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Resonant optical nonlinearity of conjugated polymers
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When the energy of a pump wave is in resonance with the exciton creation energy, the electric susceptibility
of a conjugated polymer in response to the probe wave is altered by the exciton gas. In this paper we calculate
the dependence of this change on the exciton populations by the equation of motion~EOM! method. The
magnitude of optical nonlinearity is also influenced by ambient temperature, by the extent of exciton wave
functions, and by the strength of electron-electron interaction. All of these factors can be easily incorporated in
the EOM approach systematically. Using the material parameters for polydiacetylene, the optical Kerr coeffi-
cientn2 obtained is about 1028 cm2/W, which is close to experimental value, and is four orders of magnitude
larger than the value in nonresonant pump experiments.@S0163-1829~97!02743-4#
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I. INTRODUCTION

As a class of materials promising for applications in a
optical devices for communication and data processing, c
jugated polymers have been a subject of great rese
interest.1 A conjugated polymer such as polydiacetyle
~PDA! has long been recognized to exhibit large nonreson
third-order optical nonlinearities.2 Most of the theoretical
works on the nonlinear optics of these materials are base
the perturbative sum-over-state formula3 that suits anonreso-
nant pumping well~but is inappropriate for resonant pum
ing!. A fair agreement between experiments and theories
been achieved for a variety of nonresonant spectra, includ
two-photon absorption, third-harmonic generation, a
electroabsorption.4 In addition, the equation of motion
~EOM! approach has also been employed in these stud5

The EOM for polarization, which is similar to the semico
ductor Bloch equation originally used for inorgan
semiconductors,6 is a general tool whose validity goes b
yond the perturbative regime7 and will be used in this paper

For conjugated polymers underresonantpumping, most
of the optically excited electrons and holes remain bound
room temperature and form an exciton gas, instead o
plasma as in the III-V semiconductors.8 This is because the
magnitude of the exciton binding energy in conjugated po
mers~of the order of 1 eV! is much larger than that in inor
ganic semiconductors~a few meV!. This presents a difficult
situation for the calculation of resonant nonlinearity. Ev
though there are numerous experimental works, few theo
ical works have been devoted to this subject. A simple a
heuristic explanation of this nonlinearity based on pha
space filling~PSF! has been proposed, and the result agr
quantitatively with experiments.9 The esssence of PSF is th
when there is a finite concentration of excitons, the ph
space for further excitons to form is reduced because of
exclusion principle, and henceforth the probe absorption
nal is reduced. The limitation of PSF is that it cannot pred
the whole spectral response of the electric susceptibility,
the effects of temperature, strength of electron-electron in
action, etc.
560163-1829/97/56~19!/12277~8!/$10.00
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Motivated by the desire to have a more accurate theo
ical tool to understand this phenomenon, we present a
tailed analysis of the nonlinear susceptibility based on EO
We will utilize the technique developed by Haug, Koch, a
Schmitt-Rink to make a connection between exciton popu
tions and the electron populations that appear in the EOM10

However, since the link is suitable for dilute exciton g
only, we shall concentrate our study in this regime. Furth
more, from the comparison between the lineshapes of ti
resolved and cw photoluminescence spectra, the typica
traband scattering time is estimated to be less tha
picosecond in polymers.11 Therefore, it is possible to con
sider a simpler situation in which the exciton gas is in qu
sithermal equilibrium, and in which the population is dete
mined by the intensity of the pump wave. Because of th
approximations, phenomena such as exciton-exciton inte
tion, excited-state absorption, and off-equilibrium mome
tum distribution are not considered.

In this paper we have done extensive studies on the o
cal nonlinearity of PDA. There are several advantages
choosing this material: First, it has the largest nonreson
third-order nonlinearity of all polymers and very large res
nant nonlinearity. Second, it is one of a few conjugated po
mers that can form high-quality single crystals and is m
amenable to theoretical analysis. Third, its chain-to-ch
distance is large because of large side groups and, there
the interchain interaction is less important. Various aspe
of the nonlinear spectra are investigated. By choosing a
sonable value of the Coulomb interaction strength, the re
nant optical Kerr coefficientn2 being calculated agrees ver
well with experiments. Furthermore, the effect of electro
electron interaction on the height and position of the exci
absorption peak is studied. We also study the influence
temperature, as well as the relative populations of singlet
triplet excitons, on the probe spectra. This work provide
systematic analysis of the influence of various microsco
parameters on the optical nonlinearity and may serve a
guide for the search for optical materials with larger reson
nonlinearities.

