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Linear and nonlinear microwave dynamics of vortices in YBa2Cu3O72d thin films
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We report the results of a study of the nonlinear microwave surface impedanceZs , i.e., its dependence on
microwave currentZs(I rf), resulting from vortex motion in YBa2Cu3O72d thin films in a dc magnetic field
applied parallel to the film’sc axis. Using the technique of stripline resonators we have measured the nonlinear
Zs at frequencies of 1.23–8.45 GHz, at temperatures from 5 to 30 K, and in magnetic fields from 0 to 4 T. In
the mixed state, there is a significant increase inRs from the zero-field value, particularly at lower frequencies,
causing anRs} f 1.2 dependence at all measured temperatures and microwave powers. We also review our
previously reported measurements and modeling of the linearZs because the nonlinear results can be explained
by an extension of the model that we have previously used to describe the dependence ofZs on frequency,
temperature, and magnetic field in the linearI rf regime. This model explains the linearZs data through the
thermal activation of vortex segments between metastable vortex states separated by distances of order of the
coherence length;j and by a distribution of energy barriersUb whose magnitudes extend fromUb;0 K to
at least several hundred K. We further show that the behavior ofZs at high microwave powers is fully
consistent with the same thermal activation of vortex segments, but the effective magnitudes of the energy
barriers Ũb have been reduced in proportion to the microwave current densityJrf(r ,t) such that
Ũb5Ub2Jrf~r ,t)f0j l . @S0163-1829~97!03142-1#
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I. INTRODUCTION

Since the discovery of high-temperature superconduc
ity, it has been clear that understanding the behavior of h
Tc materials in a magnetic field would present a considera
challenge. They have been probed experimentally throug
number of techniques such as torsional oscillators,1 low-
frequency ac magnetic permeability,2,3 and microwave mea
surements of the complex surface impedance at both low4–8

and high7 microwave power levels.
Our use of stripline resonators8–11 allows us to measure

both the real partRs and the imaginary partXs of the micro-
wave surface impedanceZs of high-quality epitaxial thin
films of YBa2Cu3O72x ~YBCO! at frequencies from 1.2 to
26 GHz. TheZs depends critically on both the amplitude an
phase of the vortex motion with respect to the applied rf fi
H rf .

We present here the results of an investigation of the
560163-1829/97/56~18!/11966~13!/$10.00
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ear and nonlinear microwaveZs of YBCO in the mixed state
in magnetic fields from 0 to 4 T, applied parallel to thec axis
from 5 to 30 K and frequencies from 1.23 to 8.5 GHz. In th
paper the nonlinearZs is denoted byZs(I rf) and is defined as
the surface impedance that is dependent on microwave
rent. The linear surface impedance refers to the regime wh
Zs is independent of the microwave current.

Our prior results in the linear regime show that the app
cation of an external magnetic field causesRs to increase
significantly, particularly at low frequencies.8 Further, as
previously reported by us7 and others,12 we find thatZs is
proportional to the magnetic field, indicating that we are n
probing collective effects,13,14 but rather the interactions o
individual vortices with defects in the YBCO, and that th
length scales of these interactions are probably on the o
of the coherence lengthj'20 Å.3,15–17 In the low-current
linear-response data, the change inRs due to the externa
magnetic field,DRs , is proportional toT at low temperatures
11 966 © 1997 The American Physical Society
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TABLE I. Parameters of the films determined from both dc~four-point measurements! and microwave
measurements. The penetration depth atT50 K and in zero applied dc magnetic fieldl~0! is the parameter
of a two-fluid model fit to our experimental points.

Film

dc Properties rf Properties

d
mm

Tc
(R50)

DRs0

V/(T GHz)
DRs1

V/(T K GHz)
aP(0)a

N/m2
f 1

~GHz!
r pl

nm2
Ud0

K
Rs (T55 K)

V
l~0!
Å

1 0.24 91 1.2231026 3.331026 3.63105 1.23 19 2.531025 2650
2 0.58 89 4.731027 7.631027 9.73105 1.47 12 ;2Ub 1.231025 2340
3 0.37 90.2 8.031027 4.231027 2 3105 1.69 26 2Ub140 K 1.831025 1600

aExtrapolated toT50 K.
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and proportional tof 1.2 at all fields and temperatures.8

We explained theT and f dependence ofDRs with a
random vortex pinning potential. While the majority of th
vortices is strongly pinned, withDRs} f 2 ~Ref. 18! some are
pinned in metastable states separated by energy bar
Ub .19 Moreover, the dominant energy dissipation resu
from the transitions of vortex segments of lengthl between
these metastable states that are formed by the pinning o
vortex cores by a random distribution of defects of volum
,j3 in the YBCO samples.3,15–17 Because these pinnin
centers are small in volume, the range of the pinning in
actionsr P is roughly equal to the vortex core sizej, so that
displacements of;j can move a segment of a vortex core
a new pinning energy minimum. The random distribution
these defects results in a large number of closely spa
energy minima, separated by a random distribution of ene
barriers with magnitudes extending down to'0 K. This
gives rise to a broad distribution of characteristic frequenc
for the hopping of vortex segments between metasta
states and explains the frequency, temperature, and
magnetic-field dependences ofDRs and of the corresponding
DXs that are exhibited in our low-power linear-response d
published earlier.8 We show here that the same model a
explains the high-power nonlinear response. Ear
measurements7 have shown that the onset of nonlinearit
which is generally attributed to the current-induced dep
ning of vortices, occurs in these samples at current dens
where typical vortex displacements are much less than
pinning range;j. While this apparent contradiction cann
be explained by the theories of vortex dynamics that ass
relatively deep and uniform vortex pinning potentials,20–22

we will show that the broad distribution of energy barrie
between metastable vortex states, that can explain the
quency and temperature dependence ofZs in the linear re-
gime, can also explain the high-power nonlinearZs . In this
work we concentrate on the temperature rangeT&Tc/2,
where the temperature dependences of materials param
such as the mean distance between metastable statesr P(T),
the mean length of the metastable vortex segmentsl (T), and
the magnitudes of the energy barriersUb(T), are weak.

In the following, we present a description of our expe
mental techniques, specifically the manner in which we m
sure the surface impedanceZs of our YBCO films. We then
describe the details of the theory that we propose for fitt
both the linear and nonlinear measurements that we h
made. Finally, we discuss the results of those fits in the c
text of other work on vortex dynamics.
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We introduce some notation conventions which we u
throughout the paper in order to clarify the differences b
tween dependences on dc magnetic fieldH and on micro-
wave currentI rf . The change to thelinear Zs due to the
magnetic field is defined asDZs[Zs(H)2Zs(H50). The
corresponding convention is used forDRs and DXs . The
nonlinear Zs(I rf) at constant magnetic field is defined
DHZs[Zs(I rf ,H)2Zs(0,H). The corresponding conventio
is used forDHRs andDHXs .

