0.82.f.fc were
also made, using the previously described two embed
wire electrodes or capacitor plates. The data for all the di
from f50 to f50.82 is shown in Fig. 3. The theoretica
curve shown in Fig. 3 is actually a best fit to Eq.~6! and the
parameters are fc50.15060.002, log10 s i5215.86
60.04, log10 sc51.8960.02, s51.0560.18, andt53.03
60.07. These parameters are very close to those obta
using the normalized percolation Eq.~2!, for the same data

TABLE I. This table gives the values offc , s, andt obtained
from the measurements described in this paper. Values ofsc and
s i are mentioned in the text. Axial and radial indicates the direct
of the electric field. Direct current measurements are labeled
while ac measurements are performed at 1000 Hz and somet
also 100 Hz.

Sample
disks fc s t

Axial ac 0.15060.001 0.5360.07 2.5860.13
Axial dc 0.15060.001 1.0160.05 2.6360.07
Radial dc 0.15060.001 2.6860.13

Axial ac 0.15360.001 0.4060.02 2.8160.09
Axial dc 0.15360.001 1.0660.04 2.9060.20

‘‘Sieved’’ powder

50% G
Axial ac 0.11460.001 0.6060.01
Axial dc 0.12060.001 0.4260.01 4.8560.46
Radial ac 0.10860.002 0.9160.02
Radial dc 0.11660.003 0.2660.05 6.1060.16
55% G
Axial ac 0.12460.001 0.7260.01
Axial dc 0.12360.001 0.4760.01 4.8060.14
Radial ac 0.10960.001 0.8360.06
Radial dc 0.12460.001 0.4660.01 6.0660.13

‘‘Poured using a rotating cylinder’’

50% G
Axial ac 0.12760.001 0.5360.01
Axial dc 0.12360.001 0.9360.13 4.6460.04
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1242 56JUNJIE WU AND D. S. McLACHLAN
but over a smaller range off. If Eq. ~6! is used to fit the data
below f50.24 only, the results arefc50.15060.002,
log10 s i5215.8660.01, log10 sc51.5060.13, s51.05
60.04, andt52.76.24, very close to the values given
Table I.

The parametersfc , sc , s i , s, and t for the axial and
radial dc powder data, on both sides offc , were also ob-
tained by the simultaneous fit to Eq.~2! method, so there can
be very little uncertainty as to their values. The axial a
radial capacitive measurements on powders had to be fi
for f,fc only, but the parameters have relatively sm
error limits. The slightly lower value offc for the radial
capacitive measurements~compared with the other three! can
be attributed to the very different geometry of the ‘‘radia
capacitive cell, used in these measurements. The fact
fc differs by so little, for two rather different geometrie
~circular and parallelapiped!, is actually encouraging. Th
data and fitted results for the powder experiments are sh
in Figs. 4~a!, 4~b!, and 4~c!. The parameters obtained b
fitting this data are tabulated in Table I. The ac parame
are those obtained at 1000 Hz. The values measured at
Hz were virtually identical.

To check for inconsistencies, each powder experim
was repeated three times and each experiment gave
values for the same parametersa1 , a2 , a3 and three statis-
tical standard deviationsd1 , d2 , d3 . The average value o
the parameter was then calculated from the following eq
tion:

ā5@~1/d1
2!a11~1/d2

2!a21~1/d3
2!a3#/@~1/d1

2!1~1/d2
2!

1~1/d3
2!#. ~9!

The deviation, given with the average parameter in Tabl
is the maximum value ofd1 , d2 , or d3 .