This paper is organized as follows. In Sec. II, the equat
12 277 © 1997 The American Physical Society
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of motion for polarization in conjugated polymers is derive
In Sec. III, the Coulomb potential matrix elements and el
tron occupation numbers are calculated. The numerical
sults are presented in Sec. VI, and Sec. V is the conclus

II. EQUATION OF MOTION FOR POLARIZATION

A conjugated polymer is a macromolecule with ma
electronic and ionic degrees of freedom. There have b
several attempts to include both types of degrees of free
in calculations on the electronic and optical properties
conjugated polymers. This is a very difficult task. To date,
exact solution for chains longer than 20 sites is s
lacking.12 It is especially challenging to calculateresonant
optical nonlinearity by including the effects of electrons~in-
cluding excitons! and phonons simultaneously. In this pap
we choose a modest approach and focus only on the e
tronic contribution to the nonlinearity. By doing so, we w
not, for example, be able to produce satellite phonon pe
next to the main resonant absorption peak.13 Our main goal
is to calculate the optical nonlinearity due to the exciton g
which is derived from the dependence of the magnitude
the main absorption peak on the exciton populations. In f
Greene and co-workers7,9 have demonstrated that the PS
model, whose origin is purely electronic, can explain ma
features of the spectra well. Furthermore, we consider o
the dynamics ofp electrons; thes electrons are tightly
bound to the ions and have little influence on the dynam
response. However, they do contribute to the renormaliza
of the interaction betweenp electrons, and between ions an
p electrons. These effects appear implicitly through the
rameters in thep-electron Hamiltonian.

Our calculation is based on the Su-Schrieffer-Heeger-
Hamiltonian with electron-electron interaction
H5H01H11H2 , where

H05(
ks

~eckacks
† acks1evkavks

† avks!, ~2.1!

H15 (
l1l2l3l4

(
k1k2k3k4

V l1l2l3l4

k1k2k3k4 al1k1s
† al2k2s8

† al3k3s8al4k4s ,

~2.2!

and

H252E~ t !(
ks

@mvc~k!avks
† acks1mcv~k!acks

† avks#.

~2.3!
In these equations,ec,vk are the energies for th
dimerization-induced conduction and valence ba
V l1l2l3l4

k1k2k3k4 are the Coulomb potential matrix elemen

(l5c,v), andmll8(k) are the dipole matrix elements.H2
describes the coupling between polarization and theprobe
field E(t) along the chain. The influence of the pump fie
will be accounted for when calculating the conduction el
tron populations in the next section. The potential mat
elements are

V l1l2l3l4

k1k2k3k4 5E d3rd3r 8Cl1k1
* ~r !Cl2k2

* ~r 8!

3Vee~r2r 8!Cl3k3
~r 8!Cl4k4

~r !, ~2.4!
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whereVee is the screened Coulomb interaction between
p electrons, andClk are the Bloch states solved fromH0 .
The usual practice is to neglect, from the very beginning,
terms that do not conserve electron numbers in each b
which include half of the 16 terms that do not have eq
numbers ofc indices andv indices, plusV vvcc

k1k2k3k4 and

V cvcv
k1k2k3k4 .14 This is reasonable in metals or inorganic sem

conductors where the Coulomb interaction is weak, but is
necessarily valid in conjugated polymers where the Coulo
interaction is much stronger, as indicated by the large e
ton binding energies. Therefore, these terms will be kep
the derivation until they are proven negligible. It will b
shown later that the terms without equal numbers ofc andv
indices indeed make no contribution, but theV vvcc

k1k2k3k4 and

V cvcv
k1k2k3k4 terms cannot be ignored. In fact, unlike all th

other terms, these two terms do not conserve the electron
hole spin individually, thus are essential to the lifting of th
fourfold degeneracy in the spin subspace of the exci
states.