II. EXPERIMENTAL METHODS

The microwave surface-impedance data were obtaine
a liquid-He cryostat fitted with a 9-T superconducting ma
net operating in a persistent current mode to ensure fi
stability. The samples were zero-field cooled to eliminate
possibility of trapped flux. The data presented were obtai
at fields much greater than the lower critical fie
Hc1;0.01 T to assure uniform penetration of our microwa
resonators by the external field, as was verified through
use of a Hall-effect sensor.7

The samples were mounted in gold-plated copper or a
minum packages which were fixed to a carbon-glass th
mometer, and mounted in a copper enclosure, which ha
heater attached to its base. The temperature was monit
and controlled to obtain temperature stabilities of a few pa
in 104.

The surface-resistance and -reactance data were obta
from YBCO samples grown on 0.5-mm-thick LaAlO3 sub-
strates. The samples were grown by different techniqu
Samples 1 and 3 were 2500-Å and 3690-Å thick, resp
tively, and were produced through off-axis magnetr
sputtering.23,24 Sample 2 was 5800-Å thick, and was pr
duced through cylindrical magnetron sputtering.25,26 The
properties of these films are listed in Table I. The thr
samples are high-quality epitaxial single-phase films with
c-axis perpendicular to the substrate.

The microwave properties were studied through the us
stripline resonators,9,10 which are especially useful for mea
surements of the frequency and rf-current dependence o
surface impedance. These devices support standing w
whose microwave current has the formI rf5I 0sin(npz/s)
wheren is the mode number andz is the position along the
length s of the resonator. The resonant frequency for t
modes isf n5n f1 , where f 1 is the lowest frequency mode
which ranges from 1.2 to 1.7 GHz. The measurements w
performed using a vector network analyzer and a series
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broadband power amplifiers. This allowed measurement
mode frequencies from 1 to 26 GHz. To prevent radiat
losses, the resonators were sandwiched between two s
conducting ground planes which formed the top and bott
of a microwave cavity~stripline geometry!. The sides of the
cavity were formed by a gold-plated copper package
which the resonator and ground planes were mounted.
resonator, ground planes, and orientation of the applied fi
are shown in Fig. 1. At most measurement frequencies,
dynamics of the stripline completely dominate those of
surrounding cavity. However, some of the modes of the re
nator are at frequencies very close to the modes of the ca
and the resulting strong coupling makes them unsuitable
these experiments. Any residual cavity interactions with
remaining modes were minimized by considering onlyDZs ,
which is obtained by subtracting the zero-dc-fieldZs from
the in-fieldZs at each frequency.

The striplines were weakly coupled so the measuredQ
was equal to the unloadedQ. Stripline widths were selecte
so that at the frequencyf 1 each resonator had a zero-fie

FIG. 1. View of the structure of a stripline resonator.~a! Pat-
terned resonator line. The rf current flows in the plane paralle
the resonator line.~b! View of the resonator plus ground plane
which form the top and bottom of the resonator cavity. The
magnetic field is perpendicular to the plane of the film and para
to thec axis of the YBCO.
of
n
er-

n
he
ld
e

e
o-
ty,
or
e

low-temperatureQ of about 105.
The microwave losses in the LaAlO3 substrates, defined

in terms of a loss tangent, produce a change in the reson
Q given by 1/Qm51/Q1tand, whereQm is the measured
quality factor and tand'231026 at low temperatures. This
correction is small enough so that it is not significant in th
work.7,9 The shifts in resonant frequencies due to the chan
in the Q of the resonator are of order 1/Q2 and are always
negligible in comparison to the shifts we measure due to
changes in the sample’s reactance.

As we discuss below,Zs is determined by the comple
microwave penetration depthl̃ in these films. The real par
of the zero-field microwave penetration depthl̃R(H50) is
essentially equal to the London penetration depthlL at these
frequencies. The imaginary partl̃I(H50) is proportional to
Rs(H50). We extractl̃R from measurements of the mod
frequencies, determined by the stripline inductanceL that is
the sum of a geometrical componentLg and a kinetic com-
ponentLk that depends onl̃R and on film thicknessd. To
obtainL(l̃R) and the current density as a function of positi
in the resonatorJ(rW), we have used the results of She
et al.10 Shifts in the surface reactancedXs(H, f ,T,Jrf) due to
any external variable such asH, f , T, or Jrf are determined
from the measured shifts in mode frequenciesd f n by

dXs~H, f ,T,Jrf!52pm0f dl̃R

524pm0LS L

Ln0
D 1/2F d

dl̃R

L~ l̃R!G21

d f n ,

~1!

where f n0 and Ln0 are, respectively, the zero-temperatu
zero-field frequency, and inductance of a resonant moden.
Becausedl̃R is proportional tod f n , anddXs52pm0f dl̃R ,
we will generally quote the results for the shifts inXs in the
presentation of the data.

We obtain l̃R(T50,H50) and the zero-field transition
temperatureTc by incorporating the expression for the pe
etration depth taken from the two-fluid model9,27

l̃R~T!5
l̃R~0!

@12~T/Tc!
4#1/2 ~2!

into L(l̃R) in Eq. ~1! to obtain the frequency shiftd f n for a
given mode as a function ofT. The parametersl̃R(0) andTc
are determined by fitting the mode frequency versus te
perature data for the first mode.

The surface resistanceRs , which is proportional tol̃I ,
was extracted from theQ and f n using the relationship:10

Rs5
g~ l̃R /d! f n

Q
, ~3!

whereg(l̃R /d) is a numerically determined function whic
accounts for the finite ratio of the film thicknessd to l̃R .9,10

The functiong(l̃R /d) also takes into account the striplin
geometry, the characteristic impedance of the stripline,
the current distributionJ(rW) within the resonator.
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By usingg(l̃R /d) andL(l̃R) in Eqs. ~1! and ~3!,9,10 the
Rs and l̃R determined from our data yieldZs for ac currents
flowing in a semi-infinite half-plane:

Zs5Rs1 iXs52pm0i f l̃, ~4!

in which Rs is taken to have a positive value. In the prese
work there are changes tol̃R which result from the current
driven depinning of vortices, but, as we will show, the ove
all changes in the penetration depth, as determined by
changes in the mode frequencies, are less than 20% o
in-field penetration depth. Further, for the samples discus
in detail, the conditionl̃R,d/2 prevails, so that theQ for
these samples is only weakly dependent onl̃R .10 In all of
these measurements, the magnetic fields generated by t
currents in the resonator are less than 1% of the applied
magnetic field, and, as shown previously,7 the zero-field sur-
face resistance at all measured resonator currents is less
the in-fieldRs at comparable currents.

III. THEORY

In the following subsections, we present theoretical
sults forl̃ arising from the motion of vortices resulting from
a dc magnetic field normal to the plane of the film.

A. l̃„H … in the limit of stationary vortices

In the absence of vortex motion, the field and temperat
dependence of the London penetration depth7 lL is given
approximately as

lL~H,T!'
lL~0,T!

A12 H/Hc2~T!
. ~5!

We are not sensitive to the temperature dependence o
upper critical field, becauseHc2'100 T@H and is only
weakly dependent onT for T!Tc .12,28–30 We exclude the
temperature and field dependence oflL from our determi-
nation of DXs(I rf) by considering onlyDHXs[@DXs(I rf)
2DXs(0)# at a givenT, f , andH. This allows us to separat
the temperature and field dependence of theDXs due to the
nonlinear motion of vortices from the temperature and fi
dependence arising from changes inlL(H,T).