The magnetoresistance results are given in Fig. 5 in
form log10$†r(H)2r(0)‡/r(0)% against log10(f2fc), at
m0H51.5 T. The exponent measured is 0.2860.01. If
log10„2Ds(1.5 T)… was plotted against log10(f2fc) the
slope would have been about 3(t1t'52.710.28). The
(Dr/r) slope of 0.28 is in agreement with the value of 0
obtained by Rhode and Micklitz29 for the SnxAr12x system,
but their slope for (2Ds) against (f2fc) is only 1.9, as

FIG. 3. A plot of the axial dc conductivity, on a log scal
againstf for a series of disk-shaped samples over a wider rang
f than shown in Fig. 1. The solid line is a best fit to Eq.~6!. The
parameters are given in the text.
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their t value is 1.6. The question of whether the exponent
about 0.3 for (Dr/r) against (f2fc) is universal, must
await more experiments and further theoretical calculatio

The slopes of the2Ds againstB05m0H were also ex-
amined and best-fit slopes through them were found to
1.7260.03, for 0.205<f<0.24, and not 2 as is to be ex
pected@Eq. ~5a!#. Rhode and Micklitz28 give a plot showing
aH2 dependence for2Ds for the BixKr12x system, but do
not actually show the system to be a percolating one. Ho
ever, when plotted againstH2 a reasonable straight line ca
also be drawn through the present results.

of

FIG. 4. ~a! A plot of the log of the axial and radial dc conduc
tivities (sdc) against (f2fc) for 55% graphite-45% boron nitride
(fc50.123) and 50% graphite-50% boron nitride ‘‘sieved’’ pow
ders (fc50.120) forf.fc , ~b! A similar plot to that shown in
Fig. 4~a! but the dependent variable is now log10(fc2f) andf
,fc . Thefc value is the same as in Fig. 4~a!. ~c! A plot of the log
of the radial and axial dielectric constants, for the same powd
against log10(fc2f) for f,fc . Here fc (radial)50.109, fc

(axial)50.125, and the frequency is 1000 Hz.
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56 1243PERCOLATION EXPONENTS AND THRESHOLDS . . .
As previously stated, flicker noise measurements w
only made for the axial conducting discs and the parallele
peds cut from them in the radial direction. Plots of log10 Sv
against log10 I for several axial and radial samples verify th
Sv is proportional toI

2 ~or V2!. Plots ofSv /V
2 against the

frequency for the axial and radial samples were also ma
The observed slopes range between 0.95 and 1.08 wi
mean of 1.0460.4 for the axial samples and the mean
1.0660.04 for the radial ones. These slopes are typical
flicker noise.33,34 Figure 6 shows a plot o
log10 Sv(10 Hz)/V

2 against log10 R ~dc! for both axial disks
~the diameter is 26 mm and the thickness is 2.5 mm! and
radial parallelepipeds~all close to 243832.2 mm!, from
which values ofw are obtained. When fitted to Eq.~8b!, the
values for the exponents are 1.4760.08 in the axial and
1.7260.08 in the radial direction. The above results are
for samples with nearly the same volume. As one can ass
that N in Eq. ~7! is a function off and total volume, the
above measurements were repeated for several ra
samples, where the volume was systematically redu
while, it is hoped that,f andfc remained reasonably con
stant. These results are given, as a plot ofSv(10 Hz)/V

2

against the log10 of the volume in Fig. 7, where some da

FIG. 5. A plot of the log10 of @r(H)2r(0)#/r(0) against
log10(f2fc) @fc50.150# for radial parallelpiped samples. Th
slope is 0.2860.01.

FIG. 6. A plot of log10Sv /V
2 against logR for in both the axial

~compacted disks! and radial~parallelpipeds! directions. The expo-
nents are 1.4760.08 in the axial and 1.7260.08 in the radial direc-
tion.
re
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points and the lines through them are shifted up or down
clarity. From Fig. 7 it can be seen thatSv /V

2 is proportional
to the volume2b8, where the weighted average ofb8 is 0.56,
and not the volume21.0 behavior expected for a homoge
neous sample.@Note 0.56 is obtained using a formula simila
to Eq. ~9!#. The corresponding resistance~very close to pro-
portional to the resistivity! plot against the volume plot has
slope of 1, within the experimental error. None of the pre
ous workers on percolative systems in two36–40and three41,42

dimensions, studied the noise as a function of area or
ume.