In the following, we derive the EOM for
pks5^acks

† avks&. The total polarization̂P&, which is equal
to (ks@mvc(k)pks1mcv(k)pks* #, can be easily obtained b
integration over allk’s. In general, terms of the form
(k1k2k3

(s8V l1l2l3l
k1k2k3k al1k1s

† al2k2s8
† al3k3s8alks are encoun-

tered in the derivation. By using the random-phase appro
mation~RPA!, the mean values of the product of four oper
tors can be factorized,

^al1k1s
† al2k2s8

† al3k3s8al4k4s&

5 ^al1k1s
† al4k1s&^al2k2s8

† al3k2s8&dk1k4
dk2k3

2^al1k1s
† al3k1s&^al2k2s

† al4k2s&dk1k3
dk2k4

dss8 .

~2.5!

After a straightforward but tedious calculation, we have

i\
]pks

]t
5~evk2eck!pks1E~ t !mvc~k!~nvks2ncks!

2(
k8

F ~V vvvv
kk8 2V cvcv

kk8 !~nvk8s2nck8s!

2(
s8

~ Ṽ vvvv
kk8 2Ṽ cvvc

kk8 !~nvk8s82nck8s8!Gpks

1(
k8

FV vccv
kk8 pk8s1V vvcc

kk8 pk8s
*

2(
s8

~ Ṽ vcvc
kk8 pk8s81Ṽ vvcc

kk8 pk8s8
* !G ~nvks2ncks!

1(
k8

FV vvcv
kk8 nvk8s1V vccc

kk8 nck8s

2(
s8

~ Ṽ vvvc
kk8 nvk8s81Ṽ vccc

kk8 nck8s8!G ~nvks

2ncks!, ~2.6!
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where nc,vks5^ac,vks
† ac,vks& are the one-electron occupa

tion numbers in the conduction or valence band,V l1l2l3l
kk8

andṼ l1l2l3l
kk8 are abbreviations forV l1l2l3l

kk8kk8 andV l1l2l3l
kk8k8k ,

respectively. The terms that are quadratic inpks are ne-
glected in Eq.~2.6!, because only the linear response of t
probe wave is considered. Also, relations such

V cccc
kk8 5V vvvv

kk8 andV cvcv
kk8 5V vcvc

kk8 have been used, which ar
based on the symmetry between the conduction band
valence band in the present model. Note that the poten
matrix elements with unequal numbers ofc and v indices
result in the last three lines of Eq.~2.6!. These matrix ele-
ments are multiplied by terms quadratic in electron or h
occupations, which under resonant pumping may be la
Notwithstanding, because of inversion symmetry, it can
shown that for thermalized exciton gas, these terms actu
have no effect on the dynamics~see the Appendix!. Conse-
quently, Eq.~2.6! becomes

@~eck2evk!2v2 ig# p̄ks~v!

5 E~v!mvc~nvks2ncks!

2(
k8

F ~V vvvv
kk8 2V cvcv

kk8 !~nvk8s2nck8s!

2(
s8

~ Ṽ vvvv
kk8 2Ṽ cvvc

kk8 !~nvk8s82nck8s8!G p̄ks~v!

1(
k8

FV vccv
kk8 p̄k8s~v!1V vvcc

kk8 p̄k8s
* ~2v!

2(
s8

@ Ṽ vcvc
kk8 p̄k8s8~v!1Ṽ vvcc

kk8 p̄k8s8
*

3~2v!#G ~nvks2ncks!, ~2.7!

where p̄ks5(pks1p2ks)/2, and a damping termig has
been added. Notice thatp̄ks* (2v)Þ p̄ks(v) becausep̂ks is
not Hermitian. Therefore, Eq.~2.7! has to be solved in con
junction with the equation satisfied byp̄ks* , which is similar
to Eq.~2.7! but with v replaced by2v and p̄ks replaced by
p̄ks* . The meaning of the various parts on the right-hand s
of the equation is explained below: The first square brac
after being summed overk8, contributes to the band-ga
renormalization. The magnitude of renormalization depe
on the strength of interelectron interaction,as well asthe
electron populations. Inside the second square bracket

V vccv
kk8 term is most crucial to the formation of excitons; th

V vvcc
kk8 term is related to the singlet-triplet splitting of th

exciton levels and leads to an unusual coupling betw
positive and negative frequency components of the polar

tion. It will be shown in the next section thatṼ vvvv
kk8 5Ṽ cvvc

kk8

because of the charge neutrality condition. We can also s

that Ṽ vcvc
kk8 and Ṽ vvcc

kk8 are simply constants and can b

treated as corrections toV vccv
kk8 and V vvcc

kk8 . The only un-
knowns in Eq.~2.7! are$ p̄ks(v),p̄ks* (2v)%. All of the other
quantities, including the potential matrix elements and
s
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electron populations, can be obtained given physical con
tions such as the strength of electron interaction, the inten
of pump wave, etc. This is derived in the next section.