When we exclude the effects of vortex motion, the ima
nary part ofl̃ resulting from normal-fluid losses in the two
fluid model31 is given as

l̃I5ImH lL

@112i ~lL /dnf!
2#1/2J 'lLF S lL

dnf
D 2G , ~6!

wherednf is the skin depth of the normal fluid. In this fre
quency and temperature regime,dnf'3 mm. Since the mea-
sureddnf are relatively small at low temperatures it is no
mally assumed that a significant density of unpair
electrons is present in extrinsic defects such as grain bo
aries and weak links.11 BecauselL /dnf!1 and becauselL is
a weak function of magnetic field, the effect of the norm
fluid losses is almost completely contained in the zero-fi
surface resistanceRs(0). Thus, by subtracting the zero-fiel
Rs(0) data from the in-fieldRs(H) data at each temperatur
and by focusing onDRs(H)[Rs(H)2Rs(0), we canisolate
t
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the losses associated with the motion of vortices. Furth
more, normal-fluid losses will contribute aDRs} f 2 fre-
quency dependence which is very different from t
DRs(H); f 1.2 dependence we have measured in all samp
and at all temperatures.7,8

B. Dl̃ arising from vortex motion

In order to determine the contribution of the motion
vortices toZs , it is necessary to determine the electric fie
E they generate as a result of their displacementsu. The
electric field is proportional to their velocityu̇ and is given
by E}((f0u̇) wheref0 is the flux quantum and the sum
over all vortex segments. We have shown8 that atT&Tc/2
and f ,25 GHz there are two principal types of vortex d
namics that contribute to the overallZs in high-Tc materials.
The first is due to the majority of vortices which are pinn
in parabolic wells and whose viscosity is sufficiently sm
that their displacementsuP are in phase with the applie
microwave current at all measured frequencies.8,20–22,32The
second type of vortex motion, described by the displa
mentsuh , arises from the thermally activated hopping
vortex segments between pairs of metastable vortex sta8

In this section we outline the calculation ofDZs arising from
both kinds of motion.

1. Pinned vortex segments

For the first case, vortices pinned in parabolic wells,
uP of the vortex segments, when driven by an rf curre
densityJrf(rW,t)5Jrf(rW)e2p i f t perpendicular toH, are deter-
mined by a force balance equation of the form:20–22

2p i f huPl 1aPuPl 5Jrf~rW,t !f0l , ~7!

wherel is the length of the pinned vortex segment,h is the
linear vortex viscosity per unit length, andaP is the vortex
restoring force per unit length. It is customary to define t
pinning frequency8,12,29by

f P5
aP

2ph
;1011 Hz, ~8!

which is the frequency at which the pinned vortex segme
are no longer able to move fast enough to remain in ph
with the applied microwave field.

The aP is related to the vortex pinning potential energ
U(u) by the relation

aP'
1

l

]2U~u!

]u2 . ~9!

In what follows, as other authors have done,19,20,22,33we take
l as the mean length andaP as the mean vortex restorin
force constant per unit length. Since our measurements i
cate thatDZs is proportional to the magnetic field,7,8 we
conclude thataP is dominated by interactions between ind
vidual vortex cores and pinning centers in the YBC
samples rather than by vortex-vortex interactions. Invert
Eq. ~7! and taking a time derivative ofuP gives the velocity
of an individual pinned vortex segment in response to
microwave current densityJrf(rW,t):
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u̇P5
1

aP

2p i f

11 i f / f P
Jrf~rW,t !f0 , ~10!

where f ! f P for the data presented here. We expect, for
Jrf levels studied in this work, thatuP will grow linearly with
Jrf . As a result,DZs(H)}u̇/Jrf will be independent of the
current for the strongly pinned vortices.

2. Hopping vortex segments

The second type of vortex motion which contributes
DZs is the thermally activated hopping of vortex segme
between pairs of metastable states. Because of the tim
quired to overcome the barriers between these states, t
vortices respond more slowly toJrf and move distance
;2r P;2j'50 Å. Figure 2 shows a metastable vortex se
ment of lengthl capable of moving between two states se

FIG. 2. ~a! A metastable vortex segment of lengthl with two
possible metastable pinning sites.~b! The effective pinning poten-
tial seen by the metastable segment and the parameters desc
this pair of states: separationr P , average barrier heightUb seen by
the potential minima, energy differenceUd between potential
minima, and segment lengthl . The energies of the two potentia
minima areUb6Ud .
e

s
re-
ese

-
-

rated by an energy barrier whose average height seen
the two minima isUb and having an energy differenceUd .
The number of these segments at2r P is proportional to
(uh2r P), and the number of segments atr P is proportional
to (uh1r P). The mean velocity of the ensemble of vorte
segments moving from an initial site at mean position2r P ,
with respect to the barrier, to a final site at mean posit
1r P is determined by the probability of the vortex segme
ensemble being found at2r P times the rate at which the
segments are activated from2r P to 1r P , minus the prob-
ability that the vortex segment ensemble is at1r P multiplied
by the rate at which the segments are activated from1r P to
2r P . The rate at which a vortex segment is activated from
state is determined by an attempt frequencyf a which we take
to be' f P times the exponential of the instantaneous bar
height seen by the vortex segment in that state. Theref
the velocity of a vortex segment hopping over an ene
barrier between two metastable states separated byr P
driven by a microwave current densityJrf perpendicular toH
is

u̇h

p
52~uh1r P! f aexpF2Ub2Jrf~rW,t !f0lr P2Ud /2

kBT G
2~uh2r P! f aexpF2Ub1Jrf~rW,t !f0lr P1Ud /2

kBT G .
~11!

In Eq. ~11! the exponentials determine the rates at which
vortex segments are activated over barriers of instantane
heightsUb6Ud6Jrf(r ,t)f0lr P . In what follows we define
f Th5 f aexp$2Ub /kBT% so Eq.~11! can be simplified giving

u̇h

2p f Th
52uhcoshF r Plf0Jrf~r ,t !1Ud /2

kBT G
1r PsinhF r Plf0Jrf~r ,t !1Ud /2

kBT G , ~12!

whereJrf(rW,t)5Jrf(rW)e2p i f t and Jrf(rW) is numerically deter-
mined as discussed in Sec. II.

We integrateu̇(Ub ,Ud ,rW)5u̇h1u̇P over the probability
distributionsn(Ub) and n(Ud), discussed below, to deter
mine the mean time-averaged vortex velocityu̇(rW) at each
point in the resonator. This velocity is determined from E
~10! and ~12! by

u̇~Jrf , f ,T!5 f E
2`

`

dUdE
0

`

dUbE
0

1/f

dt u̇~Ub ,Ud!

3@cos~2p f t !1 i sin~2p f t !#n~Ub!n~Ud!.

~13!