V. DISCUSSION

In order to discuss the values offc , s, t, and other ex-
ponents given in the previous section and to compare th
with the values predicted by lattice models or continuu
models, such as the Swiss-cheese model, as well as t
observed in other experimental continuum systems, it is n
essary to produce reasonable models for the microstruct
of the highly compressed disks and lightly compressed p
ders. This section will therefore start with these models
fore discussingfc , the nonuniversals, and t ’s and other
exponents.

A. Microstructure of the disks and powders

Stress-strain curves on powder samples show that up
volume fraction of 0.45 relatively small stresses are co
pacting the powder and decreasing the size of the cavi
The stresses rise between 0.45 and 0.62 and a sharp ri
the stress atf50.62 indicates that inelastic strains along t
a-b plane, and possibly even small shards peeling off
grains, are necessary for compression beyond the ran
close-packed value of the packing~volume fraction!. The
final structure, with a typical porosity of 18%, is pressu
bonded between theG-G, G-BN, and BN-BN grains. The
radial electrical resistivity could be primarily determined b
the G-G necks as, the measured resistivities off50.82

FIG. 7. A plot of log10Sv /V
2 against the log of the volume o

theG-BN parallelpipeds, for several values off. The slopes from
top to bottom are~h! 20.4960.09 @f50.156#, ~d! 20.65
60.04 @f50.164#, ~�! 20.5060.03 @f50.164#, ~L! 20.58
60.02 @f50.168#, ~%! 20.4160.07 @f50.164#, ~s! 20.52
60.17 @f50.172#, ~n! 20.6460.09 @f50.168#. The average of
the slopes is20.56. The solid lines are plotted with the true valu
of log10(Sv /V

2), while the broken lines have been shifted in th
vertical direction to avoid overlap.
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1244 56JUNJIE WU AND D. S. McLACHLAN
samples are approximately 2.931023 V cm along the radial
direction, while previously measured single crystal value48

in thea-b plane are about 4.231025 V cm. @Recall that the
compressed disks show a strong orientational effect, with
c axis of theG and BN grains tending to align along th
compression~axial! direction.# If the resistivity is indeed par-
tially determined by theG-G necks the problem is no longe
a pure site one, but is also partially a bond one, as the ne
G neighbors could be bonded by a range of resistances
there must be some inelastic flow at the necks~the inter-
granular contacts!, the disk microstructures are analogous
a ‘‘binary’’ Swiss-cheese model, with relatively large ar
intergranular contacts~G-G, BN-BN, G-BN!.

Typical size distributions of the starting powders, for bo
types of experiment, are such that 80% of the grains
between 3 and 24mm. An examination of the shape of thes
ground powders, in a scanning electron microscope, sho
the particles to have shapes that can be characterized
moderate but not an extreme aspect ratio. The starting p
ing fraction of theG and BN components was typically 0.1
Taping and shaking the cylinder increased the packing f
tion to about 0.20, which is still well below the value o
about 0.6 expected for a random close-packed uniform p
der. This shows that the starting microstructure for the po
der experiments and in the cylindrical mold, before co
pressing the disks, is one of small air cavities surrounded
the loosely packedG-BN powder, which contains smalle
voids. As the starting volume~packing! fraction of all the
powders (G1BN) used in the powder experiments is abo
0.16 and the finishing fraction is about 0.3, the entire pow
experiments were done in a region where the grains
freely over each other and there is no pressure bonding.