III. POTENTIAL MATRIX ELEMENT
AND ELECTRON POPULATION

A. Potential matrix element

A natural choice for the interaction potential betwe
electrons isV0 /ur2r 8u, whereV0 is given bye2/ea0 , e is
the intrachain dielectric constant, anda0 is the average dis-
tance between neighboring sites. The positionr , being di-
mensionless now, is measured in units ofa0 . To calculate

V l1l2l3l4

kk8 , the unperturbed eigenstates are expanded by

calized Wannier functions,15

Clk~r !5 (
j 51,2

ul j~k!S 1

AM
(

m51

M

e2ikmW2~m21!1 j~r !D ,

~3.1!

whereM is the number of unit cells. The total chain length
2M . Defining zk5@eik(t0 cosk2idt sink)/eck#

1/2, where
t02(21)ldt is the hopping amplitude between neighbori
sites, then

S uc1~k! uc2~k!

uv1~k! uv2~k!
D 5S zk* zk

2zk* zk
D . ~3.2!

When calculating the matrix elements ofVee(r2r 8), only
the integrals involving Wannier functions at the same site
kept ~zero differential overlap approximation!.16 To improve
upon this, we need to know the shape of atomic orbita
which will not be considered here. For the same site, ther
a finite on-site energy

U051/2*d3rd3r 8W* ~r !W* ~r 8!Vee~r2r 8!W~r 8!W~r !.

Since the exact form of the Wannier function is not know
U0 is treated as a parameter independent ofV0 . So our
choice of the potential is essentially of the Pariser-Parr-Po
form. Defining

V1~q!5
1

M (
m

Vee~2m11!e2 i ~2m11!q,

V2~q!5
1

M (
m

Vee~2m!e22imq, ~3.3!

then a straightforward calculation gives

V l1l2l3l4

kk8 5V2~q!F (
j 51

2

ul1 j* ~k!ul2 j* ~k8!ul3 j~k!ul4 j~k8!G
1V1~q!@eiqul12* ~k!ul21* ~k8!ul31~k!ul42~k8!

1e2 iqul11* ~k!ul22* ~k8!ul32~k!ul41~k8!#,
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Ṽ l1l2l3l4

kk8 5
1

2
V2~0!1V1~0!

3@ul12* ~k!ul21* ~k8!ul31~k8!ul42~k!

1ul11* ~k!ul22* ~k8!ul32~k8!ul41~k!#,

~3.4!

where q5k2k8. We require V1(0)1V2(0)50 because
of the charge neutrality condition. After combining E

~3.4! with Eq. ~3.2!, it can be shown thatṼ vvvv
kk8 2Ṽ cvvc

kk8 5

@V2(0)1V1(0)]/250, and Ṽ vcvc
kk8 5Ṽ vvcc

kk8 5@V2(0)2V1~0!#
/2. We emphasize that this nonzero correction is crucia
the reduction of the exciton binding energy whenU0 is tuned
to a larger value while keepingV0 fixed. The same behavio
is observed by Abe, Yu, and Su,15 where their concern is the
energy spectrum of the excitons.17

B. Electron population

The electron population can be linked to the excit
population by using the method developed by Haug, Ko
and Schmitt-Rink. Their relation is derived below. First, t
connection between electron operators and an exciton
ation operatoren jmK

† is10

ack1s1

† avk2s2
5

1

A2M
(
n jm

^ jmus1s2&fn jm* ~k!en jmK
† ,

~3.5!

where ^ jmus1s2& is the Clebsh-Gordon coefficien
k5(k11k2)/2, K5k12k2 , andfn jm(k) is the wave func-
tion of an exciton at thenth bound state with angular mo
mentum$ jm%. Helped by this relation, we can writenc,vk in
terms of exciton operators as follows: By using an iden
operator

I 5
1

Nc
S N2(

ks
avks

† avksD 5
1

Nc
(
ks

avksavks
† , ~3.6!

whereN is the total number of electrons andNc is the num-
ber of conduction electrons, we have

n̂ck1
[(

s1

n̂ck1s1
5

1

Nc
(

k2s1s2

ack1s1

† ack1s1
avk2s2

avk2s2

†

5
1

2MNc
(

nn8 jm
(
k2

fn jm* ~k!fn8 jm~k!en jmK
† en8 jmK .