3. Determination ofn„Ub… and n„Ud… from Zs„T,f …

in the linear limit

In order to use Eq.~13! to model the dynamics of vorti-
ces, it is necessary to findn(Ub) andn(Ud) from the mea-
sured linear response of the system. In the linear limit, wh
Jrff0r Pl ,kBT, Eq. ~12! can be simplified to give

ing
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u̇h5
r P

2 l

kBT S 2p i f

11 i f / f Th
D Jrf~rW,t !f0 , ~14!

which has the same form as Eq.~10!, but, as we will discuss
the distribution off Th is very different from that off P . As a
resultDZs arising from theu̇h behaves quite differently from
that arising from theu̇P . At any temperature, the totalDRs
resulting from vortex hopping in the smallJrf limit DRs
}R((u̇h /Jrf) is proportional to the number of metastab
segments for whichUd,kBT and for whichf Th; f . Assum-
ing an approximately constant distribution ofUd in the range
Ud,kBT, the number of states for whichUd,kBT is
n(Ud50)3kBT, wheren(Ud) is the probability of finding
two metastable states separated by a given energyUd . The
number of metastable states which have a givenf Th in the
spanD f Th is proportional to the density of barrier heigh
n@Ub5kBT ln(fTh/f )# multiplied by the factor (dUb /
d fTh)D f Th5(2kBT/ f Th)D f Th . Therefore, as we will dis-
cuss below, the overall sampleDRs(T, f )}R(u̇/Jrf) is
roughly proportional tou̇h in Eq. ~14! integrated overf Th
where the integrand is multiplied by the fact
n(Ud50)n@Ub5kBT ln(fTh/f )#kBT2/fTh.34

As shown by Koshelev and Vinokur, the frequency d
pendence ofDRs(T, f ) arising from vortex hopping in the
linear regime19 is always; f 1. To produce theDRs(T, f )
}T1 dependence that we find experimentally at low tempe
tures and lowI rf ~Fig. 4!, n(Ub) must be roughly indepen
dent of bothT andUb .19 However, the temperature depe
dence of DRs(T, f ) is influenced by the temperatur
dependences ofr P , l , Ub , andf a , the energy dependence o
n(Ub), and in additionDRs(T, f ) may be affected by the
quantum-mechanical properties of vortices at lo
temperatures.33,35 Because there is no detailed understand
of the behaviors of these parameters, we do not attemp
exact explanation of the temperature dependence ofDRs ,
but rather we show that the behavior of the temperature
pendence of the nonlinearDRs(Jrf) is predicted from that of
the linearDZs . The product ofn(Ub;0) andn(Ud;0) is a
fitting parameter that we obtain from our linearDRs data by
requiring the slope ofDRs(T) vs temperature to be equal t
the measured slope ofDRs(T) arising from the hopping of
vortices for each sample in the limit of zero current. In wh
follows we define this slope asDRs1 and in addition, becaus
in the limit of zero temperature and zero current,DRs(T)
does not extrapolate to zero, we add a small tempera
independentDRs0 to all of our numerically generated curve
so that the smallI rf response of the measuredDRs is accu-
rately reproduced. These fitting parameters are given
Table I for each of the samples.

4. DZs in the nonlinear limit

In the limit Jrff0r Pl .kBT, the microwave current is abl
to drive vortices between metastable states with ener
Ub ,Ud@kBT so the allowed range ofUd which contributes
to Zs becomes much greater than at small current. In or
for a vortex segment to move between metastable sta
Jrf(rW)f0r Pl must be greater than roughlyUb1uUd/2u
2kBT ln fa /f. Therefore, asuUdu increases,Ub decreases for
vortex segments which are able to hop. AsUb decreases, the
work done byJrf in pushing vortex segments between me
-
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stable states decreases and thereforeDRs also decreases. A
a result, in both the linear and nonlinear limits,DRs is domi-
nated byn(Ud) at smallUd .

In this model,DXs is determined by the number of vorte
segments which are able to hop, with only a weak dep
dence onuUdu. Thus, for largeJrf , in order to fit our nonlin-
ear DXs data, we need to determine then(Ud) for all Ud .
For largeJrf and energy independentn(Ud) our numerical
results show thatDHXs[DXs(I rf)2DXs(0) grows withJrf
at twice the rate ofDHRs[DRs(I rf)2DRs(0). This ratio of
DHXs /DHRs is larger than the ratio of'1.5 that we obtain
from our measured data, indicating that the time-avera
energy difference between two metastable statesUd does not
become arbitrarily large in our samples. TheUd can be con-
strained in two ways: the first is to assume that the ene
minima of both metastable states tend to be lower than
energy maximum of the barrier between the sta
(Ud,2Ub), and the second is to assume thatn(Ud) is a
decreasing function of energy for largeUd . We have found
that the simplest way to approximate ourDXs data is to
introduce the parameterUd0 into our numerical solution of
Eq. ~13! so thatn(Ud)50 whenUd is greater than the em
pirically determined valueUd0 .

In order to determineZs from u̇ we define the complex
effective vortex resistivityrv5Bf0u̇/Jrf arising from the
electric field generated by vortex motion (E}f0u̇).8,19,20

Since the current density over the sample is not uniform, i
necessary to do a spatial average overJrf to obtain
rv(I rf , f ,T) from rv(rW,Jrf , f ,T):

rv~ I rf , f ,T!5
*d3rJ rf

2~rW !rv~Jrf~rW !, f ,T!

„*d3rJ rf~rW !…2 , ~15!

whereI rf is the total resonator current*d2rJ rf(rW) integrated
over the cross-sectional area at the current maximum of
resonator standing wave.

TheDHZs is determined fromlL andrv by the following
equation:19–21

DHZs52pm0i f l̃52pm0i f FlL
21

rv~ I rf , f ,T!

2p i f m0
G1/2

. ~16!

This is the usual expression forl̃, but here we incorporate
our derivation ofrv(I rf) arising from a strongly disordere
pinning potential. It is this equation that, incorporating t
results of Eqs.~10!, ~12!, ~13!, and ~15!, is used to fit our
measured data. In writing Eq.~16! we have neglected the
effects of the normal fluid losses@Eq. ~6!#, but as discussed
previously, these effects are removed from the results
present since we subtract the zero-fieldZs(0) from the in-
field Zs(H).

When R@rv /(2p i f m0)#!lL
2 a first-order expansion o

Eq. ~16! givesDHZs;rv . Sincerv}u̇, the harmonic motion
of the vortices pinned in parabolic wells@Eq. ~10!# will con-
tribute a real part ofZs} f 2 for f ! f P . As discussed previ-
ously, for n(Ub) roughly independent ofUb , the quantity
DRs arising from the hopping of vortices will be propo
tional to f 1T1 at low I rf . Because theDRs arising from the
hopping of vortices is} f 1 and isI rf dependent it is easy to
separate it from the component ofDRs arising from strongly
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pinned vortex for whichDRs is I rf independent and} f 2.
However, the two components ofDXs are more difficult to
isolate.

The DXs(T,H,I rf) arising from the motion of vortices is
determined by the mode frequency multiplied by the num
of vortices which are able to move fast enough that th
remain in phase withI rf . For f ! f P;1011 Hz, all of the
pinned vortices@Eq. ~10!# satisfy this condition, and for the
hopping vortices there is only a weak frequency depende
of the number of vortices which contribute toDXs . There-
fore, both populations of vortices giveDXs} f 1. Because, as
shown previously,8 DXs is dominated by both the
I rf-independentDXs(T,H) of the pinned vortices for which
u̇(T,H) is proportional to f @Eq. ~10!#, and the
I rf-independentlL(T,H) which also contributes aDXs} f 1

dependence@Eq. ~16!#, we isolate the rf current-depende
DXs(T,H,I rf), arising from the hopping of vortices, by pre
sentingDHXs[DXs(T,H,I rf)2DXs(T,H,0).