B. The critical volume fraction fc

The values offc , s, and t obtained from the various
experiments are given in Table I. Note that, with one exp
cable exception, the axial and radialfc’s are the nearly the
same, within the experimental error. This is in accord wi4

and the experimental observations in Ref. 59.
The observed critical volume fractionfc for the two se-

ries of disks of 0.15060.001 and 0.15360.001 are within
the bounds10,52 of fc50.1660.2, for hard or impermeable
spheres of a single size, such that nearest neighbors
touch, placed randomly on all lattices in three dimensio
and also random close-packed structures.10 In the present
case the particles are not spherical, and are only appr
mately the same size. In a series of papers on the conce
the excluded volume, Balberg and his collaborators53,54

showed that it is normally the excluded volume, given
rotations about the ‘‘principal’’ axis, that determinesfc in
random systems. The excluded volume is much larger t
the actual volume for extended shapes, such as rods
disks, and the resultingfc is usually lower than the value o
0.16, expected for the random packing of spheres.10 For
spheres the actual and excluded volumes are the same. I
present case the excluded volume is not too much larger
the actual volume and a value of 0.15 is not unreasonable
another paper, Balberget al.53 say in their conclusion ‘‘An-
other increase in the degree of randomness, by allowing
jects ~grains! of different sizes but of the same shape~into
e
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the composite!, does not cause a change in the exclud
volume ~or fc!.’’ Therefore we can expect thatfc will not
differ much from 0.16, due to the range of particle sizes.

In the powders the values offc are typically 0.11 to
0.125. This can be accounted as follows. The microstruc
is one of a loosely packed GBN powder, containing voi
surrounding air filled cavities. See illustration in Ref. 51. A
analog type of structure was originally considered by M
liaris and Turner,55 but improved upon by Kusy.56 Kusy ar-
gues that, if the conducting particles have a much sma
radius than the insulating~in his case solid! particles, the fine
conducting powder will tend to coat the large insulating p
ticles. In the present case the fine powder coating, wh
forms the walls of the insulating air cavities, containsG,
BN, and small voids between theG and BN grains, while the
larger air filled cavities correspond to the large insulati
spheres. When the coating component~G, BN, air!, or in this
case the walls of the cavities, are above the percolation li
the entire three dimensional structure is conducting. As
‘‘large’’ cavities belong to the insulating fraction this lead
to lower values offc , as is observed here. Kusy

56 compiled
a curve of the ratio of the radius of the insulating grains
the radius of the conducting grains againstfc . The practical
minimumfc for this model is about 0.03. For afc of 0.1,
according to Kusy’s curve, the ratio of the radii of the me
insulating particle~or in this case, the mean air filled cavity!
to the mean conducting particle size is about 7. It is theref
apparent that a large number of insulating particles or ca
ties with a size of about 7 times the typical size of the co
ducting grains can lead tofc’s well below 0.10. Cavities of
this size~30–100mm! would be hard to get rid of by pres
sure.

C. The critical exponentss and t

From the microstructures just discussed, the structure
the compressed disk composites is that of a ‘‘binary’’ (G
1BN) anisotropic inverted Swiss-cheese model, with voi
According to Feng, Halprih, and Sen19 the~single component
plus voids! inverted Swiss-cheese structure does not have
wide range of conductance necessary to give rise to a n
universalt and should be characterized by a universalt. We
believe the same to be true in the present case. Ano
mechanism for an increasedt is an inverted Swiss-chees
model with a barrier tunneling between the grains,20 but as
there are no oxide or polymer coatings between the tigh
compressed and bonded graphite grains, tunneling canno
cur along the current carrying backbones of thisG-BN sys-
tem. Another mechanism, the increase int due to the anisot-
ropy of the conductivity, has to date only been extensiv
investigated~experiments and computer simulations! in two
dimensions~Ref. 4 and the references therein!. Here it is
found that while thet in one direction increases with aniso
ropy, in the other direction it decreases. This could be, bu
probably not, a feature of two dimensional systems only.
in the present case,t is approximately equal in both direc
tions in the compressed disk series ofG-BN samples, this
‘‘mechanism’’ can probably be ruled out.