~3.7!

For a dilute exciton gas, the exciton numb
^en jmK

† en8 jmK&.gn jmKdnn8 , wheregn jmK is the thermal dis-
tribution of excitons.10 Therefore,

nck1
5

1

2MNc
(
nk2

@ ufn
s~k!u2gnK

s 13ufn
t ~k!u2gnK

t #,

~3.8!

where the subscriptss and t stand for ‘‘singlet’’ ~j 50,
m50! and ‘‘triplet’’ ~j 51, m561,0! respectively; the fac-
tor 3 in front of gnK

t accounts for the triplet degeneracy. F
o

,

re-

a one-dimensional system, the exciton wave function n
band bottom can be approximated by7 f0

s,t(k)
5(2r 0

s,t/p)1/2/$11@(k6p/2)r 0
s,t#2%, wherer 0

s,t are the radii
of the excitons. Note that the conduction band bottoms ar
7p/2. The ground state makes a major contribution since
the other levels are far off resonance and barely occup
According to the single configuration interaction~SCI! cal-
culation of Abe, Yu, and Su,15 the ratioU0 /V0 determines
whether the singlet exciton level (1Bu) or the triplet exciton
level (3Bu) is lower in energy. They found that, forV05t0
andU0.1.39V0 , 3Bu is lower than1Bu , and vice versa. All
the even-parityAg states are lying at higher energies. How
ever, it is found in some finite-chain calculations that t
lowest excitation is actually an even-parity state.18 This
would have a significant effect on the efficiency of lumine
cence since the optically excited electrons at1Bu may relax
to theAg state first, then release their energy via nonradiat
channels. Nonetheless, it has been shown that the relax
rate from the 11Bu exciton to the 21Ag exciton is much
smaller than the relaxation rate to the ground state.19 Further-
more, from the point of view of phase space filling, bo
1 1Bu and 21Ag excitons contribute almost equally to th
reduction of phase space. Both factors seem to diminish
effect of this even-parity state. In fact, for the optical nonli
earity being studied, one study shows that, for both SCI
finite-chain calculations, the optical nonlinearity is dete
mined almost entirely by the odd-parity1Bu exciton, a domi-
nant Ag exciton above the1Bu level ~not considered here!,
and the threshold of the conduction band.20 Therefore, as far
as optical nonlinearity is concerned, we will neglect the
fluence of this even-parity state in this paper.

The thermal distribution of excitons is given b
gnK

s,t 5(exp$b@en
s,t(K)2ms,t#%21)21, where en

s,t(K)5en
s,t(0)

1\2K2/2mex are the energies of excitons, the exciton effe
tive massmex is \2/a0

2t0 , and ms,t are the quasichemica
potentials. Immediately after the optical pumping, there
only singlet excitons because of the selection rule. Par
these excitons then fall down to the triplet level via sp
orbital interaction. Their populations are controlled by t
quasichemical potentials in our calculation.

After summing over all the electrons in the conducti
band, we have

Nc5(
k1

n̂ck1

5
1

2MNc
(

nn8 jm
(
kK

fn jm* ~k!fn8 jm~k!en jmK
† en8 jmK

5
1

Nc
(

n jmK
en jmK

† en jmK , ~3.9!

where we have used the completeness relation for the exc
wave functions. By taking the expectation value of Eq.~3.9!,
we have

(
n jmK

^en jmK
† en jmK&5Nc

2 . ~3.10!
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This identity is used to determine the values of the chem
potentialsms and m t , once the total population of, and th
relative populations between singlet and triplet excitons
given.

IV. ABSORPTION SPECTRA: NUMERICAL RESULT

Most of this section is devoted to the calculation of t
resonant nonlinear optical spectra of PDA for reasons st
in the Introduction. At the end of this section we will com
ment briefly on the calculation for polyphenylene vinyle
~PPV!.