In the nonlinear limit, Eq.~16! predicts that a contribution
to DRs will result from the work done byJrf as it pushes
each active vortex segment over its barrierUb . This will
occur twice during each rf cycle so that the energy dissipa
per unit time will be proportional tof , and thereforeDHRs
will still be proportional to f 1 in the nonlinear regime. The
DHRs will tend to be determined by those vortices havi
larger Ub and Ud values. Since increasingJrf will linearly
increase the mean values of theUb and the range of theUd
of the active metastable vortex segments, the energy d
pated by the metastable segments for wh
Jrff0r Pl .Ub ,Ud will grow quadratically inJrf . Therefore,
the electric fieldE}u̇ arising from the segments able to ho
between metastable states increases asJrf

2 , and theDHRs

}E/Jrf will increase likeI rf
1 in the data. However, ifn(Ub) is

roughly constant, the additionalDRs , arising from the effect
of thermally activating vortex segments over the energy b
riers, will be comparable at allJrf , causing the number o
states withinkBT of Ub5Jrff0r Pl to be independent ofJrf .
As a result, in the measured data at highI rf , the dependence
of DHRs on T, f , H, andI rf is

DHRs~T, f ,H,I rf!'H f 1@aI rf1DRs01DRs1T1#, ~17!

wherea is a constant and theH dependence applies as lon
as bothH andI rf are small enough so that the vortex syste
remains in the single vortex limit.12,22

In addition,DHXs(I rf)/ f is proportional to the componen
of the motion of the vortices which is in-phase withJrf ;
therefore, asJrf is increased, the number of metastable s
ments for whichJrff0r Pl .Ub ,Ud will increase asJrf

2 so that
E}u̇ arising from the kinetic inductance of the vortices w
grow like Jrf

2 , and DHXs will grow linearly with I rf . For
largeJrf , the states for whichJrff0r Pl .Ub areUd polariz-
able at all measured values off . As a result, in the nonlinea
limit, the component ofDHXs5DXs(I rf)2DXs(0)}E aris-
ing from the hopping of vortices is expected to grow linea
with frequency forJrff0r Pl @kBT. However, the magnitude
of the contribution of the thermally activated vortices
DHXs is not expected to be changed appreciably asT in-
creases. As a result, at highI rf ,DHXs(T, f ,H,I rf) is given by

DHXs~T, f ,H,I rf!'H f 1@aI rf1DXsa~T!#, ~18!
r
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where the temperature dependenceDXsa(T), which will be
similar to that ofDRs(T), is obscured by the temperatur
dependence ofDHXs(H,T) arising from the majority of vor-
tices which are strongly pinned.

IV. EXPERIMENTAL RESULTS

Figure 3 showsDHRs at a field of 1 T andRs in zero field
for sample 1 as a function ofI rf for f 51.23 GHz and
T54.7 K, illustrating thatDHRs at 1 T ismore than an order
of magnitude greater than the surface resistance at 0 T over
the measured current range. In the inset, theH51 T data is
shown on a logarithmic scale. TheDHRs data atH51 T are
only weakly dependent onI rf for I rf,0.06 A. For
I rf.0.06 A, DHRs grows with increasingI rf and the sample
is in the nonlinear regime. In order to determine the vor
displacements arising from anI rf of 0.06 A, we have deter-
mined the vortex restoring force constantaP from DXs and
Eqs. ~10! and ~16!, for the three resonators discussed he
~see Table I!. As we have shown,8 this is an underestimate
since we have ignored the contribution of vortex hopping
DXs As a result, the actualaP is 10–20% larger. The aver
age vortex displacementuP is approximatelyJrff0 /aP , and
a resonator current of 0.06 A corresponds to a maxim
current density in the stripline resonator of on
1.83106 A/cm2. As a result, for a measuredaP of
3.63105 N/m2 ~sample 1!,8 we determine vortex displace
ments of only 1.2 Å atJrf51.83106 A/cm2 (I rf50.06 A).7

As this group7 and others12 have found, the onset of nonlin
earity is at vortex displacements much smaller than t
j'20 Å required to significantly change the vortex pinnin
force.7,22 In the range fromI rf'0.1 to 0.5 A, Fig. 3 shows
that DHRs(I rf) changes by a factor of'4 and is}I rf . The
low value of current density at which vortices can be d
pinned is explained by the existence of energy barriers
tween vortex states whose magnitudes extend
,kBT ln(fa /fn). While the vast majority of vortices do no
gain enough energy fromJrf to move to adjacent states a
Jrf51.83106 A/cm2, there is a small number of vortex seg
ments whose hopping probability is significantly increas

FIG. 3. The ~L! show DHRs vs current I rf for sample 1 at
f 51.23 GHz andT54.7 K for H51 T. For reference the curve
~d! Rs(H50 T) is shown. The inset showsDHRs vs I rf on a loga-
rithmic scale in order to show the behavior at low values ofI rf more
clearly. TheDHRs is nearly constant forI rf,0.03 A.
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by Jrf , and these vortices contribute a nonlinear compon
to DRs . In addition, the roughly 400% increase inDHRs that
is }I rf for rf currents between 0.06 and 0.5 A is consiste
with the expected behavior ofDHRs in the proposed mode
with n(Ub) roughly independent ofUb . As Jrf is increased,
the number of vortex segments for whichUd,Jrff0r Pl in-
creases linearly, as does the mean value of theUb for the
active states, so that the overallu̇ and E are both propor-
tional to Jrf

2 . ThereforeDHRs}E/Jrf is proportional toI rf .
In Fig. 4 we show the linearDRs / f n at 2 T ofsample 3 vs

temperature for several mode frequencies. Samples 1 a
show similar behavior, as discussed in detail in Ref. 8. T
similarity of the slopes shows thatDRs5DRs,Th1DRs,a
whereDRs,Th} f 1 results from the activation of vortices be
tween metastable states andDRs,a} f 2 results from strongly
pinned vortices. The spreading in the curves probably ar
from DRs,a increasing slowly with temperature, but may r
flect an error of 10–20% in the exponent 1.0 of the term d
to vortex hopping. By linearly extrapolating the slopes
these data tof 50 we obtain an approximation for the slop
of DRs(T) arising from the hopping of vortices which w
define asDRs1 . By extrapolating these data tof 50 and
T50 we find the zero-temperature intercept which we defi
asDRs0 . The dashed line shown in Fig. 4 is of slopeDRs1
and the intercept isDRs0 . The values forDRs0 andDRs1 are
listed in Table I for each sample and are used below to fit
sample data to the proposed model. The roughlyDRs}T
dependence seen in the component ofDRs} f is consistent
with the proposed model ifn(Ub) is independent ofUb for
energies less than;100 K as in sample 1~see Fig. 3!. As T
is increased, both the number of vortex segments for wh
Ud,kBT, and the range of theUb for the active states in
creases linearly, so that the number of active states incre
asT2. However, due to thermal fluctuations, the polarizab
ity of the states is}1/T @Eq. ~12! and~14!# so thatu̇h and the
electric fieldE}DRs are both proportional toT.