Another consideration is the influence of the porosity~mi-
crovoids! of the disks and the cavities and voids in the po
der samples. Still another is that, although the variation
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56 1245PERCOLATION EXPONENTS AND THRESHOLDS . . .
the conductivity withf is consistent with a site percolatio
problem~with a nonuniversalt!, the idea of a simultaneou
bond percolation problem must be considered, to accoun
the variation of intergranular contact resistances. As th
two considerations are probably only relevent in the pow
experiments, they will only be discussed as a possible ex
nation for the very hight values obtained for the powder
samples. As previously discussed the powders, which f
or coat the insulating cavities, must be visualized as
conductor-insulator mixture of the two components a
voids surrounding air filled cavities. As a powder ‘‘coating
approaches and passes through the percolation threshold
powder ‘‘coating’’ density increases~smaller voids! and the
air filled cavities shrink~some may even vanish!. For pow-
ders, as can be seen from Figs. 4~a! and 4~b!, the axial con-
ductivities are always higher than the radial ones at and
both sides offc , which is the opposite of what is observe
for the compressed disks. This could be due to the interg
pressure being higher in the axial~compression and gravity!
direction than the radial one. Although the axial and radial
conductivities give the samefc , the different exponents
show that the axial and radial directions are not equivalen
a percolative sense. There could, in both the axial and ra
directions, be a contribution to the enhancement oft from the
large range of intergranular conductances,17 that is likely to
occur in a poured and lightly compressed powder. This co
be one of the reasons why the radial direction, probably w
smaller intergranular contact pressures and hence a la
range of intergranular conductivities, has a largert. As this
proposed wide range of intergranular contact resistances
not created by scalloped intergranular necks, as propose
Refs. 18, 19, the expressions in these papers cannot be
to estimatet.

What has been discussed above is a site-range of b
~intergranular! resistivities model. But, if some of the neigh
boring graphite grains~sites! just fail to make contact, being
held apart by ‘‘wedge edges’’ of neighboring BN grains, th
would give the system some aspects of a site-bond perc
tion problem. However this, while changingfc , is not sup-
posed to give a nonuniversalt.57 Also it is not very likely
that many intergraphite grain distances will be in the corr
range for vacuum tunneling and these will invariably
short circuited by actual contacts between grains. Hence
t enhancement can be expected from the tunneling me
nism for the powder experiments. Therefore, it would app
that the enhancement oft, in the powder experiments, coul
be due to a large range of intergranular conductances an
possibly the cavity containing structure.

The presence of cavities have not yet been incorpora
into any lattice simulations and model experimental syste
and probably occur in many other continuum composit
Further evidence for the cavity or large insulating sph
structure giving high-t values, is given by the experiments o
thick-film glass-RuO2 resistors,14 which also show a very
high-t values~3–5!. The microstructure here is one whe
conducting percolating filaments of RuO2 or Bi2Ru2O7 ~ob-
tained from a powder whose radius is much smaller than
of the glass beads! encapsulate the glass beads. Thefc’s for
these resistors is very low (fc<0.021), which is in accord
with the results of Kusy,56 but this structure and the resulta
fc’s can also be understood in terms of the grain consol
or
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tion model.58 Carmonaet al.15 also remark on the analogie
between their carbon fiber-polymer geometry~with t ’s up to
3.5! and that of the thick-film resistors. These support o
contention that the cavities and microstructure of percolat
powders surrounding them, are a possible cause of the h
t values.