PDA has four carbon atoms per unit cell, and con
quently four bands in the tight-binding approximation. Sin
our focus is on the exciton state within the band gap, wh
is composed of the electron and hole from the middle t
bands~conduction and valence band!, the outer two bands
can be safely neglected. We choose the dimerization-indu
band gap, 4dt, to be the unit of energy. The value oft0 ,
which determines the total band width of conduction ba
and valence band, is chosen to be 1.25.21 The average bond
length of PDA is 1.35 Å.15 The Coulomb interaction param
eter V05e2/ea0 can be determined from the intrachain d
electric constante. According to the Kramers-Kronig analy
sis of the reflectivity and with permittivity measuremen
this value is close to 3.22 We choosee53.5, such that
V052.84 eV, to fit the calculated exciton binding ener
with the value observed in experiments. In most of the f
lowing calculations the on-site energyU052V0 .15 We have
also done several calculations using different choices ofU0
and V0 values~see Fig. 4!. In all of the following calcula-
tions the number of sites is 400 and the dampingg is 0.02.
We have done calculations on a larger system with 800 s
and confirmed that the finite-size effect is unimportant.

Figure 1 displays the electric susceptibilityx~v!, in room
temperature, for various concentrations of the singlet exc
gas. The percentages of electrons excited from the vale
band by the pump wave are indicated in the legend. T
absorption peak in Imx(v) can be clearly identified a
\v51.39 in the absence of pumping~the solid line!. The
renormalized band gap is determined by the first maxim
of Imx(v) beyond the exciton peak, which is barely obse
able at\v51.71. Notice that the band-gap renormalizati
due to the Coulomb interaction is quite large. With differe
exciton populations, the magnitude of renormalization a
changes@see the discussion after Eq.~2.7!#. The exact value
of the conduction-band edge is difficult to measure exp
mentally because most of the oscillator strength is ‘‘conc
trated’’ on the exciton peak. On the other hand, the sing
exciton absorption peak at 1.97 eV is one of the few val
that can be determined accurately and is generally ag
upon by researchers.9,13,19 Therefore, it is used to set th
overall energy scale and that means 1.3934dt51.97 eV, or
4dt51.42 eV. Consequently, the position of conductio
band edge is at 2.43 eV in our calculation and the bind
energy of the singlet exciton is approximately 0.46 eV. T
falls within the range 0.4–0.5 for the values reported.9,13

In Fig. 1, the absorption signal is reduced as exciton c
centration increases. The reduction is approximately prop
tional to the number of excited electrons. This is consist
with the picture of PSF, which gives9
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d f / f 52nex/nex
sat, ~4.1!

where f is the oscillator strength,nex is the exciton density
per unit length, andnex

sat is the saturation density, at whic
exciton wave functions begin to overlap in space. By us
Eq. ~4.1!, we can estimate the exciton radius and the resu
about five unit cells, which is again consistent with earl
calculations.13,15

Figure 2 shows the absorption coefficienta and the
change of refraction indexdn near the exciton peak. Th
values of the exciton concentration are the same as in Fig
The chain-to-chain distance for PDA in the crystalline pha
is about 10 Å,9 and the intersite distance is 1.4 Å. Therefor
1% concentration has 7.131019 cm23 conduction electrons
The pump intensitiesI p required for this electron concentra
tion nex can be obtained fromI p5nex\vp /a tt ~reflection
from the sample is ignored!, where\vp51.97 eV, the peak
absorptiona t ~including p electrons and the background! is
approximately 106 cm21,7 and the recombination timet is 2
ps.9 Consequently, to excite 7.131019 cm23 electrons re-
quires a pump wave with intensityI p51.143107 W/cm2.
The optical Kerr coefficientn2 , which measures the chang

FIG. 1. Real~a! and imaginary~b! parts ofx~v! for different
exciton concentrations, labeled by the percentages of the occup
of conduction band~0, 0.5%, 1.0%, and 1.5%! at room temperature
Probe energy is in units of the bare band gap, 4dt. The ‘‘vvcc’’

curve comes from the calculation without theV vvcc
kk8 and Ṽ vvcc

kk8

terms and in the absence of excitons. The arrow at the bottom r
of Fig. 1~b! indicates the position of the band edge for the solid lin



y

s

a
as
er
ve

6
es
hi
he

ip

o

th
tio

ga
th

,

se

vel
u,

te
nju-
and
l-

ns
all
ce

ore
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of refraction index due to pumping, is given b
n25udnu/dI p . For a pulse withI p51.143107 W/cm2, we
haveudnu50.196 at resonance@see Fig. 2~b!# and, therefore,
n251.731028 cm2/W. This is four orders of magnitude
larger than the nonresonant value, and is close to the ob
vation of Greeneet al., 3.031028 cm2/W.9