Figure 5 shows the change in surface resistanceDHRs of
sample 2 as a function of the microwave currentI rf at fields
of 1, 2, and 4 T forf 51.47 GHz andT55 K. It can be seen
that theDHRs at 2 T isroughly twice that at 1 T, indicating
that DRs at constantI rf remains}H even in the nonlinear

FIG. 4. TheDRs of sample 3 divided byf n
1.0 at temperatures

from 5 to 30 K at 5 K intervals for four different frequencies:~j!
f 51.69 GHz, ~d! f 53.38 GHz, ~,! f 56.7 GHz, ~h!
f 58.45 GHz. The dashed line, determined from these data, i
slopeDRs1 and has an intercept ofDRs0 .
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region. This result extends to higherI rf values the findings of
various authors7,8,13,32who have found that the linearZs is
}H in high-Tc materials. At 4 T, however,DHRs(I rf) in-
creases faster thanI rf

1 at highI rf . This is a departure from the
model discussed here and may be the result of the onse
collective depinning of vortices.22,36 As in sample 1~Fig. 3!,
the onset of nonlinearity in Fig. 5 for sample 2 also occurs
vortex displacements of only;1 Å. The curves in Fig. 5
show the fits of Eq.~16! to the data. For this sample, w
determine DRs054.731027V(T GHz)21 and DRs157.6
31027V(T GHz K)21 from the temperature dependence
the linearDRs in the manner described in our discussion
Fig. 4. The free parameter for all of theDHRs fits is the
product r P3 l , which is the mean area of the vortex loo
hopping between metastable states in response to the ap
microwave current. For the fits shown in Fig. 5, the vort
loop arear Pl was taken to be 12 nm2. In these fits, we lim-
ited the range of Ud by assuming n(Ud)50 for
Ud.Ud052Ub . However, this assumption only weakly a
fected the fits to theDHRs data. We have used the samer Pl ,
Ud0 , DRs0 , andDRs1 values for all three magnetic fields i
Fig. 5 because, in the single-vortex limit, we expect the
sponse of the vortices with respect toI rf to be largely inde-
pendent of magnetic field.

Figure 6 shows a plot ofDHRs / f n of sample 3 at 2 T and
5 K as a function of microwave currentI rf at 3 resonator
frequencies: 1.69, 3.38, and 6.71 GHz. The inset to this
ure shows theDHRs / f n vs I rf for the same frequencies an
magnetic field but at 15 K. Because the curves in both
main figure and the inset are parallel and offset from e
other by an amount proportional to the frequencies, th
curves can be approximated asDHRs / f n5a(I rf)1b fn where
the functiona(I rf) arises from the current-driven hopping o
vortices between metastable states for whichDHRs} f , and
the second term arises from the linear motion of stron
pinned vortices for whichDHRs} f n

2 . Also shown on this
figure are fits of Eq.~16! to these data based on the values
DRs0 and DRs1 obtained as described in our discussion
Fig. 4. For the fits to theDHRs data, the vortex loop arear Pl
is taken to be 26 nm2. In order to fit theDHRs data in Fig. 7
we useUd052Ub140 K which was determined through fit
to the DHXs . However this relation betweenUd0 and Ub

of

FIG. 5. Plot ofDHRs vs currentI rf for sample 2 atf 51.47 GHz
andT55.0 K for three magnetic fields:~%! H51 T, ~d! H52 T,
and ~1! H54 T. The curves show the fits of Eq.~16! to the data.
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only weakly affects the fits to theDHRs data in Fig. 6. The
onset of a linearI rf dependence forDHRs / f n is at a lowerI rf
for sample 3 than in samples 1 and 2 which arises from t
largerr Pl .37 One of the most striking features of the data in
Fig. 6 is the strong linear component to theI rf dependence of
DHRs / f n which extends over aDHRs / f n change of roughly
32 mV/GHz. For thef 51.69 GHz data, this corresponds to a
variation of '800% asI rf grows from 0 to 0.9 A. As in
sample 1~Fig. 3!, the linearI rf dependence ofDHRs supports
the assumption that the density of energy barriers betwe
metastable vortex statesn(Ub) is roughly constant. As these
data show,Rs; f 1 in the nonlinear limit. This arises because
metastable segments are driven from2r P to r P and back
with each rf cycle. Since the energy loss in each transition
the same,DHRs arising from the proposed model is approxi
mately proportional to frequency.

Figure 7 shows the changes in surface reactanceDHXs of
sample 3 as a function of resonator currentI rf at 5 K and 2 T
for the frequencies 1.69, 3.38, and 6.71 GHz. Also shown

FIG. 6. TheDHRs / f n vs currentI rf for sample 3 at a tempera-
ture of 5 K and a magnetic field of 2 T for three frequencies:~L!
f 51.69 GHz, ~h! f 53.38 GHz, and ~,! f 56.71 GHz. The
curves show the fits of Eq.~16! to the data. The inset shows the
DHRs / f n vs I rf data for sample 3 at a temperature of 15 K and
field of 2 T for the same three frequencies.

FIG. 7. TheDHXs vs currentI rf ~right scale! for sample 3 at a
temperature of 5 K and a magnetic field of 2 T for three frequen-
cies: ~L! f 51.69 GHz,~h! f 53.38 GHz, and~,! f 56.71 GHz.
The curves show the fits of Eq.~16! to the data. The inset shows
r 5DHRs /DHXs vs I rf for ~j! f 51.69 GHz.
e

en
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n

this figure~solid curves! are theDHXs predicted by Eq.~16!,
where we have used the same values ofDRs0 , DRs1 , r Pl ,
and Ud052Ub140 K as those in Fig. 6~see Table I!. For
the vortex-hopping loss mechanism, the increase inDHXs ,
which is proportional to the number of vortices hopping b
tween metastable states, has roughly the same magnitud
the increase inDHRs . As discussed in Sec. III B, theDHXs

} f 1 frequency dependence of the fits arises beca
DHXs / f ;E}u̇ multiplied by the number of metastable se
ments that can be polarized byJrf . For Jrff0r Pl @kBT, this
polarizability is largely frequency independent so th
DHXs}u̇} f .

The valuer 5DHRs(I rf)/DHXs(I rf) is a parameter often
used to differentiate between vortex loss mechanisms.38,39

The inset to Fig. 7 shows a plot ofr vs. I rf taken from the
surface resistance and surface reactance data plotted in
6 and 7.40 These data and the results of the proposed mo
~solid line! both show anr value which decreases with in
creasingI rf . As others have shown,38,39r values near 1, such
as those in this inset, are typical of hysteretic lo
mechanisms.12 The values ofr;1 for this type of loss
mechanism arise because the motion of metastable vo
segments increases both the vortex lattice polarizabi
which is the measure ofDHXs , and the vortex energy loss
which determinesDHRs . This is not generally true of othe
loss mechanisms. For instance, ther values are less than
1022 for the nonlinearities due to the breaking of Coop
pairs into quasiparticles or to the nonlinear inductance
weak links, based on a quasiparticle relaxation time
'10213 s,38,41 while the current-induced heating of supe
conducting weak links is expected to generater values of
about 200.38

Figure 8 shows data for theDHRs andDHXs as a function
of I rf for sample 3 at temperatures 5, 10, and 15 K fo
magnetic field of 2 T and a frequency of 1.69 GHz. Als
shown in this figure is the fit of Eq.~16! to these data, in
which we have used the values ofRs0 , Rs1 , andr Pl previ-
ously determined for this sample~Table I! at each of the
three temperatures.