Deprez and McLachlan59 made powder compression ex
periments, which were analogous to the present ones, ex
that the measurements were made using four different~resis-
tivity and grain shape! pure graphite powders and hence on
for f.fc . They obtainedt(fc) values, for the axial and
transverse directions, respectively, of 1.9460.05(0.295
60.004) and 2.860.3(0.2760.02) for natural flaky graphite
powder, 2.760.05(0.31560.01) and 2.76.01(0.3360.01)
for technical graphite powder, 1.5260.03(0.2760.01) and
2.160.2(0.2560.02) for synthetic graphite powder and 1
60.04(0.3860.04) and 2.460.05(0.3760.015) for elec-
trographite dust powder. These results show that parti
with different shapes and anisotropic conductivities can le
to different and often anisotropict values, in powder com-
pression and probably other experiments. Note that it is
ways t ~axial! that is lower thant ~transverse! when the
anisotropic ratio of thet ’s is greater than one. This differ
from the two-dimensional data quoted in Nan4 but, as for this
graphite it is the conductivity tensor rather than the geom
ric shape that is anisotropic, this may not be of any sign
cance. These and the present results indicate that thefc and
t values obtained for powder compression experiments
pend very much on the powders used. This must be du
the way that the different powders pack, which includes
number and nature of the cavities and the range of in
granular conductances, which naturally occur in a particu
powder~single or multicomponent!. A reexamination of the
results of Deprez and McLachlan59 shows that for the NFG
and TGP powders the transverse conductivities are alw
greater than the axial ones. In the SGP powder there
crossover and in the EGD powder the axial conductivity
always greater than transverse, as is observed for theG-BN
powders. As the NFG powder has the most flakyG grains,
the EGD powder the most ‘‘spherical’’G grains59 and the
present powder also has fairly spherical grains, this sho
that the shapes of the grains are probably playing an imp
tant role. These pure graphite systems are probably clos
a pure site one, because close neighbors cannot be held
by BN ‘‘wedges.’’ Therefore, as nearly the samefc is ob-
served for different pouring methods in the current expe
ments,fc would appear to depend more on the geometr
and compositions of the powders, than the way that it
poured ~note the range offc’s observed by Deprez an
McLachlan59!. It should also be noted that Chen an
Johnson49 obtained a lowerfc(0.075) and a highert ~3.1!
for filamentary nickel than for nodular nickel~fc50.265
andt52.2!, both in polypropylene. It would therefore appe
that these ‘‘geometric effects’’ are not confirmed to anis
tropic conductors like graphite.

The expected value for the exponents from computer
simulations is 0.87–0.89,6 while from Table I it can be seen
that a large range ofs ~0.26–1.06! has been obtained in th
present experiments. Unfortunately, there is no clear pat
to the results. For the compressed disks thes obtained from
the real part of the dielectric constant is clearly smaller th
that obtained from the dc conductivity, while for the powde
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poured through a sieve undergoing compression the rev
is the case. In the powders, poured using a rotating cylin
the s values are more similar to these for compressed di
This could be due to thec axis of the grains in this powde
tending to more strongly align along the axial direction, a
does in the compressed disks. The powder results also s
that the powders poured by different methods givefc’s that
are closer to each other than the correspondings values. This
shows that the exponents is probably more sensitive to th
details of the microstructures of the powders or disks, lo
range correlations in the system, than isfc . However, this
does not appear to be the case for thet exponent. Differences
in the s exponent between the dc and ac results could
because the ratio of the dielectric constants is about th
while that between the conductivity of BN and dry air is n
known and may not be very constant from day to d
~Pumping the air out of the powder is not feasible as
flowing air changes its structure.! One important feature o
percolation theory is thats and t should not depend on th
relative conductivities or dielectric constants of the comp
nents, but there is now some evidence to the contrary.60 As
previously argued for thet exponent, the predictions for
larger than universals ~Refs. 17, 19! do not apply for the
compressed disks, where the dc axials value is greater than
one, as they have an anisotropic inverted ‘‘Swiss-chee
structure.

The authors can find no other values ofs obtained by
ultrahigh resistivity measurements. Conductivity measu
ments forf,fc have also been made on granular13,31 and
random31,61Al-Ge films where, in both cases,s i /sc is only
about 1027.

An examination of previous values obtained fors from
experimental dielectric measurements givess50.7360.07
(fc50.20–0.22) for silver particles in a KCl matrix,62 s
50.6860.05 (fc50.29) for amorphous carbon in teflon,63

and s50.5560.10 (fc50.075) and s50.6260.10 (fc
50.265) for filamentary and nodular nickel, respectively49

These values tend, except for our anomalous 0.93 value
be a little higher than those obtained in the present exp
ments. However, a pattern is emerging that the valuess
for three dimensional continuum systems, obtained by
pacitive experiments, tend to be lower than the~‘‘univer-
sal’’! values obtained from computer simulations.