All of the above calculations are for singlet excitons
room temperature. Using the same formalism it is quite e
to investigate the influence of exciton species and temp
ture on the resonant nonlinearity. We consider a two-le
model where only the singlet (1Bu) and triplet (3Bu) exci-
tons are considered. The exciton radii are chosen to bea
(r 0

s) and 4.5a (r 0
t ).15 In Fig. 3, we show the extreme cas

where the populations are either all singlet or all triplet. T
difference traces back to the different distributions of t
relative part of the electron-hole pair wave functionsf0

s,t(k).
It can be seen that the difference between singlet and tr
curves is more significant at low temperature~10 K!. Such a
temperature effect has not been studied experimentally, h
ever.

In Fig. 4, we show how different choices of the streng
of the electron-electron interaction may affect the absorp
spectra. It can be seen that the magnitude ofV0 , the long-
range interaction, has significant effect on the band-
renormalization and the binding energy. For example,

FIG. 2. The effect of different exciton concentrations on~a!
absorption coefficienta and~b! the change of refraction indexdn.
a is in units of 2.03104 cm21. The energy is in units of 4dt.
er-

t
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a-
l
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n

p
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band edges forU054 andV051.5, 2, 2.5 are at 1.54, 1.71
and 1.89, respectively~see arrows in the figure!. The widths
of the band gap vary roughly linearly withV0 . On the other
hand, the short-ranged on-site energyU0 has little influence
on the band gap. Furthermore, contrary to the effect ofV0 , a
larger U0 leads to a smaller binding energy. This adver

effect can be traced back to the exchange termsṼ l1l2l3l4

kk8 in

Eq. ~3.4!. The dependence of the position of the exciton le
on U0 andV0 resembles closely the calculations by Abe, Y
and Su.15

This work is based on the simplified model of an infini
and rigid chain and seems to be applicable to other co
gated polymers with exciton levels as well, such as PPV
polysilane.23,24 At the end of this section, we present a ca

FIG. 3. The effect of temperatures and singlet/triplet populatio
on Imx(v). The percentage of conduction electrons is 2.5% for
of the curves. At room temperature, it makes small differen
whether the excitons are singlet or triplet. The distinction is m
apparent at 10 K.

FIG. 4. The influence of Columbic parameters,U0 andV0 , on
Imx(v) in the absence of pumping. The value of (U02V0) is indi-
cated for each curve. The arrows~from left to right! indicate the
band edges for the curves~421.5!, ~422.0!, and ~422.5!, respec-
tively. Their positions shift linearly withV0 . On the contrary, the
band edge is not affected by varyingU0 ~cannot be seen easily from
the figure!. The energy is in units of 4dt.
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culation for PPV. Its optical nonlinearity~for a perfect crys-
talline sample! is found to be of the same order as PDA
The following parameters obtained from the spin-dens
profile of nonlinear excitation are used:25 t052.02 eV,
U052.5t0 , V051.3t0 . The displacement of ions due to th
double-bond alternation is about60.055 Å. This gives
4dt51.15 eV because the lattice stiffness for PPV is 5
eV/Å.25 From the absorption spectrum being calculated,
estimate the exciton binding energy to be 0.6 eV, while e
lier calculations range from 0.4 eV~Ref. 23! to 0.8 eV.25 The
exciton radius in PPV is about 50 Å, which spans eig
unit cells. The interchain distance for PPV is about 4 Å,26 the
absorption coefficient for PPV at 400 nm is 2.33105/cm at
room temperature, and the total exciton lifetime for PPV fi
is 0.32 ns.27 From these data and the change of refract
index being calculated, we find that the optical Kerr coe
cient for PPV to be 831028 cm2/W. This is of the same
order as the value for PDA.

However, in actual practice, PPV is rarely used in t
study of optical nonlinearity, whether it is resonant or o
resonant. This may be related to engineering or chem
problems in growing high-quality single crystals. These
pects are beyond the scope of this paper. Even if a h
quality single crystal for PPV can be obtained, the interch
distance will be much smaller in PPV~3–4 Å, comparing to
10 Å for PDA!. Under this circumstance, the effect of inte
chain coupling probably will invalidate our result present
here. Another complication for PPV is that, for the intens
of 107 W/cm2, we probably have entered the regime whe
exciton-exciton annihilation is significant.27 Also, because of
the high concentration the possibility of excited-state abso
tion increases. Thus, actual pumping efficiency should
lower than that reported here. All of these reasons will m
or less make our calculation futile for PPV.