In Fig. 8~a! the fits toDHRs are essentially straight line
with the same slope, offset from each other, which res
from the assumption thatn(Ub) is roughly independent o
Ub to energies of at least several hundred Kelvin. This i
plies that the number of pairs of metastable states withinkBT
of those withUb'Jrff0r Pl is independent ofUb . In the
data, however, there is an increase in the separation of
three data sets asI rf increases. AtI rf50.7 A, the separation
between the surface resistance curves at the three tem
tures has increased by roughly 35% or 4.431026V above its
value at I rf50.2 A.This increasing separation could be i
corporated into the fits to the data by causingn(Ub) to in-
crease slowly withUb ; however, the increase in separatio
could also arise from an increase in the loop arear Pl with
increasingI rf . As shown, however, the fits to the data a
quite good without adjusting eithern(Ub) or r Pl .

Figure 8~b! shows the correspondingDHXs data and the
fit of Eq. ~16! to these data, with the same values ofDRs0 ,
DRs1 , Ud0 , andr Pl as Fig. 8~a! ~see Table I!. For largeI rf ,
theDHXs of the 15 K data are roughly 7mV less than that of
the 5 K data. However, the fits to these data suggest tha
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56 11 975LINEAR AND NONLINEAR MICROWAVE DYNAMICS OF . . .
surface reactance at 15 K should be roughly 17mV less than
that of the 5 K data atI rf50.7 A. This discrepancy would b
largely eliminated if the spreading of theDHRs data were
incorporated into the fits in Fig. 8~a!, and would result in a
reduction in the separation of theDHXs fits in the inset to
Fig. 8~b! by roughly 7mV.

In Figs. 8~a! and 8~b! the data atI rf.1A for the three
temperatures and the separation between the data se
crease rapidly with increasingI rf . These increases probab
indicate a more general depinning of the vortex lattice. F
sample 3, a resonator current ofI rf51 A produces a
Jrf'33107 A/cm2 on the edges of the resonator which co
responds to a mean vortex displacement on the edges o
resonator ofJrff0 /aP'30 Å'j, roughly the pinning range
of many types of defects. At this displacement a substan
number of vortices can be depinned. With ar Pl of 26 nm2, a
current density of 33107 A/cm2 corresponds to aUb of
;1000 K.

V. COMPARISON WITH RELATED WORK

This is the first comprehensive work to characterize a
explain the low-temperature dependence ofDZs on I rf in
high-Tc films in the mixed state (H@Hc1) at microwave
frequencies. We have shown previously in the linear reg
at low microwave current that the frequency and tempera
dependence of the dynamics of vortices can be explaine

FIG. 8. ~a! The DHRs vs currentI rf for sample 3 at a frequenc
of 1.69 GHz and a magnetic field of 2 T for three temperatures:~L!
T55.0 K, ~h! T510.0 K, and~,! T515.0 K. The curves show
the fits of Eq.~16! to the data.~b! DHXs vs I rf for the three tem-
peratures shown~a!: ~L! T55.0 K, ~h! T510.0 K, and ~n!
T515.0 K with fits to Eq.~16!.
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thermally activated hopping of vortices between pairs
metastable states separated by a uniform distribution of
ergy barriers.8 In the present work we show that the sam
model which is able to explain the frequency and tempe
ture dependence in the linear regime is readily employed
explain the nonlinear regime.

Our results show that at low temperatures the onse
nonlinearity is atJrf'23106 A/cm2, which is comparable to
the values given by other authors. For instance, Golosov
et al.12 also report a threshold value of 2.23106 A/cm2 at 5
K, and van der Beeket al.22 report typical threshold value
of 1.03106 A/cm2 at low temperatures. Though there is litt
previous experimental work to characterize the freque
and temperature dependence of the vortex-inducedDHZs ,
there are a number of theories which have been propose
address the nonlinear response of the vortex system;
theories generally assume a uniform vortex pinning pot
tial. Van der Beeket al.22 propose that the vortex pinnin
potential is sinusoidal inuP , and that for large vortex dis
placements (u.j'20 Å), the potential becomes nonpar
bolic, introducing nonlinearities. However, this model cann
explain the onset of nonlinearities at vortex displacement
;1 Å!j'20 Å.7,38

Other theories address the creation and destruction of
tices by the ac magnetic field.32,42 However, in our measure
ments, the peak rf field is;1% of the dc magnetic field, so
the variations in the vortex population arising fromI rf cannot
account for theDHRs;300% variation we see in response
increases inI rf ~see Fig. 5!.

In addition, there are theories which suggest that at su
ciently high vortex velocities, the vortex viscosityh will be
reduced,43,44or increased.45 At low temperatures, the theorie
that suggest thath will be reduced predict a reduction i
DHRs with increasingJrf for pinned vortices, contrary to
what we find. The theories that predict an increasingh apply
to vortex velocities greater than 2000 m/s. However, at 1
displacements and 1.23 GHz, our vortex velocities are o
;1 m/s. So our vortex velocities are too small to test eith
of these theories.

Anderson and Kim46 proposed that the effect of the cu
rent density would be to reduce the effective barrier heig
for the hopping of vortices; however, they assumed a u
form periodic pinning potential that would lead to anDHRs
}e2UP /kBTsinhJ/Jc dependence. Our data show a rough
linear increase inDHRs with increasingJrf contrary to the
exponential increase inDHRs predicted by Anderson and
Kim. Further, because this model assumes that the pote
U(u) is uniform, the effect ofJrf in loweringU(u) would be
to exponentially increase the population of thermally ac
vated free vortices which, in the limitlL@r/2p im0f , would
give8 DHRs} f 0. Thus, Anderson and Kim’s model woul
lead to a frequency-independent loss rather than theDHRs
} f 1 dependence exhibited in our data.

VI. DISCUSSION

The model proposed in this paper for nonlinear vort
dynamics assumes a strongly disordered pinning poten
and vortices whose current-dependent hopping is domin
by pairs of metastable states. By quantitatively treating
effects ofJrf on the effective energy barrier heights betwe



th

w

at

u
d
ve

e

s
m

si
al
ig
r
-

ea
t
tia

n
o
e

th

rte
se

of

he
is-
-

en

ue

the

s
s

the
r

tion

te
ents.

ce-
t
gh

nt

tent
x
g-
t

ur
es
les

e

-

red
of

er
f

lved.

-

the
l

g
r

11 976 56BELK, OATES, FELD, DRESSELHAUS, AND DRESSELHAUS
metastable states, as well as by explicitly considering
probability distributionsn(Ub) and n(Ud), our model for
the high-frequency vortex dynamics reproduces the follo
ing features of the experimental data: theDHRs ,DHXs}I rf

1

current dependence, theDRs ,DXs} f 1 frequency depen-
dence at allI rf , the DRs}T1 temperature dependence
small I rf , and theDHRs}@a(I rf)1T1# f 1 at largeI rf , where
a(I rf) is independent of temperature. Further, as we disc
below, the values ofr Pl andUd0 determined by the propose
model are consistent with the expectations of collecti
pinning theory.