D. Conductivity anisotropy, magnetoresistivity, and noise

Shklovskii’s models50 for the anisotropy of the conductiv
ity do not apply to these systems and there appears to b
other theories for this phenomenon. As there are only
magnetoresistivity results a comparison of the expone
from experimental results is perhaps premature. Howe
the fact that the same value fort'2t is obtained for two
systems, with very differentt values, is intriguing.

The results for the noise measurements are given in te
of the exponentw, as this is how experimental results a
most often presented, because it is then not necessa
determinefc and t and there is a reduction on the expe
mental error compared with aSv /V

2 againstf2fc plot.
The unfortunate result of this practice is that one cannot
ways correlatew with t andf in the literature. In all of the
two-dimensional experiments on percolation systems36–40
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onlyw is given and the values range from 1.18 to 6.2. This
probably due to the wide variety of methods used to vary
resistance of the film~ion-milling, sand blasting, tempera
ture, and during film deposition!. However, these results d
show that w is not a universal constant. The thre
dimensional results of Chen and Chou41 on carbon-wax mix-
tures are the very similar to the present ones. Their results
fc andt are 0.108 and 2.3, though a refit of their data

12 gives
0.109 and 4.0, but theirw result of 1.760.2 is independent
of the fc and t values obtained by fitting. Thisw value
agrees very well with the present radial value of 1.
60.08 and is in fair agreement with the axial value of 1.
60.08. The equivalence of the two systems depends lar
on whether or not there is intergranular barrier tunneling
carbon-wax mixtures, i.e., does the wax wet the carb
grains and is there an intergranular wax tunneling barrier
comparison of thew values indicates that, either there is n
barrier tunneling in the carbon-wax system, or that barr
tunneling does not contribute to the noise, which is thou
to be unlikely. As the carbon was stirred into a very visco
wax,41 just below the melting point, it is highly likely it did
not wet the carbon. The results of Rudman, Calabreze,
Garland42 on Ag-Pt powder in PTFE powder give aw of 3.0
nearfc and aw of 1.0 further away fromfc .

As has previously been argued we believe the compres
disks to have an anisotropic inverted Swiss-cheese struc
but the values of 1.47 and 1.72 are both lower than thew of
2.15 calculated by Rammalet al.44 or the w value of 2.4
calculated by Tremblay, Feng, and Breton.45 However, the
present values are close to the intergranular ‘‘metal-
metal’’ contact model of Pierreet al.,40 which gives w
51.5, in both two and three dimensions. This is also
value observed in a two-dimensional monolayer or n
monolayer of clean copper spheres in a polymer.40 The sys-
tem in Ref. 40 is a two-dimensional inverted Swiss-che
structure with small contact areas. However, there is no
son that this current contact model should not apply to
three-dimensional inverted Swiss-cheese system, with r
tively large contact areas.

The observed volume'20.56 contrasts with the volume21

or N21 behavior @Eq. ~7!# expected for a homogeneou
sample. This should correspond to a length21.68 dependence,
if the composite is homogeneous orL@j. The 1.68 is to be
contrasted with the value of 1.18 (length21.18) obtained by
Rammal, Tannois and Tremblay46 on a random resisto
model, near the percolation threshold, where the resi
clusters are fractals. We do not believe that the compres
disks closely resemble the random resistor model, but
believe the graphite clusters to be fractal sufficiently close
fc . Rammal, Tannois, and Tremblay46 state, but do not
prove in their paper, that the factor 1.18 should increase
continuum medium, such as theG-BN systems. Girand
et al.64 obtained length21.0 in a two dimensional hierarchica
deterministic fractal lattice.