On the other hand, exciton-exciton annihilation may n
play a significant role in PDA below pump intensi
108 W/cm2. A recent paper by Schmid showed that the s
ceptibility of PDA does not deviate from a purex (3) behav-
ior until the peak intensity 108 W/cm2.28 This seems to indi-
cate that, neither exciton-exciton annihilation, nor exci
state absorption, is appreciable within the range of
consideration. One possible reason for the higher thresh
of exciton-exciton annihilation is that the exciton radius
PDA ~about 10 Å! is much smaller than that in PPV~about
50 Å! and has higher saturation density. This explains
some extent why the same formalism works so well
PDA, but not for PPV. This is also supported by the fact t
simple estimates on the exciton density without such ann
lation effect has been quite consistent with t
experiments.7,9

V. CONCLUSION

Resonant optical nonlinearity for conjugated polyme
can be understood using the simple picture of PSF, in wh
the probe signal is reduced because the phase space for
states has been occupied by the excitons. This model
vides only an order of magnitude estimate and fails to p
duce more details such as the probe response over the w
spectral range~e.g., the band-edge absorption!, the position
of the exciton peak, the effect of temperature and Coulo
y
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interaction, etc. The present study is able to access the ef
of various microscopic parameters by using the EO
method. We produced the electric susceptibilityx~v! that
contains the information about the positions and oscilla
strength of exciton level and conduction-band edge. By va
ing the exciton populations, we can observe the change
the resonant oscillator strength and the trend is consis
with the PSF model@Eq. ~4.1!#. We also calculated the opti
cal Kerr coefficient n2 and the value obtained
1.731028 cm2/W, agrees well with observations.

It has to be borne in mind that several complications in
real polymer system have been left out to simplify the d
cussion. We have used a rigid and infinite polymer ch
while in actual experiments it is finite and may be flexib
The phonon degrees of freedom will contribute to extra f
tures in the absorption curve such as the phonon s
bands.29 We have also used the quasiequilibrium conditi
for the exciton gas. In future research, the dynamical evo
tion of exciton density can be included by coupling the eq
tion of motion to the rate equation of the electron populatio
Finally, the present theory has to be modified at high exci
density when exciton-exciton interaction plays a more i
portant role and the RPA is no longer valid. This may lead
exciton-exciton annihilation, formation of biexcitons, an
even the existence of a gain threshold beyond which las
can happen.11
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APPENDIX A

Based on the symmetry of inversion, we can show that
terms that are quadratic innc,vks in Eqs.~2.6! do not affect
the dynamics of the total polarization. First, the inversi
properties of the Bloch states are

Cck~2r !52Cc2k~r !,

Cvk~2r !5Cv2k~r !. ~A1!

This leads to the following identities:

mvc~2k!5mvc~k!, ~A2!

and

V l1l2l3l4

2k2k8 5V l1l2l3l4

kk8 pl1
pl2

pl3
pl4

,

Ṽ l1l2l3l4

2k2k8 5Ṽ l1l2l3l4

kk8 pl1
pl2

pl3
pl4

, ~A3!

where pc521, pv51. It is clear thatV l1l2l3l4

kk8 changes

sign when the number ofc indices does not equal the numb
of v indices.
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Second, combining the exciton wave functio
f0

s,t(k)5(2r 0
s,t/p)1/2/$11@(k6p/2)r 0

s,t#2%, and the Bose-
Einstein distribution function,gnK

s,t 5(exp$b@en
s,t(K)2ms,t#%

21)21 ~see Sec. III B!, and using the fact tha
Ck(r )5Ck6p(r ), it is not difficult to see from Eq.~3.8! that

nc,v2ks5nc,vks . ~A4!

Because of the symmetries in Eqs.~A2!, ~A3!, and~A4!, the
equation forp2k has the same form as the equation forpk

@see Eq.~2.6!, with k andk8 being replaced by2k and2k8]
except that the signs of the terms quadratic innc,vks are
changed. Consequently, they do not contribute to the to
polarization^P&, in which pk and p2k appear through the
combination ofmvc(k)(pk1p2k) only. Notice that the con-
clusion may not be valid if the electron population is not
thermal equilibrium.
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