In order to understand the parametersr p and l , we must
consider the properties of vortices in high-Tc materials and
the nature of their pinning. As others have shown,3,47 the
vortex pinning potential arises from the competition betwe
two characteristic vortex energies:~1! the elastic energy for
the deformation of the vortex lattice by vortex pinning site
~2! the sample pinning potential resulting from the rando
distribution of defects.

Because of the small vortex core size in high-Tc materi-
als, vortex cores are sensitive to the energy variations ari
from point defects such as atomic vacancies or interstiti
Others have shown that the density of these defects in h
Tc materials is as high as 10 defects per core per laye
high-Tc materials.3,47,48 The high density of metastable pin
ning sites that can explain the functional forms of our m
sured DZs(I rf ,T, f ,H) we find in our results is consisten
with their findings. Because of their small size, the poten
U(r )'2U0exp@23r2/2j2# arising from point defects3,47 es-
tablishes a minimum length forr p>j'20 Å for our YBCO
samples.

We put an upper bound onr p and estimate the mea
length l of a pinned vortex segment from the results
collective-pinning theory which shows that the elastic en
gies of the random deformation of the vortex latticeUel are
comparable to the energies of the pinning sites deforming
lattice. As a result, we findUel;Ub ,Ud .7,49,50

In the low field single-vortex limit of collective-pinning
theory,3,50,51the dominant elastic lattice energiesUel are tilt-
ing energies and arise from the motion of segments of vo
cores of lengthl with respect to the rest of that core. The
energies are characterized by a tilt modulus:7,51,52

C44'
)Hf0

4pGm0l i
2 , ~19!

whereG5l' /l i'5 is an anisotropy factor. The energy
displacementUt of a vortex segment of lengthl by a dis-
tancer P is

Ut'C44Vc~r P / l !2, ~20!

whereVc , the correlated volume of the vortex lattice, is t
size of the lattice section within which all vortices are d
placed by less thanj from the locations that would corre
spond to a perfectly ordered lattice.49 In the single-vortex
limit, this volumeVc includes only one segment of lengthl
and Vc'a0

2l , wherea05(f0 /H)1/2. From Eq.~20! we see
that asr P increases the tilting energy for the vortex segm
increases quickly particularly for smalll . ThusUt tends to
limit r P to ;j. In order to determine an approximate val
e
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l
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e

x
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for l for strongly pinned vortex segments we equateUt to the
pinning energy for a vortex segment. From Eq.~9!, the vor-
tex restoring force per unit lengthaP is determined by the
curvature of the pinning potential. Since the range of
pinning potential is roughlyr P , the pinning energies;Ut

are estimated to beaPlr P
2 /2.7,20 For the material parameter

given in Table I we find that thel for pinned vortex segment
ranges from;j to ;100 Å. These small values forl sug-
gest that the vortex lattice is strongly disordered and that
distribution of pinning energies will be very broad. Fo
weakly pinned metastable vortex segments we expectl to be
somewhat larger. However, since our measuredDZs}H the
vortices are in the single vortex limit andl for metastable
vortex segments will be less then the vortex separa
a0'300 Å.50

From Ut , r P , and l determined above, we can estima
the energies that characterize metastable vortex segm
Setting Ub ,Ud equal to Ut , and r P to 20 Å we find
Ub ,Ud;Ut(r P ,l ) range from;100 to;5 K for j, l ,a0 .

If we assume that the values for the horizontal displa
ments of the vortex loopsr P for our samples is abou
j'20 Å, the dimensions of the vortex loops found throu
fits to the proposed model@Eq. ~12!# are consistent with the
predictions discussed above. Forr P520 Å in sample 2, we
find from ther Pl 512 nm2 that the mean metastable segme
length l is 60 Å. Similarly for sample 3, using the samer P
andr Pl 526 nm2, we obtain anl of 130 Å, and for sample 1
l 595 Å. As discussed above, these lengths are consis
with the theories of collective pinning in the single vorte
limit, which predict that a typical length of metastable se
ments l will be betweenj and the vortex lattice constan
a05Af0 /H'300 Å for the field range studied above. O
determination ofl is also in good agreement with the valu
determined from the onset of nonlinearity in these samp
from which l is7,35,50

l;jS J0

Jc
D 1/2

, ~21!

whereJ0'108 A/cm2 is the depairing current density. If w
takeJc to be 1.83106 A/cm2 for sample 1~Fig. 3!, we ob-
tain a value forl of 90 Å which agrees well with our experi
mental findings ofl;95 Å.

With the proposed model, we are able to fit the measu
current, frequency, temperature, and field dependence
both DHRs and DHXs using two adjustable parameters p
sample: the vortex loop arear Pl which determines the rate o
increase ofDRs(I rf) with increasingI rf and the shape of the
distribution n(Ud) which is determined byUd0 . In fitting
these data there are two issues that have yet to be reso
The first is that the linearDRs data have a} f 1.1 to f 1.4

frequency dependence,7,8 while this model, using the ap
proximations we have made, predicts aDRs( f ) proportional
to f 1.0. The second is that, although theDHRs(T) data grow
linearly with temperature as predicted by the model,
component ofDHRs(T) which is} f 1 extrapolates to a smal
positive value in the limit of zero temperature~see Fig. 4!.
Both of these effects could result in part from an(Ub) which
decreases with increasingUb . However, we see no stron
indication of such an effect in theI rf dependence of ou
temperature-dependence data~see Fig. 8!. It is more likely
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that the deviations from aDRs( f )} f 1 frequency depen-
dence arise from additionalDRs( f )} f 2 viscous losses.

VII. CONCLUSION

We have presented measurements of the microwave
face impedance for YBCO thin films in the mixed state as
function of microwave current from the low-current, linea
regime to the strongly nonlinear regime atI rf;1 A. Mea-
surements were obtained in static magnetic fields of 1 to
~well aboveHc1'0.1 T! as a function of frequency from 1.2
to 8.5 GHz at temperatures from 5 to 15 K. As this group7,8

and others12,13 have found, the results indicate thatZs is
roughly proportional to the dc magnetic field, indicating th
we are studying the interactions between individual vor
cores and pinning sites in the YBCO films.

Previously we have shown8 that in order to describe the
linear response of vortices in high-Tc materials it is neces-
sary to consider the thermally activated hopping of vort
segments between pairs of metastable vortex states. In
current work we have shown that this same model, first p
posed by Koshelev and Vinokur at low frequencies and foT
approachingTc ,19 can be extended to explain the temper
ur-
a
r

T

t
ex

x
the
o-

a-

ture, frequency, magnetic-field, andI rf dependence of the
nonlinear microwaveZs in YBCO thin films if the barrier
heightsUb between metastable vortex states in the line
response model are replaced by effective barrier heightsŨb
whose magnitudes areUb2Jrf(r ,t)r Plf0 . By fitting our
nonlinear response data to this model, we have found that
horizontal displacements of the vortex segmentsr P
'j'20 Å and the lengths of those segmentsl'100 Å,
both of which are well within theoretical expectations.
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