For the sample closest tofc , f2fc'0.001 and as the
mean grain size is'10mm, j5a/(f2fc)

0.85'3 mm,
which is close to the thickness of the samples. However
the results are consistent and extend out tof2fc'0.1 and
j50.07 mm, it can be assumed that the samples are all
mogeneous and three dimensional in the sense thatL.j.
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VI. CONCLUSIONS

As with most experimental papers on percolative syste
this paper has concentrated on measuring an electrica
sponse of the system to an external simulation, and t
fitting the results to the appropriate percolation equati
Where successful this results in a critical volume fraction
percolation threshold (fc) and an exponent, which can b
different above and belowfc , being evaluated for each re
sponse measured. It is now widely accepted that there i
universal value forfc , as this depends on the details of t
microstructure7,54,58 and not only on the dimension of th
system. Experimental results, especially for the widely m
sured dc conductivity and ac dielectric constants, alre
quoted in this paper, show that percolation equations@Eq.
~2!# fit the experimental results for systems with a wide ran
of values offc , both above and below the ‘‘true random
value of 0.16~Refs. 52, 63, 65! being obtained. Because th
experimental results forfc obtained in this paper, from vari
ous measurements on the same system, are very cons
with each other and adequate explanations for their va
have already been given, this will not be further discuss
Instead, this conclusion section will concentrate on the ‘‘u
versal or otherwise’’ values obtained for the exponents.

In the words of Leeet al.,16 one can only expect a uni
versal exponent if the local microstructure is isotropic a
contains only short-range correlations. It can also be
pected that a topological exponent such asj, the correlation
length exponent, will be less sensitive to the distinction
tween lattice or continuum systems,66 than exponents such a
s and t, especially if the conducting component is an anis
tropic conductor.

Furthermore, Rammalet al.44 and Archangels, Redne
and Conigho67 have shown that the distribution of currents
fractal resistor networks can be discussed in terms that re
directly to a hierarchical LNB model and multifractals an
that these distributions are characterized by a hierarch
exponents. Unfortunately, at this stage, the exponentss and
t cannot be calculated using this approach.

Therefore, taking all the factors that may affects and t
into account, it should come as no surprise that very comp
systems, such as those studied in this paper, do not ex
‘‘universal’’ exponents. Rather the surprise should be t
the electrical responses, as a function of conductor con
tration in very complex systems, such as those meas
here, can be described by simple scaling expressions, su
f
-

.

.

s,
re-
n
.
r

no

-
y

e

tent
es
d.
-

d
x-

-

-

te

of

x
bit
t
n-
ed
as

the percolation power laws. The microstructure in both of
present systems include a nonisotropic conductor and a
crovoid ~disks! or void and cavity ~powders! structure
~which may give medium- or long-range correlations!. In the
lightly compressed powder samples, a large range of in
granular~cluster! resistances may enhancet.

That a microstructure containing cavities does not au
matically lead to a highert can be seen from the experime
tal results of Deprez, McLachlan, and Sigalas51 who obtained
a value fort of 1.7 for sintered Ni-air. As the values oft
~1.5–2.8!, obtained from compressing pure graph
powders59 are considerably lower than for similar exper
ments withG ~0.50 and 0.55!-BN powders (t54.6–6.1), the
existence of percolation channels in the powder ‘‘coating
of the voids or insulating cavities may be a crucial fact
The only other very hight values are for RuO2 resistors

14

(t52.85–5.01) and Bi2Ru2O7 resistors (t55.46–6.87), and
may also be due to percolating channels of conducting ox
around the large glass grains. This type of structure is be
further investigated.

Most of the values ofs obtained here and all those i
other dielectric experiments are lower than the values, p
sumably universal, obtained from lattice simulations. T
reasons for this are not clear, but the distributions of the r
and displacement currents in a continuum are far more c
plex than in a lattice model where, in the simplest mode
each bond carries either a real or a displacement curr
More investigations, both experimental and theoretical,
needed if a satisfactory explanation for these results is to
found.

For the other parameters our main conclusion is that m
experiments, where a large range of electrical responses
measured on the same system, are essential if correla
between the exponentss, t, ~l!, t' and t i , w, andb8 are to
be found in real continuum systems.
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